ON SQUARE INTEGRABLE MARTINGALES

HIROSHI KUNITA AND SHINZO WATANABE

To Professor Kiyoshi Noshiro on the occasion of his 60th birthday.

§ 0. Introduction.

Theory of real and time continuous martingales has been developed recently
by P. Meyer [8, 9]. Let {X,,&.} be a square integrable martingale on a pro-
bability space P. He showed that there exists an increasing process { X >, such
‘that

E(X,—X)HF)=EK X Du/F:)—< X>s a.e. Pfor t >s>0.

The above formula suggests us that some results concerning Brownian motion
can be generalized to those of martingale. Actually, if (X>=¢X, is a
Brownian motion (See [2, Theorem 11. 9], also Theorem 2.3 of this paper),
and in general, many continuous martingales may be obtained by time
changes of Brownian motions ([3] and Theorem 3.1 of this paper).

Stochastic integral concerning martingale was defined by Meyer [9], Courrége
[1] and in some special case, by Motoo and S. Watanabe [10]. In the present
paper we shall discuss a formula on stochastic integral which is a generalization
of It6’s formula [4] concerning Brownian motion. Let X, be a Brownian
motion and f be a C?-class function. Itd’s formula is the following:

AX)=7(x) =] AL ixpax,+- [ GL(xds.

We shall show in § 2 that when X, is a continuous martingale, the above formula
is still valid if ds is replaced by d< X>,, When X, is not continuous, the
formula becomes a more complicated form (See § 5). There, Lévy system
introduced by one of the authors [11] plays an important role.

The formula on stochastic integral will be applied to two problems. In § 6,
we shall discuss the structure of multiplicative functionals of a Markov process.
Roughly speaking, every multiplicative functional with mean 1 is factorized
into two mutually orthogonal martingales; one is continuous multiplicative
functional and the other is a jump type one. § 7 is devoted to giving another
proof of Lévy-1td’s decomposition of additive process (process with independent
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increments), using the formula on stochastic integral.

§ 4 is devoted to other problems. Let 9t be the set of all square integrable
martingales with mean 0. When 3t is defined on the probability space of a
Hunt process, M can be spanned by additive functionals. In particular, if X,
is a martingale defined on the probability space of N-dimensional Brownian
motion B=(B{",...... , B ), then X, is represented as élS:(li‘xi’dBﬁf’, where @ are
processes adapted to ..

§ 1. Square integrable martingale.

Let (2, %, P) be the basic probability space where & is complete with respect
to P, and suppose we are given an increasing family &, of s-algebras &.C¥,
0 < <o, each containing all P-null sets and &:ego%’m. A non-negative

random variable 7 is called a stopping time if {T < t}=F, for every t = 0. Given
a stopping time 7 we shall define

Fr={A€F An{T=t}e§, for every t =03}

&, is clearly a os-algebra containing all P-null sets such thatif 7,/ 7 then
Q%rﬁ%r” .
Dermurion 1.1, §, is said fo have no time of discontinuity if T,17T implies
\A Fr.=Fr, where V &, denotes the smallest s-algebra containing all &,
DerinrTION 1.2,
(I.1) M ={the set of all right continuous real valued processes X, adapted to
the family &, such that E(X?) < co for every ¢ e [0, o) and E(X,/F)=X, for
every f=s. }
(1.2) M.={XeM; X, is continuous in ¢ for almost all »}.
(1.3) gnitoc={the set of all processes X, such that there exists an increasing
sequence {7} of stopping times such as T, t o and X{’=X,r,, € I for every
n=1,2,....}
(1.4) Micc={X, e M**°; X, is continuous in ¢ for almost all w}.
X, € M is nothing but a square integrable martingale.

DerintTION 1.3.

(1.5) A*={the set of all natural increasing processes? A, such that E(4,) << o

1) T,Ty ... are stopping times.
2) For the definitions see [8] or Appendix.
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for every t [0, «)}.
(1.6) A**={the set of all increasing processes A, such that there exists an
increasing sequence {7,} such as 7,1 o and A{P=A,r,, € A* for every n.}
(L7) A={4,=AP—AP; AP cA* i=12}.

Atec is defined in a similar way. Finally A7, 2300,
elements in A+, A°°, ... respectively.

...... are all continuous

Turorem 1.1. (i) For XY &I there exists a unique (up to equivalence)
<X, Y>e& U such that
(1.8)  E[(X,—X)(Y,~Y)FI=EK X, Y 3,—< X, Y D/5,] a.e. for every t = s €[0,00).
(i) For X, YR’ there exists a unique (up to equivalence) { X, Y >&U*°° such that

(1.9) ElXar, — Xonr JYirr, — Yorr )Tl = EK XY Denr, =< X, Y Dsnp IF:] ace.
Jor every t = s € [0, c0) and every T, such that Xinr,Yonr, € M.

Proof. If X=Y e M, the existence and the uniqueness of (X, Y > was proved
in Meyer ([8, 9; Th. 4, Th. 5]). For X, Y e set (X VY >=14KX+Y,
X+Y>—<X-Y,X-Y)). Then (1.8) holds and the uniqueness is easy to see.
If X, Y = M*°°, take T,1 oo such that XP=Xa,, Y=Y, nr, € M for every n.

Then (X, Y >e ¥ for every » and by the uniqueness of < X, V>, we
have

(XM Y™ par, =X X", YD, m=n te|0,w),
Hence there exists a unique {X,Y > < %*°° such that
KXY =< X, Y Dinr,
and (1.9) is clearly satisfied.
TraEOREM 1.2, {X,Y ) defined in the previous theorem is continuous if both X
and Y are quasi-left continuous (X, is called quasi-left continuous if for every increasing

sequence of stopping times T, 1T, Xy, — Xr a.s. on {T < }) :in particular if one of
the following conditions is satisfied;

(1) Both X and Y are continuous,
(i1) {&.} has no time of discontinuity.
Proof. Take any stopping time S such that X,as; and Y,rs are uniformly

integrable. Then quasi-left continuity implies that X,,s and Y,rs are regular
and so < X,Y ) is continuous by Th. 3 of [8]. Clearly (1) implies the quasi-left
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continuity of X and Y. If (2) is satisfied then X,ar,=E(X,/:.azr,) > E(X:/F:Ar)
=Xz/\T-

For simplicity, we shall write (X, X> as (X).
DEeriniTION 1.4. A sequence {T,} of stopping times is called a chain if

(1.10) T,=0, T,<T,. and imT,=+o a.e.

n—00

Let X, be a right-continuous process having left limits in [0, c0) adapted to
the family &,. A chain {7} is called an (e, X,)-chain or e-chain for X, if, for

almost all o,

sup (X, —Xl<e.

t,S€[Tr, Tye1)

For every right continuous process X, having left limits, an (e, X,)-chain

always exists.

Let C={T,} and C’={T} be two chains. C’ is called a subdivision of C (C’'<C)
if {T,(0)} < {Thw)} almost all ». For given C and C’ there exists C’/ such that
C"<C and C”<C'.

Tueorem 1. 3. If X e ML°°, then there exists a sequence C,={T¥} of chains
such that Cy>Cysq, sup (T, —T#| =0 (k- o0) and for almost all o
(1.11) 2 (Xpone—Xe@ ne)? < X =< XDy (k) forevery t =0.

Proof. Let C,={T¥}, k=1,2,...... be a sequence of chains such that C,>C;.,
and C; is a 1/2°-chain for X,, { XD, and A,=¢.
Clearly we may assume that X € .. Then writing T{Pr¢=0, for simplicity,

(112) B2 (Xow— Xon =K X D= X D)

=E{ 2 (Xon—Xon-1)* = X Don =< X Dsya)) ]

fos

1

= B8 2 H{(Xon—Xnet'—(C X Do =< X Dot K Xom—Xomr)
K X Dom—< X Domi)}]
and noting
EUXon—Xon =K X Do= X Don-)fFrn] =0,
(112) = ELS{(Xon—Xon'—K X DeuC X Donot))¥)
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£ 2B H{(Xon— Xon-1) (< XDea=C X DondH

=2 BID (Xea— Xon 3 BID K XDea=< XDon)]
< 2,}_2 E[(X,— X1 .

Hence (1.11) holds.

CoroLLARY. If ML NAL° 2 X then X,—X,=0.

Proof. If XeM.NA, X, is written as X,=A,—B, where A, Be Ui
Then, if {7'.} is an (¢, X)-chain,

o0

3} (X n=Xran S € 33 | Xrni=Xrand S 6 (A4 B) 0 (240)

n=1
By Theorem 1.3, < X>,—<{ X>,=0 which concludes that X,=X, a.e.
Remark. This corollary is a particular case of a general uniqueness theorem

of Meyer [9].
§ 2. Formula on stochastic integral I.
We shall first define the stochastic integral of the form Yt=SZq)sts, where

X, is a martingale and @, is a process adapted to the family &, ¢>0 and
satisfying conditions described below. Set

(2.1) @={9,(w); (t, »)-measurable real valued process such that @,(w) is Fr—
measurable for each stopping time T},
(2.2) @,.={9,(0); bounded right continuous process having left-hand limits},

£
and define for ¢ € %A* semi norms || ||,(¢) over @ by ||Q7||¢(t)=E(S0(D§d%>% .

Set L,(¢)=0N®,,, where @,, is the closure of @,, with respect to seminorms
Io(t) .
TueorReM 2.1.  For every XM and 0= L,KX)D), there exists a unique
YeM satisfying

(2.3) <Y,Z>5=S:¢sd< X,Z> ae. Pforamy Ze M.

DEeFINITION 2. 1.9 Y of the above theorem is called the stochatic integral
of @ by X and is denoted by YFS:(I)_‘,dXs .

Before the proof, we prepare the following

Lemma 2.1, Let X, Y M and ¥, 9" = @. Suppose that

3) This definition of stochastic integral is due to Motoo, Watanabe [10].
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N9 l«x>(t) << o and || 9" ll<y>(t) < o,
t
Thens OO X,Y D e A
V]

and

(2.4) £(| S:d);@;’d (XY,

V10 <z (8) 1|0 li<rs(t) .
Proof. Since
K aX+DY So=a2d X Se+2abd X, Y D +024C Y 5, = 0,0

we have

1 1
2

L4 X, ¥ Do) < (4 XD E (4 Y y) g—;m X34+KYD) ae P.
Set ¢,=< X>+<{Y >, then there exist ¥, ¥2 ¥% < & such that
¢ 4 t
<xX>={wide, <X¥> = [ wide., <= | wide, .
0 0 [1]

In fact we only have to set for example

[ =[im X< XD
ko Pe—@t-n

Now since

L
{aX+bY >£=So(azyfé—i-QablIf%—l-bZUf?)dgas ,
there exists Z,, € & with P(2,,)=1 such that if =, there exists T,(w)[0, )
with S[o,t]nT,,b(w)d%(w)zo and for s & Tyh0) ,

@ N 0)+2ab¥ (o) +0 W w) =0 .

Set 7= N O, and T(e)=UT,e) for o € 2. Then P(2)=1 and if 0 € 2

a,b rational

then S dy,=0 for every ¢ and if s & T(w)

[0, 2InT
¥ w)+2ab¥ % w)+b¥ 3 w) =0

for every rational @, b and hence for every real 4,b. Therefore, for every real
a,b and s & T(w)

@0 () () + 2abD ()07 ()T (@) + 0D ()W 3 w) = 0
and so integrating by d¢, on [, t,]

4) KX ={XDssn—<XDs.
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(2.5) 00l X o)+ 20 [ "0 010100 X, ¥ Do)
+b2S:@;’(w)2d< Y3,@)=0, wed.
Putting ¢#,=0 and #,=¢ and taking the expectation, we get
@10 ||<x> (12 +2a0E( | 0,004 XY S )40 0 (1) 20
Thus we get (2.4). From (2.5), we have also that if w € 2,
(2.6) 4.J0L(@0L@) XY Do) £ - (4] 00 X i) +4. (002 d<Y Do)

t
and this implies S 00 d<X, Y >, & A.
)]

Proof  of Theorem 2.1. First we consider the case that @ is a step function,
i.e., there is an increasing sequence of stopping times {7} such that T, —
and 90)=0; (o) If T,y <s<T,.

Define

Yt= ; QT"_IAt(XTnAt—XT,,_lAt) .

It is easy to see that Y, belongs to 9t and satisfies (2.3). Now, let @ be any
element of L,(<X>). We can choose a sequence of step functions {¢"} c @

such that ||@—0" ||<x>(¢) — 0. Set Y"=S@"dX. Then, by (2.3) we get
E(Yi=YT)=ECY*—Y" >)=E(| @i—0rra <X3,)~0,
so that there exists Y,=lim Y? € 9&. From Lemma 2.1, we have

N0

E(IKY=Y"Z %) S E(KY=Y" 3 [} FECZ>)" = 0,

>§ (|@—@™ [l<x> (I PEK Z )12 =0 .

(|| @—onacx, 2>,
Therefore

(Y, Z5=Hm {Y* Z5=lim S:q>gd< X, Z5= S:@sd<X,Z>s .

>0 N—00

The following formula is a generalization of a formula of K. Ité [4] in the

case X, is a Brownian motion and ¢,=0.

THEOREM 2.2. Let F & CARY)=the set of all twice continuously differentiable
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Sunctions on R¥. Let X%, ...... , XPemioc and ¢5P, ...... , 00 e ALoc, Then, setting
AP=XP4+0% and A,=(A5, ...... , A, we have

N ¢ oF N1 gF o o
(27) Fla)—Fa)= 3| = (4 )X“>+”z_1__1 | aa (4D XD, X,
+ 202 aap

Proof. For simplicity, we assume that N=1. Let X & I}°° and ¢ = AL’
Set for M>0,

_{inf{t; | X 1> M2 or || > M2}
" loo if { }=¢ .
If we can prove (2.7) for X¥=X,nr, and ¢¥=¢.nrr,, then letting M-»co,

we obtain (2.7). So without loss of generality we can assume that | X,| and
lo.| are bounded (<< Mj2). Let F & C¥R"). For k=1,2,...... , we take a sequence
of chains C,={T®} of stopping times such that C;>Cs; and Cy is a 1/2*~chain
for X,,<X>, l¢l, and ¢, here |[¢|, is the total variation of ¢, Writing

T#At=0,, we have
F(A)—=F(A)= 3 {F(As)~F(As,.)}

= 5P A An— At 5 3P En A Ae)
=Ii+1,,

where As, < &,.,= As, OF As, =6, 1= As,. By the definition of stochastic
integral it is easy to see that

t t
L | Flaax,+{ Fradde.,
when k— o0 . Set
F'(Agy i) As= Aoy

F//<Aa,,-1)(Xa an—1)2

' F”(Aan-l)(%,, —@aa)

n=l
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=I3+I4+I5 .
Then

IL!éx sup IF” ®) [ 2,, }J [0s,—¢s = - sup || F"(2)ll ¢|s—0 (k—o0).

ze[-M, M]

]\Di—i

e[-
In the same way, |I;|— 0 as k— . Now, by the same calculation as in (1.12),

BTy 3 P46, )< X S0 X Doyl

= E[ElF”(Aa,,-l)z(Xa,.—Xan-l)"+§;§1F”(Aon-1)2(< X0, X Ds1)?]

1
= sup [F(@)|| g E(Xim X4 e B X—( X>9] >0
rs[—-M, M]
as k— oo, Also
Elg-§ FrA)d X0 - 5 F(An )< X n—C X o))
= 5 B XY~ X5 >0 (ko) ,

where é(k)= sup [F(x)—F(y)| . Hence I;—+.1 StF”(AS)d<X>8. It is
x, ys[—-M, M] 2 0
|e—~y|<1/2k-1

easy to see that E(I,—I,]—>0. Therefore I,— 512 S: F'(A)d<X>, and the

proof is complete.

As an application of this formula we shall prove a theorem of P. Lévy
(Theorem 11.9, Chap. VII of Doob [2]).

THaEOREM 2.3. Let XWPeImioc, i=1.2,...... , N and <X, XDy ,=8,;t, then
X, =(X®, ...... , XV is an N-dimensional Brownian motion, that is,

(1)  X,—X, ts independent of F; (t=s),
1 2(f—s
(i1) X,—X, is Gaussian i.e. E(e"<$“’fc—f’f:>):e‘7“El =

Proof. Yor &,2 € RY, let F(x)=ei<t#> then from (2.7) we have

i<E K> pi<E X,;> = EISS Py (X )dX P+ 9 ES (ng) (X.)du

Take any A € &, Then noting E<S oF —(Xu) qu/%s>=0, we have

& 2 rE(] i<t xodu; 4).

=1

E(¢i<6.X>; A)—E(ei<6 %> A)=—
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Or equivalently,

E(ei<6. X X> A):P(A)—%KS’E@KE,XE—X»; A)du

s

From this integral equation we see at once

_%1e|2<t—s>

E(ei<t: Xi=X> 1 A)=P(Ae
Since this holds for every A € &,, we get

E(ei<5,X£—X,>/%S)=e-%lilz(t—s)
and (i) and (ii) follows from this.

§ 3. Time change (optional sampling) of an N-dimensional
Brownian motion.
As before we assume that we are given (2, %, P) and an increasing and right

continuous family &, .

Derinition 3.1, «={T,,u &[0, )} is called a #ime change function with
respect to &, if
(i) for each u [0, ), T, is a stopping time and T, < oo.
(ii) for almost all w,u [0,00)—>T, [0, ) is a continuous and increasing
function.

Derintrion 3.2. For a right continuous process X adapted to the family
%, and a time change function r={T,}, we define a new process {X,, &) by
X.=Xr, and §=F,,. We shall call {X,,F.} is obtained from {X,, &} by time
change with respect to < .

By a fundamental theorem (optional sampling theorem) due to Doob [2],
X, € M4, implies X, M °¢(F,). Dubins, Schwarz [3] proved that a large
class of 1-dimensional continuous martingales can be obtained from 1-dimen-
sional Brownian motion by time change. We shall generalize this theorem in

the following manner.

Turorem 3.1. Let X,=(X, ...... , X)) (X,=2 € RY) be a continuous process
with values in RY adapted to the family &, such that for every harmonic function h{x)
on RY
(3.1) Xh=h(X,)—h(X,) € Peio¢

5) WUF.) is the space of square integrable martingales relative to (&, P).
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and for every open interval I C [0, o)

(3.2) P{sup | X,—X,|>0)=1.

t, sl

Then there exists an N-dimenstonal Brownian motion process {B,, §i} and X, is obtained
Jrom it by time change.

Remark. If N=1, then every harmonic function is of the form ax+5 and so
this theorem contains the result of [3].

Proof. Since n(x)=2, z=(2', ...... , 2¥) is harmonic, X{®P—X® e Pioe,
i=1,2,..... , N.. We shall first prove that there exists A &%’° such that
(XD XDy =5, A, §,7=1,..... ,N. Since h(z)=x'xz’ (i=¢j) is harmonic

XPXP-XPXYP = Mmeoe .
By Theorem 2.2,

I PR AT} 1 I
XEZ)X(z])_X(OI)X(OJ)__ Z S = (Xs)dX(sk): _,<X(L), X(])>b .
i=1J0 0% 2

But the left side is in 9!°¢ and the right side is in %i°°. Therefore by the
Corollary of Theorem 1.3, < X, X»%,=0. Now take h(x)=(x")2—(x’)?. Since
this is harmonic, we see by the same argument that { X® ) —<( X9 ), € ML
NYAL® and so { X®P,=( X9,  Thus, setting A,=<( X}, we have (X%,
X9 2e=0;;4, .

Now we shall prove, using the assumption (3.2) that A, is strictly increasing
in ¢ with probability one. For simplicity we shall assume in the future
E(A;)< o for every t >0, since the argument can be reduced to this case by
truncating by stopping times. Suppose A, is not strictly increasing with posi-
tive probability, then for some rational » >0

(3.3) PAs >0, A,,;=A4,)>0.
This is equivalent to

(3.4) PT,>r) >0,
where T, is given by

{inf{t >r; A, > A}
T,.= )
too if{  }=4.

Note that T, is stopping time and also Ay =A, since A, is continuous. Now
set for ¢ >0
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(3.5) - Tijt >irf;{1 Xt—} i(;l ; o)
Then we have

(3.6) P(S: |7 when ¢[0)=1.
In fact for every 5 >r,

{Se=qp forall e >0} c {|X,—X,.|=< e s [r,q], for all e>0}

={|X,—X,|=0,s  [r,9]}
and probability of the latter set is zero by (3.2). Let # >~ then by (3.4) and
(3.6) there exists ¢ > 0 such that
P(T, av'>88)>0.
Then

0= E(Ag,nrinss — A7) = Bl Xrynrinss =X, 18 Z S P(T 7" >5) >0

and this is a contradiction. Thus we have proved that with probability one
A, is increasing.

Now set for # >0
inf {¢; A, >u}
3.7 T,= .
3.7 L it Y=g

Then T, is a stopping time (&,) and by optional sampling theorem of Doob,
we have, for s=s" and u =v

(38) E(X%:As I%T,,/\S’)ZX%E/\‘\;', i= 1,2, ...... 5 N,
and
(39} E((Xf(ll'u)/\s '—X.SIZ:,,)/\S’)(XETJ‘.:/\S _X(Qz:/\s')I%Tv/\s’)

= 513jE(ATu/\S_AT,,AS’ I gTv/\s’) .

Then X{= lim X% ,, exists with probability one and also in L2-sense and if

S$—c0

we set

(3.10) Fu= V Bruns
§>0

we have
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(3.11) EXPIZ)=XP  a.s.
and
(3.12) E(XP—XPNXP—XP) S =0,E(Ac Att— A Av|F,) .

Thus X, i=1,2,.....,,N are square integrable martingales with respect to
&. such that
(3.13) <X®, X9>,=5;;AxNu .

Now let (Y,, €,) be an N-dimensional Brownian motion defined on a probability
space (2,6, P’). Let 2*=2x%2', §=F,xG,, P*=PxP’ and define
B&“=Y§f)—Y“}\A +X§f) .
For each ¢,0< < x, 4, is an stopping time (%) since
{A, > uy={T. < t}=nN{T An<t}E V Frian=%, .
Then Y, Y 4., and X are all martingales (%) and so B$” is a martingale
(%%). Also we have by (3.13) that < B®, BY »,=4§;; (u—u A Actu A Ax)=8;u.

Then by Th. 2.3, (B,, &% is an N-dimensional Brownian motion. As we have
remarked above, ¢ — A4, is a time change function (&%) and clearly

X,=%, =B, .
This proves the theorem.
Remark. For almost all o , {X,, t € [0, ©)}={B,, « € [0, Ax)}. So if
(3.14) P( sup |X;|=-+ow)=1

te[0,00)

then we have
(3.15) P(tlimA,=+00)=1 .

§ 4. Orthogonal decomposition of the space of square integrable
martingales.

I. We shall assume here that the probability space (2, &, P) is separable
(i.e. L2, %, P) is separable). We define semi-norms || ||, over I by the
formula [} X|,=E(X3), X< M. Then

ProrosiTiOoN 4.1. {3%, (| || .} is a separable complete space.

Proof. First we shall show the completeness. Let {X"} be a Cauchy
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sequence in ¢ Since {X"} are martingales,. by Doob’s inequality [2, Chap.
V11, Theorem 3. 2] we have

P(sup | X{—XV|=c) < 1/CE(X(—X7)?) — O

o<s<t 7, M—r00

for every ¢ >0. Therefore X} converges locally uniformly to X, a.e. P. It is
clear that X 1is an element of 9t and satisfies {| X—X*}], >0 as n —>oo. The
uniqueness of such X, is also clear. Next, we will show the separability. Let
L3(P) be the space of all §-measurable functions f such that E(f?) <o and
E(f)=0. Let X7J be the right continuous version of E(f/¥,) and MM'={X7;
fe Ly(P)}y. Then M* is dense in {M,|] 1.} Let {f*} be a dense sequence of
LY(P). Then {X/"} are dense in 9. Indeed, let f be any element of L3(P) and
{f"*} a sequence converging to f in L(P) space. Then, by Jensen’s inequality
we have

E(X{—=X{")) < E(f—f")) — 0

Therefore {X7+} converges to x”’.
DerinitioN 4.1, X, Y € M are called orthogonal and denoted by X 1Y if and
only if (X, Y >=0.

Meyer defined that X,Y € 9t are orthogonal if XY, is a martingale. Our
definition is the same as Meyer’s one. Indeed, since

E((Xl:_Xs)(Yt_Ys)/Fs)=E(X5Yt/Fs)-XsYs s
<X, Y>=0 if and only if X,¥, is a martingale.
DEerFINITION 4.2. A subset 9t of 9 is called a subspace of M if N satisfies the

following three conditions;

() XYeR-oX+Yem, (i) if Xe%and 00X, then [paxXen
and (iii) M 1s closed in {0, )] [.>

The smallest subspace containing % (c 3) is denoted by &MN) and is said to
be generated by 9. It is easy to see 2(X)=[Sd§dX; 0 e B X>)}.

Let % be a subset of M and set R+={Y € M; Y is orthogonal to every X of
M}. We can easily show that % is a subspace, gM)L=R+ and {RN)NR-+={0}.

PROPOSITION 4.1, Let X and Y be elements of M.  There exist unique
Y € &(X) and Y"1 X) such that Y=Y"+Y".
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Proof. First we shall note that <X,V ), is absolutely continuous with
respect to < X) in the following sense. If @€ @({ X)) satisfies §=0* and

S@d( X>= 0, then S@d( X,Y>=0. For, since S@d( X>=0 implies S@dXzO we
have S(Dd (XY= <S@dX, Y »=0, which implies the absolute continuity.
Therefore, we can choose ® € $({ X,Y ) such that (X, Y ), = S:@d( X>.. Set

Y’=Sq7dX and Y”=Y—Y’. Then (XY »=<{X,Y>—<(X,Y’ >=0, showing that
X 1Y"”. The uniqueness is clear.

DerintTioN 4.3, Y7 is called the projection of Y to the space &(X) and is
denoted by PexyY .

Let {X"} be a sequence of 9t. We can choose a sequence {Y*} such that
these are mutually orthogonal and {{X"})=8({Y"}). The proof is due to usual
Schmidt’s orthogonalization method. Indeed, define Y* by induction as

n~—-1
Yo=Xr— glPs(qu”. Then it turns out that {¥*} are mutually orthogonal

and {Y"})=2({X"}). Now let Z be any element of 9. Then {élPsun)Z} isa

Cauchy sequence in {%,|| ||} For since Z"_L.é Pgcyyy, we have
(Zy=( 2"+ 2 PuwnZ) .

Noting that Z}l {PecynZ> increases, §I< PecyoyZ> 0. Consequently,

{ZIPSZ(Yi)Z} is a Cauchy sequence. Define Z/= lim i PyynZ and ZV'=7-Z7'.
1

= N->00 1=

‘Then Z” is orthogonal to £{Y"}). Thus we have proved

Turorem 4.1. (1) Let N be a subspace of .  There is a sequence {Y™} such
that they are mutually orthogonal and Q{Y"})=%. (i1) Any element of IR can be
decomposed uniquely to Z=2Z'+Z" where 22N and Z" & Nt Furthermore,

Z'=lim é PoynZ .

n—oo t=1

DerinrTiON 4.4, 7' is called the projection of Z to the space % and is
.denoted by PxZ.

COROLLARY. MHL=m .

Proof. It is clear that (YL >N, Let Z be any element of (L. We
have only to prove Z=PnZ. Since Z—PxZ € Rtn(M1)L, we have Z=PzZ .
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II. Case of Markov processes. We shall discuss further detailed structure
of the square integrable martingales 9% when the underlying probability space
is that of a Hunt process. As a result, it turns out that 9t is generated by
additive functionals of the Hunt process.

Throughout this and the following sections, we treat the case of Hunt process.
So we shall give here the definition of Hunt process. Let S be a locally compact
Hausdorff' space with a countable base and o a point adjoined to S as one
point compactification. Set S*=SU{c}. The topological s-algebra of S is
denoted by By and the set of all bounded Bg-measurable functions is denoted
by B(S). Let (2,%) be a basic measurable space and z,(»), a measurable
mapping from [0, ) x 2 to S* such that it is right continuous and has left hand
limits with respect to ¢ and z,(w)=c0 for ¢ ={(w)=inf{t >0; 2, (w)=}. The
shift operator 4, is defined as #,(0,0)=2,.s(0). B, is a s-subalgebra of & genera-
ted by the set {z,(w) € E} (s< ¢, E € Bs). Let P,,2 € S, be a family of proba-
bility measures on (2, ) such that P,(B), B € 8B, is Bs~measurable and P,(z,()
=x)=1. Set Fe=nNP.completion of B, where Pu=S,u(dx)Px and g runs all
bounded Radon measure over S, and &,={B¢& &.;vu, I8, € B, such that
Pu(B4ABp)=0}. M=(z,,{, &, P.) is called a Hunt process if each P, has the strong
Markov property and quasi-left continuity of sample paths, i.e., for every
increasing sequence of stopping times {T,} converging to T, z;, converges to
xr on the set {T <} a.s.P,. Itis well known that &, has no time of discon-
tinuity.

Under this definition of Hunt process, definitions and arguments such as
§8 1-3 and the first part of this section require more careful treatment, because
the family of measures P,,x € S is given on (2,§,). Every fact concerning
the measure P should be replaced to the fact concerning the family of measures
P,xe S

A real valued function X,(0), ¢ € [0, ), o € 2 is called a functional if it is
%,-measurable for each ¢ and is right continuous a.e. P,(vx < S). A func-
tional X, is called a martingale if E_ (| X,|) <o and E,(X./F)=X, a.e. Py(va).
9 is the space of all martingales such that E,(X3)< co for every ¢ >0 and
XeS and that E,(X,)=0 for every x € S. %* is the family of natural increasing
processes (and also functionals) A, such that E,(A,)<<oo for £>0 and z & S.
The definitions of M*°° and A are made in a similar way. We introduce
semi-norms || ||, over M by the formula || X||, ,=E (X3). Then

Prorosrrion 4.17, {1 s} is complete.
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Progf. Let {X"} be a Cauchy sequence. Set e, .(¢, 2)=[X"—X"]|l,,, and
define

n(x)=min {n; sup e, (i, 2)<1/32%}, i=12,......
mzn
m>n

Then n,(x) is Bs-measurable for each ¢ and so #n;(x,(0)) is Fo—measurable.
Since

(X — Xm0 ||, , < 1/32¢ for each x and ¢t <i=<j ,
we have by a martingale inequality

P,( max | X7 0— X770 > 1/2%) < (2/3)*
0L s<k

for every x and k<i=<j. Set @={w; X" w) converges uniformly on any
bounded interval in [0, )}, then by Borel-Cantelli’s lemma P,(2)=1 for every
z. For v € @ define X,(0)= lim X"*9(0), then X € M and X, converges to X.
The uniqueness of X is clear.

Theorem 1.1 is modified in the following way.

TueoreM 1.V, For X,Y e M, there is a unique <X, Y> = U, such that
Ex((Xt_Xs)(Yt_Ys)/%s)=Ez(< X; Y>t"< X, Y >s/%s) jbr every X eS .

Proof. The proof of Theorem 1.1 is based on Meyer’s decomposition
theorem [8,9]. Let Z, be a supermartingale relative to (&,, P,) belonging to
the class (D) and ltl_lllo Z,=0 relative to P, for every zeS. By Meyer’s
decomposition there is an increasing process A such that Z,=E (AP |F,)— A,
for each ¢. We can prove that there is a functional A, such that A,=A$ a.e.
P,, ie. Z;=E (Ax/%:)—A;. This argument will be treated in Appendix. Using
this fact, the proof of this theorem is just the same as that of Theorem 1.1.

Let # and @,, be the spaces of processes defined in § 2. Define semi-norms

by 10l <xs.o{t)=E, <S:@§d XD, )IIZ. Let L (< X)) be the intersection of @ and

the completion of @,, with respect to semi-norms || ||<x>,s(#). The conclusion
of Lemma 2.1. is still valid if we take P, || |l<x>.s(¢) for P,{l ll<x>(#). The
proof is the same as that of Lemma 2.1. Using this fact, we can prove

Tueorem 1.2/, For Xe WM and @< LKX)), there is a uniqgue Y &M
satisfying

t
<Y’Z>’=Soq)‘d< X, Z5, a.e. P, for cvery Ze M .
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A subspace % is defined in a similar way. Also closed set is defined by the
topology || |l;,, in this case. Propositions and theorems in Part I are also
valid and the proof is quite similar.

A functional X, is called an additive functional (a.f.) if it satisfies Xy(w)+ X.(0,0)
=X,.s(0) for all ¢,s>0 a.e. P,. The set of all a.f’.s is denoted by A. Let

feB(S) and u=G.f=E. (S:Qe‘“‘f(x:)dt) and define

t

(4.1) x{=u(w)—ulz)—| (au(s)—fa))ds .

Then X7 is a square integrable a.f. . Since E (X{-*)=0,
E(XT8/8) =X+ E(XT°(0,0)/F) =X+ E (X]*)=X]* .

Therefore X{*e M .

TareoreM 4.2.9  {X7*; fe B(S), a >0} generates Nt .
Before the proof we prepare the following

Lemma 4.1. (1) If X, is of M, then so is
(4.2) X‘Z=e‘“‘Xt+aS:e‘“Xsds :
(i) If XeV then X* VY. (iil) If X" is of the form (4.1) then
(4.3) Xf'“"’:e““”u(xt)—u(xo)+S:e““f(xs)ds .

The proof can be obtained by elementary calculations and it is omitted.
Proof of theorem 4.1. Suppose Y 1 X7 for all fe B(S) and a«>0. Then
We shall show first

(4.4) E(f(@uss)(Yurs—Y)/Es)=0
for all e B(S). From Lemma 4.1, we have for any « >0,
E((X{**=X{*")(Y,~Y.)/:)=0 .
On the other hand since
E. (XLos =XV, ~Y)/F)=0,

we have
(4.5) E((XLoe—XT%)(Y,~Y,)[&)=0.

Noting the relation

6) c.f. Motoo, Watanabe [10].
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Xi.a,a_xi’.a,u:_e—asu(xs)_*_gooe_auf(xu)du
the left hand of (4. 5) is

(4.6) E({Te e pladu- (v~ Y )13,

8

oo

S
=E({ e fo N BV SFa)— Y)dul3,)
a(§

= B[ f @ an Vi =Y )duf5,)
where Y, =Y, .. Therefore from (4.5) and (4.6) we have

E. (f(xu+s)(Y;,+.s —Y's>/%:s) = O

and since ¢ is arbitrary we have (4.4). Now let 0=¢,< ¢, <#,<.....< ¢, and
Sir e , fn€ B(S). Using the Markov property and noting (4.4),

i

e f(x,)(Y?, Ydu/%)

0

E S S8V 1)= 5 B () Pl V1= Y)

2 (fa(@g ) fjﬂ(xtm)Extm(fj+2(xtj+2_t

7=0

which implies Yz,=0. Therefore Y,=0.

e Fal@e ) ¥ b0a~Y4,)=0 ,

CoroLrLaRY. I NY generates M and Vi, NY generates M, .

Exampre. Let z, be an N-dimensional Brownian motion; x,=(B",
B#). Then au—f =~;—Au. The formula on stochastic integral implies together
with this relation that X7* defined by (4.1) satisfies

N ou

xie= 2

(1>
Gt (2,)d B

Therefore M=Q(X]*; fe B(S)=8(BY, ..., B¥). This fact together with

Theorem 4.1 shows that every X of I is represented as X,= >} g 0idBP.

f=1

§ 5. Formula on stochastic integrals, 1I

Let us define M, as the orthogonal complement of the subspace M, We
will first discuss the structure of 9t,. Let p be a metric on S. Set for conveni-
ence p(x,{oo})=0c0 for every x € S and X.(%, ¥)=Zow n><)(x, ¥) . Define P,(¢, E)
étxe(xs_, 2)%5(2,), " E € By, and I'*={FE € By; E,(P:(t, E)) < o for every t >0

7) zg_=limax,-
) 8 510 s—h
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and z € S}. Itis known in [11] that there exists a non-negative continuous
a.f. ¢? and a kernel n(x, dy) such that

t
(5.1) 0.t E)=Pu(t, B)=| [{ 2e(2, v)n(s,, dy)]dos, EeT.
is a square integrable martingale. The system (n(z,dy), ¢?) is called a Leyy
system. Further ge(t, E) and g¢./(¢, F) satisfy

(5.2) a6 B gt = ([, tevelwo vinia, dv)idet .

EnF

Let f(¢, 9, ®) be a By, )X Bs XJ-—measurable function such that 7(¢,y,0)
L(¢" for any fixed y. Set

1A =E([ (] s v nta, dw)det)”
Fo={f;ll fl|§"<< oo for every ¢t >0 and z S} .

ProposiTiON 5.1.  For every f & Fy, we can associate Q,(t) of Md denoted

byszgsf(s, ¥, -)alds, dy) in such a way that (i) of

(3.3) S5,y )=0o(ws, WAe(y), @€ L(<qe(.,E)>), e >0,E€ ",
then

(5.4) Q)= 0ua.tds, B) ,

1) if f,ge Foand a,be R, then

(5.5) Qarrvo=aQ,+bQ, .

(i) Qs llsa=llSI&" .
Furthermore, Q, is uniquely determined by these properties.

Proof. If f is of the form (5.3), define @, by (5.4). When f= i‘,lfi and

S =0 (2, Y)1E(Y), define Q= _g‘.lefi. By the definition of stochastic integral

and (5.2)

¢
<Q, @ >=| 0101 < Qe B, o+ E)>.

[ §snp 2ty el vintan av)aos

[ {§ rirnta, dn)aes

t
1]
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and so

(5.6) Q14" = 31 B(<Qu @)=l £ 15" .

Let 7 be any element of F,. We can choose {/*} such that each sf* is a linear
combination of the form (5.3) and || f—/*|5°—0. Then {@r is a Cauchy
sequence by (5.6) and @, defined by lim Qs is of M,. It is clear that (ii) and

(iif) are satisfied by f for this Q,. The uniqueness will be obvious.

ProrositionN 5.2, Me={Q,; f = Fo) .

Proof. By the above proposition, it is clear that {Q,; f € F}=%{q.(-, E);
¢>0, E€ .} On the other hand it is known in [9] that

MeNA=L(q. (-, E); ¢e>0, Ecl)nA.

Therefore we get the proposition.

The orthogonality of X,Y « M'°° is also defined by <X,¥Y>=0. Many
arguments in the preceding sections and this section can be extended to Mt’°°.
Let 9Mi°¢ be the orthogonal complement of Mi’c. We will call f(¢, v, o)
belongs to F§°° if there exists a sequence of stopping times {7’} converging
to oo such that

£(J,(§ 70 v, wtnta, bukded <o, =12,

The stochastic integral @ (¢) € Mi°°, f & Fi°° is defined similarly as in Propo-
sition 6.1 and we have MMi°°={Q,; f € F{°} .

A functional ¢, is called quasi-left continuous (q.l.c.) if it has jumps only at
the discontinuity points of sample path. Let ¢, be a purely discontinuous
q.l.c. functional. There exists a (s, ¥, w)-measurable function f(s,¥,») such

that ¢,(w)= P f(s, x5, w). We shall write such ¢, as
02, 2,-)>0, 552

Pt)={{ (5,4, 0)Pds, ) .

Tarorem 5.1.  Let F be a Ci-~class function on RY. Let X e i,
Q€ M, o & AL and Pyot) be a purely discontinuous q.l.c. functional such
that f®.g9=0. Set AP=XP+Q,Xt)+e+Psit), and F=(fP, ..., f¥)g
=(gD, ...... LI, A=A, ...... A, Suppose that one of the following conditions is

satisfied; (i) Each) gf . ‘ is bounded, (ii) each £ is bounded. Then the jfollowing

Jormula is satisfied
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N

(5.7) Fla)—Fa)=35{ 2%

dxm+g§ F(A,+F(s, ¥, -))—F(A,)q(ds, dy)

t ' oF .
+ {F(As+f(5’ Y, '))—F(Ax)— Zf(s’ Y, ')—i(As))}n(xs: dyd¢s
SOSS =1 ox
N et gF ) 1 &~ ¢t g2F
+h(t)+ 2 So_gW(AS)d‘p(*mrT,-,,Z:lS Zpiaps (Add{ XD, XD,

where G(s, y, 0))=F(A4,+9(s, ¥, o) —F(A,) .

Proof. We shall consider the case N=1 for simplicity. Assume that
f(s, 9, 0)=1e(2o-, 4)g(s, ¥, @) and g(s, ¥, 0)=2:(2s-, ¥)g(s, ¥, ). Define T,=0 and

Tn:inf{t >Th-1; 0(%e-, 2e) > e} .
Then T, 1t as n—>o and jumps of @, and P, occur only at {T',}. Therefore,
using Theorem 2.2,
F<AT,,/\3—)‘—F(AT7,_1/\5)

TaAE
= F{Ar, nit Krni=Xnnd =77 Fls, 0, 0@, dy)det+(ornimennd)

FAEVNARS

—F(AT,,_l/\t)

Tun? SF’(As)f(s, Y, Iz, dy de?

T, Tant
:S F'(As)dXs_*'ST iAtF/(AS)d%—FST -tAE s

Taini
o ot PrA <X >, .
On the other hand,
SH{F(Ag,n)—F(Fr,p-)}
=(] P55, )= FANPS, aw)
(
ARG

JE(AAf(s,y, 0) —F(A)}glds, dy)
+H| P tots v o)~ FAP@s, dv)

[ (

+{] Faots, v, 0D Fa)IPEs, sw)
| (
|

[ P+ 115, 9, o)~ Flante, dy)des .

Substituting the above calculation to

F(A)—F(A)= ZAF(Ar,n)—F(Ar a3+ DA{F(Ar ne-)—F(Ar, 0o}

we get the desired formula.
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Now let us consider the general case. Without loss of generality, we may

assume that X;, @, are of 9t and ¢, is of U, ie.,
t
E((X))<,E. [go[Sf(.s, ¥, 0)*n(%,, dy)}d¢2]< oo and E.(¢,) < oo .

Let I®;i=1,......,6 be the 1-st, ...... , 6-th term of the right hand side of (5.7),
respectively. Set  fuls, ¥, w)=Xe (%, ¥)X6(¥)F(s, ¥, 0); let 6,40 and E,TS
(E,ele,). Then || f—f.ll§" =0 as n— oo, so that Qr(t) converges to @, in
[l |s,~norms. We may assume that Q(¢) converges uniformly to @,(¢) on
any compact set of [0, o), because we can choose such subsequence from {Qy,}.
Set A7=X,4+Qr,+¢,+P(t). Then (5.7) holds for A,=A7. Let I{;n=1,
i=1,......,6 be the corresponding terms to I when A, is replaced by A4%.
Since {I’}, i=3,......,6 are Stieltjes integrals for almost all w, it is clear that >
converge to I°. We shall show that I{° =71 and I® > I if (i) is satisfied.
Since A? converges to A, uniformly on [0, #),

E.(1=I119=E.[ [ {F1(a)~ F(anyd<x>,] 0 as n oo .
Therefore lim I =1°. Now, by the mean value theorem
F(AA+f(s, 4, )= F(A)=F' (A7 (5,9, )NS5, ¥, *),
F(AL+ s, 4y )= F(AD= ten(@s Yy, (V) F (AL Fuls, 45 ) (s, ¥, *)s

where f and f, are (s, ¥, o)-measurable functions satisfying |f|<[f| and
| Fal =1 Fal.
Therefore

E( I ](2)_[512)! 2)
< 2B [\{ |(0—telo0 w0 ) P41+ Fols, 9, 027 (5,9, ) le, dy)dot ]
+ 2B [ (f {(Fart Fuls, v, )= FAA+F(s, 9, )f(s, 9, R lnlz, dy)de?] .

Note that F/(A%+f,) = F/(A,+f). Then each term of the right hand of the
above converges to 0. Therefore 7> I, Thus we have proved the theorem
when F’ is bounded. Now, suppose that (ii) is satisfied. Let F, be a C?-class
function such that F’, is bounded and F(x)=F,(z) for [z|<M+suplf].
Then (5. 7) is satisfied for such Fy. Set Tu=inf{t>0; [4,] > M} Clearly
each term of (3. 7) corresponding to Fj is equal to each term corresponding
to F respectively for ¢ <T,. Thus (5. 7) is satisfied for F.
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§ 6. A factorization of multiplicative functional.

In this section, each functional X,(w) is assumed to be defined on {0, {(w)),
i.e., it is right continuous and has left hand limits for ¢<[0, {(w)) and &[> ¢]-
measurable, where &,[¢ > #] is the ¢-field obtained by the restriction of &, on
the set {¢> ¢t}

A nonnegative functional e,(0) is called a multiplicative functional (m.f.), if
a(w)a,(0,0)=a.{0) holds for every ¢, s > 0 such that t+s< {(0) and if E (a,;
¢ >1) <1 is satisfied for every x € S and ¢ >0. Ito, S. Watanabe [5] proved
that any m.f. «, can be factorized to the products of two m.f.’s such as
a,=a®¥ai; where o is a local martingale and «$° is a natural decresing
process, i.e., ai’()is a decresing function of ¢ and has jumps only at the
continuity points of sample paths. The purpose of this section is to investigate
the detailed structure of «. Throughout this section, we will assume that the
terminal time { is accessible, i.e., there exists a sequence of stopping times
T, =T, =... < { converging to &.

TaeoreMm 6. 1. Let «, be a m.f satisfying 0<e, <o (t<Q). Then «,
15 a local martingale if and only if; (1) there exists a X< IMi°° N A, (ii) there

exists Bgys-measurable function f(x,y) satisfying g:f?on(x,)dgo§<oo (t <) and
(e s=Don(@)der

<oo(t<<(), where fi(x,y)=r (o, YU rwoi<ty and filx,y)=
S, y)—filx, y), and (ii) ¢,=log e, is represented as
0= X14Q,(1)+ Py [ (¢/1= 1= f)on(a)d gt~ (¢/1— Don(a)dot—-<X7D,

Lemma 6.1. Lot X{e M N A, Q, € MiSN (f; bounded), ¢, = A° N 4
and P,(t) a purely discontinuous q.1.c. a.f. such that gf=0. Then

(6. 1) a=exp (X§+Q,(t)+¢,+Fy(t))

s a local martingale if and only if

(1) S:(eg—l)O(nxs)dqoS <oo for t<<(.

8) | ren@)agpd={{{ s, v n,, an)aot.

It should be remarked that in the sequel the notation Q) = S;Sh(xs,y)q(ds, dy) for
h=h{z,y) is understood as Q/(f) of §5for W(¢,y, 0)=h(z,_(w),y). So this notationis the

same as in [11]. The same remark should be applied for Ph(t)=S:Sh(x3, y)P(ds, dy).
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@ —e=[ile —1=onta )+~ Donta Yot +—5 <X, for t<C
Proof. 1. By the formula on stochastic integral (5. 7), we have
t ¢
6.2) a—1={adX,+[{ " —1ads, ay)+{ade,+ 5 {laacx,

+{ e’ = 1= fron(e) do2 + i _aue™™»—1) P(ds, ay).

If (1) is satisfied, S:as(eg—l)on(x,)d<p3< o, so that SZa,(eg—l)P(ds,dy)

—S:as(eq——l)on(xs)dgo‘; is a local martingale. Hence under (1),

(6. 3) [ssdot 12 aa<x D+ { ate’ ~ 1= Floniz)des
+{ ater—Don(a)dgs=0

is a necessary and sufficient condition that ¢,—1 is a local martingale (see
Corollary of Theorem 1.3). It is clear that (6.3) is equivalent to (2).
Therefore we have only to prove (1) if «, is a local martingale.

2. Set gt=gVv 0 and g-=g A 0. We shall prove first that

(6. 4) S:(eg‘—l)o n(e)ded | < oo for t<C.
From (6. 2),
ePi—(O—1 = _S;(l_eg-(x,_, D) P~ P(ds, dy).
Therefore
(6. 5) E.(er®0—1)=—E ([ {{(1- e 2)er-n(a,, ap)ae?).

which shows that the right hand of (6. 5) is finite, implying (6. 4).
Next we shall show g:(eg*—l)on(xs)dgos<oo (t<<¢. Let {gix,y)} be a
nonnegative increasing sequence of bounded Bgs.s-measurable function such

that gitg¢t and Qg; e MiNA. Set ai=a;exp(Pgu—PF;+). Then we get

t
0

a?—1=local martingale-l—S:aﬁ’dgo,-i——é—S:a?d(X”}s—S (% —1)on(w,)de".
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Let {T',} be an increasing sequence of stopping times converging to ¢ and

satisfying that the local martingale part, S;ATM ades and SZAT’” a,d<{X ), are all

integrable. Then we have

E(ainr)—1= ({2 d¢s>+% E.(S:ATma? d<X°,)

—-E.(S:/\Tma?(eg;— Ds(e,) d¢2>.

Noting that a7 increases to «,, we get
EAT, AT,
E(aunr)~1=E(]. axd(as)—l—% B[ aax,
—E ([, "aer —on(z) dgt),

which shows that the last term of the right hand is finite. Thus
¢ . . . .
So(eg*——l)on(xs)d<p2 is finite.  Since |er—1<|ev—1|v]es—1], we obtain (1),
Progf of theorem 6.1. 1°. The sufficient condition has already been proved
at Lemma 6.1. To prove the necessary condition, we will show first
that ¢, is a q.l.c. a.f. Indeed, since a,ar, is martingale, the discontinuous
points of a,ar, are the discontinuous points of sample paths. Thus ¢, is a

g.l.c. a.f. Set ¢,=XV40.21 s<t<cdg,. Then ¢, can be written as P,(¢) and ¢
satisfies 9(@, ¥)2(joczwi<1y=0 (see [11]). By the argument at the proof of

Lemma 6.1, S:(l——e!")on(xs)dgpg is finite. Thus
BcEeXp<Pg-(t)—SZ(1—-eg‘)°n(ws) dco?)

is a local martingale by Lemma 6.1.

2°,  We shall show that e,8;* is also a local martingale. By Lemma 6. 1,
we get

P—1={ [t e = 1)P(ds, ay)— [ g7 (1—er)on(z ) dg?.

Let {T,} be an increasing sequence of stopping times such that T,<¢,
T.1E, EJ,(S:AT'"M,B;I(I-—@Q‘)on(xs)d¢2)<oo (t>0, xS and aar. 1S 2

martingale. Then, for B & Az,
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Eaihrafi*Arns B)—Easarafi'Aras B)
Tm-
=E(aunzaf | feT= D Plds, dy); B)=E-(aunsfy g (1=er)on(z)det; B)

=0.

EAT
SATm

3°. Set 7,=a,8:" exp (—P,*(t)) and ¢,=log7,. Then ¢, is a q.l.c. a.f. whose
absolute values of jumps are less than 1. Therefore ¢, is locally square
integrable (i.e. yr,t1wE. [|¢r,|21<<o). Since logz is concave and increasing
function and since 7, is a supermartingale, ¢, is a regular supermartingale
belonging locally to the class (D) (in the sense T,1 0’ ¢{"=¢;ar, is class (D))
by Jensen’s inequality. Therefore, by Meyer’s decomposition, there exists a
unique A, of A*°° such that X,=¢,+A, is a local martingale. Moreover, we
can prove that 4, is an a.f.9 Furthermore, X, can be decomposed to sums of
XieMmind and @,eMi°N A  Thus we have proved that

00=X i+Qu(t)+ At Pou()+ P ()= | (67— Lon(a)dot.

Since Q, and P, have no common jumps, g. k=0. Define f(x,¥) by g(x,y) if
tglx,y)|==1 and h(x,y) if 0<|h(x,y)] <1. Then ¢, can be written as

0= Xi+Q,(1)+ At Pr(t)—{ (e'3—Don(z)dgt.

Applying Lemma 6. 1, we get the desired formula.
From Theorem 6. 1, a m.f. which is a local martingale, can be factorized
to the product of two m.f’s g, and 7,; B, is a continuous m.f. represented

as exp (X ﬁ—%(X%) and 7, is a discontinuous m.f. represented as

exp (@, (1)+Py(1)=[[(e"1= 1= 1) on(w) do?~{(es=D)on(z.)dyt), both of which

are local martingales. Further, 8, and 7, are orthogonal in the sense that the
product of two local martingales is also a local martingale. It should be noted
that the discontinuous part 7, is uniquely determined by Bg.s-measurable
function f(x,y). We will call 7, to be generated by f(x, y).

The situation of jumps of sample paths is closely related to Lévy system
(n(x, dy), ¢?). It is interesting to know how the Lévy system may be changed
by the transformation of Markov process by a m.f. «,, The change of Lévy

9) Itis not clear that A, is an a.f. from Meyer’s decomposition. We were informed the
proof from Tanaka by private comunication ommitting here.
10) If X, is an a.f., then X§ and @, are also a.f’s. See [10].
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system depends only on discontinuous part of «,. Precisely,

TueorEM 6. 2. Let a mf. e, (O0<a,<oo for t<Q) be alocal martingale
and let it be represented as Theorem 6.1. Let M®*=(X$,¢% F%, P2V by a standard
process which is obtained from transformation by e,. Then (e”*¥'n(z, dy), ¢?) becomes
a Leyy system of M°.

Proof. Let hi(x,y)=0 be a Bg.s-measurable function such that E_(P,(¢)?)
<. Let T<{ be a stopping time such that S:AT a, dX:EM,, a,arisa

martingale and Ez(a,/\TSZAThon(x,) d¢2>< . Since

tAT
aenr—1=(" a0V g(ds, ay) + [ wax,

we get

EAQ@u(t AD)ean) =ELQut AT | e’ ™= Diatds, ay))

0

=E$<SMTas(ef—l)hon(xs)dqof,’).

Thus we have
EanePlt AT)=E.(acne)” hon(ede?)+ B[ aile’ —Dhon()de?)

=E(ane]," & honta)dot),
which implies
ExPut AT)=E3([,"" ¢ o nia) dot). 12

The above formula shows that (e/"-¥n(x, dy), ¢?) is a Lévy system of M* by
the definition.

ExamprLe 1. Let S be a countable set with discrete topology and
M=(%,,%, &, P,) a markov chain (Hunt process) over S. Set z,(0)=inf{t >0;
2 (w)#20)), ' =E, (), n(z,y)=P.(x.,=y) and g,,=¢(z,y). We wil
assume 0<g,<<oo and %‘sn(x,y)=l. Set P.(x,y)=P,(x,=y). Since

1—Pyx, x)

i P2, )
lim SR :

-0

=q,,y (¢#y) and ltim =4,
-0

11) For the definition of M¢%, wee [6].
12) 1If B is an element of B;, then P,(a;; B,{ >#)=P3(B;{ >1). See [6].
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{gs.,-t} is a Lévy system of M (See S. Watanabe [11]) and M is uniquely
determined by ¢, and g,,,, which means that there is no continuous part for
any m.f. and every m.f. is generated by SxS-function f(x,y).

Let f(x,y) be a finite valued function satisfying ;%ef(”-”ﬂ(x, y)< . Then

Zs(efz(”-”’——l)qz,,, < oo and Zsfl(x, ¥)%q,., <oo; so that the m.f. «, generated
ye yE

by such f(x,y) is a local martingale. The process transformed by a, has
{e’®¥, ., t} as its Lévy system. Conversely, let M and M’ be two Markov
chains defined on the same state space S. The corresponding quantities
relative to M’ are denoted by ¢/, ¢., and II’(x,y). We will assume that
0<g, <o, O0<gs<oo, and Esﬂ(x, y)= Esﬂl(x’ y)=1. Assume further
gsy >0 implies ¢, ,>0. Define f(z,y)=logqg,;,—logg,,. Itiseasy to see
that this f(»,y) satisfies the condition (2) of Lemma 6.1. Therefore there
exists a m.f. generated by f(x,y). Since the process transformed by «, has the
Lévy system {e’“%'q,.,,t}, M coincides with M. Thus we get the following
statement: Let M and M’ be Markov chains defined on the same state space S and let
0<g, <o, 0<qgi<<oo and E.Sﬂ(ac, y)=y§sﬂ’(x, y)=1. A necessary and sufficient
condition that M’ can be obtained from transformations by a m. f. which s a local
martingale is that II(x,y)=0 implies II'(x,y)=0 and vice versa.

From the above argument, in the case of Markov chain, transformations by
m. f.’s contains time changes by inverse functions of strictly increasing a.f.’s
as its special case. Indeed, if a Markov chain M has the system {q., II(x, )},
the time changed process M’ has the same quantity I(, y) and different quantity
gz; so that f(z,y)=loggq,,—logq, ,=logq;—logq, is only a function of z,
and the chain transformed by the m. f. generated by this f(z)=f(%, y) coincides
with the time changed process M'.

Another special case is the case that f(x,y) satisfies Esef =00, y)=1. In

this case, the transformed process has the same quantity ¢, as the original one.
In particular, if ¢/“¥ is of the form &(x)/h(y), then h(x) is a harmonic
function and the transformation is nothing but (super)harmonic transformation
(or h-path process).

Examrre 2. Let ,=(B9P,...... ,B?) be an N-dimensional Brownian

. . Noer )
motion. Then every XeiMi°*N 4 is represented as X,= EISO f(x,)d B?, where

. N .
fOi=1,...... , N are measurable functions on R¥; so that {X),= ] S; N x,)2ds.

=1

Therefore, every multiplicative functional being a local martingale can be
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represented as

exp { 2 Sf(z)( ) Bm ENISf(i)(xs)zds]'

This was obtained by Wentzel [12]. Transformation by such m.f. is so called
that of ““drift” and does not contain time change. This fact is quite different
from the case of Markov chain in Example 1.

§ 7. Decomposition of additive process.

It is known (Lévy [7], Itd [4]) that any right continuous additive process
may be decomposed uniquely to sum of a Gaussian additive process and a
jump type additive process such that these are mutually independent. We
shall prove this fact using the formula on stochastic integral obtained in §5.

A right continuous stochastic process (X, P), t e T=[0,b] is called an
additive process (or process with independent increments) if, X, —X, _,, i=1,2,
...... ,n, are independent if 0< ¢, < #, < £, < ... < t,=b. For the simplicity
we shall assume that X, has no fixed discontinuity and X,=0 a.e. P. Set

(7. 1) P(E)= 3 #x(X;—X.-) and oft, E)=E(P(E)) .

S
| X,—X,-]>0

It is easy to see that P,(E) is an additive process. Define X} =Sle>1th(dx).
Then X,— X! is an additive process whose absolute values of jumps are less
than or equal to 1, so that X,—X1 is locally integrable. Define

(7. 9) X3= o P,(dx) — za(t, dv)}.

i |
elo L) e<] X< e<[X|L1

Then X} is a locally square integrable martingale and is an additive process.
Set

(7. 3) X{=X'+X? and X{=X]—X{

Since X{ is a continuous additive process, it is a Gaussian process.’® Set
m(t)=E(X{) and X?=Xi—mlt).

TuEorREM 7.1.  The decompostion X,=X{+X{+m(t) satisfies the following
conditions: (1)

(7. 4) E(eiaX?)=exp{—%a o(t)} where o(f)=E(]X°]?),

13) See for example [4].
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(7. 5) E(eiBX{)= exp S[x;gl(eiﬁx —1—igx)a(t, dx)+glxl>1(e"ﬁx——l)a(t, dz).

(2) X? and X{ are mutually independent.

Proof. 'To prove that X% and X7 are mutually independent, it is sufficient
to show that for every real «, g,

IAX)-XD) eiﬁ(X{—Xg)) - E(eiA(X‘g_Xg))E(eiﬁ(x{—xg)) .

(7. 6) E(e
Note that X? and XJ are a.f.’s and local martingales and X} is a purely
discontinuous q.l.c. a.f., relative to (¢, P). The argument at §5 together
with Lemma 7.1 implies that X{ is represented as @Q,(¢)+P,(t), where
fi(s,x) () =y—a. Set F(at,z)=¢ ", AP=aX? and AP=pX{ and
apply Theorem 5.1, we have

L XD 1 —igly— X, }yo(du, dy—X.,)

r*£=local martlngale-l—S e %w X<t

(e"P9=%0 _ 1) o(du, dy_Xu)—_LaZSir‘;;ﬁu(du),

+Str“ﬁ 5

s S'“Sly—Xu|>1

where 7%8=gie(Xf-XD+iBX]{-X) Therefore,

ET8)

={ By [—-émzp(du)ﬂlm(eiﬂx— 1—ige)o(du, dx)+§]m]>1(e“’x~ D o(du, da)}.

The above integral equation has a uniq. « solution

E(T“B—exp[—— ()=o) | (e —1—ipa)a((s, 1], du)

fal<1

+Sm>1 (€% —1)s((s, t], dx)]

=ETDEQD.
Thus we have proved the theorem.

Remark. (1) When X, is temporally homogeneous, it is easy to see that
X9? and X! are also temporally homogeneous and hence X? is a Brownian

motion.

14) If X, is temporally homogenous, X, may be considered as a Hunt process and it is easy
to see that (n(x, E), ) becomes a Levy system, where n(x, E)=d(l,E—2). If X, is not
temporally homogeneous, X, is no longer a Hunt process, obviously. However, o(f, E)

¢
works similarly as Levy system does in Hunt process. In fact X} f (g ) — S S [y, w)a (du, dy)
=t 0

is a martingale if it is integrable, where o((s,#,E) = o(f, E)—o(s, E).  Thorem 5.1 is
applicable with a slight modification.
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(2) In the same way as above we can prove easily P,(E) is a Poisson process
such that if ENF=¢ then {P,(E)} and {P,(F)} are mutually independent.

§8. Appendix. Supermartingale and the corresponding increasing
process of a Markov process.

The material treated in this section is certain refinements and generalization
of the results of P.Meyer {8, 9] in the case of Hunt process.

Let M=(z,,%,&: P,) be a Hunt process. An increasing process A4, is said to
belong to the class (U) if A, has no common jumps with sample paths, i.e.

P (A,#A,- and =z,#z,- for some ¢t>0)=0, vz S.
The set of all A, belonging to the class (U) is denoted by ¥U.

THEOREM 8.1. Let X, be a supermartingale belonging to the class (D). Suppose
that lim X,=0 holds a.e. P,. There exists a unique A, of Wy satisfying

(8. 1) X, =E (A.[§.)—A, ae P, VYi>0, vzes,

where A.= }Lrorg A,. Furthermore, if X, is regular then A, is of UL

The above A, is said to generate X,. The theorem is a modification of a
fundamental result of [8. 9]. It follows from [8, 9] that for each « there exists
an increasing process AP such that X,=FE(AD/F,)—AF but it is not clear at
the first sight that there exists a functional A, such that 4,=A% for each =.

Let T be a stopping time. According to [9], T is said to be totally inaccessible
(in the weak sense), if it is strictly positive not infinite a.e. P, for some % and for
each increasing sequence {7,} of stopping times converging to T,

(8. 2) Pvn,T,<T<x)=0, Yz S.

T is said to be inaccessible if there exists A of %, such that P,(A4) >0 for some
z and the stopping time

Tiw)=Tw) if oA
=00 if oA

is totally inaccessible. Further, T is said to be accessible if T is not inaccessible.
The following theorem is proved in [9] in the case that semi-group operator
of the Hunt process maps C(S) into C(S).®

15) C(S) is the space of all bounded continuous functions on S.
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TueoreM 8. 2. Let T be a stopping time. (1) T is accessible if and only if
(8. 3) P (zp=0p., T<0)=P(T<), Yz &5,

where xr-is the left-hand limit of sample paths x, at T, where x,=zx,- .
(2) T is totally inaccessible if and only if

(8. 4) Ptr#=2r-, T<0)=P(T<<w), VYrxesS.

(8)  There exist accessible stopping time T, and totally inaccessible stopping time T,
satisfying T=min(Ty, T,), and for any such Ty and T,

{T\=T < oco}={2,=%,-, T<oo}
{T2=T< m}:;{xTﬁbe—, T'< OO},
The stopping time defined by

- T on {#r=2,-, T < 0}
b 400 otherwise

is called the accessible part of T.

Meyer [9] called an incresing process A, to be natural if, for any stopping time
T totally inaccessible, P,(A7#Ar-)=0 holds (Yx € S). From Theorem 8. 2, we
have immediately

CoOROLLARY. An increasing process A, is natural if and only if it is of AL,
Before the proof of these theorems, we prepare several lemmas.

Lemma 8. 1 Let X be a regular supermartingale belonging to the class (D) for each
P,. There exists A, of AL satisfying (8. 1).

Proof. 1° Let p,X, (h>0) be a right-continuous version of E.(X,,./%.).

It is easy to see that p,X, can be defined independently of the family of
measures P,, x= S. Set

An S A X—ppX.)ds and X"=E.(AYS,)— A",
We shall prove

(8. 5) Px(mtlplA’;——A’;I >e)—>0

as h and % tend to 0. It is known in [8] that, if X, is bounded, E (] A:—A%|?)
converges to 0 as 2 and k tend to 0, and that in general case, there exists a
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sequence of bounded regular supermartingales X’(x) relative to a fixed measure

P, such that X;=§1X'Z(x) a.e. P,. Set

A¥@)={ LX)~ Ex(X L ola)S)ds -

Then E,(|A"Mx)—A"*x)|?) converge to 0 as £ and % tend to 0. Since

E.(| AL —ALD) = 3] EL(| A% )~ ATH(x))),
E.{| A% ()= A%@)]) < 2E.(X3(@)),
3 EXH(@)=Eo(X) < o

The Lebesgue convergence theorem is applicable and we get ;ilfno E (|AL—AE])

=0. Therefore, by Doob’s inequality concerning martingale, we get

(8. 6) eP.(sup| EL(AL—AL[5) | > ) = E.(|AL—AL))

On the othérhand
| X=X =1 X=XV = X=X, i h>F,
and we get by the argument of Shur-Meyer (e.g. [9]),
(8.7) PI(S%P1X7*X’51>€)éPz(SgPer*X'H>€) = P(Th <o) =0, (hk—0),

where T,=inf{¢>0; X,—p.X,>¢}. Consequently, from (8.6) and (8. 7),
we get
Po(sup|Ai—At]> &) = P(sup| Eo(AL—AYS)| >-5-)

+Px<s111p|X’§——X’;| >%) -0,  (hk—0).

2°. To prove the lemma, it is sufficient to show that there exists 4, of A;
satisfying Pac(sxgpIAt—A’;l >%>—>0 as h tends to 0. Let {¢,} (>>0) be a
decreasing sequence satisfying >le, << oo. Set e,(x, k, k)=PI(s1t1plA’;——A’g_] > e,).

Let P,(x) be the upper bound of %— where j is a positive integer satisfying
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sup e,(x, h, k) <e, Itisclear that P,(x) is §Fs-measurable and P,(z) =0 as
k h>j-t

P(w(@)) | .
7 — o ; so that A, "7 is of A* and satisfies

& P, P,
TP (sup | A7 — A7 | > ) < oo,
n=

Set 2={w; Af"(x"("’))(w) converges uniformly as # tends to infinity}. Then by
Borel-Cantelli’s lemma, @ is §-measurable set and P,(2)=1 holds for every .

Define A,(0) as lim Af"("’("’))(w) for w € @, then this A4, is the desired one.

The uniqueness of the above A, immediately follows from

Lemma 8.2, Let A, and B, be of Uy generating the same supermartingale.
Then A,=B..

Proof. Let Y,(w) be a bounded process adapted to {%,} and continuous
from the left. Set C,=A,—B,. Let {T,}, T.=S be an (¢, Y,)-chain. Then,
since (C,, &, is a martingale,

E(Y7.(Cr.i—Cr,)[Fs)=0 as. P,

Letting ¢ — 0, we obtain
E.‘c<g<s, i] YudC/%s>:O a.e. Pz

The above formula also holds when Y, is of the form g¢(z,), g€ C(S) because
C has no common jumps with sample path «z,. Therefore, we get

E({ e G.f(2.)dC.J5,)= 0.
But the left-hand of the above is
E({, . dCE([ e (2 d1f3.)/8.)
=E.({, . dCuf; e f(w a3,
=E. ({7 e r(w)at(C.—C I8, ),

so that we have

(8. 8) E(f(2:) (Co—C)/F:)=0.
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Now by a similar argument as the proof of Theorem 4. 2 we get C,=0.

Now we will give the

Proof of Theorem 8. 2. The “if” part of (2) is clear from the quasi-left
continuity of sample paths. Suppose that T is accessible. It is known [9]
that, for each fixed z, T is left approximable i.e., there exists an increasing
sequence of stopping times {77} such that T <7 and T=limTZ hold a.e.

n—co

P,. The quasi-left continuity of sample paths implies (8. 3) immediately.
We shall prove the “only if 7 part of (2). Define

Ul=2 and U:=U,—~U%

U= Lisarsop {t=T>0 and zp=w,.}

Since the supermartingale X, generated by U, is regular, the supermartingales
Xt (i=1,2) are also regular. Thus there exists V, of % generating X!, so that
V,=U: by Lemma 1.2. Therefore U}=0 i.e., U,=U? which means (8. 4).
The “if” part of (1) can be obtained from “only if” part of (2). Now Let
T be any stopping time. We define T, by T if 2,=x,_ and by +oo if 2,
In the same way, we define T, by T if 2,7 2,- and by 4o if zz=2,-. Then
T, is accessible, T, totally inaccessible and satisfies T=min(T,,T,). Thus we
have accomplished the proof.
Finally we will give the

Proof of Theorem 8. 1. When X, is regular, we have already proved the
theorem in Lemma 8. 1. Suppose that X, is not necessarily regular. For

¢ >0, we define a sequence of stopping times inductively as

Te=0,TS=inf{t =T:_,; | X,—X,-| > e} n=1,

and T, as the accessible part of T,. Set

A= 32 (XT;‘e’—XT )

Tig i

and A= lifn Ac. It is clear that Af is of A}, Set XI=E(AL/F,)—A%}. Then
e}l0

we can show that X§{=X,—X{ is regular supermartingale, so that there exists a

unique A§ of A generating X,. Thus A4,=A{+A] is what we want.

Remark. If, in Th. 8.1, X, is an a.f. then A, is an a.f. as is easily seen

from the above construction of A,.
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