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❖♥ ❙✉♠s ♦❢ Pr♦❞✉❝ts ♦❢ ❍♦r❛❞❛♠ ◆✉♠❜❡rs

❩✈♦♥❦♦ ❷❡r✐♥
❑♦♣❡r♥✐❦♦✈❛ ✼✱ ✶✵✵✶✵ ❩❛❣r❡❜✱ ❈r♦❛t✐❛✱ ❊✉r♦♣❡

❡✲♠❛✐❧ ✿ ❝❡r✐♥❅♠❛t❤✳❤r

❆❜str❛❝t✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❣✐✈❡ ❢♦r♠✉❧❛❡ ❢♦r s✉♠s ♦❢ ♣r♦❞✉❝ts ♦❢ t✇♦ ❍♦r❛❞❛♠ t②♣❡
❣❡♥❡r❛❧✐③❡❞ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡rs ✇✐t❤ t❤❡ s❛♠❡ r❡❝✉rr❡♥❝❡ ❡q✉❛t✐♦♥ ❛♥❞ ✇✐t❤ ♣♦ss✐❜❧② ❞✐❢✲
❢❡r❡♥t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ❆♥❛❧♦❣♦✉s ✐♠♣r♦✈❡❞ ❛❧t❡r♥❛t✐♥❣ s✉♠s ❛r❡ ❛❧s♦ st✉❞✐❡❞ ❛s ✇❡❧❧
❛s ✈❛r✐♦✉s ❞❡r✐✈❡❞ s✉♠s ✇❤❡♥ t❡r♠s ❛r❡ ♠✉❧t✐♣❧✐❡❞ ❡✐t❤❡r ❜② ❜✐♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥ts ♦r ❜②
♠❡♠❜❡rs ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳ ❚❤❡s❡ ❢♦r♠✉❧❛❡ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ r❡❝❡♥t
✇♦r❦ ♦❢ ❇❡❧❜❛❝❤✐r ❛♥❞ ❇❡♥❝❤❡r✐❢✱ ❷❡r✐♥ ❛♥❞ ❷❡r✐♥ ❛♥❞ ●✐❛♥❡❧❧❛✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❋✐❜♦♥❛❝❝✐ s❡q✉❡♥❝❡ {wn} = {wn(a0, b0; p, q)} ✐s ❞❡✜♥❡❞ ❜②

w0 = a0, w1 = b0, wn = pwn−1 − q wn−2 (n ≥ 2),

✇❤❡r❡ a0✱ b0✱ p ❛♥❞ q ❛r❡ ❛r❜✐tr❛r② ❝♦♠♣❧❡① ♥✉♠❜❡rs✱ ✇✐t❤ q 6= 0✳ ❚❤❡ ♥✉♠❜❡rs wn

❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❜② ❍♦r❛❞❛♠ ✭s❡❡✱ ❡✳❣✳ ❬✶✵❪✮✳ ❆ ✉s❡❢✉❧ ❛♥❞ ✐♥t❡r❡st✐♥❣ s♣❡❝✐❛❧ ❝❛s❡s
❛r❡ {Un} = {wn(0, 1; p, q)} ❛♥❞ {Vn} = {wn(2, p; p, q)} t❤❛t ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ ❜②
▲✉❝❛s ❬✶✶❪✳

❋♦r ✐♥t❡❣❡rs a ≥ 0✱ c ≥ 0✱ j ≥ 0✱ b > 0 ❛♥❞ d > 0✱ ❧❡t Pj = Ua+bjUc+dj ✱
Qj = Ua+b j Vc+d j ❛♥❞ Rj = Va+b j Vc+d j ✳ ■♥ ❬✶❪ s♦♠❡ ❢♦r♠✉❧❛❡ ❢♦r t❤❡ s✉♠s∑n

j=0 Pj ✱
∑n

j=0 Qj ✱
∑n

j=0 Rj ✱
∑n

j=0 (−1)j Pj ✱
∑n

j=0 (−1)j Qj ❛♥❞
∑n

j=0 (−1)j Rj

❤❛✈❡ ❜❡❡♥ ❞✐s❝♦✈❡r❡❞ ✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡♥ b = d = 2 ❛♥❞ q = ±1✳ ❊✈❡♥ ✐♥ t❤❡s❡
r❡str✐❝t❡❞ ❝❛s❡ t❤❡② ❣❛✈❡ ✉♥✐✜❝❛t✐♦♥ ♦❢ ❡❛r❧✐❡r r❡s✉❧ts ❜② ❷❡r✐♥ ❛♥❞ ❜② ❷❡r✐♥ ❛♥❞
●✐❛♥❡❧❧❛ ❢♦r ❋✐❜♦♥❛❝❝✐✱ ▲✉❝❛s✱ P❡❧❧ ❛♥❞ P❡❧❧✲▲✉❝❛s ♥✉♠❜❡rs ✭s❡❡ ❬✸❪ ✕ ❬✾❪✮✳

■♥ ❬✷❪ t❤❡ ❛✉t❤♦r ❡❧✐♠✐♥❛t❡❞ ❛❧❧ r❡str✐❝t✐♦♥s ❢r♦♠ t❤❡ ❛rt✐❝❧❡ ❬✶❪ ♦♥ b✱ d ❛♥❞ q ✭❡①✲
❝❡♣t t❤❛t q 6= 0✮✳ ❙♦♠❡ ♦t❤❡r t②♣❡s ♦❢ s✉♠s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ st✉❞✐❡❞ ❧✐❦❡ t❤❡ ✐♠♣r♦✈❡❞
❛❧t❡r♥❛t✐♥❣ s✉♠s ✭✇❤❡♥ ✇❡ ♠✉❧t✐♣❧② t❡r♠s ❜② ✐♥❝r❡❛s✐♥❣ ♣♦✇❡rs ♦❢ ❛ ✜①❡❞ ❝♦♠♣❧❡①
♥✉♠❜❡r✮✱ t❤❡ s✉♠s ✇✐t❤ ❜✐♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥ts ❛♥❞ s✉♠s ✐♥ ✇❤✐❝❤ ✇❡ ♠✉❧t✐♣❧② t❡r♠s
❜② ✐♥❝r❡❛s✐♥❣ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳

❚❤❡ ❣♦❛❧ ✐♥ t❤✐s ♣❛♣❡r ✐s t♦ ❡①t❡♥❞ t❤❡s❡ r❡s✉❧ts t♦ ❍♦r❛❞❛♠ t②♣❡ ❣❡♥❡r❛❧✐③❡❞
❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡rs✳ ❊✈❡♥ ✐♥ t❤✐s ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ t❤❡s❡ s✉♠s ❝♦✉❧❞ ❜❡ ❡✈❛❧✉❛t❡❞
✉s✐♥❣ t❤❡ s✉♠ ♦❢ ❛ ❣❡♦♠❡tr✐❝ s❡r✐❡s✳

❘❡❝❡✐✈❡❞ ▼❛② ✻✱ ✷✵✵✽❀ ❛❝❝❡♣t❡❞ ▼❛② ✷✻✱ ✷✵✵✾✳
✷✵✵✵ ▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✿ Pr✐♠❛r② ✶✶❇✸✾✱ ✶✶❨✺✺✱ ✵✺❆✶✾✳
❑❡② ✇♦r❞s ❛♥❞ ♣❤r❛s❡s✿ ❍♦r❛❞❛♠ ❣❡♥❡r❛❧✐③❡❞ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡rs✱ ▲✉❝❛s ♥✉♠❜❡rs✱ s✉♠s
♦❢ ♣r♦❞✉❝ts✳

✹✽✸
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✷✳ ❙✉♠s ♦❢ ♣r♦❞✉❝ts ♦❢ t✇♦ ❍♦r❛❞❛♠ ♥✉♠❜❡rs

❲❡ ✜rst ✇❛♥t t♦ ✜♥❞ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ s✉♠

Ψ1 =

n∑

j=0

wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q)

✇❤❡♥ a0✱ b0✱ c0✱ d0✱ p ❛♥❞ q 6= 0 ❛r❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs ❛♥❞ n ≥ 0✱ a ≥ 0✱ c ≥ 0✱ b > 0
❛♥❞ d > 0 ❛r❡ ✐♥t❡❣❡rs✳

▲❡t α ❛♥❞ β ❜❡ t❤❡ r♦♦ts ♦❢ x2 − p x+ q = 0✳ ❚❤❡♥ α =
p+∆

2
❛♥❞ β =

p−∆

2
✱

✇❤❡r❡ ∆ =
√

p2 − 4 q✳ ▼♦r❡♦✈❡r✱ α− β = ∆✱ α+ β = p✱ αβ = q ❛♥❞ t❤❡ ❇✐♥❡t
❢♦r♠s ♦❢ wn✱ Un ❛♥❞ Vn ❛r❡

wn =
(b0 − a0β)α

n + (a0α− b0)β
n

α− β
, Un =

αn − βn

α− β
, Vn = αn + βn,

✐❢ α 6= β✱ ❛♥❞

wn = αn−1(a0 α+ n (b0 − a0 α)), Un = nαn−1, Vn = 2αn,

✐❢ α = β✳
▲❡t A1 = b0 − a0 α✱ A2 = d0 − c0 α✱ B1 = a0 β − b0✱ B2 = c0 β − d0✳ ▲❡t

E = αb+d✱ F = αb βd✱ G = αd βb ❛♥❞H = βb+d✳ ▲❡t e = αa+c B1 B2✱ f = αa βc A2 B1✱
g = αc βa A1 B2 ❛♥❞ h = βa+c A1 A2✳ ❲❤❡♥ E 6= 1✱ ❢♦r ❛♥② ✐♥t❡❣❡r n ≥ 0✱ ❧❡t

En =
En+1 − 1

E − 1
✳ ❲❡ s✐♠✐❧❛r❧② ❞❡✜♥❡ Fn✱ Gn ❛♥❞ Hn✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥

αb 6= βb✱ ❢♦r ❛♥② ✐♥t❡❣❡r n ≥ 0✱ ❧❡t bn =
αb(n+1) − βb(n+1)

αb n(αb − βb)
❛♥❞ b∗n =

αb(n+1) − βb(n+1)

βb n(αb − βb)
✳

❲❡ s✐♠✐❧❛r❧② ❞❡✜♥❡ dn ❛♥❞ d∗n✳ ❋♦r ❛♥② ✐♥t❡❣❡r n ≥ 0✱ ❧❡t λn = n+ 1✳ ▲❡t
T = αa+c−2✳

▲❡t C1 = A1 a+ a0 α✱ C2 = A2 c+ c0 α✱ K1 = b dA1 A2✱ K3 = C1 C2 ❛♥❞
K2 = bA1 C2 + dA2 C1✳ ▲❡t K4 = K1 +K2 +K3.

▲❡t K✱ M ✱ N ❛♥❞ P ❜❡ n (2n+ 1) K1 + 3nK2 + 6K3✱

n2 En+3 − (2n2 + 2n− 1)En+2 + (n+ 1)2 En+1 − E(E + 1),

nEn+3 − (2n+ 1)En+2 + (n+ 1)En+1 + E(E − 1),

En+3 − 2En+2 + En+1 − (E − 1)2.

❚❤❡♦r❡♠ ✶✳ (a) ❲❤❡♥ ∆ = 0 ❛♥❞ E = 1✱ t❤❡♥ Ψ1 =
(n+ 1)K T

6
.

(b) ❲❤❡♥ ∆ = 0 ❛♥❞ E 6= 1✱ t❤❡♥ Ψ1 =
T [K1 M +K2 N +K3 P ]

(E − 1)3
.

Pr♦♦❢✳ ✭❛✮ ❘❡❝❛❧❧ t❤❛t ✇❤❡♥ ∆ = 0✱ t❤❡♥

wa+b j(a0, b0; p, q) = αa−1+b j [ bA1 j + C1 ]
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❛♥❞
wc+d j(c0, b0; p, q) = αc−1+d j [ dA2 j + C2 ] .

❙✐♥❝❡✱ E = αb+d = 1✱ ✇❡ s❡❡ t❤❛t t❤❡ ♣r♦❞✉❝t

wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q)

✐s ❡q✉❛❧ t♦
T

[
K1 j

2 +K2 j +K3

]
.

❋r♦♠
∑n

j=0 1 = n+ 1✱
∑n

j=0 j =
n(n+ 1)

2
✱ ❛♥❞

∑n

j=0 j2 =
n(n+ 1)(2n+ 1)

6
, ✐t

❢♦❧❧♦✇s t❤❛t Ψ1 ❤❛s t❤❡ ❛❜♦✈❡ ✈❛❧✉❡✳
✭❜✮ ❙✐♥❝❡ ∆ = 0✱ t❤❡ ♣r♦❞✉❝t

wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q)

✐s ❡q✉❛❧ t♦
T Ej

[
K1 j

2 +K2 j +K3

]
.

❋r♦♠
∑n

j=0 Ej =
P

(E − 1)3
✱
∑n

j=0 j Ej =
N

(E − 1)3
✱ ❛♥❞

∑n

j=0 j2 Ej =
M

(E − 1)3
,

✐t ❢♦❧❧♦✇s t❤❛t Ψ1 ❤❛s t❤❡ ❛❜♦✈❡ ✈❛❧✉❡✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❝♦✈❡rs ❢♦r t❤❡ s✉♠ Ψ1 t❤❡ ❝❛s❡s ✇❤❡♥ ∆ 6= 0✳ ■t ✉s❡s
❚❛❜❧❡ ✶ t❤❛t s❤♦✉❧❞ ❜❡ r❡❛❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ s②♠❜♦❧s � ❛♥❞ � ✐♥ ❝♦❧✉♠♥ E ♠❡❛♥
E 6= 1 ❛♥❞ E = 1✳ ■♥ ❝♦❧✉♠♥ b t❤❡② ♠❡❛♥ αb 6= βb ❛♥❞ αb = βb✳ ■♥ ❝♦❧✉♠♥s F ✱
G✱ H ❛♥❞ d t❤❡② ❤❛✈❡ ❛♥❛❧♦❣♦✉s ♠❡❛♥✐♥❣s✳ ❚❤❡ t❤✐r❞ s✉❜❝❛s❡ s❤♦✉❧❞ ❜❡ r❡❛❞ ❛s
❢♦❧❧♦✇s✿ ❲❤❡♥ ✭∆ 6= 0✮✱ E = 1 ❛♥❞ αb = βb✱ t❤❡♥ G = 1 ❛♥❞ H = F ❛♥❞ ❢♦r F 6= 1
t❤❡ ♣r♦❞✉❝t ∆2 Ψ1 ✐s ❡q✉❛❧ t♦ λn (e+ g) + Fn (f + h)✳

❚❤❡♦r❡♠ ✷✳ ❲❤❡♥ ∆ 6= 0✱ t❤❡♥ ❚❛❜❧❡ ✶ ❣✐✈❡s t❤❡ ✈❛❧✉❡ ♦❢ ∆2 Ψ1✳ ■♥ ❛❧❧ ♦t❤❡r

❝❛s❡s t❤❡ ♣r♦❞✉❝t ∆2 Ψ1 ✐s ❡q✉❛❧ t♦ λn (e+ f + g + h)✳

Pr♦♦❢ ♦❢ r♦✇ ✶✳ ❲❤❡♥ ∆ 6= 0✱ ✇❡ ❤❛✈❡

wa+b j(a0, b0; p, q) = −
1

∆

[
αa B1 (α

b)j + βa A1 (β
b)j

]

❛♥❞

wc+d j(c0, d0; p, q) = −
1

∆

[
αc B2 (α

d)j + βc A2 (β
d)j

]
.

❍❡♥❝❡✱ t❤❡ ♣r♦❞✉❝t wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q) ✐s ❡q✉❛❧ t♦

eEj

∆2
+

f F j

∆2
+

g Gj

∆2
+

hHj

∆2
.

❋r♦♠
∑n

j=0 Ej = En✱ ✇❡ ❣❡t ∆2 Ψ1 = eEn + f Fn + g Gn + hHn✳ �



✹✽✻ Zvonko čerin

E F G H b d ∆2Ψ1

✶ � � � � En e+ Fn f +Gn g +Hn h

✷ � � � � λn e+ Fn f + bn g +Hn h

✸ � � ⊠ F � λn(e+ g) + Fn(f + h)

✹ � � � � λn e+ dn f +Gn g +Hn h

✺ � ⊠ � G � λn(e+ f) +Gn(g + h)

✻ � � ⊠ ✭s❡❡ ✺✮

✼ � � ⊠ ✭s❡❡ ✸✮

✽ � � � λn(e+ g) + dn (f + h)

✾ � � � λn(e+ h) + dn f + d∗
n
g

✶✵ � � � � En e+ λn f +Gn g + bn h

✶✶ � � E ⊠ � En (e+ g) + λn(f + h)

✶✷ � � � � d∗
n
e+ λn f +Gn g +Hn h

✶✸ ⊠ � � G � λn(e+ f) +Gn (g + h)

✶✹ � � � d∗
n
e+ λn(f + g) + dn h

✶✺ � � ⊠ ✭s❡❡ ✶✶✮

✶✻ � � � d∗
n
(e+ g) + λn(f + h)

✶✼ � � � � b∗
n
e+ Fn f + λn g +Hn h

✶✽ ⊠ � � F � λn(e+ g) + Fn (f + h)

✶✾ � � � � En e+ Fn f + λn g + dn h

✷✵ � E � ⊠ � En(e+ f) + λn(g + h)

✷✶ � � � ⊠ b∗
n
(e+ f) + λn(g + h)

✷✷ � � � � En e+ b∗
n
f +Gn g + λn h

✷✸ � ⊠ E � � En (e+ g) + λn(f + h)

✷✹ � � � � En e+ Fn f + d∗
n
g + λn h

✷✺ � E ⊠ � � En (e+ f) + λn(g + h)

❚❛❜❧❡ ✶✿ ❚❤❡ ♣r♦❞✉❝t ∆2Ψ1 ✇❤❡♥ ∆ 6= 0✳
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Pr♦♦❢ ♦❢ r♦✇ ✷✳ ❲❤❡♥ ∆ 6= 0 ❛♥❞ E = αb+d = 1✱ ✇❡ ❣❡t

wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q) =
e

∆2
+

fF j

∆2
+

g

∆2

(
βb

αb

)j

+
hHj

∆2
.

❋r♦♠
∑n

j=0 1 = λn✱
∑n

j=0 F j = Fn ❛♥❞
∑n

j=0

(
βb

αb

)j

= bn ✭❢♦r αb 6= βb✮✱ ✐t ❢♦❧❧♦✇s

t❤❛t ∆2 Ψ1 = e λn + f Fn + g bn + hHn✳ �

Pr♦♦❢ ♦❢ r♦✇ ✸✳ ❲❤❡♥ ∆ 6= 0✱ E = αb+d = 1 ❛♥❞ αb = βb✱ t❤❡♥

G = βb αd = αb αd = E = 1

❛♥❞ H = βb βd = αb βd = F ✳ ❍❡♥❝❡✱

wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q) =
e+ g

∆2
+

(f + h)F j

∆2
.

❋r♦♠
∑n

j=0 1 = λn ❛♥❞
∑n

j=0 F j = Fn ✭❢♦r F 6= 1✱ ♦❢ ❝♦✉rs❡✮✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡
♣r♦❞✉❝t ∆2 Ψ1 ✐s ❡q✉❛❧ t♦ (e+ g)λn + (f + h)Fn. �

❚❤❡ ♠✐ss✐♥❣ ❝❛s❡ ✐♥ t❤❡ ❚❛❜❧❡ ✶ ❛❢t❡r t❤❡ t❤✐r❞ r♦✇ ✐s ❝❧❡❛r❧② ✇❤❡♥ E = 1✱
αb = βb ❛♥❞ F = 1✳ ❚❤❡ ❛❜♦✈❡ ♣r♦❞✉❝t ✐s

wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q) =
e+ f + g + h

∆2
,

s♦ t❤❛t ∆2 Ψ1 = λn(e+ f + g + h)✳ ❚❤❡ s❡❧❡❝t✐♦♥ p = 0✱ q = −1✱ b = 2 ❛♥❞ d = 2
s❤♦✇s t❤❛t t❤✐s ❝❛s❡ ❝❛♥ ❛❝t✉❛❧❧② ❤❛♣♣❡♥✳

◆♦t✐❝❡ t❤❛t αn =
Vn +∆Un

2
❛♥❞ βn =

Vn −∆Un

2
❢♦r ∆ 6= 0 ❛♥❞ αn = βn =

Ũn+1

n+ 1
=

Ṽn

2
❢♦r ∆ = 0✳ ❍❡♥❝❡✱ ✐t ✐s ❝❧❡❛r t❤❛t ❡❛❝❤ ♦❢ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡

s✉♠ Ψ1 ❝♦✉❧❞ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛♥ ❡①♣r❡ss✐♦♥ ✐♥ ▲✉❝❛s ♥✉♠❜❡rs Un ❛♥❞ Vn ✭♦r
Ũn ❛♥❞ Ṽn✮✳ ■♥ ♠♦st ❝❛s❡s t❤❡s❡ ❢♦r♠✉❧❛❡ ❛r❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❡♥ t❤❡ ♦♥❡s ❣✐✈❡♥
❛❜♦✈❡✳ ❚❤✐s ❛♣♣❧✐❡s ❛❧s♦ t♦ ♦t❤❡r s✉♠s t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ♣❛♣❡r✳

✸✳ ❙✉♠ ✇✐t❤ ❜✐♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ s✉♠

Ψ2 =
n∑

j=0

(
n

j

)
wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q),

✇❤❡♥ a0✱ b0✱ c0✱ d0✱ p ❛♥❞ q 6= 0 ❛r❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs ❛♥❞ n ≥ 0✱ a ≥ 0✱ c ≥ 0✱ b > 0
❛♥❞ d > 0 ❛r❡ ✐♥t❡❣❡rs✳

▲❡t V ❛♥❞ U ❜❡ nE [(nE + 1)K1 + (E + 1)K2] + (E + 1)2 K3 ❛♥❞ EK4 +K3✳
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❚❤❡♦r❡♠ ✸✳ ✭❛✮ ❲❤❡♥ ∆ = 0✱ t❤❡♥

Ψ2 =





T K3, ✐❢ n = 0✱

T U, ✐❢ n = 1✱

T (E + 1)n−2 V, ✐❢ n ≥ 2✱

✭❜✮ ❲❤❡♥ ∆ 6= 0✱ t❤❡♥

Ψ2 =
(E + 1)n e+ (F + 1)n f + (G+ 1)n g + (H + 1)n h

∆2
.

Pr♦♦❢✳ ✭❜✮ ❙✐♥❝❡

(
n

j

)
wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q) =

(
n

j

)
eEj + f F j + g Gj + hHj

∆2
,

❢r♦♠
∑n

j=0

(
n

j

)
Ej = (E + 1)n✱ ✐t ❢♦❧❧♦✇s t❤❛t Ψ2 ✐♥❞❡❡❞ ❤❛s t❤❡ ❛❜♦✈❡ ✈❛❧✉❡✳ �

✹✳ ❚❤❡ ✐♠♣r♦✈❡❞ ❛❧t❡r♥❛t✐♥❣ s✉♠s✱ ■

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ s✉♠s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ s✉♠s Ψ1 ❛♥❞ Ψ2 ❜②
♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t❤❡✐r t❡r♠s ✇✐t❤ t❤❡ ♣♦✇❡rs ♦❢ ❛ ✜①❡❞ ❝♦♠♣❧❡① ♥✉♠❜❡r k✳ ❲❤❡♥
k = −1 ✇❡ ♦❜t❛✐♥ t❤❡ ❢❛♠✐❧✐❛r ❛❧t❡r♥❛t✐♥❣ s✉♠s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ st✉❞② t❤❡ s✉♠s

Ψ3 =
n∑

j=0

kj wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q),

Ψ4 =
n∑

j=0

kj
(
n

j

)
wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q),

✇❤❡♥ a0✱ b0✱ c0✱ d0✱ p ❛♥❞ q 6= 0 ❛r❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs ❛♥❞ n ≥ 0✱ a ≥ 0✱ c ≥ 0✱ b > 0
❛♥❞ d > 0 ❛r❡ ✐♥t❡❣❡rs✳

▲❡t E = k αb+d✱ F = k αb βd✱ G = k αd βb ❛♥❞ H = k βb+d✳ ❲❤❡♥ E 6= 1✱ ❢♦r

❛♥② ✐♥t❡❣❡r n ≥ 0✱ ❧❡t En =
En+1 − 1

E − 1
✳ ❲❡ s✐♠✐❧❛r❧② ❞❡✜♥❡ Fn✱ Gn ❛♥❞ Hn✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t k 6= 1 ❛♥❞ k 6= 0 ❜❡❝❛✉s❡ t❤❡ ❝❛s❡ ✇❤❡♥ k = 1
✇❛s tr❡❛t❡❞ ❡❛r❧✐❡r ✇❤✐❧❡ ❢♦r k = 0 ❛❧❧ s✉♠s ❛r❡ ❡q✉❛❧ t♦ ③❡r♦✳

❲✐t❤ t❤✐s ♥❡✇ ♠❡❛♥✐♥❣ ♦❢ t❤❡ s②♠❜♦❧s E✱ F ✱ G ❛♥❞ H ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t✳

❚❤❡♦r❡♠ ✹✳ ✭❛✮ ❚❤❡ ✈❛❧✉❡s ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠s ✶ ❛♥❞ ✷ ❡①♣r❡ss t❤❡ s✉♠ Ψ3✳ ■♥

♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ ∆ 6= 0✱ t❤❡♥ t❤❡ ❚❛❜❧❡ ✶ ❣✐✈❡s t❤❡ ✈❛❧✉❡s ♦❢ ∆2 Ψ3✳ ■♥ ❛❧❧ ♦t❤❡r

❝❛s❡s t❤❡ ♣r♦❞✉❝t ∆2 Ψ3 ✐s ❡q✉❛❧ t♦ λn(e+ f + g + h)✳
✭❜✮ ❚❤❡ ✈❛❧✉❡s ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✸ ❢♦r t❤❡ s✉♠s Ψ2 ❡①♣r❡ss ❛❧s♦ t❤❡ s✉♠ Ψ4✳
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Pr♦♦❢✳ ✭❜✮ ❙✐♥❝❡

kj
(
n

j

)
wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q) =

(
n

j

)
eEj + f F j + g Gj + hHj

∆2
,

❢r♦♠
∑n

j=0

(
n

j

)
Ej = (E + 1)n✱ ✐t ❢♦❧❧♦✇s t❤❛t Ψ4 ✐♥❞❡❡❞ ❤❛s t❤❡ s❛♠❡ ❡①♣r❡ss✐♦♥

❛s t❤❡ s✉♠ Ψ2✳ �

✺✳ ❚❡r♠s ♠✉❧t✐♣❧✐❡❞ ❜② ♥❛t✉r❛❧ ♥✉♠❜❡rs

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② t❤❡ s✉♠s

Ψ5 =

n∑

j=0

(j + 1)wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q),

Ψ6 =

n∑

j=0

(j + 1)

(
n

j

)
wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q),

✇❤❡♥ a0✱ b0✱ c0✱ d0✱ p ❛♥❞ q 6= 0 ❛r❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs ❛♥❞ n ≥ 0✱ a ≥ 0✱ c ≥ 0✱ b > 0
❛♥❞ d > 0 ❛r❡ ✐♥t❡❣❡rs✳

▲❡t E = αb+d✱ F = αb βd✱ G = αd βb✱ H = βb+d✳ ▲❡t e = αa+c B1 B2✱
f = αa βc A2 B1✱ g = αc βa A1 B2✱ h = βa+c A1 A2✳ ❲❤❡♥ E 6= 1✱ ❢♦r ❛♥② ✐♥t❡❣❡r

n ≥ 0✱ ❧❡t En =
(n+ 1)En+2 − (n+ 2)En+1 + 1

(E − 1)2
✳ ❲❡ s✐♠✐❧❛r❧② ❞❡✜♥❡ Fn✱ Gn ❛♥❞

Hn✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ αb 6= βb✱ ❢♦r ❛♥② ✐♥t❡❣❡r n ≥ 0✱ ❧❡t

bn =
αb(n+2) + (n+ 1)βb(n+2) − (n+ 2)αb βn+1

αb n(αb − βb)2

❛♥❞

b∗n =
βb(n+2) + (n+ 1)αb(n+2) − (n+ 2)βb αn+1

βb n(αb − βb)2
.

❲❡ s✐♠✐❧❛r❧② ❞❡✜♥❡ dn ❛♥❞ d∗n✳ ❋♦r ❛♥② ✐♥t❡❣❡r n ≥ 0✱ ❧❡t λn =
(n+ 1)(n+ 2)

2
✳

▲❡t M ❛♥❞ N ❞❡♥♦t❡ nEn+3
[
n (n+ 1)E −

(
3n2 + 6n− 1

)]
+ (n+ 2)

En+1
[(
3n2 + 3n− 2

)
E − (n+ 1)

2
]
+ 2E (2E + 1) ❛♥❞

(E − 1)
[
n (n+ 1)En+3−2n (n+ 2)En+2+(n+ 2) (n+ 1)En+1−2E

]
.

❚❤❡♦r❡♠ ✺✳ ✭❛✮ ❲❤❡♥ ∆ = 0 ❛♥❞ E = 1✱ t❤❡♥ t❤❡ s✉♠ Ψ5 ✐s ❡q✉❛❧ t♦

λn T [n(3n+ 1)K1 + 4nK2 + 6K3 ]

6
.

✭❜✮ ❲❤❡♥ ∆ = 0 ❛♥❞ E 6= 1✱ t❤❡♥ t❤❡ s✉♠ Ψ5 ✐s ❡q✉❛❧ t♦

T

(E − 1)4
[
K1 M +K2 N +K3 (E − 1)4 En

]
.
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Pr♦♦❢✳ ✭❜✮ ❙✐♥❝❡ ∆ = 0✱ ✇❡ ❤❛✈❡

(j + 1)wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q)

= (j + 1)
(
αa+b j−1 [ bA1 j + C1 ]

) (
αc+d j−1 [ dA2 j + C2 ]

)

= (j + 1)T Ej
[
K1 j

2 +K2 j +K3

]
.

❋r♦♠
∑n

j=0 (j + 1)Ej = En✱
∑n

j=0 j (j + 1)Ej =
N

(E − 1)4
✱ ❛♥❞

n∑

j=0

j2 (j + 1)Ej =
M

(E − 1)4
,

✐t ❢♦❧❧♦✇s t❤❛t Ψ5 ❤❛s t❤❡ ❛❜♦✈❡ ✈❛❧✉❡✳ �

❚❤❡♦r❡♠ ✻✳ ❲❤❡♥ ∆ 6= 0✱ t❤❡♥ t❤❡ ❚❛❜❧❡ ✶ ❣✐✈❡s t❤❡ ✈❛❧✉❡s ♦❢ ∆2 Ψ5✳ ■♥ ❛❧❧ ♦t❤❡r

❝❛s❡s t❤❡ ♣r♦❞✉❝t ∆2 Ψ5 ✐s ❡q✉❛❧ t♦ λn(e+ f + g + h)✳

Pr♦♦❢ ♦❢ r♦✇ ✶ ✐♥ ❚❛❜❧❡ ✶ ❢♦r Ψ5✳ ❲❤❡♥ ∆ 6= 0✱ ✇❡ ❤❛✈❡

(j + 1)wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q)

= (j + 1)

(
−

1

∆

[
B1 α

a+b j +A1 β
a+b j

])(
−

1

∆

[
B2 α

c+d j +A2 β
c+d j

])

= (j + 1)

(
eEj

∆2
+

f F j

∆2
+

g Gj

∆2
+

hHj

∆2

)
.

❋r♦♠
∑n

j=0 (j + 1)Ej = En✱ ✇❡ ❣❡t ∆2 Ψ5 = eEn + fFn + g Gn + hHn✳ �

❋♦r ❛♥② ✐♥t❡❣❡r n ≥ 0✱ ❧❡t E∗

n = (n+ 1)E + 1✱ E∗∗

n = E∗

n (E + 1)n−1✳ ❲❡ ❞❡✜♥❡
F ∗

n ✱ G
∗

n✱ H
∗

n✱ F
∗∗

n ✱ G∗∗

n ❛♥❞ H∗∗

n s✐♠✐❧❛r❧②✳ ▲❡t

M = nE(E + 1)n−3(E∗

2n−2 + E∗

n E
∗

n−1), N = nE(E + 1)n−2(E∗

n + 1).

❚❤❡♦r❡♠ ✼✳ ✭❛✮ ❲❤❡♥ ∆ = 0✱ t❤❡♥

Ψ6 =





T K3, ✐❢ n = 0✱

T [ 2EK4 +K3] , ✐❢ n = 1✱

T
[
3E2(K4 +K2 + 3K1) + 4EK4 +K3

]
, ✐❢ n = 2✱

T [M K1 +N K2 + E∗∗

n K3 ] , ✐❢ n ≥ 3✳

✭❜✮ ❲❤❡♥ ∆ 6= 0✱ t❤❡♥ ∆2 Ψ6 = E∗∗

n e+ F ∗∗

n f +G∗∗

n g +H∗∗

n h.

Pr♦♦❢✳ ✭❜✮ ❙✐♥❝❡

(j + 1)

(
n

j

)
wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q)

=
1

∆2
(j + 1)

(
n

j

) (
eEj + f F j + g Gj + hHj

)
,
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❢r♦♠
∑n

j=0 (j + 1)
(
n

j

)
Ej = E∗∗

n ✱ ✐t ❢♦❧❧♦✇s t❤❛t ∆2 Ψ6 ✐♥❞❡❡❞ ❤❛s t❤❡ ❛❜♦✈❡ ✈❛❧✉❡✳
�

✻✳ ❚❤❡ ✐♠♣r♦✈❡❞ ❛❧t❡r♥❛t✐♥❣ s✉♠s✱ ■■

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② t❤❡ ❢♦❧❧♦✇✐♥❣ s✉♠s ♦❜t❛✐♥❡❞ ❜② ♠✉❧t✐♣❧②✐♥❣ t❤❡ t❡r♠s
♦❢ t❤❡ s✉♠s Ψ5 ❛♥❞ Ψ6 ✇✐t❤ t❤❡ ♣♦✇❡rs ♦❢ t❤❡ ✜①❡❞ ❝♦♠♣❧❡① ♥✉♠❜❡r k✳ ❖❢ ❝♦✉rs❡✱
❢♦r k = 1✱ ✇❡ ❣❡t t❤❡ s✉♠s Ψ5 ❛♥❞ Ψ6 ❢r♦♠ t❤❡ s✉♠s Ψ7 ❛♥❞ Ψ8✳

Ψ7 =

n∑

j=0

kj (j + 1)wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q),

Ψ8 =

n∑

j=0

kj (j + 1)

(
n

j

)
wa+b j(a0, b0; p, q)wc+d j(c0, d0; p, q),

✇❤❡♥ a0✱ b0✱ c0✱ d0✱ p ❛♥❞ q 6= 0 ❛r❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs ❛♥❞ n ≥ 0✱ a ≥ 0✱ c ≥ 0✱ b > 0
❛♥❞ d > 0 ❛r❡ ✐♥t❡❣❡rs✳

▲❡t E = k αb+d✱ F = k αb βd✱ G = k αd βb ❛♥❞ H = k βb+d✳ ❲❤❡♥ E 6= 1✱ ❢♦r

❛♥② ✐♥t❡❣❡r n ≥ 0✱ ❧❡t En =
(n+ 1)En+2 − (n+ 2)En+1 + 1

(E − 1)2
✳ ❲❡ s✐♠✐❧❛r❧② ❞❡✜♥❡

Fn✱ Gn ❛♥❞ Hn✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ αb 6= βb✱ ❢♦r ❛♥② ✐♥t❡❣❡r n ≥ 0✱ ✇❡ ❞❡✜♥❡
bn ❛♥❞ b∗n ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❲❡ s✐♠✐❧❛r❧② ❞❡✜♥❡ dn ❛♥❞ d∗n✳ ■♥ t❤✐s s❡❝t✐♦♥

λn ✐s ❛❣❛✐♥
(n+ 1)(n+ 2)

2
✳

❚❤❡♦r❡♠ ✽✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ❢♦r Ψ5 ✐♥ ❚❤❡♦r❡♠s ✺ ❛♥❞ ✻ ❞❡s❝r✐❜❡ ❛❧s♦ t❤❡ s✉♠
Ψ7 (✇✐t❤ t❤❡ ♥❡✇ ♠❡❛♥✐♥❣ ♦❢ E✱ F ✱ G ❛♥❞ H)✳

❚❤❡♦r❡♠ ✾✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ❢♦r Ψ6 ✐♥ ❚❤❡♦r❡♠ ✼ ❞❡s❝r✐❜❡ ❛❧s♦ t❤❡ s✉♠ Ψ8 (✇✐t❤
t❤❡ ♥❡✇ ♠❡❛♥✐♥❣ ♦❢ E✱ F ✱ G ❛♥❞ H)✳
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