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ON STABILITY AND INSTABILITY OF STANDING WAVES
FOR 2D-NONLINEAR SCHRODINGER EQUATIONS WITH
POINT INTERACTION

NORIYOSHI FUKAYA, VLADIMIR GEORGIEV, AND MASAHIRO IKEDA

ABSTRACT. We study existence and stability properties of ground-state stand-
ing waves for two-dimensional nonlinear Schrédinger equation with a point
interaction and a focusing power nonlinearity. The Schrédinger operator with
a point interaction (—Aq)qecr describes a one-parameter family of self-adjoint
realizations of the Laplacian with delta-like perturbation. The operator —A
always has a unique simple negative eigenvalue. We prove that if the frequency
of the standing wave is close to the negative eigenvalue, it is stable. Moreover,
if the frequency is sufficiently large, we have the stability in the L2-subcritical
or critical case, while the instability in the L2-supercritical case.

1. INTRODUCTION

We consider the following nonlinear Schrédinger equation (NLS) with a focusing
power nonlinearity in two spatial dimension:

(1.1) i0u = —Aqu — [uP " u, (t,2) € R x R?,

where p > 1 and —A,, is the Laplacian with a point interaction with strength o € R
at the origin (see (1.2)—(1.5) for the precise definition).

The study of the Laplace operator with point interactions in RY (N =1, 2, or
3) seems to become intensive research area in the last decades. The first rigorous
attempt to define and study the spectral properties of these operators was done in
[14] by Berezin and Faddeev in 1961. Their study was extended in the work [10]
by Albeverio and Hgegh-Krohn in 1981.

A simplest way to introduce a singular perturbation at a point is to consider the
potential perturbation —A 4 V. of the Laplace operator with regular potentials V.
spiking up and shrinking around a point in the limit € — 0. This approach is well-
known for dimension N =1 [9], N =2 [7], and N = 3 [6] (we also refer to [8] for a
comprehensive overview). In the case of one singular point, this approximation gives
a self-adjoint operator —A, depending on the parameter a € R. To be more precise,
starting with the symmetric operator of _Alccoo (RN\{0}), one can characterize all
its nontrivial self-adjoint extension on L2(RY) by means of a parameter o € R. A
detailed overview of the construction and the main properties of —A,, can be found
in [18]. Fractional powers of the Laplace operator —A, with singular perturbations
are studied in [35, 49].

The dispersive properties of the Schrédinger group (€2« );cr have been studied
intensively in the last years. In one-dimensional case, the dispersive and Strichartz
estimates and boundedness wave operators have been studied, for example, in [4,
27, 39]. In higher dimensional case, such properties have been studied recently by
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[22, 59] in N = 2, [25] in N = 3. See also [24] for the weighted dispersive estimate
in three dimension.

By using these dispersive properties, one can establish existence of nonlinear
evolution flow. The local well-posedness for (1.1) (in two or three-dimensional
cases) in the domain D(—A,) has been studied in [18]. See, e.g., [4, 27] for the
one-dimensional case.

Recently, the nonlinear dynamics around standing waves in one dimension are
intensively studied in various contexts depending on whether the potential is at-
tractive or repulsive. In the attractive regime, the orbital stability and instability
of standing waves have been studied by [34, 36, 41], the asymptotic stability has
been done in [23, 46, 47], and the strong instability has been done in [51, 29]. In the
repulsive regime, the orbital stability and instability have been studied by [31, 45],
and the global dynamics below ground states were studied in [40].

As related topics, we mention the NLS with the concentrated nonlinearity. See
[3, 17, 42] for N =1, [1, 2] for N = 2, and [5] for N = 3.

However, much less is known about the nonlinear dynamics and the existence and
stability /instability properties of the ground states for (1.1). Up to our knowledge,
there are no results treating such properties in the two-dimensional case. The
main goal of the work is to cover this case and establish fundamental properties of
ground states for (1.1) such as existence, uniqueness, nondegeneracy, and its orbital
stability /instability.

To state our main results, we shortly give the definition of the operator —A,, in
two dimension (see [8, Chapter 1.5] for more details). The class of self-adjoint exten-
sions in L?(R?) of the positive and densely defined symmetric operator —Alcge(r2\{0})
is a one-parameter family of operators (—Aq)ae(—oo,+00]- The extension —A,— is
the Friedrichs extension and is precisely the free Laplacian on L?(R?) with domain
H?(R?). All other extensions for a € R represent nontrivial operators with a point
interaction at the origin, and are characterized explicitly by

_ fO) 2 (2
(1.2 D(-a0) = {7+ 86 e @) |
(1.3) (—Ap+Ng=(—A+Nf forg=f+ ﬁf((())?) G € D(—A,).

Here A > 0 is a fixed constant with A # —e, (see (1.11) for the definition of e, ),

vy 1.V
1.4 w(A) = — 4+ —1In—
(149) fa() i=a+ 4 i L2,
~ > 0 denoting Euler-Mascheroni constant, and G is the Green function of —A+ A
on R?, defined by the distributional relation (—A + \)G = 6, that is

1 1 1 s
(15) Ga() =5 F 1[|£|2—+ A] ()= Gy / GEES S

where F~! is the inverse Fourier transform. Note that f(0) makes sense for f €
H?(R?) from the embedding H?(R?) — C(R?).
From the the expression (1.5), we can easily check that

(1.6) Gre H'™°(R?), G)¢H'(R?),
(1.7) Gr— G, e H5(R?), G\—-G,¢ HR?) if\#p

for all e > 0 and A, u > 0. The function G is also represented as

(19) Ga(x) = 5= KoV al)
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where K is the modified Bessel function of the second kind (or the Macdonald
function) of order zero. From the expression (1.8), G, is positive, radial, and
strictly decreasing function with

Ga(r) ~ { —In(vV ) asr =0,

1.9
(1.9) r12e=VA asr 00

(see [26, Chapter 10] for more properties of K,).

From the property (1.7) we can check that the definition of —A,, is independent
of \. Indeed, if g = f + £(0)Ba(A)"1G for some f € H*(R?) and \ # —e,, then
for u # —eq, we have the decomposition

() whore Fre #a 4O 0 2 (g2
g*f+ﬁa(’u)GH7 h f*f‘i’ Ba()\)(G)\ G#)EH (]R )7
and the relation
B =, f0) e - £(0)
Caatm(F+L26,) = carnr+ - (r+£%a).

This means the independence.
The spectral properties of —A, are also known (see [8, Theorem 5.4]). The
essential spectrum of —A,, are given by

(1.10) Oess(—An) = ac(—Ay) = [0, +00), Osc(—Aq) =0,

where 0,. and o4, denote the set of the absolutely and singularly continuous spec-
trum, respectively. The operator —A, has a simple negative eigenvalue

(1.11) op(—Ba) = {ea}, €q 1= —de T2V,

In this sense, —A, can be regarded as an Schrodinger operator with an attractive
potential. The normalized eigenfunction corresponding to the eigenvalue e, is

Y = ot
Gl
Note that 8, (A) defined in (1.4) is expressed as
1 A
a A)=—1 )
ﬂ ( ) 47_[_ n —eq

so one has
Ba(A) >0 <= A > —e,.

The energy space (or the form domain) H}(R?) associated with —A, can be
characterized by general results on the Krein—Visik—Birman extension theory (see
e.g. [48]), and it is given explicitly by
{f+cGr: fEH'(R?), ceC} ifa€eR,

(1.12) H,(R?) = { H(R?) if o = o0.

Note that H!(R?) is independent of the choice of & € R and A > 0 from (1.7). For
A > —eq, one can define the maximal extension of the form

£(0)[?

Ba(N)

with g = f+£(0)Ba(A)"1Gx € D(—A4). This extension defines a positive quadratic
form well-defined on g € HL(R?) explicitly given by

(1.13) (=Da +Ng,9) = IV flIZ2 + Allfll72 + Ba(N)]cf?

(=Da +Ng.9) = [VFIIL2 + AlfI7= +
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for g = f + ¢G\ € HL(R?). By using the relation
2
c
Ml = AT +eGall3a = MfI3 + 22 Rele(f, Ga)ie] +
we can rewrite (1.13) as
1

(~808.9) = 91 = 2ARefe . Ga)zz] + (Bal) - 4 ) e

We denote the H}-norm depending on the parameter A > —e, by

(1.14) l9llmz | = V{(=Ba + N)g,9)
for g € H}(R?). The following equivalence holds:
lgllmy = lgluy . Ap>—ea.
As a special case, we choose A = 1 — e, and also use the notation

Igllay == gl

a,l—eq

To study the stability properties of the standing waves, we need the local well-
posedness in the energy spaces H!(R?). We have the following statement (see
Appendix B for the proof).

Proposition 1.1. Let « € R and p > 1. For each ug € HL(R?), there exists the
unique mazximal solution

u € C((=Tin, Tnae)s HA(R?)) N C (= Thnin, Tona), H ' (R2))

of (1.1) with the initial data u(0) = ug, where H; ' (R?) is the dual space of H.(R?).
Moreover, u satisfies the conservation laws of energy and the L?-norm:

E(u(t)) = E(uo), lu(®)llz2 = [luollz2
for all t € (—Tin, Tmax), where the energy is defined by
B(v) = 5(-Bav,0) = —lolfih, ve HiR?)
Now let us consider standing wave solutions with the form
(1.15) u(t,z) = e“'¢(x),
where ¢ € H!(R?) is a nontrivial solution of the stationary equation
(1.16) —Aup+wd— 9P =0, xcRL

Equation (1.16) can be rewritten as S/, (¢) = 0, where S,, is the action functional
defined by

(L11) Su(0) = Saul®) = 3lolly — g0l o e HARR)
We denote the set of all nontrivial solution of (1.16) by

Av=Aaw ={0 € Holz(RQ): ¢ #0, S&,w(ﬂﬂ =0}
and the set of all ground states (minimal action solution) by

G = Gaw ={0 € Aaw: Saw(®) < Saw(¥) for all ¢ € Aqw}

Now we state our main results. First, we state the results about the existence,
symmetry, and uniqueness of ground states.

Theorem 1.2. Ifw > —e,, then the set G, is not empty.
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Theorem 1.3. Let w > —e, and ¢ € G,. If ¢ is decomposed as ¢ = f +
F(0)Ba(w) LG, with f € H*(R?), then there exists € R such that € f is positive,
radial, and decreasing function. In particular, the function e ¢ is also positive, ra-
dial, and decreasing.

Theorem 1.4. There exists w1 > —eq such that if w > wy, then there exists the
unique positive radial ground state ¢, € G, such that the set of all ground states is
characterized as

(1.18) Go = {e?¢,: 0 € R}.

Next, we state the results about orbital stability and instability of standing
waves. The definition of orbital stability is as follows.

Definition 1.5. Let w € R and let ¢ € HL(R?) be a nontrivial solution of (1.16).
The standing wave e™!¢ is stable if for any ¢ > 0 there exists § > 0 such that
for any ug € H)(R?) satisfying |Juo — ¢||gz < 0, the solution u(t) of (1.1) with
u(0) = uyg exists globally in time and satisfies

sup inf ||u(t) — e 1 < €.
up ot ut) — €6l
Otherwise, the standing wave !¢ is unstable.

The following two statements are main results of this paper. The first one
concerns the stability for w close to —eg.

Theorem 1.6. For each a € R and p > 1, there exists w, > —e, such that if
W € (—eq,ws) and ¢ € G,,, the standing wave e*t¢ is stable.

The second one concerns the stability/instability for large frequency w. We
denote the unique ground state given in Theorem 1.4 by ¢,,.

Theorem 1.7. For each o € R and p > 1, there exists w* € (w1,00) such that the
following is true.

o If1 < p <3, then the standing wave e, is stable for all w > w*.
o Ifp > 3, then the standing wave €™*¢ is unstable for all w > w*.

One can observe the similarity between the results in [28, 30, 32, 33, 34] and
Theorems 1.6 and 1.7. The paper [34] treats NLS with attractive d-potential in
one dimension, and the papers [28, 30, 32, 33] concern NLS with general attractive
potential V(z). Since —A, has a unique simple negative eigenvalue, we regard it
as a Schrodinger operator with an attractive potential, so it is natural to choose to
follow the approach in these papers.

Let us give a short outline of the proofs. The local well-posedness (Proposi-
tion 1.1) follows from the energy methods in [52] (see also [20, Chapter 3]) and
the Strichartz estimates for the operator —A, obtained by [22]. The existence of
ground states (Theorem 1.2) follows from a standard variational method by using
the Nehari manifold. The positivity and symmetry of ground states (Theorem 1.3)
follow from the maximal principle and the symmetric rearrangement. In particular,
we use the result of Brothers and Ziemer [16] to obtain the radial symmetry and
decrease of ground states.

To investigate the stability properties, we consider rescaled ground states and use
a perturbation argument as in [30, 32, 33]. Let (¢ )w>—c, be a family of positive
ground states with ¢, = ¢o .« € Ga,w. For w close to —e,, we normalize the ground
states as

- L ¢w

(@) = o
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Then $w is a positive solution of
—Dad+wé — [|dullfz 0P o = 0.

Since we can verify ||¢, ||z — 0 as w — —eq, 6w can be regarded as a perturbation
of the solution for the linear equation

(1.19) —Aud = ead,

that is, qAﬁw is close to the eigenfunction y,. On the other hand, for large w, we
rescale ¢, as

sz (z) := W_l/(p_1)¢w (‘73/\/"_”)

Then q~3w is a positive solution of
—Azp+¢—|9lP o =0,

where

a=a = — lnw.

a=aw)=a+ 1w
Since —Ay— is the free Laplacian —A, $w can be regarded as a perturbation of
the solution for the equation

(1.20) ~Ad+ -9l d =0
Therefore, we can investigate the stability properties by using the limiting equation
(1.19) for small w and (1.20) for large w.

The stability for small frequency (Theorem 1.6) follows from the argument of

[33]. If w is sufficiently close to —e,, we can obtain the following coercivity property
for the linearlized operator around the ground state.

Proposition 1.8. For each o € R and p > 1, there exists w. > —eq such that if
w € (—eq,wy) and ¢ € G, the following holds: There exists a positive constant k
such that

(Sh(d)w,w) > kllw|?
for any w € HL(R?) satisfying [5, ¢w dz = 0.

It is known that this coercivity implies the stability (see, e.g., [37, 44]). Because
we can prove Proposition 1.8 exactly in the same way as [33, Section 4], we omit
the proof.

Remark 1.9. In this paper, we do not discuss the uniqueness of ground states for
small frequencies because we do not need it if we just prove the stability. However,
we can obtain the uniqueness by the bifurcation theory. See, e.g., [53, 38, 47| for
more details.

To investigate the properties of the ground states for large frequency w, we use
the limiting equation (1.20). It is well known that (1.20) has the unique positive
radial ground state ¢o € H'(R2) (see, e.g., [12, 43]), and it is nondegenerate in the
radial space, that is, the kernel of the linearized operator EOO = —-A+1 fp&;o’l is
trivial: ker EOO| L = {0}. By using these properties, we establish the uniqueness
(Theorem 1.18) and nondegeneracy (Lemma 6.1) for large w following the argument
of [30, Proposition 2 (v)]. Moreover, we can obtain the regularity of the map w — ¢,
(Corollary 8.2). To obtain the stability and instability, we use the following criteria.

Proposition 1.10 ([50, 54]). For w > wy, the standing wave e™“¢,, of (1.1) is
stable if ¢, |22 > 0 and unstable if -=||¢,,||2. < 0.
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Remark 1.11. Proposition 1.10 are well-known as the criteria of Grillakis, Shatah,
and Strauss [37] (see also [55, 58]). To use their result, we need to investigate the
spectral properties of the linearized operator S”(¢,,), but we do not discuss its
spectra in this paper. Instead, we can apply the arguments of [54] for the stability
and [50] for the instability because they only require the variational characterization
on the Nehari manifold, the uniqueness, and the differentiability of the map w — ¢,
with ¢, € G,. These properties are discussed in this paper.

From Proposition 1.10, the stability /instability problems can be reduced to the
investigation of the sign of the derivative =L ||¢,[|2,. When a = oo, i.e., without
interaction, one can show by the scaling invariance for the equation that the ground
states ¢oow Of (1.16) satisfies =L [ ¢oo |22 > 0if 1 < p < 3 and 4L ||¢poo |2, < 0 if
p > 3 for all w > 0. This means that when o = oo, the ground-state standing wave
et w of (1.1) is stable if 1 < p < 3 [19] and unstable if p > 3 [13] (see [57] for
p=3).

To investigate the sign of %Hgﬁ)wﬂiz for large w, we apply the argument of [30,
28]. Instead of -L||¢,||2,, we calculate the rescaled version %||q~ﬁw|\%2 and use

the convergence ¢, — ¢oo. To estimate some error terms, we establish and use a
boundedness of the inverse linearized operator of gw. After that, we can determine
the sign of - ||¢,[|22, and combining Proposition 1.10 we obtain Theorem 1.7.

The difficulty of the proofs of our results mainly comes from the treatment
of functions in the energy space H}(R?) and the domain D(—A,). Of special
importance in one-dimensional case is the fact that the fundamental solution of
(1—A)isin H*(R), so one can use H(R) as a natural space of the nonlinear flow
associated with the corresponding NLS. The situation changes essentially in two
dimension since we are forced to work with the perturbed H1(R?) space, so there
are nontrivial difficulties to apply of the variational technique from [34] and the
cases of slowly decaying potentials [28, 30, 32, 33]. For a function in the spaces
HL(R?) or D(—A,), we need to decompose it into the regular and singular parts
and to treat these separately, and we have to avoid several difficult points requiring
appropriate new treatments.

e The local well-posedness for the standard 2d NLS with or without potential
requires the use of Strichartz estimates in Sobolev spaces

(121)  HYP(R*)={g=(1-A)"¢: v € LP(R*)}, pe(L2), s€(0,1],

if a contraction argument is applied. On the other hand, the case of singular
perturbed Laplacian —A,, requires the replacement of the classical Sobolev
space H'(R?) by the perturbed space H'(R?), and we need to decompose
functions g € H} (R?) as

(1.22) g=1[+cGh.

There is no flexible treatment (up to our knowledge) of appropriate gen-
eralization of generic spaces H®? for the Laplacian of type —A,. For this
we have chosen another approach based on compactness argument and the
results in [52].

e The existence of ground states seems to be closely connected with the in-
clusion

HY(R?) Cc HL(R?).

However, the ground states ¢ = f+ f(0)Bq(w) G, from Theorem 1.3 have
nontrivial singular part, since e? f(0) is positive. This fact shows that the
ground states associated with a € R are different from ground states with
a = 0o. Moreover the ground state ¢ from Theorem 1.3 is not in H!(R?).
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e The symmetry of the ground state for the classical NLS can be obtained
by Schwartz symmetrization. Since we have the decomposition ¢ = f +
f(0)Ba(w)™1G,, for any ¢ € D(—A,) into regular and singular parts, a
formal symmetrization

)

cannot work. We have chosen the following symmetrization

i SO,

Ba(A) Ba(A)

The technical difficulties associated with this symmetrization can be over-
come by using the results in [11].

e The uniqueness and nondegeneracy of ground states require careful use of
the decomposition (1.22) and modify accordingly the approach in [32, 33,
30].

e To determine the sign of %H&Lniz, we need to estimate the error term

G,\—>f*+

aw};,(o) coming from the interaction of —A,, where fw is the regular part
of &Fw. As in the previous work [28, 30], we use the boundedness of the
inverse of the linearized operator ZW. However, it is not trivial how to
express and estimate the term 8wﬁ,(0) by using the operator Z;l. To
overcome this difficulty we make a good use the expression (1.3) of the
operator and the expression of the bilinear form as

£(0) = <<Aa NG ]+ ﬂJ;((OA)) GA>

for f € H%(R?%; R). For more details, see Lemma 9.4.

The rest of organization of this paper is as follows. In Section 2 we correct the
properties of G used in this paper. In Section 3 we prove Theorem 1.2 through the
characterization with the Nehari functional. Section 4 is devoted to the proof of
Theorem 1.3. In Section 5 we show that a family of rescaled ground states converges
to the ground state of NLS without interaction (i.e. @ = 00) as w — oco. In Section 6
we show lower boundedness and nondegeneracy of the linearized operator around
the ground state for large w. This lower boundedness will be used in Section 9 as
the boundedness of the inverse operator. In Section 7 we prove Theorem 1.18. In
Section 8 we discuss the regularity of the map w — ¢, for large w. Finally we
prove Theorem 1.7 in Section 9. In Appendix A we review the properties of wave
operators and Strichartz estimates for the operator —A,. In Appendix B we prove
Proposition 1.1.

2. PRELIMINARIES

The aim of this section is to recall the main properties of the singular-perturbed
Laplace operator —A, and the Green function G.
Note that (1.6) and (1.9) imply

(2.1) Gy € LYR?) for all g € [1,00).
This fact leads easily to the following Sobolev inequality

Lemma 2.1. For any q € [2,00) and A > —e, there exists a constant C > 0 such
that

(2.2) [ollze < Cllollm |
for all v € HL(R?).
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Proof. Any v € HL(R?) has the representation v = f + ¢G for some A\ > —e,,
f € HY(R?), and ¢ € C. Then the property (2.1) implies that

ollze S N fllze + lel S If L + el
The relation (1.14) implies that

[l +lel ~ ol | -

Hence, we have (2.2). O
Lemma 2.2. For A\, u > 0, the inner product of G and G, is given by

(G, G) 2 = 14117TA(A —lnup)L’ HEA

xGu)r2 = 1
e w=A
Proof. The assertion follows from direct calculations. (I
Lemma 2.3. Flz - VG| = —2(|¢]2 + 1)L F[Gy].
Proof. By a direct calculation, we have
VF[Gi] = m,
1 €

Flz-VGi] = =2F[G1] — & - VF[Gi] =

AP D) AR+ 1)
1

= TR —2([¢1° + 1) FlGal.

Thus, we have the assertion. [l
3. EXISTENCE OF GROUND STATES

In this section, we prove existence of ground states for (1.16) by using a standard
variational method and properties of the operator —A,. Throughout this section,
we fix w > —e,. We define the Nehari functional by

Ka.w(0) = 0xSa,0(Av)|r=1
(St ©),0) = lolE — ol
for v € HL(R?). We denote
Kaw:={ve H:(R?): v#0, K,.,(v) =0},
do(w) == nf{Sau(): v € Kaw},
Maw ={veKow: Saw®)=da(w)}.

For simplicity of notations, we shall often omit the subscript « like S,,, K, and so
on. We note that G, C A, C K,,.
We will prove the following.

Proposition 3.1. For any w > —eq,

gw = Mw 7& @
By using the functional K, we can rewrite the action as

p—1 2 1

3.1 So(w) ==———|v||5n + —Ku,(v

(3.1) ) = 5oy e+ g e
p—1 +1 1

3.2 -2 = Jull? ~K,

( ) 2(p+ 1) HU||LP+1 + 2 (’U),
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and d, (w) as

. p—1 2
(33) ) = nt { S oy s v e K|
_ p—1 p+l
(3.4) 1nf{2(p+1)||v|Lp+l. UGICW}.

Lemma 3.2. M, C G,.
Proof. Let ¢ € M,,. By K,(¢) =0, we have
(3.5) (KL(0),0) =2|¢ll7  — 0+ DIl =~ = DIl <

Therefore, there exists a Lagrange multiplier n € R such that S/, (¢) = nK/(¢).
Moreover, since
N(KL(6), 6) = (SL(6), 6) = Ku(6) =0,
it follows from (3.5) that n = 0, which implies S/ (¢) = 0.
Furthermore, if ¢p € A, by ¢ € M, and v € K, we have S,(¢) < S, (¥).
Thus, we obtain ¢ € G,,. This completes the proof. (I

Lemma 3.3. va € H!(R?) satisfies K, (v) <0, then
p— p—1
— s vl > dalw).
Proof. Let v € H}(R?) satisfy K,(v) < 0. From the shape of the graph of the
function A — K,(\v) = A2|v[|Zn  — XL ||PFL,, there exists Ao € (0,1) such
that K, (Av) = 0. From (3.3), we obtain

Hvll b > da (W),

p— +1 P—1 o1y ptt p—1 41
d, p+l AP P pt1
( ) ( +1)H ov HLP+1 2( +1) HU||LP+1 < (p+1)|| HLP+1
Similarly, by using (3.4) we have dq(w) < 2(p+1) Hv|| O

We note that from Lemma 3.3, the expression (3.3) can be written as

(3.6) de(w) = inf {2(1)7+11)

Lemma 3.4. dy(w) > 0.

Proof. Let v € K. From K,(v) = 0 and the embedding H.(R?) — LP*1(R?)
(Lemma 2.1), we have

ol v € HAR?), 020, Koo) <0}

p+1

1
ol , = ol S ol -

Since v # 0 and p > 1, we have the uniform bound |lv[|: =~ Z 1. From the
expression (3.3) we obtain the conclusion. O

Now we use the action and Nehari functional without potential defined by
_ 1 2 “irep2 1 +1
SocaslF) = IV IR + SIFI3e — A

Koow(f) = IV FII22 + wllFI1Z2 = 1A 0,

respectively. We denote the minimal action value without potential by
doo (W) 1= min{Seo o, (v): v € H'(R?), v #0, Koo w(v) =0},

It is known that there exists the unique positive radial ground state ¢o. ., € H*(R?)
of the equation

—Ap+wp— o[ lp=0, z€R?
and that ¢ec,. satisfies Soo w(Poo,w) = doo(w).
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We note that
Saw(f) = Scow(f), Kaw(f) = Keow(f)
for all f € H'(R?), which implies d,(w) < doo(w). We prove the strict inequality.
Lemma 3.5. dy(w) < doo(w).
Proof. Suppose that d,(w) = doo(w). Then we have
Sew(Bo0,w) = Soow(Poc.w) = doo (W) = da(w),
Ko w(oow) = Koow(Poow) =0,

This yields ¢oo v € Mg, From Lemma 3.2, ¢oo (o is also a solution of (1.16). This
means that ¢ € D(—A,)NH?(R?). From the definition of the domain D(—A,)
and the singularity of G,,, we see that ¢ ,(0) = 0, which contradicts the positivity
of Goo,w- O

Lemma 3.6. Let (v,)nen be a sequence in HL(R?) satisfy
K, (v,) — 0, Sw(vn) = do(w).

Then there exist vo € HL(R?) \ {0} and a subsequence (vn,)jen of (vn)nen such
that vy, — vo in HL(R?) as j — oo. In particular, vg € M,,.

Remark 3.7. If we just prove the existence of the minimizer vg € M., it suffices
to only consider a minimizing sequence (v, )nen for dqo(w), that is;, K, (v,) = 0 and
Sw(vy) = do(w). However, we show the stronger statement in Lemma 3.6 because it
is used when we apply the argument of Shatah [54] for stability in Proposition 1.10.

Proof of Lemma 3.6. We decompose v, = fn, + ¢, G.,. From the assumptions and
the expressions (3.1) and (3.2), we have
p— 1 p+1

p—1
— |, — dy(w).
2(p+1) 2(p + 1)”” Iz (w)

This implies that (v, ), is bounded in H}(R?), and so there exists vo € H}(R?) and
a subsequence of (v,,) such that v,, — vg weakly in HL(R?). From the definition of
HL(R?), we see that f,, — fo weakly in H*(R?) and c¢,, — co for some (fo,co) €

(3.7) loallBry = da(w).

H'(R?) x C.
Now we show that ¢y # 0. Suppose that ¢co = 0. Then by (3.7) we have
p—1 2 2 p—1 p+1
. — nll72 nl|| 72 da 5 = ~Inllre da .
(3.8) S F 1>(|\Vf 122 +wllfnllz2) = da(w) St 1>Hf 1Tre1 = da(w)
Let

Lpr+1

1/(p=1)
o (195l + wllfuls
Il £nll7h

We have Koo o (Anfrn) = 0. Moreover, (3.8) and Lemma 3.4 imply A, — 1. From
the definition of do(w) and Lemma 3.5, we obtain

p—1 +1
doo(w) < mHAnfn”ipﬂ = da(w) < doo(w).
This is a contradiction, which implies ¢g # 0.
We show the strong convergence. By the Brezis-Lieb Lemma [15], we have
(39) ol = lon = vollZy = ool .

(3.10) K, (vn) — Ky(vn, —v0) = Ku(vo).
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Since [[vollz: > 0, by (3.9), we have

,w

__1 p __1
lim ———/lv, —v 21 <1im71)n21 =dy(w).
00 2(p+ 1) || OHHQ’L‘, n— o0 2(p+ 1) || HHa,w ( )

From this inequality and Lemma 3.3, we have K, (v, —vg) > 0 for large n. There-
fore, from K, (v,) — 0 and (3.10), we obtain K, (vg) < 0. Thus, from (3.6), the
lower semicontinuity of norms, we deduce that

p—1 p—

1
do(w) < 30T )HUOHHl T )

1innggf HUnH%I}Y’w = da(w).

From (3.9), we have [lv, — vgl|3: — 0. Therefore, v, — vy in H}(R?). This
completes the proof. 7 O

Lemma 3.8. G, C M,,.

Proof. Let ¢ € G,,. Then ¢ € K,. Since M, # 0 by Lemma 3.6, we can take
1 € M. Moreover, by Lemma 3.2 we have ¢ € G,. Therefore, for each v € I,
we obtain

Sw(¢> = Sw(¢> < Sw(v)-
This implies ¢ € M,,. This completes the proof. O

Proof of Proposition 3.1. The assertion follows from Lemmas 3.2, 3.6, and 3.8. [J

4. SYMMETRY OF GROUND STATES

In this section, we prove Theorem 1.3 based on the argument in [20, Proof of
Theorem 8.1.4] but need suitable modifications. We note that if ¢ € A,,, then we
have

(=20 +w)ollz < 16ll720 S Ol s

which implies ¢ € D(—A,,). In particular, we can decompose ¢ = f+£(0)Ba(w) Gy,
and by (1.3) and (1.16), we have the relation

(4.1) (~A+w)f =gl o =0.

Moreover, by the same argument in the proof of Lemma 3.6, we see that if ¢ =

I+ f(O)ﬂa(‘*»ile € Gu, then f(0) # 0.
Lemma 4.1. If ¢ € HL(R?) satisfies

p—1 2 p—1 p+1
4.9 BpT L <dg(w) < 2 :
( ) 2(p+ 1)Hw||HQ’w — (LU) — 2(p+ 1)Hw||Lp+1

then ¥ € G, .

Proof. From the assumption (4.2), we have K, (¢) < 0 and S, (v) < daf(

the other hand, by the first inequality in (4.2) and Lemma 3.3, we have K, (1)) > 0.
Thus, K, (¢) = 0. Moreover, by the definition of d,(w), we obtain d,,(w .
Therefore, ¢ € M, = G,. O

Throughout this section, we denote the Schwartz symmetrization of f by f*.
Lemma 4.2. Let ¢ = f + f(0)Ba(w) G, € G Then

| 110) .
Ba(w)

ol < \ G,

Lp+1
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Proof. We note that

£(0) FO) |1
¢ ptll =||f+ G Gu
H HL " Ba (W) Lp+1 (W) Lo+t
After that, we only have to show that
p+1 p+1
W) i K0 " < LG
Ba (W> Lo+l Ba (W) Lo+l

To prove (4.3) we use [11, Theorem 2.2]. We denote
F(g.h):=(g+h)r™
for g,h € Ry. Then we have
Fyn(g,h) =p(p+1)(g+h)"~" =0
for all g, h € R>g. Therefore, from [11, Theorem 2.2], we obtain

(4.4) / F(g,h)dz < F(g*,h")dx
R? R?

for all g,h € Sy. Here Sy is the set of all measurable functions w: R? — R which
satisty
(4.5) w>0, L*({zeR? w(x)>a})<oco foralla>D0,

where £2(A) is the Lebesgue measure of the set A.

Moreover, we see that | f| and G,, satisfy (4.5) because f € H?(R?) and G, is de-
creasing. Thus, we can use the inequality (4.4) for g = |f|and h = | f(0)|Ba(w) ' Ge.
Since G = G,,, we obtain (4.3). This completes the proof. O

Lemma 4.3. If $ = f + f(0)Ba(w)"1G, € Gu, then f* +|£(0)|Ba(w) " 1G, € G..
Proof. Let ¢ := f* 4+ |f(0)|Ba(w) 'G,. We have

p—1 2 _ P ‘2 .2 |f(0)|2)
s Wl = 5y (19771 ol 1 + 500

p=1 (1o £0)
(4.6 < 2 (1951w + SO0

_pr—-1 _
=50 1)II¢>H%@M = da(w).

Moreover, from Lemma 4.2, we have

sV = S leld = da(o).

Therefore, Lemma 4.1 implies ¢ € G,,. O
Lemma 4.4. If p = f + f(0)Ba(w)"1G,, € G, and f(0) > 0, then f is a positive

function.

Proof. Let
0
= |Re f|, h:=|Im f|, Y=g+ ih+ 10) Go.
Ba(w)
Then we see that
19y, = ol [¥llLeer 2 (@]l o1
Therefore, Lemma 4.1 implies ¢ € G,,. Since
ih)(0
W =g-+ih+ Mgw € D(-A,),

Ba(w)
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we can use (1.3) and obtain

_ w q — (_ w — p—1,, _ p—1 i f(O)
(“A +w)(g +ih) = (~Da + )b = [P~ = [9] (g+ h+ﬂa(w)Gw)-

We decompose it into the real part and the imaginary part as

o w — p—1 f(o)
(@1 (84w = o (g + L)

(4.8) (A +w)h = [y~ th.

Since each right-hand side of (4.7) and (4.8) is in L?*(R?), we see that g,h €
H?(R?) c H'(R?) N C(R?). Therefore, since g(0) = f(0) > 0 and g,G, > 0
in R?, applying the strong maximal principle (e.g., [21, Theorem 3.1.2]) to the so-
lution g of (4.7), we have g > 0 in R2. Similarly, by using ~(0) = 0 and (4.8), we
obtain h = 0 in R2.

From the continuity of f and the positivity of g, we see that the sign of f(x)
does not depend on . Therefore, by f(0) > 0 we have f > 0 in R?. This completes
the proof. O

Lemma 4.5. If ¢ = f+ f(0)Ba(w) " 1Gy, € G and f is positive, then f is a radial

and strictly decreasing function.

Proof. We denote

., J0)

b= gt
Ba(w)

From Lemma 4.3 we have ¢ € G,,. In particular, ¥ € D(—A,) and so f*(0) = f(0).
Moreover, since [|¢[|2. = ||¢[|%. by ¢, € M., we see that

Gy .

(4.9) IVl = IV £l

Now we show that f* is strictly decreasing. Since ¥ = f* + f*(0)Bq(w)"1G,, is
a positive radial solution of (4.1), f*(r) satisfies

(4.10) —f”—%f’+wf= (f+ﬂf(83)cw)p, r>0.

Suppose that f* is not strictly decreasing. Then f* is constant in some interval
I = (r1,72). From the equation (4.10), f* satisfies

f*(0)
Ba(w)
The left hand side is a constant whereas the right hand side is not a constant on
(r1,72) since G, is a strictly decreasing function and f*(0) = f(0) > 0. This is a
contradiction. Thus, f* is strict decreasing.

Since f*(r) is strictly decreasing, we see that the Lebesgue measure of the set

(4.11) {reR?: Vf*(2) =0, 0< f(|z]) < |f*]lz=}

P
wf* = <f*+ Gw> in (rq,72).

is zero. Therefore, combining (4.9), we can use [16, Theorem 1.1] to see that there
exists y € R? such that f(- —y) = f*. Moreover, from f(0) = f*(0) we obtain
f = f*. This completes the proof. O

Proof of Theorem 1.5. Let ¢ = f + f(0)Ba(w) *G,, € G,. Since f(0) # 0, there
exists § € R such that € f(0) > 0. By Lemmas 4.4 and 4.5 we see that e’ f is a
positive, radial, and decreasing function. This completes the proof. O
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5. RESCALED LIMIT

In this section, we prove that a family of rescaled positive ground states converges
to the positive radial ground state of (1.20). The argument is based on [32].
Let ¢ = f + f(0)Ba(w)'Gy € A, and define the rescaling

() = w P/ vw),

~ 1
a=caw):=a+ Elnw.
Since
Vw

1
ﬁw*”*%*?“?

1 1
fa+4—lnw+%+%ln§ —ﬂa(l),
Gu(A\x) = Gz (x) for A >0,

we have the decomposition

£(0)
(5.1) é= f+ﬂa( 1 € D(=Aa),

From this expression, (1.3), and f(z) = w/®=Y f(\/o x), we have the relations
(—Aq +w)p=(-A+w)f
= W/ P=Dy(—A + 1)f(f )
= WP/ PV (—Ag + DoV -),
wé = wp/(p—l)(b(\/a ),
617 ¢ = WP/ PV |G (Ve )P BV ).

Therefore, 25 is a solution of
(5.2) ~Dad+ -9l 1d =0
Noting that 85(1) = B4 (w), we denote

lollgy o=l = /1130 + Ba@)lel? for v =f+cGy € HA(R).

The action and the Nehari functional corresponding to (5.2) are given by
s 1 1 ~ 1
Bual0) = gllolyy = 0l Raw() = ol - ol

for v € H}(R?), respectively. The action and the Nehari functional corresponding
to the limit equation (5.2) are given by

- 1 1 . .
Seo(v) = 5”””%{1 - Pt ||vHip+la Koo (v) = HU”%H - ”vHiwl

for v € H'(R?), respectively. Note that since

eg = eaw_l,

we have
w>—eq <= 1> —ezw)-
In what follow, we only consider the ground state with the positive regular part:

_ f(0)
(5:3) b0 =fot 570

Note that from Theorem 1.3, for any ground state v, € G, there exists § € R such
that ¢, := %4, satisfies (5.3).

G ng; fw >07 fw GHEad(RQ)'
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Remark 5.1. If ¢ is decompose as ¢ = f + f(0)Ba(w) LGy, then it is natural to
decompose ¢ as (5.1). However, since S5(1) = f4(w), for simplicity of notations,
we always decompose it as

- = f0)
o=f+ ﬁa(W)Gl.
We denote _ B B
da(w) = Sa w(¢w)a
dv(oo) = (¢00) = ||¢oo|\€ﬁ1,

( 1)

where 500 is the unique positive radial solution of (1.20).

Proposition 5.2. Let (¢ )ws—c, be a family of ground states for (1.16) satisfying
(5.3). Then

(5.4) fo = oo in HX(R?) as w — oo.
In particular, ¢, — doo in HL(R?) as w — oo.

Proof. We divide the proof into several steps.
Step 1. w < w' <00 = dy(w) < do(w') < d(o0).
Since N o
Kw(¢¢d’) < Kw’(¢¢d’) =0,
by Lemma 3.3 we have

Jo(w) < s WLy = dw).

Similarly, since
Kw(¢<>©) = Km(¢m) =0,
we obtain

da(w) € 57— H%HTEL = d(o0).

2( 1)

Step 2. sup,. . ||¢wHH1 < 0o and infus1—e, |Gl Lot > 0.
This follows from the expressmn

To(w) = g1l =

||¢w|\’£til

( 1)
and Step 1.
Step 3. Weak convergence to a positive radial function.

If we decompose gbw = fw + fw( )Ba(w)~1G1, then by Step 2, there exist nonneg-
ative radial function fo, € H'(IR?), a constant ¢« € R, and a subsequence (w; ) en
such that w; — oo and

(5.5) fu, = foo  weakly in H(R?),
fur, (0)2
Boz(wj) e

as j — oo. By (5.5) and the radial compactness lemma, we see that

(5.6)

fwj — fo in L%(R?) as j — oo for any q > 2.
Since Bq(w;) — 00, by (5.6) we have

f,(0)
Ba(wj)

—0 asj— oo.
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Therefore, we obtain
(ij — foo in LY(R?) as j — oo for any q > 2.

Moreover, from Step 2 again, we see that foo #0.

Step 4. foo = Poo-
From the equation

~Afo+fo—dh=0
and Step 3, we see that foo is a weak solution of Equation (1.20). Therefore, the
uniqueness of the nonnegative, radial, and decreasing solutions of (1.20), we obtain

foo = ¢oo
Step 5. Strong convergence in H2(R?), i.e.,

(5.7) fo; = boo in H2(R).
From the equations we have
(= + 1D)(fo, = doo)l = 108, = G| < (08, + B )b, — Do
Thus, by Steps 3 and 4, we obtain

1o =Bl % [0+ B0, bl

< (160, 175020 + 19scll 78640 190, = doollFs = 0.
This means that (5.7) holds.
Step 6. Conclusion.
The above argument works if we start with any subsequence of ($w)w>,ea. Thus
we have
fo = oo in HX(R?) as w — .

This completes the proof. (I

6. NONDEGENERACY AND LOWER BOUNDEDNESS OF LINEARIZED OPERATOR IN
RADIAL FUNCTION SPACE

In this section, we prove lower boundedness and nondegeneracy of the linearl-
ized operator around rescaled ground states with the large frequency in the radial
function space. We follow the argument in [28, 30].

We denote

Diaa(—Ag;R) = {f n ﬂJ;((OA))

(R%R) := {f +cGx: f € HL (R*R), c€R}.

Gx: fe Hfad(RQ;R)} :

Hl

a,rad

Let (¢u)w>—c, be a family of positive ground states. We define the linearized

operator around ¢,, by
Lyv = Lawv = (=Agw) + 1)v —pd?~ v for v e H:(R%R).
We denote B B
Loof = (—A+1)f —pdis'f for f € HYRLR).
It is known (see, e.g., [28]) that there exists C' > 0 such that
(6.1) If sz < CllLocfllzz forall f € Hiq(R%R),
(6.2) Il < ClLoofllg-1 forall f € Hypa(R*R).

T
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Lemma 6.1. There exist wy > —e,, and C' > 0 such that for all w > w1,
(6.3) ol < ClLwvllgs - forallv = f+cGi € Hy 0a(R*R).

(R%;R) satisfies Lov= 0, then v =0.

Remark 6.2. Lemma 6.1 means that zero is not an eigenvalue of the operator
Lyt Diaa(—Az;R) — L2 ((R%R). In fact, by essential spectral theorem, we see
that zero is its resolvent.

Proof of Lemma 6.1. For v = f 4+ c¢G1, w = g+ dG; € Hé,wd(RQ;R), we have the
expression

In particular, if v € H!

a,rad

(Lov,w) = (Lo (f + cGh), g+ dGy)
= (V£,V9)r2 + (£,9) 12 + cdBa(w) — p(¢P " v, w) 2
= (Loof, g) + cdBa(w) + p(325 1 f, 9) 12 — p(O8 v, w) 2

= (Foofsg) + cdBalw) + p / @~ g
—P/aﬁ_l(df—i—cg)Gl —pcd/%ﬁ_lG%

Therefore, using the estimate (6.2), we have

ILovllg-:  =sup{(Lov,w): lwlg <1}

,rad

_ 2 <1/2,
> sup{(Lw(f +¢G), 9 +dGh): ldilgH?f)<1//2}

_ sup{@oof, )+ (e +p (@ =B

Tp— Tp— llgll <2712,
_p/(bg 1(df+Cg)G1 _pCd/(bg 10%: wf;g;;d (w))l/z}
2 | Eoofll gt + Ba(w)/Ie

. [ ‘l
116 = dullrn |l = 5257 = lel = 5= o

2l + Balw) el = ol g

for large w, where we used the fact 8,(w) — 00 as w — oo. This completes the
proof. O

7. UNIQUENESS OF GROUND STATES FOR LARGE FREQUENCIES

In this section, we prove the uniqueness of ground states for large frequencies
(Theorem 1.4). The proof is based on [30].

Lemma 7.1. There exist 6 > 0 and w1 > —eqy such that the following holds. If
(Pw)w>—e, 18 a family of positive ground states with ¢,, € Gy, wo > w1, and Y € Ay,
is a real-valued radial solution satisfying || — ¢oollmr < 0, then ¥ = ¢y, .

Proof. We take a small § > 0 to be chosen later, and let ||¢) — QZOOHHSV < §. We
define the operator

Liv = (=Azw) + v = Vy(2)v,
where

bu(@f — [P@) P @)
Vi(z) = bul(@) — D(x) el 7

P ()P if ¢, () = ¥(2).
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First, we show that there exist w; > —e, and C' > 0 such that if w > wy, then

(7.1) [l < CHZ:’U”L2 forallv=f+ ﬁf((?j)Gl € Draa(—Ag; R).

To prove this, we will show that
(7.2) Ve —p&?’gglllm S 6 for all ¢ > 2 and large w.

We can rewrite

= p/o1 6o (@) + sro (@) ds, (@) = (@) - du ().
Then we have
Vi, — pohs |
<p/01 ’I(Ew sl — gnt| ds
- {(5552 +rolP 72+ ) (6w — ool + [rel) ifp>2
|$w — Goo| + |70l if1<p<2.

We note that Proposition 5.2 implies ||, — $OO||Hé < 0 for large w. Therefore, if
p > 2, then

Ve = pd8 M 2o S UIdwllorne + Irallevg + 6oo o)
(16w = booll L1 + IrallLe-0)
S 16w = doollmy + 14 — doollary S 0.
If 1 < p <2, we have
IV = pe2 l2a S N1dw = oollza + [l o
S 16w = bosllms + 19 = docllmy S 6.

Therefore, we have (7.2).
Next, we show the estimate (7.1). By using the expression

Z:U = Zoof +p($€o_1f - Vw(l')?}

_T Tp—1 . f(O)
Eecl + (00" = Vola))f = 4
for v = f+ f(0)Ba(w) ™ G1 € Draa(—Az;R), (6.1), (7.2), and the embedding

|f(0)] S IIfll a2 we obtain

Vw(.T)Gl

|£(0)]
Ba(w)

ILZ0llze = [ Loofllze = l(po5s " = Vi) 22
2 1z = 8l fllzz == 1l

if § is small and w is large sufficiently. This implies that the estimate (7.1) holds.
Finally, from the equation (5.2), we have L: (¢ — 1) = 0. By (7.1) we obtain
(bw = 1/) This completes the proof. ([

IVoGllze

Proof of Theorem 1.4. The assertion follows from Theorem 1.3, Proposition 5.2,
and Lemma 7.1. O
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8. REGULARITY OF w — ¢,

In this section, we verify the differentiability of w — ¢, for large w following the
argument in [55, Section 6] with modifications.

Proposition 8.1. Let wi > —e, be as in Lemma 6.1 and Lemma 7.1 and let
bw = fu + fu(0)Ba(w) Gy € G, be the unique positive mdial ground state given
in Theorem 1.4. Then the map w > f, is in C*((w1,0), H2 4(R?%;R)).

rad

Proof. We define the function F' by

Flw f)=f-1-2)" Gy

3

/3‘2(83) <f * ﬁ];(Sj)Gl)

(w, f) € (—ea,0) x HZ (R R).

Then we have

OF _pf(0) - 10 o [
— = 1-A
A e A oo I
and for w € H2 ;(R%R),
OF Pt w(0)
— =w—p(l-A)""! G
8f(w’f)w w — p( ) ’f 1 (w+ﬂa(w) 1)
From this expression we have
Fe Cl ((_eaa ) X Hfad(RQ;R) Hfad(RQ;R))‘
Let wy > wi. We have
F(wo, fuy) = (1= A) 7S, (9wy) = 0
Moreover, since the operator Ly, = (1 — Ag) — p@P': Dyaa(—Ag; R) — L2(R%;R)

is invertible by Remark 6.2 and since the map 7,: H2 j(R*R) — Dyaa(—Ag;R);
w — w4+ w(0)Bz(1) "Gy is also invertible by the definition of Dy.q(—Ag;R), we
see that the operator

oF

G o o) == (1= 8)7'pit;

= (1 - A)_lionwo rad(]RQ R) rad(RQ R)

is also invertible. Therefore, by the implicit function theorem, there exists a
C'-curve w ~ g, defined on a neighborhood of wy into HZ (R2 R) such that
F(w,9,) =0 and g,, = fwo From Lemma 7.1 we have g, = fw for w around wyg.
This completes the proof. ([

Note that by a standard elliptic regularity argument, one can obtain the spatially
exponential decay of f,,. Thus, by Proposition 8.1 and the definition of the rescaling
fu, we obtain the regularity of w +— f,,. In particular, we have

Corollary 8.2. Let wi > —e, be as in Lemma 6.1 and Lemma 7.1 and let ¢y,
be the unique positive radial ground state given in Theorem 1.4. Then the map

w = wa is in Cl((wh OO) a rad(R2 R))
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9. STABILITY AND INSTABILITY FOR LARGE FREQUENCIES

In this section, we calculate the value -L|¢,||2, for large w based on [28, 30].
We prove the following.

Proposition 9.1. Let (¢, )wsw, be the family of the unique positive ground states
obtained in Theorem 1.4. Then there exists w* = w*(p) € (w1,00) such that the
following is true.

o If1<p<3, then -L||¢y]|2. > 0 for all w > w*.
e Ifp >3, then %H(waQN <0 for all w > w*.

We note that the rescaled ground state ¢, = fo, + £(0)Ba(w) LG} satisfies the
equation
(9.1) (=A+1)f, — ¢ =0.
Moreover, for w > w1, where wy is as in Proposition 8.1, the derivative 8wf~w is in

H?(R?), and 9, f.,(0) makes sense for
We prepare some lemmas.

Lemma 9.2. For w > wy, the following Pohozaev identity holds:

J?W(OP 2 07 e
47rﬂa(£d>2 T p+ 1 H¢°~’||LP+1-

(9.2) ¢ullz> =
In particular,

d ~ 5 Ju00.00)  Ju(0)
(9.3) @HQ%H%Z— 27 B (w)? _87r2wﬂa(w

E +2/$gawq§w.

Proof. By multiplying x - V%w with the equation (9.1) and integrating it, we have

- - £.(0 - ~ ~
O4) (-84 Doz VL) + S5+ Doz T61) = (B V)
From properties of the scaling, we have
1d
(9.5) (A+1)f2- V) = 5= IfF Q)| ==Ifl7-,
2dA =1
1 d 2
06)  {hw Vo) = gl ==l
Moreover, by Lemma 2.3 we have
(9.7) (A +1)f,x-VGy) = =2(f,G1) 2.
By using (9.5), (9.6), (9.7), we can rewrite (9.4) as
- fu(0)  ~ 2
. w 22 2fw( w 2 = — W p+11.
(9-8) [follz + 5a(w)(f ,G1)L p+1ll¢ IZo+
Moreover, from the expression
~ 2 ~ ~
it 7 Ju(0) 7 fu(0) = fu(0)?
w2 = w+ G = | follze +2 w> G 2 4,
H¢ ||L I 5a(w) 1 L ||f ||L 5a(w) (f 1)L 47Tﬁa(w)2
we obtain (9.2). By differentiating (9.2) we have (9.3). O

Lemma 9.3. For w > wq,

o fu(0)?
(p— 1)/¢waw¢w = W
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Proof. By the equation (9.1), we have ((—A + 1)}; — 55), 8w$w> = 0. This can be
rewritten from the expression

~ e 0uL(0) fu(0)
99) Gubo = Bufo 5 1) O™ TrufaloP ™
as
N N A f(0)
(9.10) /¢waw¢w—<<—A+1>fwawfw+ Balw) ' Trwpa(w Y

= (A +1)fu, 0 fu) +

fo(0)0ufu(0)  fu(0)?
Ba(w) Anwfa (w)?’
where we used the fact that Gy is a solution of (—A 4+ 1)G; = do.
By differentiating the equation (9.1) with respect to w, we have

(9-11) (=A+ 1), fu = pol 0t = 0.
By multiplying this equation with &Fw and integrating it, we have
(912) p [ 30,6 = (-A+ D2.rd)
5 or L Ju(0)005u(0)
= (4 1) fo fu) + TEZI
A N
Therefore, the assertion follows from (9.10) and (9.12). O
Lemma 9.4. There exists C > 0 such that for w > wi,
~ C

9.13 Oufu(0)] < —————.
(913) 0.0 €

Proof. Noting that 85(1) = Ba(w), we have the relation

Ba(w)
Therefore, by the expression (9.9), we can rewrite (9.11) as

8wﬁ(0)G _ pf(0)
Ba(w) ! 47w o (w)?

Thus, by the invertibility of L., in the radial space (Lemma 6.1), we obtain

3&;};(0) pﬁ;(o) T \—1/0p—1
G =—-—"""—(L, P~ G).
Ba(w) 1 47TWﬁa(W)2( ) ((bw 1)
From this expression and the definition of the bilinear form for —A,, we have
the estimate

(—A+1)8ufu = (—Ag +1) (awfw 4 %utu0) G1> :

oG

L., <6wfw +

O o +

9.14)  |0.].(0) = ‘<(Aa 1G0T+ a°J:f;(0)c;1>‘

Ba(w)
ful0 o
- #((i)z ’<(*Aa + )G, (L) (¢h 1G1>>‘
pfo(0) ~ SN
< Trom o 10 Aa + DGz 1) @Gy
A Direct calculation gives
(9.15) I(—Agz + 1)G1Hﬁ;}w =sup{((—Az + 1)G1,w): Hw”ﬁ;w <1

= sup{dBa(w): |d| < Ba(w)™/*} = Balw)"/?.
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From Lemma 6.1 we obtain
(9.16)

M) @ Gy S 180 Gillgos = sup{(dh G w): g <1}

a,w,rad
Tp— gl <1,
< sup{ (371G, g+ dGh): ;;r}g)q}

S ||¢w|\Lp+1||G1||Lp+1+ﬁ © )1/2|\¢w||Lp+1|\G1|\Lp+1-

Combining the estimates (9.14), (9.15), and (9.16) and using the bounds from
Proposition 5.2, we obtain the conclusion. (I

Proof of Proposition 9.1. By the definition of the scaling qzw, we have

g7z = WP/ D6, |17,
y (9.3) and Lemma 9.3, we have

d _ B 3—p
T louls =200 (SZBG iy w11
_ 22D/ -1 | @lo(0)8u1.(0)
o (E=Lids + L0

Jow o T
_ #@+2W/¢waw¢w)
_ 2/ (3P 3 wfur(0)0 £ (0)
— . 2(2-p)/(p—1 <p_1|¢w||%2+ 2B (w)?
AT T
8126 (W) 2(p— 1)7Ba(w)2 )’

Note that Lemma 9.4 implies

w [ (0), £, (0)
27 (w)?

1
~ Balw)T?

Therefore, we obtain

A a@ep)/p-n) (3P fu(0)? < 1 )
dw”%HLz*w p)/(p - H¢WHL2+ (p—l)ﬂﬁa(w)2+0 Ba(@)?

as w — oo. By Proposition 5.2, Hq§w||L2 and fw(O) converge to positive constants
as w — oo. Therefore, we deduce the conclusion. [l

Proof of Theorem 1.7. The assertion follows from Propositions 9.1 and 1.10. This
completes the proof. O

APPENDIX A. REVIEW OF THE PROPERTIES OF LAPLACE OPERATOR WITH
POINT INTERACTION

Let us review of the properties of the operator —A,. An important feature of
the family —A, with « € R is the following explicit formula for the resolvent, valid
for every A > 0.

(ga G)\)LQ
Ba(N)
Identity (A.1) says that the resolvent of —A, is a rank-one perturbation of the free

resolvent. As a consequence, it is possible to deduce the spectral properties (1.10)
and (1.11) of —A,.

(A1) (“Ag+N)lg=(—A+ )" Gh.
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One can apply Strichartz estimates for the non-negative self-adjoint operator
—A, — e, since [22, Theorem 1.3] guarantees the existence of wave operators

Wi = lim eithap—itA
t—+oo

in LP(R?) for 1 < p < co. We know also that W are complete in the sense that
ran Wy = L2 (—=A,), the absolutely continuous subspace of L*(R?) for —A,. In
our case this is the space

L2(=An) = {f € L*(R*): (f,Xa)r> =0},
so we have
W;Wj: = 1, W:I:W; = Pac(*Aa)v

where P,.(—A,) is the orthogonal projection onto L2.(—A,). The wave operators
satisfy the intertwining property

f(*Aa)Pa (*Aa) = W:I:f(fA)W:I:

for any Borel function f on R.
By using the intertwining property one can deduce the following Strichartz esti-
mate [22, Corollary 1.5]:

(A.2) "2 Pac(=Aa) oy m,cay S /1122,
where (1, q) is an admissible Strichartz pair, i.e.

1 1 1
(A.3) l<r<oo, l<g<oo, —-+-=-.
r q 2

Since the orthogonal projection on L2 (—A,) is given by

Pac(anJf = f - (fv XDL)L2XD¢7
we see that
eitAaf = eitAaPac(_Aoz)f + (fa on)LQeiteaXa

for all f € L%(R?). So the property (2.1) guarantees that we have the following
(local in time) Strichartz estimate: there exists a constant C' > 0 such that for any
T € (0,1] we have

(A.4) e 2 fllLrqo.ry,zay < ClIfIlze

for all f € L?(R?). By using TT* argument and Christ-Kiselev lemma we arrive
at the following Strichartz estimate: there exists a constant C' > 0 so that for any
T € (0,1] we have

¢
/ et=8)8a P (s) ds

0

< OJF|
Ly ([0,T],L3)

(a3

L"2([0,T],L%)

for any F € L™ ([0, T], L*2(R?)). Here and below (r1, q1) and (r2, ¢2) are admissible
Strichartz pairs, i.e. TL + % = %, gj € [2,00), for j =1,2.

Remark A.1. The L'-L> dispersive estimates cannot hold, in fact even for a smooth
initial data f the evolution e®?« f exhibits, for almost every time ¢ # 0, a non-trivial
singular component proportional to G ¢ L>(R?).
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APPENDIX B. LOCAL WELL-POSEDNESS IN H}(R?)

In this section, we establish the local well-posedness in the energy space in
HL(R?). To this aim, we apply the abstract theory of Okazawa, Suzuki, and
Yokota [52] to construct a weak solution to (1.1) with initial data ug € H}(R?).
Then we establish the uniqueness of the solution by using the Strichartz estimate
obtained by [22].

First, we construct a weak solution to (1.1) by using [52, Theorem 2.2].

Lemma B.1. For any M > 0 there exists Tps > 0 such that the following is true.
For ug € HL(R?) with |lu||gy < M, there exists a local weak solution

u € Cyw([=Tn, Tor), Ho (R?) N W2 (=T, Tog; Hy H(R?))
of (1.1) satisfying
[u(®)llz2 = lluollL2,  E(u(t)) < E(uo)

for allt € [T, Ta].
Proof. We will apply [52, Theorem 2.2] as

S =-A,—eq,

X =L*R?), Xs=H,(R?), X§=H.'(R?

g(v) = equv — [v|P" .

Under this setting, we see that S is a nonnegative self-adjoint operator in L?(IR?)
and that HL(R?) = D((1 4+ S)'/?). After that, we only have to verify [52, (G1)-
(G5)] given as follows.

(G1): there exists G € C'(Xg,R) such that G’ = g.

(G2): for all M > 0 there exists C(M) > 0 such that

lg(u) = g(v)l[xz < C(M)|lu—vlxs Vu,v € Xg with [|lu]xg, [[v]xs < M.
(G3): for all M, 5 > 0 there exists Cs5(M) > 0 such that
|G(u) = G)| <6+ C(M)||Ju—v||x Vu,v € Xg with ||uxs, |v]xs < M.
(G4):
(g(u),iu}xgﬁxs =0 Yue Xg.

(G5): given a bounded open interval I C R, let (wy,)nen by any bounded sequence
in L>°(I, Xg) such that

wp(t) = w(t) (n — o0) weakly in Xg a.a. t € I,
{g(wn) S f(n—oo)  weakly* in L®(I, X5).
Then

J i)z s dt = tim [ atwn(®)iwn () x dt.

n—oo I

Now we check (G1)-(G5).
The conditions (G1) are easily verified as

1
Gv) = m”“”iﬂu v € Hy(R?)

by standard inequalities and the embedding L?(R?) C H}(R?) obtained in (2.2).
Similarly, the condition (G2) also can be verified.
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The condition (G3) follows from the following estimate:
G(u) = G(v)| S /(|U|p + o) |u — o] de

S (lullper + 0llz20) lu = vl 22
< MPllu — |2
for u,v € HL(R?) with lull s (vl < M.
The conditions (G4) is clear from the definition of g.

Finally, we will check the conditions (G5). From [52, Lemma 5.3], it is enough
to show that if (uy,)nen is a sequence H1(R?) satisfies
up — u (n — 00)  weakly in H.(R?),
g(un) — f (n — 00) weakly in H'(R?),
then f = g(u).

We follow the argument in [56, Proof of Theorem 1.1]. Let ¢ € C2°(R?). Then
from the weak convergence of (i, )nen in H):(R?) and the compactness L7 (R?) <
H} (R?) we see that

. +1
u, —u in LPTH(R?).

Thus,

-1 -1
[(g(un) — g(w), @) S Il Loer (lunllzors + Nullfor)llun — wll e+ suppy) — 0

asn — oo. This means that g(u,) — g(u) in D'(R?). On the other hand, g(u,) — f
in H,1(R?) and hence in D’(R?). Therefore we obtain f = g(u). Thus, (G5) is
verified.

We have just finished the verification of (G1)—(Gb5). Therefore, [52, Theo-
rem 2.2] implies the conclusion. (I
Lemma B.2. Let ug € H:(R?). If ui,us € L®(-T,T; HL(R?)) are two weak
solutions of (1.1) with u1(0) = uz(0) = ug, then uy = us.

Proof. Without loss of generality we can assume T € (0, 1]. Let
2(p+1)
r=r(p):= .
(P) == 77
Then (r,p + 1) is a admissible pair. By the Strichartz estimate (A.5) for
¢
uj(®) = "oy —i [ Iy ()P (1)
0
we see that

lur = w2l po o 7y, 21y S ua P~ g — Juol? ™ usll 11 o, 7,22)-
From
luaP~ our = JuzlP~ uall 22 < (g + 2l g ) Jur = ual s
and the Sobolev inequality (2.2) we deduce
luill 2w S Il eey S 1.

Hence
T
nmfwmmmuﬁsc/nmmfwwmﬁdT
0

1)/2
< CTPHD2P||luy — wsl| 10,1, L2+

so with T sufficiently small so that CT®+1/(2P) < 1 we conclude that u; (t) = uz(t)
for t € [0,T]. In a similar way, we obtain wu;(t) = us(¢) for ¢t € [-T,0]. O
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Proof of Proposition 1.1. The assertion follows from Lemmas B.1, B.2, and [52,
Theorem 2.3]. O
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