TAMKANG JOURNAL OF MATHEMATICS
Volume 28, Number 1, Spring 1997

ON SUBCLASSES OF UNIFORMLY CONVEX FUNCTIONS AND
CORRESPONDING CLASS OF STARLIKE FUNCTIONS

R. BHARATI, R. PARVATHAM AND A. SWAMINATHAN

Abstract. We determine a sufficient condition for a function f(z) to be uniformly convex of
order a that is also necessary when f(z) has negative co-efficients. This enables us to express
these classes of functions in terms of convex functions of particular order. Similar results for
corresponding classes of starlike functions are also obtained. The convolution condition for the
above two classes are discussed.

1. Introduction

Let S be the class of functions
f()=z+ ) anz" (1.1)
n=2

that are analytic and univalent in the unit disk E = {2z : |2| < 1}. Let S*(a) and
K (c) denote the subclasses of functions f(z) in S such that Re{ %L—?l} >« and Re{l+

5){—,—(«%-)} > @, 0 < a <1, respectively. $*(0) = S$* and K(0) = K denote the ordinary
class of starlike functions and convex functions respectively. Goodman [1] defined the

following subclass of K.

Definition 1.1.([1]) A function f(z) is uniformly convex in E if f(z) isin K and has
the property that for every circular arc v contained in E, with centre € also in E, the
arc f(v) is convex.

Ronning [2] found a more applicable one variable analytic characterization for the
above class denoted by UCV.

Definition 1.2.([2]) A function f(z) = z+ Y22, a,z" is in UCV if and only if
") _ |2£"(2)
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18 R. BHARATI, R. PARVATHAM AND A. SWAMINATHAN

Definition 1.3.([5]) Let T be the subfamily of S consisting of functions of the form
o0
2)=2~Y aa2" @n2>0,z€E. (1.2)

Let T*(a) and C*(a) be the subfamily of functions in 7' that are starlike of order
a and convex of order « respectively for 0 < a < 1. Silverman [5] gave a co-efficient
characterization for these classes.

Theorem A.([5]) 4 function f(z) =z — 3332 5 anz", an > 0 is in T*(c) if and only
if Zn..?( 2)an <1 and is in C*(a) if and only if ¢ . B n-_aa i 1,

This led to the following sharp distortion bounds and extreme points.

Theorem B.([5]) (i) If f(z) € T*(a), then

r :Zr"’ < £ 1_2?"2, (1.3)
1- 220 <y <14 202, (1.4

and the extreme points are given by

@) =2 fa@ =2~ 222" (n=23,-).
(ii) If f(2) € C*(a), then
P @ ST+ Tt (15)
1“;:ZT<|f’( )| +1:ar, (1.6)
and the extreme points are
fi(z) =2, falz) =2 - ﬁ (n=2,3,-).

Ronning (3] introduced the class of functions Sp such that f € UCV & zf' € S,
Ronning generalized the class UCV and S, by introducing a parameter a in the
following way.

Definition 1.4.([4]) A function f(2) is in Sy(e) if f(z) satisfies the analytic charac-
terization

) | o)
o U sE 1) et

and f(z) is in UCV(a) if and only if zf'(z) is in Sp(a).
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Therefore for the class Sp(a) [2] we get a domain whose boundary is a parabola with
vertex w = 112 We see that for all @ € [~1,1) we have Sp(a) C 8 and Sp(a) ¢ S for
a < —1. Hence we observe that UCV(a) C K for a > —1.

Ronning [4] generalized the class S, in a different manner than (1.7).

Definition 1.5. ([4]) A function f(2) = 2+ .77, a,2™ is in the class P(a, 8) if f(2)
satisfies the analytic characterization

2£'(2) 21'(2)
1) 7

This means that "'7"1”—) for f(z) € p(a, ) and z € E lies in that portion of the plane
which contains w = 1 and is bounded by the parabola y? = = 4a(z — ). We observe that
Sp = P(3,1). Since P(a, 3) C P(a,0) it seems to be most interesting in this context to
study the classes where 3 = 0. For simplicity of notation, we define P(a) = P(a,0) and
hence we have

—(a+ﬁ)‘§R +a-p 0<a<oo, 0<B<1, z € E.

') f'(2)
o el <R

In this note we obtain co-efficient characterization for some subclasses of UCV(a)
and Sp(). In section 2, we define some subclasses of UCV(a), Sp(a) and P(a) with
negative co-efficients for f(z). In section 3, we obtain some convolution results for these
classes of functions.

={f(z)€.5' + zEE,0<a<oo}.

2. Co-efficient Characterization
Definition 2.1. Let UCT(a) be the class of functions J(z) =2=Yrroa2®, 8, > 0

satisfy the condition

f”( )’ < Re{l+ Z;:E(‘;) a}, ze€E. (2.1)

Definition 2.2. Let S,T'(a) be the class of functions f(z) = z — Y aeg n2™; 65 >0
satisfy the condition

Aglnlf) e e

Now we obtain a sufficient condition for f(z) in UCV(a).

Theorem 2.1. If

Z(Zn —1-a)nja,|<1-a (2.3)

=2
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then f(z) =243 oo 52", 2 € E is in UCV(a).

Proof. In view of the definition of UCV(a) it is sufficient if we verify the condition

2f'(2)) o 2f"(2)
oy | S By 1
We have
)| 2R L 2f()
|~ B <A

Y pee 2n(n — 1)|ay||z|**
1-307 s nlas||z[n1

Doz 2n(n — 1)|ay|

I Zf:z nlan|

The above expression is bounded by 1 —a if and only if (2.3) is satisfied and the proof
is complete.

<

Now we show that the sufficient condition of Theorem 2.1 for UCV(a) is also a
necessary condition for UCT(a).

Theorem 2.2. Let f(2) = z—) oo 5 an2z™, an > 0 then Y oo s n(2n—1—a)a, < 1—a
if and only if f(2) is in UCT().

Proof. In view of Theorem 2.1 we need only show that f(z) in UCT(«) satisfies the
co-efficient inequality.
If f(2) € UCT(«a) and z is real, then the definition of UCT(«) yields

|- T Dan 5 nn— Daga !
1-32 ,na,zn-1 — 1= o nagztl

. Let z — 1 along the real axis, then we get

252 n(n — Do
1-3> na,

({—a)Z

or
o0 o0
(1-a) 1“2'&0«; Z2Zn(n—1)an
n=2 n=2
which gives the required result.
Corollary 2.1. UCT(a) = C*(1£2).

Proof. From Theorem 1.2 we get the functions in UCT(a) satisfy the condition

oo

Z n(2n—1-— a)a,,_ <1 (2.4)

l—a

n=2
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which is equivalent to saying that

=

- (
Z T(Es <!
The above expression in comparison with Theorem A gives the result.

Corollary 2.2. If f(z) € UCT(a), then

= SR < =S g
T B0 —'f(")'—”z(s-a)"
l—a l—-a
1-— < |7 =<1
o S S 14 5=
and the extreme points are
l—-a :
Filg) =&, fn(z):z—n(zn_l__a)z", W= 2. 8,0

Proof. Since the distortion theorems are extreme points are available for C*(a) in
Theorem B, the distortion theorems and extreme points are immediately available by
applying Corollary 2.1.

Definition 2.3. Let UCT(a,) be the class of functions f(z) = z — .20, a, 2",
a, > 0 that satisfy the condition

£"(2)
fla 12
We write UCT(1, 8) = UCT(B) and observe that UCT(0,B) = C*(B).

Theorem 2.3. A function f(z) =z—73 ., a,2" is in UCT(a,B) if and only if

zf” (2)

Re{l-l—

]+ﬁ, a>0, f>0.

> [n(1+a) - (a+B)na, <1- 8. (2.5)

Proof. Proceeding as in Theorem 2.2, we get that, for f(z) € UCT(e, B) it is
sufficient to verify the co-efficient inequality.
Therefore for z real, we get

E:O=2 n(ﬂ N 1)anzﬂ—'1 5 azr:z n(n . l)aﬂzn_l
1-3 . ,na,zt1 = 1 Y g Ry 2™1

Let z — 1 along the real axis, which gives

£ - +8.

Yomean(n—1)a,

(1_6)2(1"'&) l_zoo_ na
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which is equivalent to

(1- ﬁ){l - inan} >(1+a) in(n —1)a,

n=2
which gives the required result and the proof is complete.

Corollary 2.3. UCT(a,3) = C*(2£8).

1+a

Proof. From Theorem 2.3 for f(z) in UCT (e, 3) (2.5) can be written in an equivalent

form (_+,§)
o0 n -~ x
;[mml_(%g)]nan 21,

which together with Theorem A gives the result.

Hence the distortion theorems and extreme points are immediately available for f(2)
in UCT(e, B).

Corollary 2.4. If f(z) € UCT(a, 3), then

%= 2 1“5 2
T—___2(2+a—ﬁ)r S]f(z)|§r+2———(2+a_ﬁ)r
1—5 ;
l_mrglf(z)lsl'f‘m?‘
and the extreme points are
|
fi#) =2, fals) =2~ - £ " n=2,3...

I +a)-(atA)]

Remark. In [5] it is given that

C* (o) CT*(3—2-).

Therefore we get the

_ e tB
implies that
s 2042
A )

In particular UCT(1,0) =UCT with f(z) = z — -‘;- being sharp.
Now let us draw our attention to the class S, () and S,T(a) and find their co-efficient
criterion.
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Theorem 2.4. If Y7 ,(2n — 1 — a)|an| < 1 —a then f(2) = 2+ Y oo ,an2™ is in
Sp(a).

Proof. By Alexander type theorem, we get that f(z) € UCV(a) <= 2f'(z) € Sp(a).
Therefore by replacing the co-efficient |a,| in Theorem 2.1 by I“T"I, the required result is
obtained.

Remark. For a = 0, the above result gives the co-efficient characterization which is
sufficient condition for a function to be in the class S,,.

Since f(z) € UCT(a) <= 2f'(z) € Sp,T(a) and f(z) € UCT(a,B) < 2f'(z) €
SpT' (e, B), the co-efficient a,, in Theorem 2.2 and Theorem 2.3 can be replaced by 22 to
get the required result for S,T(a) and S,T'(c, B) respectively. Hence we state the results
directly.

Theorem 2.5. f(z) = 2—3_7";anz", an > 0 isin SpT () if and only if Y ow 5 (2n—
1-a)a, <1-a.

Theorem 2.6. f(z) = z — Y .- ,an2", an > 0 is in SpT(, B) if and only if

n=2

Ynsaln(l+a) = (a+B)lan <1- 6.
Remark. Comparing Theorem A with Theorem 2.5 and Theorem 2.6 we get that
(i) SpT(a) = T*(452)
(ii) SpT (e, B) = T*($LL).

1+a

Thus distortion bounds and extreme points of S,T'(a) and S,T'(, 3) are easily avail-
able and we state them using Theorem B.

Corollary 2.5. If f(z) € SpT (), then

1
r— s <|f@) Sr+ o
2(1—a) , 2(1 — a)
1-— < <1
5o 7= RS 1 g—5r
and the extreme points are
. '
fi(z) =z and fn(z):z_ﬁzn: n=23,---

Corollary 2.6. If f(z) € S,T(a,8) then

1= 1-8
2(1 — ) " 2(1-p)
s Er L e
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and the extreme points are

_ 1_ﬁ 2™
n(1+a)—(a+p8)] "’

fi(z) =z and f,(2) = 2

Definition 2.4. For f(z) = z+ oo an2", let

2f"(z)

) +1+a, z€f, 0<a<oo}.

CP(a) = {fz)eStzf” +1-a| < Re

Theorem 2.7. If
> I+ 2(a—1)njan| < 20— 1 (2.6)

n=2

then f(z) of the form (i) is in CP(a).
Proof. From the definition of CP(«), it is sufficient if we see the inequality

2f"(2) 2f"(2)
o~ < B

1+ +1+a}

or equivalently

]1+w —a:l —Re{1+ # \2) —a} < 2a.

f'(2) f'(2)
We have
zf"(2) B zf"(z)
‘1+ e i Re{l+ ) - a}
zf"(z)
< 2’1+ - ) cx‘
Zn (n —1)|an||z|?
<SP ,,,hznlann o +1-a

E =2 T )!an|
< 2{ L +1-— oz}.
L= Zn 2n|a’ﬂ|

The last expression is bounded by 2¢, if and only if (2.6) holds and the proof is
complete.

Definition 2.5. Let CPT(e) be the class of functions f(z) = z—Y oo, an2", an >0
such that f(z) is in CP(a).
Since f(z) € CPT(a) <= 2f'(z) € PT(a), we get that

2f'(2)
fa)

R

(|2f1(z) zf’
PT(a)z{f(z)ET,‘T(;—)— |<R 7 +a, z€E, 0<a< oo}.
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Theorem 2.8. f(z) =2— Y -2 ,a,z", a, > 0 is in CPT () if and only if

oo

Z n(n—1+a)a, < a. (2.8)

n=2

Proof. From the definition of CPT(a), we get that for f(z) € CPT(a) and z real,

Yz (n—Danz®t T n(n - 1)apz !
1=Y Conanz®~t = 1-Y"% nanzn-1

Let z — 1 along the real axis which gives

Yoo on(n—1)a,
= L2
L= Zn:? nan

which gives Y ~> ,n[n — 1+ ala, < a and the necessary part follows. The sufficiency

1=

+1 -2«

part is obvious, because the inequality (2.8) is a better estimate than (2.7) for f(z) to
be in CPT(a).

Corollary 2.7. CPT(a)=C*(1—a) for0 < a < 1.

Proof. From Theorem 2.8 we get that

> -1
Z Man <1 implies that
n=2 2
o0
-1
Z?;[n 5 +C¢]a“§1
£ 1—~(l—8)

which is in compansion with Theorem A gives the result.

Corollary 2.8. If f(z) € CPT(a), then for0< a <1

s 2 o 2
SRS W < —
T aita) SH@lIsrr T
1- — r<|f2)| <1+
- T
l1+a — - 14+«
and the extreme points are
«
fi(z) =z and fr(2) =2 — ——2", n=23:.-.
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Proof. The result is immediately available by applying Theorem B and Corollary
2.7.

Remark. In [5] it is given by

2
C* T* "
(@) C T"(—);
Therefore .

In particular
1 4
OPT (=) €T (=)
2 5
wiht 2 — % being sharp.

Theorem 2.9. f(2) =z— Y o, anz", a, > 0 is in PT(a) if and only if

n=2

i(n +a—1)asz € @ (2.9)

n=2

Proof. By Alexander type theorem f(z) € CPT(a) <= zf'(z) € PT(c) therefore
we can replace the co-efficient a,, in Theorem 2.8 by a,, /n which gives the required result.

Corollary 2.9. PT(a)=T*(1—a),0 < a < 1.

Proof. For f(z) € PT(a), (2.9) can be written as } oo, 'l‘j:(-ll:—:%aﬂ < 1 which in
comparison with Theorem A gives the result.

Thus the distortion theorems and extreme points are easily available by using Corol-
lary 2.9 and Theorem B which we state directly.

Corollary 2.10. Let f(z) € PT(c). Then for0< a <1

& .2 & .2
= e -
1+a’r _|f(z)|_'r+1+ar
2ce 2c
1-— <) <1
e SIPEI S 1+
and the extreme points are
o
= d n — —_— . uh — ,3,"'-
Jilz) = 2 and f.(2) == g b 2

Remark. The expression (2.9) gives f(z) € P(a) if and only if 320 ,[n + 2(a —
1)]lan| < 2a — 1 which coincides with order or growth for co-efficients in P(a), found to
be O(2) in [4].
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3. Convolution Theorems

Let f(z) =2—-3, ,an2" @n > 0and g(2) = 2— Y2 , b,2™, b, > 0. We investigate
the nature of quasi-convolution h(z) = f(z) * g(2) = z — Y 00 , anb,2", given that f(2)
and g(z) are members of subclasses of UCV(a) and S,(a).

For a < —1, S,T(a) ¢ S. Therefore we shall consider the case a > —1 for SpT(x).

Theorem 3.1. If f(2) =2—3 "> ,anz"™, a, >0 and g(z) = 2 — e e b, 30
are elements ofS T(a), then (f x g)(2) = h(2) = 2 — Y02, @nbnz™ is in S,T(B) where
B =p(a)= 7_—0, 0 < a < 1. The result is best possible.

Proof. By Theorem 2.5, since f(z) and g(z) are in S,T(a) we have

[ =]
ZQn—l—a )an <1—a and Z(2n—1—a)b <l-«

n=2

We wish to find largest 3 = () such that

D (@n—1-PB)asb, <1-1

n=2

Equivalently we want to show that the conditions

T
Yy <1 (3.1)
11—«
n=2
and
o0 2 - o
Z _n__lgbn <1 (3.2)
l—a
n=2
imply that
= I —1 =
3 —”—l—ﬁ-a“bn <1 (3.3)
n=2 . ﬁ

for all B = B(a) < 2‘:2 "ﬂ)

From (3.1) and (3.2) and by means of Cauchy Schwarz inequality, we get that

2n—1—a
2 Vel £1. (3.4)

n=2

It will be sufficient therefore to prove

2n—-1— 2n
"E"_I_Eanbn R ——— V by B ﬁ(a)a n=23,-
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. 2n—1 1=8
n—1—a =
l1-a )(Qn—l—ﬁ)'

a’ﬂbﬂ S (

From (3.4) it follows that

1l -«

Sl By LR -

Inequality (3.5) is equivalent to
—— e L] pfe—— - [ —]~. .6
g Sionlg—4] /1 Zn—1—4 (3:6)

The right hand side of (3.6) is an increasing function of n, (n = 2,3, -.); Therefore by
setting n = 2, in (3.6) we get

1+ 0 i 7T—a? —2a

2 ~ 4(2-0)
which gives
3 —o?
< = —
Fshle)=s5—g

The result is sharp with equality where

Remark. (i) f(a) = 23(2;__“;- >afor0<a<l.
(ii) For f(z) and g(z) in SpT(0) we have f(z) * g(z) € SpT(3).

Corollary 3.1. For f(z) and g(z) as in Theorem 3.1 we have

h(z) =z — Z Vanb, z" € SpT ().
n=2

Proof. This result follows from the Cauchy-Schwarz inequality and (3.4). This result
is sharp for same function in Theorem 3.1.

Theorem 3.2. For f(z) € ST (a) and g(z) € ST (B) we have

£(2)* 92) € SpT(;—"05) = 5,T(x).

The result is sharp.
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Proof. Proceeding as in the proof of Theorem 3.1 we get

1+ ’Y 1= n(2n1_1a a)(‘..)nl—_lﬁ—ﬁ)
= 1-8 .
2 L (2?1 1- c:)(2n—1—ﬁ)

Right hand side of (3.7) is an increasing function for n = 2,3, - --. Therefore setting
n = 2, we get
3—apf

4—a—8"

(3.7)

Y=

The result is sharp.

Equality is attained for f(z) = z — 3=222 and g(2) = 2z — %—}gzz.

Corollary 3.2. Let f(z), g(z) and h(z) € S,T(a). Then f(z)*g(z) * h(z) € S,T(B)
where 3 = 1132: 1921:::"‘ :

Proof. From Theorem 3.1 we get that

3 — a2

$2) +9(2) € 5T

)-

Therefore

3—a(3= a+ a®
f(z) * g(2) * h(2) € SpT[él_M] = [13 192(1—:_ az]

4—

Now we draw our attention to the class UCT(a).

Theorem 3.3. Let f(2) = 2—) pe0@nz™, ay > 0 and g(z) = z— Er’—zb 2®, by 20
be elements of UCT(a) then f(2) * g(z) = h(2) = 2z — Y ows @nbp2™ € UCT(B) where

B =pB(a) < %:(53—]"'53—);. The result is sharp.

Proof. From Theorem 2.2 we have, for f(z) € UCT ()

n=2

=]

Z 2n—1—-a)a, <1—« (3.8)
and g(z) € UCT(a) implies

Z n(2n—1-a)b, <1-a. (3.9)

n=2

Therefore by proceeding as in Theorem 3.1 we want to get a 3 satisfying the condition

> n(2n—1-p)
r; -5 anb, < 1.
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Using the same techniques we get that

1+ﬁ 1- 21'*.-.1'»_10‘(:1:)2
2 -1—4

- (3.10)

2nlcr)

Right hand side of (3.10) is an increasing function of n(n = 2,3, - - ). Therefore by setting
n = 2 we get that

g B=(a+3)
B ( —5)F—8"
The result is sharp with equality when
l—=a 5

Remark. For f(z) and g(z) € UCT(0) we get that

f(z) xg(z) € UC'T(ﬁ

Theorem 3.4. Let f(z) € UCT() and g(z) € UCT(B) then f(z) * g(z) € UCT(y)

where 24— (3+a)3+5)
(5—0:)(5—ﬁ)—8 '

¥ =7(a,8) <

The result is sharp.

Proof. Proceeding as in Theorem 3.3 we get that

L4y < L a)(Enl_IBB)
2 T %(2111-%1&&)(2 — —-ﬁ)

Right hand side of (3.11) is an increasing function for n = 2,3, - - -. Therefore setting
n = 2 we get that

(3.11)

24 - 3+ a)(3+ 6)
- (6-2)(5-p) -
whlch 1.5 the required result. The result is sharp. Equahty is attained when f(z) =
z— 22 and g(z) = z — 52=E- 22
oma) 9\ 26-B)*

7 =7(a,B) <

Theorem 3.5. Let f(z) = z—Z:J 28n 2", @y > 0 and g(z) = g Z b, 2D
be in SpT(a,B). Then (f xg)(z) = h(z) = z — 3 2 anbnz” € S,T(A,B) where

a+p
+
o+

A=Ae,p)=2[1- T
[& +8

S=Bmb) = 1+a +a

J-
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The result is sharp.

Proof. From Theorem 2.6 we get that f(z) € (o, ) give

oo

Y [r(1+a) - (a+Pla, <1-8 (3.12)

n=2

and g(z) € SpT (e, B) gives

Y 1+ ) = (a+p)b, < 1-4. (3.13)

n=2

We like to find the largest € and 6 such that
o0
D (1 +¢) — (e +6)]anb, < 1-6. (3.14)
n=2

By using the same techniques as in previous theorems we get that, it is enough if we
show

1= n(l+a)—(a+pP) 1 il
[n(1+a)_(a+ﬁ)]—<~[ 1-3 ][n(1+6)—(6+6)] for all n

which is equivalent to show that

1-3
e+ _1-nlamareml
= 1= 2
1+¢ 1-— [nT_L‘jl+a)+(a+ﬁ P

Right hand side of the above expression is an increasing function for n = 2,3, - -.
Therefore by setting n = 2, we get

et+s 21— (SR + (522~ (5]

14+ 14a 14+a
- +8
1+¢ 1+2[1—‘;‘+a]

which gives the required result. The result is sharp with equality when

Now we show that the class PT(a) is not closed under convolution.

Let f(z) =z — 372 3402, an > 0 € PT(a) and g(2) = 2 — 3.2, bpz™, by > 0 €
PTa).

Now we are interested to find if h(z) = 2 — Y2 , a,bn2™ is possible to be in PT(5)
for some f.

Equivalently by using Theorem 2.9 we are interested in finding the existence of the
condition

D (n+B—1)anb, < (3.15)

n=2
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for
oo

Z(n +a—-1)a, <« (3.16)
n=2

and
oo

Y (nt+a-1)bh, <a (3.17)

n=2

(3.16) and (3.17) together imply with Cauchy Schwarz inequality that
o <]
Z(n — 14 a)y/anb, < 1.
n=2

Then by using the same techniques we are able to get

0‘2

< for all n.
Right hand side of the above expression is an increasing function for n = 2,3, - - -. There-
fore by setting n = 2, gives
2
—a
< ’ 3.18
B s 20+ 1 ( )

Since, 0 < & < oo for f(z) € PT(a) we get that 8 in (3.18) satisfies the condition
—00 < 3 < 0 which gives that f(z) * g(z) ¢ P(8) for any .
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