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ABSTRACT: We comment on the recently introduced Gauss-Bonnet gravity in four dimen-
sions. We argue that it does not make sense to consider this theory to be defined by a set
of D — 4 solutions of the higher-dimensional Gauss-Bonnet gravity. We show that a well-
defined D — 4 limit of Gauss-Bonnet Gravity is obtained generalizing a method employed
by Mann and Ross to obtain a limit of the Einstein gravity in D = 2 dimensions. This
is a scalar-tensor theory of the Horndeski type obtained by dimensional reduction meth-
ods. By considering simple spacetimes beyond spherical symmetry (Taub-NUT spaces) we
show that the naive limit of the higher-dimensional theory to D = 4 is not well defined
and contrast the resultant metrics with the actual solutions of the new theory.
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1 Introduction

Recently there has been lot of interest in formulating a four-dimensional Gauss-Bonnet
theory of gravity. If possible, such a theory would disqualify the privileged role of Einstein’s
General Relativity as a unique Lagrangian theory in four dimensions that yields second
order equations of motion for the metric. In an intriguing recent paper [1], a new theory was
formulated by considering a D — 4 limit of solutions of the D-dimensional Gauss-Bonnet
gravity, upon rescaling the Gauss-Bonnet dimensional coupling constant « according to

(D—4)a — «a. (1.1)

In this way a number of enhanced symmetry D = 4 metrics were obtained, each car-
rying an imprint of higher-curvature corrections inherited from their higher-dimensional
counterparts. These include spherical black holes [1-5], cosmological solutions [1, 6, 7],
star-like solutions [8], radiating solutions [9], collapsing solutions [10], with extensions to
more higher-curvature Lovelock theories [11, 12]. There are already a number of studies of
the thermodynamic behaviour [13-19] and physical properties [20-31] of these objects.

However, the existence of limiting solutions does not really imply an existence of a
four-dimensional theory as advertised in [1], and a number of objections have been raised
in this regard [32-34], concluding that there is no ‘pure four-dimensional Gauss-Bonnet
gravity’.

One way [35] (see also [7]) to make a purely four-dimensional theory is via the “Kaluza-
Klein-like” procedure, namely to compactify the D-dimensional Gauss-Bonnet gravity on
a (D — 4)-dimensional maximally symmetric space, rescaling the coupling a according
to (1.1), and taking the D — 4 limit, in a way reminiscent of how a D — 2 limit of the



Einstein theory was obtained many years ago [36]. The resultant four-dimensional scalar-
tensor theory is special in many ways. It is a special case of the Horndeski theory [37] that
is obtained from a “fundamental higher-dimensional theory”, and yields four-dimensional
spherical black hole solutions whose metrics coincide with the naive D — 4 limit of [1].
In this paper we comment on several aspects of the new lower-dimensional Gauss-
Bonnet gravity. First, we show that the same theory (1.2) can be obtained as a D — 4 limit
of Gauss-Bonnet gravity without reference to any choice of higher-dimensional spacetime,
using an approach similar to that employed in obtaining the D — 2 limit of general
relativity [36]. Contrary to generic Horndeski theory, the corresponding metric is (similar
to Schwarzschild) characterized by one metric function and is known analytically. The

action is
5= [ Pay=g[R—20+a (06 +4G 0,000 - 100700+ 2(002)] . (12
G = RapeaR® — 4R, R® + R?, (1.3)

and is applicable not only in D = 4 but also in lower dimensions. We believe this is the
theory one should be considering when discussing the ‘Gauss-Bonnet gravity’ in D < 5
dimensions.

Second, we comment on the ‘coincidence’ of the naive D — 4 limit of the Gauss-
Bonnet solutions and the corresponding solutions of the theory (1.2). Not surprisingly the
results depend on the choice of higher-dimensional space; denoting by A the curvature of
the internal space, the additional terms

Sy = / dDaU\/—g[—Z)\Re_Q‘z’ —12X(89)2e % — 6A2e—4¢] (1.4)

also will appear in the action. However for ‘less-symmetric’ solutions, in particular Taub-
NUT spacetime as an example, we show that the theory (1.2) does not admit the Taub-NUT
solutions in the class of spacetimes with one metric function, whereas the naive D — 4
limit produces such metrics.

We conclude with remarks on ‘uniqueness of the above limits’. We point out that the
approach advocated in [1] of taking dimension-dependent limits of field equations suffers
from a lack of uniqueness; indeed it is not clear that it is always well defined.

2 The D — 4 limit of Gauss-Bonnet gravity

We demonstrate here how a D — 4 limit of Gauss-Bonnet gravity can be obtained without
making any assumptions about the form of a higher-dimensional spacetime. We begin by
briefly reviewing the dimensional reduction method [7, 35] to provide a contrast to our
approach.

2.1 Limit of vanishing compactification

The EAGB-like action (1.2) can be derived from compactifying D-dimensional Einstein-
Gauss-Bonnet-A gravity

Sp = /de\/Tg(R —2A + &g) (2.1)



in the limit of vanishing compactified dimensions [7, 35] (see also previous [38—41]). Namely,
the idea is to consider a Kaluza-Klein ansatz!

dsh = ds3 + e**dv%_,, (2.2)

where dEQD_d is the line element on the internal maximally symmetric space (which we
take here to be flat) and ¢ an additional metric function that depends only on the external
d-dimensional coordinates.
Denoting
a=et, e=(D-d), (2.3)

the reduced d-dimensional action reads [35]
SS = /ddx\/—gee(z’ [R —2A + €(e — 1)(09)? + %g

—ae — 1)(4G™ 0,806 + 2e — 2)(06)°06 + (e — 1)(e - 2><<a¢>>2>2)} - (2.4)
Since the Gauss-Bonnet term
%:?/W%FW (2.5)
is topological in d = 4 and identically vanishes in d < 4, one can define

Sa = lim (55— 57) (2.6)

which yields the action (1.2) after discarding total divergences. If the metric dE%_ 4 has
constant curvature A then the additional contribution (1.4) to the action is obtained.

2.2 The D — 2 limit of general relativity

The method for obtaining the D — 4 limit of Gauss-Bonnet gravity without any choice of
a higher-dimensional spacetime on which to compactify is similar to that employed many
years ago by Mann and Ross [36], who considered a certain D — 2 limit of Einstein gravity?
that resulted in the following scalar-tensor theory:

SEH _ / Py =g {wR + ;(31/;)2} , (2.7)

whose black hole solutions coincided with the naive D — 2 limit of the D-dimensional
solutions of the Einstein theory [47-57].

This theory (2.7) was derived by the following conformal trick. Consider the Einstein-
Hilbert action in D dimensions

SEH — /%/de\/—gR, (2.8)

'In the above the vector part of the ansatz is switched off. When the vector part is considered, the
reduction of the Gauss-Bonnet theory yields a certain type of non-linear electromagnetism [42-44], see
also [45].

2This approach was recently ‘rediscovered’ [33, 46] in considering generalization of the D = 4 Gauss-
Bonnet solutions.



which is topological in D = 2 dimensions. Evaluating this for a conformally rescaled metric
g = e¥g, we consider the difference [36]

SEH = & (/ dPz\/—gR — /de\/?gR>

_a / iy [eﬂb/? [(R —(e+ 1)) — ie(e + 1)(a¢)2] - R] , (2.9)

where ¢ = D — 2. Expanding the action in powers of epsilon, and rescaling the coupling
constant according to k = €k/2, we obtain

1 1
S lim SEH — ﬁ/d%\ﬁ—g [wR — Yy — Q(aw)Q] = li/dQCC\/—g {sz + 2(81/1)2} ,
(2.10)
upon discarding total divergences.
If a cosmological constant term were included in (2.8), then the additional term

Sy = —2A/d2x\/—gew (2.11)

would appear in (2.7) upon performing the same procedure. Alternatively, one can ‘just
add’ the standard cosmological term to (2.7).3

2.3 Gauss-Bonnet gravity in the D — 4 limit

Let us now show that the same conformal trick yields the theory (1.2), when instead of start-
ing with the Einstein-Hilbert action (2.8), one starts with the Gauss-Bonnet action (2.1).
For the sake of convenience we will illustrate the method only for the Gauss-Bonnet term
itself.*

For the purpose of applying the Mann-Ross prescription to the Gauss-Bonnet term, it
is convenient to note the transformation property of the Riemann tensor under a conformal
transformation g, — eswgab:

2
~ _s C c c 87 e
Rgcli: = eV Ra% + 325[[avb]wvd]w - 285[[avd}vb]¢ 2 [a(slc)l] (V¢)2 ’ (2.12)

From this it is straightforward — if somewhat messy — to work out the resulting confor-
mally transformed Gauss-Bonnet density. We omit the explicit details of this process and
instead move directly to discuss the limit.

Now, the term that we wish to study is topological in D = 4 and therefore our expan-
sion parameter € = (D — 4). We consider

SEB — 4 (/ dPz\/—5G — /d%ﬁg) , (2.13)

3Looking at (2.4), it is obvious that the theory (2.7) (with or without A) can also be derived by using
the compactification trick reviewed in the previous section, as already noted in [36].

4One could apply the conformal trick to the full action. This would yield in addition to the theory
presented below a conformally transformed Einstein-Hilbert term. However, it is possible to show that the

resulting theory is equivalent via field redefinitions to the one presented here.



where G is obtained from the conformal transformation of (1.3), where gqp — e¥gap. Setting
a = (D —4)&, we find in the D — 4 limit the following theory

59 = tim, S° = [ dloy=g| 106 - GU0T0 - L (V) - J(vurOu] .

8
(2.14)

where we have used the contracted Bianchi identity and the relation V?[i — VoV, V1p =
-V, R%, along with integration by parts, discarding total derivatives. We note that this
approach requires no assumptions about particular solutions of the original theory, nor
about any background spacetime on which to compactify.

This result is remarkably similar to that in eq. (1.2). In fact, it is easy to show that
upon setting

1
v — =20, gab—>—5gab, a—a/2, A=0, (2.15)

the reduced Gauss-Bonnet term presented here coincides exactly with that in eq. (1.2).
In other words, the conformal trick has reproduced the part of the Kaluza-Klein reduced
theory that does not explicitly depend on the curvature of the extra dimensions.

It is somewhat surprising that the two methods yield theories that are equivalent up
to (almost trivial) field redefinitions. The approaches are rather different in spirit: in the
Kaluza-Klein approach one must assume a particular form for geometry upon which the
dimensional reduction is carried out. The conformal trick makes no a priori assumptions
about the details of the higher-dimensional geometry. It is easy to imagine numerous
alternatives to the dimensional reduction procedure that would yield likely many modi-
fications to the theory of interest. For example one could consider two different scalars,
each respectively multiplying the two metrics ds?l and dZ%_ 40 yielding a different Einstein-
Gauss-Bonnet dilaton gravity theory.

Modifications of the conformal trick seem less straightforward — a natural generaliza-
tion would be to consider a more general field redefinition than a conformal transformation
and take a dimension-dependent limit of the redefined theory. The extent to which this
approach would yield sensible modifications to the limiting theory is unclear to us, but we
believe it merits further consideration.

2.4 Equations of motion

It is useful to present the covariant field equations following from the action (1.2) supple-
mented with (1.4). The equation of motion for the scalar is given by

Es = —G +8G™Vy Voo + 8ROV, V¢ — 8(¢)? + 8(V)20e + 16V ¢V YV, Va0
+ 8V V,p VOV — 242%™ — AR + 240e ™2 [(V9)? — O]
—0, (2.16)

while the variation with respect to the metric yields
Eab = Ngap+Gapta|9Hap—2R [(Vad) (V) + Vi Vag|+8R(, Vi) Ved+8R(, (Vi) 9) (Vo)

—2Gap [(V)*+200] 4 [(Va9) (Vsd)+ V5 Vad] Op—[9an (V$)*~4(Va9) (V)] (V)



+8(V(a8) (Vi) Ved) V=490 R [V eV 4+ (V) (Va9) ] +2906 (06)> —2906 (Ve Va) (VEV40)
—49ab(V°0) (V) (Ve Vi) +4(V V) (VOV ap)+4Racra [(VEB) (VI0)+V IV P]

+30%e g0 =2 7 (Gap+2(Vad) (Vo) +2V5 Vad—2005 00+ gab (V)?) }
=0, (2.17)
where in the above

1
Huyp =2 |RRup — 2Rupd R + Roucde Ry“™ — 2R o RE — 4ggab] : (2.18)

which identically vanishes in four dimensions and less.
Interestingly, independent of A, the above field equations satisfy

0= gy + %5¢ —4A-R— %g (2.19)

in four dimensions. In other words, the trace of the field equations can be cast into a
purely geometric form. This allows for important consistency checks of the solutions to
the field equations as this quantity must vanish on-shell independent of the scalar field
configuration. As a result, one can rather easily check whether or not solutions generated
by the naive D — 4 limit of solutions of the D-dimensional Gauss-Bonnet gravity are even
possible solutions of this limiting theory (1.2). For example, it is relatively easy to verify
that the ‘rotating black hole metrics’ constructed by the Newman-Janis trick in [4, 23] are
not solutions of the theory (1.2). This is not surprising as it is well known [58] that the
Newmann-Janis trick is not generally applicable in higher curvature theories. The rotating
black hole solution in the four-dimensional Gauss-Bonnet gravity are thus yet to be found.

3 Gauss-Bonnet Taub-NUTs in four dimensions

3.1 Spherical black holes

Before we proceed to the Taub-NUT case we first consider the spherically symmetric ansatz

2 o dr? 2 102
ds® = —fdt® + —— +r°dQ~, (3.1)
fh
where f = f(r) and h = h(r) are two metric functions, dQ? = d#? + sin?0dy?, and the
solution is supported by a scalar field ¢ = ¢(r). For simplicity, in this section we consider
only the case of A = 0.
Our goal in this section will be to check for Schwarzschild-like solutions that satisfied
the condition h = 1. It is therefore somewhat convenient to solve directly (2.19) for this
circumstance. We find that any metric, should it exist in the full theory, must satisfy

4

an—(r2—|—2a)f—A§+Clr+r2—02—0, (3.2)

where C7 and Cs are arbitrary integration constants. It is straightforward to interpret
these constants, since we must recover the Schwarzschild-AdS solution for a« = 0. This
implies that C7 = —2M and C3 = 0 in this limit.



Of course having a solution to (2.19) does not guarantee a full solution to the theory.
Therefore let us now consider the field equations in detail and determine whether there
exists a scalar that supports such a solution.

Inserting this into the field equations (2.16) and (2.17) yields 3 differential equations
for the two metric functions and the scalar field. These equations are more easily obtained
by inserting this ansatz into the action (1.2) to obtain an effective Lagrangian that, when
varied w.r.t. f, h, ¢ yields these same 3 equations of motion.

We seek a solution characterized by a single metric function, and so set A = 1. This
yields

(¢/2+¢”)(f7“2¢/2—27”f¢/+f—1) -0 (3.3)

from the equation of motion following from 4 f. Solving for ¢ we find either ¢ = log([r —
0]/ l) where [ and rg are integration constants, or

¢;:</1%‘:de, C— 41, (3.4)

where the superscipt refers to the overall sign of ¢ and the subscript refers to the sign in

the integrand. In what follows we focus on the latter solution which reproduces the naive
D — 4 solution of the Gauss-Bonnet theory.
With this, the d¢ equation is automatically satisfied and the remaining equation is

(r® 4+ 2ar — 2arf)f' + f(r* + af —2a) +a —r* + Ar* =0, (3.5)

which follows from the dh variation. It has the solution® [35]

2 4 M
fr=14 = 1i\/1+aA+8a , (3.6)
3 73

2

which coincides with the metric of the D — 4 limit of the D-dimensional Gauss-Bonnet
theory; the branch f_ approaches the Schwarzschild-AdS solution in the limit & — 0. Note
that this solution is consistent with (3.2) upon setting C1 = —2M and Cy = —a.

It is straightforward to show for the asymptotically flat solution f_, with A = 0, that
¢ falls off as 1/r. All other solutions are non-asymptotically flat, and all sign choices for
¢S diverge logarithmically at large r.

We emphasize that (3.6) is not the most general solution to the theory (2.1). Indeed,
it was demonstrated in [35] that there exists another solution that does not satisfy the
property h = 1. However, it is nonetheless an interesting (and surprising) fact that there
exists a solution of (2.1) that coincides with the naive D — 4 limit of solution to higher-
dimensional Gauss-Bonnet gravity. It is surprising because, as nicely discussed in [32], one
should not expect a well-defined result when taking this singular limit of higher-dimensional
Gauss-Bonnet gravity. To better understand the extent to which this property is robust,
in the next subsection we examine Taub-NUT solutions to the theory (2.1).

5This metric was considered already in [59, 60] as a ‘quantum corrected metric’.



3.2 Taub-NUT generalization?

It has been known for some time [61-63] that Lovelock gravity admits also higher-dimen-
sional generalizations of the four-dimensional Taub-NUT space

2

ds? = — f(dt + 2n cos Bdp)? + dr (r* +n?)dQ?, (3.7)

ﬁ +
with h(r) = 1 and dQ? = df? +sin?0de?. We consider here whether or not the theory (2.1)
admits Taub-NUT solutions with the same property of h(r) = 1 and then comment on
how this relates to the naive D — 4 limit of higher-dimensional Taub-NUT solutions in
Gauss-Bonnet gravity.

We are once again interested in the question of whether or not a generalization of the
Taub-NUT metric exists that preserves h = 1. We start as before by considering (2.19)
to determine the structure of the solutions, should they exist. This time we find that the

metric function must satisfy

aBn? —r2)f(r)2  (n®+r>+2a)f(r)  Ar(r?+6n?) Ch
(n2 + r2)r , - 3 +Cy—1r— — (3.8)

to be a potential solution of the theory. Let us now examine the full field equations to
determine any such solution exists for some choice of constants.

Inserting the ansatz (3.7) into the action (1.2) and assuming the solution is supported
by a scalar ¢(r), one obtains an effective Lagrangian which, when varied w.r.t. f, h, ¢ yields
3 equations of motion. Setting h = 1, the equation of motion following from 4 f yields that

(@2 +¢") (F(r* +n®)?¢? = 2rf(r* + n®)¢' + f(r? = 3n?) —n® —1?) =0, (3.9)

which has two possible solutions for ¢. One is the same as the n = 0 case: ¢ = log([r—ro]/l),
where [ and 7y are integration constants. Following the spherical case we discard this

solution and instead consider the solutions®
fBfm2+n2+r2)trf

which generalize (3.4).
Contrary to the spherical case, however, the equation obtained by d¢ is no longer
automatically satisfied and yields a requirement that

nf(r* +4fn* +n?)[2rf — f'(r* + n?)] =0, (3.11)
whose most general solution is
172 +n?
= - 12
f=—1", (312)

5Tn fact, the logarthmic solution is inconsistent: it is not possible to find a simultaneous solution to all
three independent equations of motion in this case.



where [ is an integration constant. Using expressions (3.10) and (3.12), the remaining
equation of motion becomes
(16A1* — 1212 — 3a)r* + (32n*Al* + 2an? — 80?12 — 161" — 8al®)r?
+16n2Al* + 4n*1% + 21an® — 40n%ad® — 16031 +16ad* = 0. (3.13)

Eliminating the coefficients of the powers of r requires the following two restrictions:

_ 3 4n? + «

16 nt
This final solution is consistent with eq. (3.8) provided that the constants are identified as

C; = 0 and Cy = —I%. Note that the solution above belongs to the Gauss-Bonnet branch
of (3.8), i.e. the one that does not admit a smooth limit to the Einsteinian theory.

l==n. (3.14)

The resultant solution does not represent a Lorentzian Taub-NUT metric. It can be
understood from a cosmological perspective, provided we identify r as a time coordinate,
setting » — T' = nsinh(7/n), t — 2n1), upon which we recover

g2 — AT e g 0d0)? + (T2 + n?)d0>
scos_—mﬂ + 1) (di + cos 0dp)” + (T + n?)
= —d7? + n? cosh?(1/n) ((d@b + cos 9dg0)2 + dQ2> , (3.15)

which is a de Sitter type metric whose spatial sections are expanding closed 3-spheres.
Alternatively, we may perform the following Wick rotation: n — in and ¢t — i7, to
recover

ds® =

2 _ 2 An2dr?
! 2” (dr + 2n cos Odp)? + H + (r? — n?)dQ?

— dR? + n?sinh2(R/n) ((w +2cos Odip)” + d92) , (3.16)

where in the second line 7 = nty and r = ncosh(R/n). This solution (which exists only
for constrained couplings) is in fact identical to an exact Euclidean NUT-charged solution
obtained in [64] for critical Einsteinian Cubic Gravity for a particular choice of the param-
eter L in that work — cf. eq. (72) of that work. The solution generically has a conical
singularity present at r = n (or R = 0) in Euclidean signature. However, in the ECG case,
the solution can be analytically continued to Lorentzian signature giving rise to a worm-
hole geometry, albeit one that suffers from closed timelike curves if the time coordinate is
identified to eliminate Misner strings. The additional constraint, n = +[, here seems to
forbid the analogous analytic continuation in this case.

The conclusion of this analysis is that setting h = 1 is too restrictive and the Taub-
NUT-like solutions in this theory are more general. It would be interesting to better
understand those solutions.

Let us now comment on the naive D — 4 limit of Taub-NUT solutions in higher-
dimensional Gauss-Bonnet gravity (2.1). When extending the ansatz (3.7) to higher di-
mensions there are many ways to do so. The metric should have the form

d 2

ds? = —f [dt + nAg)* + f—rh + (r* + n?)dsg, (3.17)



where B is a Kéhler-Einstein base space with line element ds% and the one-form Ag is a
potential for the Kéhler form J = dAg on B. In [61-63, 65] solutions of this form were
constructed in Gauss-Bonnet and higher-order Lovelock gravities for a variety of different
bases consisting of the complex projective spaces along with products of two spheres,
tori, and hyperboloids. In appendix A we review these solutions and present the relevant
equations.

Here it suffices to point out that the naive D — 4 limit of these solutions is inconsistent.
For this purpose we consider two possible ways that the ansatz (3.7) can be extended to
higher dimensions. The first is by considering the base to be the complex projective space
CP* and the second is to consider the base to be a product of two-spheres.” In the first
case the limiting form of the higher-dimensional field equation (2.1) with A =0 is

a(3n? —r?)f(r)? n (n? 472 +2a)f(r) 2n? + «

2+ r2)r , e -C=0, (3.18)

while in the second case it is

aBn? —r)f(r)2  (n?+r2+2a)f(r) n? +a
r(n? +r?) r -t

—C=0. (3.19)

In each case C'is a constant of integration that is related to the ADM mass of the solution.
It is clear that the two equations above are different (compare the a dependence in the
next-to-last term) and neither of these solutions coincides with the metric obtained for the
theory (1.2). In fact, only the latter solution approaches the spherically symmetric metric
presented in the previous subsection in the limit n — 0.

This serves to illustrate an important lesson. It calls into question the approach advo-
cated in [1] of taking dimension-dependent limits of the field equations. In the two cases we
illustrated above, the limiting four-dimensional metric is always identical to (3.7), yet the
limiting equations of motion are different. This is a consequence of the fact that there are
many ways by which to extend a four-dimensional geometry to higher dimenions, and in
the two examples we have illustrated here the field equations have retained non-trivial “in-
formation” about the higher-dimensional space from which they came, commensurate with
the discussion in [32]. On the other hand, this makes even more surprising the fact that the
theory (1.2) admits solutions coinciding with the naive limit of spherically symmetric and
cosmological solutions. We believe it would be worth better understanding implications of
the theory (1.2).

We emphasize, however, that the above argument does not prove that there does not
exist dimensionally reduced theories for which these naive limits of higher-dimensional
solutions are also lower-dimensional solutions. Note that for both limiting cases presented
above the equations are consistent with (3.8) for different choices of the constants C; and
C5 and it is only through a more careful examination of the full field equations that these

"We have also considered extending the ansatz (3.7) to higher dimensions by taking a base B = S? x
T? x --- x T?. The limit of the higher-dimensional field equation in this case is again different and does
not coincide with the solutions to (1.2) considered above. We also mention “compactified Gauss-Bonnet
Taub-NUT metrics” of [41], which, however do not coincide with the solutions of the present theory either.

~10 -



naive limits are excluded as solutions to the theory. Our result shows that the situation
is far subtler than suggested by the spherically symmetric analysis alone and provides a
concrete example of how non-uniqueness is manifest in a program of taking naive limits of
the field equations.

4 Conclusions

The recent interest in generalizing Gauss-Bonnet gravity to four spacetime dimensions
stems from the idea of defining a theory from a set of solutions that are obtained by a
certain D — 4 limit of the D-dimensional solutions of Gauss-Bonnet gravity. However,
this procedure is neither unique nor always possible and such a theory is thus not well
defined.

We have shown that a generalization of a conformal trick used to obtain the D — 2
limit of general relativity [51] can be extended to obtain a D — 4 limit of Gauss Bonnet
gravity, given in (1.2). This method does not require any assumptions about either higher-
dimensional solutions or extra spacetime dimensions (and thence also the vanishing internal
space), and is purely defined in terms of 4-dimensional quantities.

This same theory can be obtained via a compactification of the higher-dimensional
Gauss-Bonnet gravity in the limit of vanishing internal dimensions, assuming the extra
dimensions are conformal to a flat space. If the spacetime has constant curvature then
the resultant action is (1.2) supplemented with (1.4), which seems to be a well defined
scalar-tensor theory of the Horndeski type.

We have furthermore shown that, although the naive D — 4 limit works for spheri-
cally symmetric solutions in four dimensions, where it coincides with the solutions of the
theory (1.2), this is no longer true for more complicated solutions, such as Taub-NUT in
D = 4. This provides a further evidence that the four-dimensional Gauss-Bonnet theory
cannot be simply defined by the D — 4 limit of the solutions. This fact was further elab-
orated on in the appendix where we have shown that dependent on the character of the
extra dimensions, one obtains different limits to the Taub-NUT metric in four dimensions
— the limit is thence not unique.

We have also found similar issues occur in lower-dimensional spacetimes in the the-
ory (1.2). We find novel black hole solutions to the D = 3 field equations that are not the
same as those obtained by taking a naive D — 3 limit [66]; indeed we find that these latter
solutions do not satisfy the field equations of (1.2) augmented with (1.4). We shall report
on this elsewhere.

There is one potentially problematic point that merits further commentary. As each
of the examples in the text have illustrated, the scalar field configurations that support the
black hole solutions exhibit logarthmic divergences asymptotically. It was argued in [35]
that this is not a problem because the scalar field does not appear alone in the action.
However, it is clear from an examination of (2.1) that the scalar does appear in the action,
multiplying the Gauss-Bonnet term. However, it is true that the Gauss-Bonnet term is
itself a topological, or total derivative, term in four dimensions (and strictly vanishes in
lower dimensions). Hence these solutions are still well-defined, since (via an integration by
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parts) only derivatives of the scalar field appear in the action. Nonetheless, we believe this
issue deserves further attention to determine whether or not these scalar configurations
associated with the exact solutions are perhaps excluded by some other criterion.
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Note added. As we completed this paper, we note the appearance of [67], which has an

overlap with section 2 of our paper.

A Taub-NUT metrics in Gauss-Bonnet gravity

Here we consider (Euclidean) Taub-NUT solutions to Gauss-Bonnet gravity in higher di-
mensions (the Lorentzian solutions studied in the main text are obtained via 7 — it and
n — in). These solutions have been considered elsewhere [61-63, 65], but here we present
the solutions in somewhat simpler form and review them as relevant for the main text.

The metrics we consider are of the form

ds? = f(r) [dr + nAg]® + dr®

= B —_

f(r)

where B is a Kéhler-Einstein base space with line element ds%. The one-form Ag is a
potential for the Ké&hler form J = dAp on B.

The first base we consider is the complex projective spaces CP*, as this is the most

+ (r? — n?)ds% (A.1)

natural extension of the familiar four-dimensional Taub-NUT metric to higher dimensions.
The metric and Kéhler potential for the complex projective spaces can be constructed
recursively according to the following rules:

1
Ak = (2]€ + 2) SiIl2 gk <d¢k + %A(CIPI“_1> y (A2)
ds?pn = (2k +2) | d&j, + sin® 2& (d Ly : L in? ¢,ds A3
sepk = (2k +2) |d€j; 4 sin” & cos™ & ¢k+ﬂ Ccpk-1 +%sm Erdsgpr-1|  (A.3)
where
Acpr = 4sin® &diy (A.4)
dsé}nk =4 [d&% + sin? £; cos? £1d111ﬂ . (A.5)
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Here we are using the octant coordinates for CP* which have ranges 0 < & < /2 and
0 < ; < 27w. The normalization of the curvature used here is that Rg, = ggp for CP*. Of
course, CP! = S2, and thus in the case k = 1 we recover the familiar Taub-NUT metric,
albeit written in terms of slightly non-standard coordinates.

The metric (A.1) solves the field equations of Gauss-Bonnet gravity in arbitrary even
dimensions. The field equation & can be integrated once using the integrating factor
[(n—r)(n+ )
the Wheeler polynomial that determines f(r) for static black holes in Lovelock theory.
Noting that D = 2(k + 1) the equation determining f(r) becomes:

—a(D —2)(D —4) [(D = 3)r? + 3n?] (n® — r2)P/273 f(r)?

(D —2) [(n® = r2) — 2(D — 4)a] (n? — r2)P/22f(r)

[D(n—r)(n+7r)— (D —2)(D —4)a] (n? — r2)P/2
(n—7r)%(n+r)r?

/r? yielding a polynomial equation that determines f(r), analogous to

0=

+

o

where C' is a constant of integration associated with the ADM mass of the solution.

dr +C (A.6)

If we perform the D — 4 limiting procedure advocated for spherically symmetric and
cosmological solutions to this metric we obtain the following equation:

a(Bn®+r2)f(r)?  (n?—r?—2a)f(r) 2n? — o B
Ty + . +r+T+C_0. (A.7)

A simple inspection of this equation reveals that this limiting solution is not consistent
with the Taub-NUT metrics required by the four-dimensional limit of the theory.

There are additional ways in which the Taub-NUT metric can be extended to higher
dimensions — this is through different choices for the base manifold. While the CP* base
is the only one that admits regular Taub-NUT and Taub-bolt solutions in Gauss-Bonnet
gravity, it will be instructive to consider an alternate choice. For that, we now consider
the case where the base is a product of (D/2 — 1) 2-spheres with

D/2-1
A§,2><...><§,2 = Z COSQid¢Z‘, (AS)

i=1
D/2—1
dstoy g = Y dO7 +sin 0;de7 . (A.9)
i=1
The metric is again of the form (A.1), but now the equation determining f(r) is

a(D —2)(D —4) [(D — 3)r2 + 3n2] (n2 — r2)P/2-3 f(r)?

(D —2) [(n? —r?) — 2(D — 4)a] (n® — r2)P/2=2f(r)

(D —2)[(n—r)(n+7) — (D —4)a] (n* — )P/
(n—71)2(n+1r)%r?

0=—

_|_

o

dr + C. (A.10)
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This equation is almost identical to the one arising from the CP* base except for the last

term in the integral. This has important consequences as now the D — 4 limit of the

equation, which would still coincide with the familiar Taub-NUT form of the metric, is
aBn?+r3)f(r)?  (n?—1r?—2a)f(r) n?

—«
=0. A1l
(% — 1) . +r+ . +C=0 ( )

This equation is not the same as that obtained from the D — 4 limit of the CP* equations.
Thus, the D — 4 limit of the Taub-NUT solution in Gauss-Bonnet gravity is not unique.
This is consistent with the results obtained in the main text.

The take home message here is that a naive D — 4 limit of a solution to the field
equations is still sensitive to the properties of the higher-dimensional space in which the
limit was taken. As such, it is not clear that there is much meaning to such a limit in the
absence of an action or field equations that exist in the four-dimensional case.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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