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Abstract. Let S be a connected Dedekind scheme and X an S-scheme pro-
vided with a section x. We prove that the morphism between fundamental
group schemes m(X,z)® — m(Alb x/s50Alby, ) induced by the canonical
morphism from X to its Albanese scheme Alby,g (when the latter exists)
fits in an exact sequence of group schemes 0 — (NS% ¢)" — mi (X, r)?® —
m1(Albx/s,0A1by,5) — 0 where the kernel is a finite and flat S-group scheme.
Furthermore we prove that any finite and commutative quotient pointed torsor
over the generic fiber X, of X can be extended to a finite and commutative
pointed torsor over X.
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1 Introduction

A classical result states that the abelianized étale fundamental group of a com-
plete smooth curve over a separably closed field is isomorphic to the étale fun-
damental group of its Jacobian (cf. [I5], §9). In this paper we will gener-
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alize this result in the language of the fundamental group scheme introduced
by Nori (cf. [I9] and [20]) for schemes over fields then extended by Gasbarri
(cf. [8]) for schemes over Dedekind schemes. In particular in Corollary 3.8
we prove that if f : C — S is a smooth and projective curve with integral
geometric fibers endowed with a S-valued point z € C(S) then the natural
morphism ¢ : 71(C,z)% — m(J,05) from the abelianized fundamental group
scheme of C to the fundamental group scheme of its Jacobian is an isomor-
phism. This is a consequence of a more general statement (cf. Theorem [3.6])
in higher dimension: if we replace C' by a scheme of finite type X and J by
Albx/g, the Albanese scheme of X (provided it exists), then the morphism of
fundamental group schemes 7 (X, 2)% — m; (Albx/s,0A1by, ) induced by the
canonical morphism X — Albx/g fits in an exact sequence of group schemes
0 — (NS%/5)" = mi(X,2)® = m(Albx/s,0Amy,s) — 0 where the kernel is
the Cartier dual of a S-finite and smooth group scheme NS% /s, called torsion
Néron-Severi scheme of X over S; when S is the spectrum of an algebraically
closed field k of characteristic 0 this coincides with a classical statement (cf.
[14], II1, §4, Corollary 4.19 and [26], §5.8) whose main techniques are used here
to solve our problem.

As already discussed in [2] the study of the fundamental group scheme is
tightly related to the problem of extending finite and pointed torsors over the
generic fiber X, of X to torsors over X. Here we concentrate our attention on
commutative torsors. We already know that if X is an abelian scheme every
(necessarily) commutative quotient (i.e. the group scheme acting on it is a
quotient of the fundamental group scheme of X,,) pointed torsor over X,, can be
extended to X (cf. [2], §3.2). Tossici recently proved in [27], Corollary 4.9 that
if S = Spec(R), where R is a d.v.r. of mixed characteristic and X is a normal
scheme, faithfully flat over S with integral fibers then every commutative finite
torsor (pointed or not) Y — X,, with Y’ connected such that the normalization
Y of X in Y’ has integral special fiber can be extended to a commutative finite
torsor over X up to an extension of R. Here we prove (cf. Theorem [B.10) that
for any Dedekind scheme S, under some existence assumptions for Pic% /s and
for Pic’/g, every commutative finite pointed torsor Y’ — X, can be extended
to a commutative finite pointed torsor over X. We do not need to extend the
base scheme S and we do not need other assumptions on Y, but of course we
may have problems while trying to solve existence problems for Picg(/s and
Pick /s- In section we provide some examples where everything behaves
well.

Notation 1.1. Throughout this paper every scheme is supposed to be locally
noetherian. We denote by Sch/S the category of (locally noetherian) schemes
over a base scheme S. If X is a S-scheme, a torsor over X under a finite and
flat S-group scheme G will be a finite, faithfully flat and G-invariant morphism
p:Y — X, locally trivial for the fpqc topology, where Y is a S-scheme endowed
with a right action of G.
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2 Preliminaries

2.1 The Picard scheme

In this section we briefly recall the definitions and properties of the Picard
scheme and related objects that we will need in the next sections. The following
material is mostly taken from Grothendieck’s seminars [10] and [11] and the more
recent Kleiman’s exposition [12] (also available on the arXiv). Throughout this
section X and S will be schemes and f : X — S a separated morphism of finite
type. For any base change T — S we denote for convenience X1 := X xg T
and fr : Xr — T. As usual Pic(X) ~ H'(X,0%) will denote the absolute
Picard group of X, i.e. the group of isomorphism classes of invertible sheaves
of Ox-modules. Now consider the two contravariant functors Picx and Picx,s
from the category Sch/S to the category of abelian groups .A4b given by formulas

Picx(T) := Pic(X7),

Picx;s(T) := Pic(X1)/Pic(T).

They are called, respectively, the absolute Picard functor and the relative Picard
functor. Then denote by PiC(X/S)(zar)a PiC(X/S)(ét)v PiC(X/S)(fppf) the sheaves
in the Zariski, étale and fppf topology associated to Picx,s (or, equivalently,
to Picx). When S is the spectrum of a commutative ring R with unity we will
usually write Picy,r instead of Picx/spec(r)-

Definition 2.1. We will say that Og ~ f.Ox holds universally if for any
S-scheme T the natural morphism Or — fr,Ox, is an isomorphism.

Remark 2.2. When f: X — S is proper and flat with reduced and connected
geometric fibers then Og ~ f.Ox holds universally (cf. [12], Ezxercise 9.3.11).

Theorem 2.3. Assume Og ~ f.Ox holds universally. Assume moreover that
X (S) # 0, then the natural maps

Piexys = Pic(x/s)(zar) = Piccxsyer) = Piccxs)(tops)
are isomorphisms.

Proof. Cf. [12], Theorem 9.2.5. O

Definition 2.4. If any of the functors Picx /s, Pic(x/s)(zar), PiC(x/5)(6t) OT
Picix/s)(tppf) 15 representable, then the representing scheme is called the Picard
scheme and denoted by Picx/g.



Now we recall an existence theorem for the Picard scheme over a general
base S; a sharper result when S is the spectrum of a field has been proven by
Murre and Oort (cf. [I8], I1.15, Theorem 2).

Theorem 2.5. Assume that f : X — S is flat and projective with inte-
gral geometric fibers, then Picx,s ewists, is separated and locally of finite type
over S and represents Pic(x/s)ér) (and Pic(X/S)(fppf)). Assume moreover
that X (S) # 0 then Picy,s represents all the functors Picx/g, Pic(x/s)(zar),
Picx/s)(ery and Pic(x/s)(fpps)-

Proof. By [12], Theorem 9.4.8 the Picard scheme Picy,g exists, is separated
and locally of finite type over S and represents Pic(x /s (and consequently
Pic(x/s)(fppf))- Then use remark 2.2 and theorem 2.3 for the second assertion.

O

Remark 2.6. When Picy g exists then for any base change S' — S the Picard
scheme Picx, s also exists and Picx,, g ~ Picx/g xs S (c¢f. [12], Ew.

9.4.4).

We recall that X is an abelian scheme over S of relative dimension g if
X is a smooth and proper S-group scheme with connected geometric fibers of
dimension g. An abelian scheme is always a commutative group scheme (cf.
[1I7], Ch. 6, §1, Corollary 6.5).

Remark 2.7. When X — S is an abelian projective scheme then Og ~ f.Ox
holds universally and of course X (S) # 0 so theorem holds.

Let X be a scheme over a field k such that Picx/, exists, we denote by

Picg( /1, the connected component of the Picard scheme Picx/;, containing the
unity. It is a geometrically irreducible k-group scheme of finite type (cf. [12],
Lemma 9.5.1). For a general base scheme S we denote by Picg( /s the union,

as a set, of all the Picg(s/k(s); assume the existence of Picy,s and suppose

there exists an open S-group subscheme of Picx/ g, that we denote by Picg(/s,
satisfying the property that for any point s € S

Pick /g Xs k(s) ~ Pick_ /(-

As a set it is just Picg( /85 by definition it has irreducible geometric fibers so if
moreover it is smooth and proper over S it is an abelian scheme. We discuss
the existence of Pick /s in the following theorem:

Theorem 2.8. Assume that Picx, g ewists, is separated over S and represents
Picix;s)(tpps)- For any s € S assume all the Picg(s/k(s) are smooth of the same
dimension. Then Picg(/s exists and is of finite type over S. Furthermore, if S
is reduced, then Picg(/s is smooth over S. Moreover, if S is noetherian then
Picg(/s is closed in Picx,s and projective over S.



Proof. By [12], Proposition 9.5.20 Picg(/s exists and is of finite type over .S and
it is smooth over S when S is reduced. By [12], Ex. 9.5.7 all the Picg(s/k(s)
are projective over k(s) then Picg(/s is closed in Picx/s by [12], Proposition
9.5.20. Again by [12], Ex. 9.5.7 Picg(/s is projective over S. O

Remark 2.9. If char(k(s)) = 0 then Picg(s/k(s) is smooth over k(s) by [16],
Lecture 25, Theorem 1, and if char(k(s)) = 0 for all s € S then all the
Picgfs/k(s) are smooth of the same dimension (cf. [12], Remark 9.5.21) so in
this case we don’t need to add this assumption in the statement of theorem [Z.8

When Picy,g exists let n : Picx,s — Picx/s be the multiplication by n
for every integer n > 0; we define the set

Pick/q = Unnfl(Picg(/S).

If it is open in Picx/g it inherits a structure of scheme. We have the following

Theorem 2.10. Assume S is noetherian, f : X — S is projective and flat
with irreducible geometric fibers. Then PicTX/S is an open and closed group
subscheme of Picy,s, quasi projective and of finite type over S. If moreover f
s smooth then PicTX/S is projective over S.

Proof. By theorem[2.5]Picy /g exists, is separated and locally of finite type over
S. Then use [12], Theorem 9.6.16 and Ex. 9.6.18. O

In particular PicTX/S is flat (resp. smooth) if Picx/g is flat (resp. smooth).

Proposition 2.11. Let f: X — S be a projective abelian scheme. Then X* :=
Picg(/s exists, is a projective abelian scheme over S and Picg(/s = Pic}}/s. It
18 called the dual abelian scheme of X .

Proof. Cf. [17], Corollary 6.8. and [22], 1.5, Property (5.3). O

Definition 2.12. When Picg(/s erists and is a projective abelian scheme we
call it the canonical abelian subscheme of Picx,s. Set Albx;g = (Picg(/s)* =

Pic%icg(/s/s which is a projective abelian scheme over S according to proposition

(211 We call it the Albanese scheme of X — S.

Proposition 2.13. Assume f: X — S has connected fibres, Og ~ f.Ox holds
universally and let © € X(S). Assume Picg(/s exists and is a projective abelian
scheme. Then there exists a canonical morphism

A X — Albx/s

sending the S-valued section x to Oaiby 5. Furthermore forming Albx,s com-
mutes with changing the base.



Proof. The second assertion follows from [I1], Théoreme 3.3 (iii). For the exis-
tence of A we first observe that by theorem Picx/s represents Picx/g thus
Yoneda’s lemma (cf. [28] Proposition 2.3) assure the existence of a unique uni-
versal sheaf P € Pic(X x Picx/g) called the Poincaré sheaf (see [12], Exercice

9.4.3 for more details). Consider £ := (1x xi)*(P) where i : Picg(/s — Picx/s
is the inclusion map, then consider

L := (£ mod Pic(X)) € Pic(X x Picks)/Pic(X) = Picpieg ,_(X)

/S

thus to £ we associate a morphism o : X — PiCPicg{ s Now we eventually make
a translation by considering A := (0 —oozof): X — Picpic&/s observing that
Aoz : S — PiCPiC(;(/S is the zero map thus A sends the S-valued section z to
the identity element of PiCPic(;( e Since X has connected fibers then A factors

through Pich;eo 1o = Albys as required. O
Theorem 2.14. Let f: X — S be a projective abelian scheme. The canonical

morphism A : X — X** defined in proposition [Z.13 is an isomorphism of group
schemes.

Proof. Cf. [22], I11.20, Theorem (20.2) or [12], Remark 9.5.24. O

Remark 2.15. From the morphism A : X — Albx/g defined in [213 one
deduces, taking the pull back, a S-group scheme morphism \* : PiCAlbx/S/S —

Picx/s thus, composing with the inclusion, a morphism 7y : PiCOAle/S/S —

Picx /s which factors through Picg( /s- The resulting morphism

0 0
V-Pchlbx/S/S — Picy g

is the isomorphism of theorem (see also [26] Facts 5.8.9 for an informal
discussion and references). From now on we identify Picg(/s and Pic%lbx/s/s
through the isomorphism .

Now we recall a duality theorem concerning abelian schemes:

Theorem 2.16. Let X and Y be projective abelian schemes over S. Let ¢ :
X =Y be an isogeny and let

0 N X 2>y 0

the corresponding exact sequence where N := ker(yp) is a S-finite and flat group
scheme. Then there exists an exact sequence

*

0 NY Y ——X* 0
where NV is the Cartier dual of N.
Proof. Cf. [22], II1.19, Theorem (19.1). O



In next theorem we analyze the case of curves:

Theorem 2.17. Let f: X — S be a smooth and projective curve with integral
geometric fibers. Then Jx;s = Picg(/s = Pic}—(/s 1s a projective abelian scheme
and there is a canonical isomorphism

Proof. This follows from [I7], Ch. 6, Proposition 6.9. O

Definition 2.18. The scheme Jx ;s as in theorem [2.17 is called the Jacobian
(scheme) of the curve X.

Remark 2.19. Under the same assumptions of theorem [2.17 it is clear that
Jx;s =~ Albx/s. If moreover the genus g = 1 then Jx;s ~ X canonically by

theorem [2.14}

2.2 The torsion Néron-Severi scheme

Even if in some relevant cases Pic /g = Pick /s (e.g. relative curves, cf. the-
orem 2.T7 and abelian schemes, cf. proposition 2.TT]), it is not always the case.
In general, by definition, Pic’ /s contains Picg( /s- Throughout this section we
keep the following

Notation 2.20. We assume the existence of Picy,g instead of specifying hy-
pothesis on the morphism f: X — S implying it exists and we also assume the
existence of both Picg(/s and PicTX/S as open and closed subgroup schemes of

Picx/s. Moreover, we assume Picg(/s is a projective abelian scheme over S
and Pic}/s is projective and flat over S.

We fix some further conventions: if G is any S-group scheme and H a closed
subgroup scheme of G we denote by G/ H¢pqc) the sheaf associated, with respect
to the fpqc topology, to the functor

T— G(T)/H(T)
from the category of schemes over S to the category of sets. Now we recall a
particular case of [7], Théoreme 7.1:

Theorem 2.21. Let G be a S-group scheme of finite type and let H be a closed
subgroup scheme of G. If H is proper and flat over S and if G is quasi projective
over S then G /H fpqc) is representable.

Now, Picg(/s is an open and closed subgroup scheme of PicTX/S then we
consider the quotient sheaf

NS% 5= Pic}/S/Picg(/s(quc).

Proposition 2.22. The sheaf NS}/S s represented by a separated and flat
S-group scheme of finite type and forming it commutes with changing the base;
furthermore the projection p : Pic g — NS g is faithfully flat.



Proof. Tt exists by theorem 221 then it is a S-group scheme, separated, flat
and commutes with base changing according to [4], Proposition 9.2, respectively
(iv), (x), (xi) and (v). O

Definition 2.23. We denote by NS}/S the S-scheme representing NS}/S and
we call it the torsion Néron-Severi scheme.

Proposition 2.24. The torsion Néron-Severi scheme NSY% g is finite and
smooth over S.

Proof. Tt is proper according to [I3], Proposition 3.3.16 (f), since it is separated
and of finite type over S, p : Pick,g — NSY% g is surjective and Pick g is
proper over S. For any s € S then NSE(MS)/,C(S) is the étale finite (then quasi
finite) k(s)-group scheme of connected components g (Pic}k(s)/k(s)) (ct. [6], II,
85, n° 1). Thus NSTX/S, being flat over S, is smooth. Since it is proper and
quasi finite then it is moreover finite by [I4], ch. 1, §1, Corollary 1.10. O

Now consider the following diagram where horizontal arrows are exact se-
quences, n > 0 is any integer, the first vertical line is an isogeny since Picg( /s 1s
an abelian scheme and everywhere we denote by ,,G the kernel ker(n : G — G)
for any commutative group scheme G:

0 0 0

nPick/s nPick) s nNS%/s

0 — Pic% g — Pick/ s —= NSk s ——=0

n n n

0 — Pic%,g — Picy/ s —= NS s ——=0

0

by the snake lemma (applied if we place ourselves in the abelian category of fpqc
sheaves) we obtain the following exact sequence of finite commutative S-group
schemes:

0 — nPick s — nPick)s —= nNSY /s ——=0 (1)

Indeed nPicg( g is faithfully flat over S, thus the projection nPic’)}/S —
NS/ is faithfully flat ([4], Proposition 9.2, (xi)), so the sequence is an exact
sequence of group schemes ([22], ITI, Property 17.1). Moreover nPicTX/S is finite

since nPicg(/S and ,NS% ¢ are finite, cf. [4], Proposition 9.2, (viii)



Remark 2.25. Since NSTX/S is finite, let N be its order, then for any positive
integer m we have n.,NS%, g = NS g since (N -m)- Insy , is the zero map
thus we have an ezxact sequence of finite and flat S-group schemes

0 — n.mPick s — n.mPicks —=NSY /g ——0. (2)

Now, dualizing the isogeny of previous diagram we obtain, by theorem 2.16]
the following exact sequence

0 — (nPick/s)" —= Albx/s —> Alby)s —=0 (3)

whence

nAlbyx /s ~ (,Pick g)". (4)

3 The abelian fundamental group scheme

In [19], Nori defines the fundamental group scheme 71 (X, x) of a reduced, con-
nected and proper scheme X over a perfect field k provided with a rational
point z € X (k) as the group scheme associated to the neutral tannakian cat-
egory (EF(X),®,2*,Ox) of essentially finite vector bundles. As pointed out
in [3], §1, the same construction holds over any base field k with the additional
assumption H°(X,Ox) = k. Nori in particular has shown that the category
of torsors over X, under the action of finite group schemes, pointed above x is
filtered, and that the fundamental group scheme 71 (X, z) is the projective limit
of the group schemes occurring in these torsors. This led Nori to generalize
the notion of fundamental group scheme: a k-scheme X pointed at x € X (k)
has a fundamental group scheme based at x if there exists a universal torsor
pointed above x that dominates every torsor pointed above x under the action
of a finite group scheme (cf. [20], Chapter II, Definition 1). Then Nori proves
that this is equivalent as saying that the category of torsors under finite group
schemes over X pointed above z is filtered (cf. [20], Chapter II, Poposition 1).
This point of view has been generalized by Gasbarri who constructs in [§] the
fundamental group scheme 7 (X, z) of an integral scheme X over a connected
Dedekind scheme S provided with a S-valued point z € X (S) as the projective
limit of the finite and flat group schemes occurring in torsors over X pointed
above z.

If instead of considering all torsors we only consider commutative torsors (i.e.
torsors under the action of a finite, flat and commutative group scheme) then the
projective limit of the group schemes occurring in them is called the abelianized
(or simply abelian) fundamental group scheme and denoted by 7¢°(X, z). There
is a canonical morphism

m(X,z) = w‘llb(X,:c),

which is not, in general, an isomorphism. However by a result of Nori it can
sometimes be an isomorphism:



Proposition 3.1. Let S be a connected Dedekind scheme, X — S an abelian
scheme and Ox € X(S) the identity element. Then its fundamental group
scheme 71(X,0x) is isomorphic to @neN(nX) and then commutative.

Proof. When S is the spectrum of a field the result has been proved in [21]
by Nori. The same is true when S is a Dedekind scheme and X an abelian
S-scheme (cf. [2], §2.2). O

In the next section we will study the S-group scheme 7¢°(X,z) for a quite
general scheme X over a Dedekind scheme.

3.1 Commutative finite torsors

Let S be a connected Dedekind scheme, X an integral scheme, f : X — S
a faithfully flat morphism of finite type provided with a section x : S — X
and such that Og ~ f.(Ox) holds universally. Under these assumptions the
fundamental group scheme 71 (X, z) is always defined. In section [ZT] we have
discussed some existence theorems for Picy,s, Pick g and Pic%k /s However
throughout this section we simply assume they exist and they satisfy all the
conditions of notation2.20l If G is a finite, flat and commutative S-group scheme
we consider H'(X,G) := H}pqc(X, G) the group of isomorphism classes of G-
torsors over X. Let H} (X, G) denote the subgroup of H!(X, G) of isomorphism
classes of G-torsors Y over X provided with a S-valued point y € Y, (5). We
prove the following proposition, implicitly suggested in [9], XI (last page):

Proposition 3.2. Let G be a finite, flat and commutative S-group scheme.
Then there exists a group isomorphism between HL(X,G) and
Homs(GY,Pick/g).

Proposition actually holds over any base scheme S. In order to prove it we
first need a lemma:

Lemma 3.3. Let G be a finite, flat and commutative S-group scheme. Then the
natural inclusiorl] HY{X,G)— HYX,G)/H(S,G) is a group isomorphism.

Proof. We recall the multiplication law in H'(X, G) (more details can be found
in [6], IT1, §4, n° 3 and 4): let Y, T € H'(X, G) then the (commutative) product
Y - T of the two torsors is defined as the contracted product Y x§ T. Note that
H'(S,G) can be seen as the group of G-torsors over X which are pull back of
G-torsors over S. Now set T := Y, x g X, then clearly T € H'(S, G). We follow
[25], 2.2, page 22, (replacing Spec(k) by S): the contracted product commutes
with base change (cf. [6], III, §4, n° 3, 3.1) then (Y x§ 1), ~ Y, x§ Y,. From
the diagonal embedding Y, — Y, X g Y, one deduces the closed immersion

S=Y,/G = (Yo xsYs)/G =Y, xSV, = (Y -T),.

In conclusion we have found a torsor ' € H(S,G) such that Y -T € H (X, G)
and this is enough to conclude. O

INote that H((S,G) = {0}.

10



Proof of Proposition. (see also [I], 5.12 for a similar construction) Let
q:Y — X be a G-torsor and let T be any S-scheme, we want to associate it a
morphism from GV (T') to Pick,g(T). We use the Cartier-Shatz formula

GY(T) ~ Homr(Gr,Gpmr)

(see for example [22], II1.16, Theorem 16.1 but also [29] §2.4) where G,,p is
the multiplicative group scheme over T. So let ¢ € GY(T) and let v, €
Homy(Gr,Gpmy) be the corresponding morphism. Simply by base change
gr : Yr — Xr is a Gp-torsor and if we consider the contracted product

Y9 =Yy X7 Gy

through the morphism 7, we have then found a G,,p-torsor over X, thus an
element of H' (X7, G,,p) ~ Pic(X7) (cf. [14], III, Proposition 4.9). Thus to g
we have associated an invertible sheaf 79 € Pic(Xr); we denote by F9 its image
in Pic(Xr)/Pic(T) ~ Picx/g(T) (cf. theorem 2.3)). Then we have constructed
a morphism

H'(X,G) — Homs(G",Picx/s)

which passes to quotient
w: HY(X,G)/H*(S,G) = Homs(G", Picx/s);

it is an isomorphism according to [I4], III, Proposition 4.16. Moreover since
GV is finite of order m := |G|, thus m : G¥ — GV is the zero map so
Homs(GY,Picx/s) ~ Homs(G",Pickg) and w then factors through

Homs(GY,Pick s).
Using lemma B3] we finally obtain the isomorphism
@: Hy(X,G) ~ Homs (G, Pick ).
O

The previous proposition and what follows generalize what Nori did for
abelian varieties in [2I]. Here we give some details that in [21I] are left to
the reader. So observe, following the proof of previous proposition, that a
morphism ¢ : GY — Pick g can still be factored through ,,Pick, g where
m = |G|, then through y.,Pick g, where N = |[NS% ¢, via the inclusion
mPic}/S — N.mPic}/S, so in particular we have an isomorphism

Hy(X,G) ~ Homg(G, n.mPick/s)
and consequently

Hy(X,G) ~ Homs((n.mPick/s)", G).

11



Let us give an interpretation to this last isomorphism. First of all we recall that
HUX,G) ~ Homg(m (X, x),G) ~ Homg(m(X,2)%, G) since G is commuta-

tive, then we have
(%) Homg(m(X,2)", G) ~ Homs((n.mPick,s)", G)
thus in particular
Homg(m (X, )%, (N.mPicTX/S)V) ~ Homs((N.mPic}'(/S)V, (N.mPic}—(/S)V).

Let p7, : m (X, )% — (v-mPick,g)" be the morphism associated to id(y ., Picy, o)

thus we have a morphism
o m(X,2)" = limmen(n.nPick)s)",

then using (*) we have the following

Proposition 3.4. Notation being as at the beginning of this section, the mor-
phism
o :m(X,2)" = limmen(n-mPick/s)"

is an isomorphism.

When X is a projective abelian scheme over S we recover (cf. Proposition

BI) that

m (X, 2)% ~ limmen(mX)

as N =1 and (,,Pick,q)" =~ (mPicg(/S)V ~ X, which gives in fact the whole
fundamental group scheme.

Lemma 3.5. The natural morphism o : m (X, z)* — m (Albx/s,0Alby ,s)
is faithfully flat.

Proof. All the morphisms (n.,Pick,g)" — (v.mPick,g)" are faithfully flat
for all positive (comparable) integers n, m since the dual morphisms are closed
immersions then the morphism p7, : 71 (X, )% — (v-mPick,g)" is faithfully
flat too. Similarly the canonical map pf), : 71 (Albx/s, 0Alby,s) — (mPicg(/S)V
is faithfully flat for every positive m € N. Now ¢ is faithfully flat if and only if
for every m the morhism p2, o ¢ is faithfully flat. But pC, o0 p® factors into p7,
(which is faithfully flat) and (v..Pick/s)" — (mPic% /s)” which is faithfully
flat too since the dual is a closed immersion (see the exact sequence ([@)). O

Theorem 3.6. We have the following exact sequence of commutative group
schemes

ab
0 — (NSY%/g)" —— m (X, z)® —em (Albx/s,0A1by,5) — 0.
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Proof. According to lemmal3.5we only need to prove that ker(¢®) ~ (NS%/s)";
so we dualize the exact sequence (2) thus obtaining another exact sequence of
finite and flat commutative S-group schemes:

0 — (NS% /)" — (v-mPick/s)’ — (v.mPick/g)" —0

thus passing to the inverse limit we obtain

ab
0 —— (NS%/5)" —— 7y (X, 2) — m1(Alby/s, 0Aby ) —0

O

In next corollary we discuss the situation where every finite commutative
pointed G-torsor over X comes from its Albanese scheme (i.e. it is the pull back
of finite commutative pointed G-torsor over Albx/g).

Corollary 3.7. When moreover Pic}/s = Picg(/s, then
7T1(X, :E)ab ~ Wl(AIbX/S,OAle/S)-

Proof. Indeed in this case NS% ¢ = S, the trivial group scheme. |

3.2 Effective examples

Let S be a Dedekind scheme, X an integral scheme, f : X — S a faithfully
flat morphism of finite type provided with a section x : S — X and such
that Og ~ f.(Ox) holds universally. In section Bl we have needed to assume
the existence of Picx/g, Picg(/s and Pick g satisfying certain conditions (cf.
notation [Z20) in order to prove in a more general possible setting our results.
In this section we will not assume their existence anymore and we will describe
some cases where they certainly exist and they are nice enough so that theorem
can be successfully applied.

1. Curves

The following corollary generalizes a classical result stating that the abelianized
étale fundamental group of a curve over a separably closed field is isomorphic
to the étale fundamental group of its Jacobian (cf. [15], §9). This is almost a
restatement of theorem in the case of curves:

Corollary 3.8. Let S be a Dedekind scheme and f : C — S a smooth and
projective curve with integral geometric fibers. Assume moreover the existence
of a S-valued point x € C(S). Let J := Jco;g be the Jacobian of C andi: C — J
the canonical morphism sending x to 0y € J(S). Then the natural morphism
@ :m(C,2)*® — 71(J,05) of S-group schemes is an isomorphism.

Proof. This is a consequence of theorem 217 and corollary B.71 O
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2. Characteristic zero

When S is a Dedekind scheme of characteristic zero, then it is sufficient to take
J X — S projective and smooth. Then the existence of Picy,g is assured
for example if f has integral geometric fibers. In this case for every s € S all
the Picg(k(s)/k(s) are smooth of the same dimension (cf. remark 29) then use
theorems 2.8 and to conclude. When S is connected Pic, g is smooth
since Picy,g is (cf. [12], Remark 9.5.21).

8. Schemes over a complete d.v.r. of mized characteristic

Let S := Spec(R) where R is a complete d.v.r. of mixed characteristic (0, p)
with field of fractions K and algebraically closed residue field k. Let ¢ be an
uniformizing parameter of R, v the valuation normalized by v(t) = 1 and e :=
v(p) the absolute ramification index. Let X — S be a smooth and proper
scheme and let X, and X, be respectively the generic and special fibers; then
Picx /g exists (it is an algebraic space according to [5], §8.3, Theorem 1, thus
a group scheme according to [24], Théoreéme 3.3.1) and represents the relative
Picard functor Picx/s. As char(K) = 0 we have already seen that Picg(n/K

is smooth; assume for a moment that Picg(s /i 1s smooth too then we still have

to verify that dim(Picg(n/K) = dim(Picg(S/k). This will be ensured by the
following theorem due to Raynaud:

Theorem 3.9. Assume e < p — 1, then Picg(/R exists as a projective abelian
scheme over R. Moreover PicTX/R is a R-flat group scheme of finite type.

Proof. Cf. [23], Théoréme 1. Then use Theorem [2.§ for the projectivity of
Picg(/R over R. |

If we don’t want to assume Picg(s /i to be smooth we can give sufficient
and necessary conditions on X implying the smoothness of Picx,_/; (then of
Picgfs/k, cf. [6], 11,85, n°® 2, 2.1). Indeed according to [I6], Lecture 27 (see also
[12], Remark 9.5.15) Picx, /5, is smooth if and only if all the Serre’s Bockstein
operations 3; vanish, where

b1 Hl(XS,OXS) — HQ(XS,OXS), Bi : ker(Bi—1) — coker(B;i—1) for i > 2

These operations always vanish, for instance, when H?(X,, Ox,) = {0}.
4. Schemes over a field.

Let S be the spectrum of a field k: Picy,g always exist when f : X — S is
proper (cf. cf. [I8], 11.15, Theorem 2). The identity component Picg(/s is a
closed and open group subscheme of finite type of Picy,g and it is geometrically
irreducible (cf. [12], Proposition 9.5.3) and it is projective at least when f is
projective and smooth (cf. [12], Exercise 9.5.7). The smoothness of Picg(/s is
clear in the zero characteristic case which has already been treated in point 2.
When char(k) > 0 one can add the Serre’s Bockstein conditions (see point 3)
to ensure the smoothness of Picy/s. As for Pic g, by [12], Proposition 9.6.12
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it is an open closed group subscheme of finite type of Picx s when f: X — S
is projective and it is smooth (then flat) when the Serre’s Bockstein conditions
imply the smoothness of Picx/s.

3.3 Extension of commutative finite torsors

Let S be a connected Dedekind scheme of generic point n = Spec(K). Let
X be an integral scheme and f : X — S a faithfully flat morphism of finite
type provided with a section z € X(S) and such that f.(Ox) ~ Og holds
universally. Assume moreover that Picy/g, Pic% /s and Pick /s exist and that
satisfy all the conditions of notation 2201 (in section B2l we have discussed some
examples where this always happens). For any point s € S consider the fiber
fs : Xs — Spec(k(s)) which is naturally provided with a section =, € X (k(s)).
According to proposition [3.4] we have the isomorphism

T (X, CC)ab ~ éi_TanN(N-mPiCTX/S)Vv

then clearly, since Pic’k /s commutes with base change, this implies, whenever
X, has a fundamental group scheme, the isomorphism

(1 (X, 2)%), ~ Limn men(N-mPick, jns) " = m1(Xs, z5)%.
From now on we only consider the case s = 7. Let G be a finite and commutative
K-group scheme. For a quotient pointed G-torsor ¢ : ¥ — X, we mean a
pointed torsor whose associated morphism (X, z,) — G is faithfully flat.
Using standard techniques (cf. for instance [2], lemma 2.7) we are able to prove
the following

Theorem 3.10. Let G be a finite and commutative K-group scheme. Then
every quotient pointed G-torsor q : Y — X, can be extended to a pointed G'-
torsor Z — X for some (necessarily commutative) model G' of G finite and flat
over S.

Proof. The morphism (X, z,,) — G factors through (n.mPick, /)", where
m = |G|. So let denote by u : (v.mPick /.,))" — G the canonical faithfully
flat morphism coming from previous factorisation and set D := ker(u); then
construct the scheme theoretic closure D of D in (n.,Pick / s)Y and consider
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the quotient G’ := (N.mPic}/S)v/ﬁ, then we have the following diagram:

>
S

n S,

and composing (n.mPick,g)" — G" with m(X,z) — (nv.mPick,g)" we con-
clude. O
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