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Algebraic classification of the gravitational field in Weyl-Cartan space-times
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We present a complete algebraic classification for the curvature tensor in Weyl-Cartan geometry,
by applying methods of eigenvalues and principal null directions on its irreducible decomposition
under the group of global Lorentz transformations, thus providing a full invariant characterisation
of all the possible algebraic types of the torsion and nonmetricity field strength tensors in Weyl-
Cartan space-times. As an application, we show that in the framework of Metric-Affine Gravity the
field strength tensors of a dynamical torsion field cannot be doubly aligned with the principal null
directions of the Riemannian Weyl tensor in scalar-flat, slowly rotating, stationary and axisymmetric
space-times.

I. Introduction

Certainly, General Relativity (GR) stands out as one of the most fundamental and accurate theories in Physics,
describing gravitational interaction as a geometrical property of the space-time. This success lies on a large number
of theoretical and phenomenological foundations, which meet together in the celebrated Einstein’s field equations [1].
The significance of these equations is remarkable, since gravitational phenomena turns out to be governed by a
fundamental correspondence between the space-time geometry and the energy-momentum current of matter, both
described by tensor quantities on a Riemannian (Lorentzian) manifold. This fact highlights the importance of the
search and the analysis of solutions of the field equations, in order to shed light on the physical implications of the
theory and to test it experimentally [2, 3].

Nevertheless, the nonlinear behaviour of the field equations represents a significant obstacle for their resolution and
for the accurate understanding of their solutions. In this sense, the role of algebraic classification has shown to be
crucial to simplify the complexity of the equations and to unravel important properties of their solutions, for a large
number of especially symmetric configurations (e.g. see [4] for the derivation of the Goldberg-Sachs theorem, which
set the stage for the finding of the Kerr solution of GR [5]).

From a mathematical point of view, an algebraic classification of a tensor quantity can be obtained by analysing
its algebraic properties and its structure as linear maps on a certain vector space by means of an eigenvalue problem,
whose resolution provides a set of geometric multiplicities and the different types that compose the classification
itself [6]. In this regard, the most relevant classifications in four-dimensional Riemannian manifolds with Lorentzian
signature are the Petrov classification of the Weyl tensor and the Segre classification of the Ricci tensor [7, 8] (see [9—
11] for further generalisations in higher dimensions). Indeed, they provide a full invariant characterisation of the
gravitational field described in Riemannian geometry, in virtue of the Ricci decomposition of the Riemann curvature
tensor [12]. For the particular case of GR, the Einstein’s field equations further imply that the energy-momentum
tensor of matter must present the same class of algebraic classification as the Ricci tensor, which additionally simplifies
the final form of the algebraic classification in Riemannian geometry under reasonable energy conditions [13].

Accordingly, the set-up of algebraic classification in GR and other theories of gravity based on Riemannian geometry
is clear, but the presence of different degrees of freedom in the geometry requires an extension of these results. In
particular, the application of the gauge principles in the framework of post-Riemannian geometry displays the torsion
and nonmetricity tensors as new features of the gravitational field, which leads to the formulation of Metric-Affine
Gauge theory of gravity (MAG), as an extension of GR [14]. An action principle can then be defined from the
generalised field strength tensors of this framework to introduce the dynamics of the torsion and nonmetricity fields,
which provides a rich and diverse range of gravitational phenomena [15-55].

Following these lines, in this work we address this problem and present the algebraic classification for the different
field strength tensors of the gravitational field in the framework of Weyl-Cartan geometry, which is characterised by
the presence of curvature, torsion and nonmetricity, the latter being determined by the so-called Weyl vector. For this
task, in Sec. II we give a brief introduction of metric-affine geometry, specifying the main geometrical quantities and
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conventions, as well as the irreducible decomposition of the curvature tensor, which shall provide the building blocks
for the classification. In Sec. III we focus on Weyl-Cartan space-times and present the algebraic classification for all
the irreducible parts of the curvature tensor, which contain the field strength tensors of the torsion and nonmetricity
fields. Then, in Sec. IV we apply these results to the search of exact black hole solutions in axial symmetry, pointing
out the absence of nontrivial solutions in the torsion sector with field strength tensors that are doubly aligned to the
principal null directions of the Riemannian Weyl tensor in scalar-flat stationary and axisymmetric space-times, under
the slow-rotation approximation. We end with summarising conclusions in section Sec. V.

We work in natural units ¢ = G = 1, and we consider the metric signature (+,—, —, —). On the other hand, we
use a tilde accent to denote quantities defined from the general affine connection, in contrast to their unaccented
counterparts constructed only from the Levi-Civita connection. For classification purposes, we denote with a diagonal
arrow the traceless and pseudotraceless pieces of tensors (e.g. ,R"\[pw]), in order to distinguish these pieces from
their counterparts containing trace and pseudotrace parts. Uppercase and lowercase Latin indices run from 0 to
3, referring to spinor and anholonomic indices, respectively. The same applies for Greek indices, which refer to
coordinate bases. As for the computational methods applied, we include as a supplemental material a code based on
Wolfram Mathematica using the tensor algebra suite of packages zAct [56], which can be used to obtain and verify the
form of all the irreducible parts of the curvature tensor from the building blocks of the decomposition, as well as the
relation of these building blocks with the torsion and nonmetricity tensors described in MAG [57].

II. Introduction of metric-affine geometry

In this section, we will provide a basic introduction to metric-affine geometry and provide a full characterisation of
the independent components of the curvature tensor when torsion and nonmetricity are nonvanishing.

A. Main geometrical quantities and conventions

Metric-affine geometry deals with the study of differential geometry on affinely connected metric manifolds, which
are characterised by a metric tensor and an independent affine connection. Specifically, an independent affine con-
nection displays the torsion and nonmetricity tensors

TA pr = 2f‘)\ [uv] » Q)\ul/ = @)\guua (1)

as the antisymmetric part of the affine connection and the covariant derivative of the metric tensor, respectively.
These quantities are encoded into the affine connection in terms of the so-called distortion tensor

1 1
N)\,uv = 5 (T)\,LW*T;L)\V*TV)\;L) +§ (Q/\,uqu,u/\quV)\,u) ’ (2)
which gives rise to a generalised curvature tensor that can be expressed as the sum of the Riemann tensor and

additional post-Riemannian corrections
PA A A A A A
R oy =R p + VuN” 5, = V,N? )y + N N py — N* G, N7 0. (3)

Thereby, in metric-affine geometry it is important to distinguish between the metric (Riemann) curvature tensor
and the one defined on an affinely connected metric space-time, since they do not generally coincide in the presence
of torsion and nonmetricity. Indeed, the latter also fulfils its own Bianchi identities

DA v A o A
B ) = VT o) 17 (0p T7 o (4)
v DA w DA
Vil B plw) = T (o B poojy] » (5)
- - 1
R(Ap) pr = V[UQ;L] AP + 5 T ;UJQG AP . (6)

In addition, there are three independent traces constructed from the contraction of two indices of the curvature
tensor, namely the Ricci and co-Ricci tensors

R/w =R’ paws Ry = Ru A 2% (7)
as well as the so-called homothetic curvature tensor

R\ = 0°ARY 0 . (8)



It is worthwhile to note that the trace of the Ricci and co-Ricci tensors provides a unique independent scalar
curvature

R = guué,uv ) (9)
whereas the contraction of the curvature tensor with the Levi-Civita tensor gives rise to the Holst pseudoscalar
«R = MM Ry, (10)

A gauge approach to gravity can then be consistently formulated by the introduction of a principal bundle with its
proper local metric structure, tetrad field and connection [14]:

Guv = eauebugaba (11)
wabu = e“,\eb”f"\pu—i—e“,\aueb’\, (12)

which provides a solid mathematical framework to analyse the space-time curvature, torsion and nonmetricity. In this
regard, the choice of basis vectors to evaluate the main properties and the physical implications of these quantities is
a matter of convenience. In particular, a null basis composed by two real null vectors k* and I*, as well as by two
complex conjugate null vectors m* and m*, fulfilling the pseudo-orthogonality and normalisation conditions

kil = —mbim, =1, (13)
ktm, = k'm, = 1"m, = m, =0, (14)
ktk, = ", =m"m, =m'm, =0, (15)

has shown to be especially convenient for the study of the inherent symmetries and the congruences of null curves of
the space-time [13].

Following these lines, a gravitational action can be defined from the gauge principles, in such a way that higher-order
curvature corrections are required in the Lagrangian to endow the torsion and nonmetricity fields with dynamics [58].
In particular, the most general parity conserving quadratic Lagrangian includes 3 + 4 irreducible parts from torsion
and nonmetricity, as well as 11 ones from curvature, which provide the dynamics and act as field strength tensors of
the gravitational field in MAG.

B. Irreducible decomposition of the curvature tensor

As mentioned in the previous section, the curvature tensor encodes the field strength tensors of the gravitational
field in the framework of MAG. Therefore, in order to perform an algebraic classification of the respective field
strength tensors, it is essential to decompose first the curvature tensor of an affinely connected metric space-time into
its irreducible pieces under the group of global Lorentz transformations [59]. In general, there exist 11 irreducible
pieces arising from this algebraic procedure, which can be grouped into the antisymmetric and symmetric components
of the curvature tensor

R/\p,uu = W/\p,uu + Z)\p;w ) (16)
with
W)\PI“’ = R[z\p]w ) ka/w = R(AP)W : (17)

Prior to the introduction of the irreducible decomposition of each component, it is worthwhile to define the following
quantities, which shall be part of the building blocks of the respective irreducible pieces:

1 5 Q)

Ry = By = 7908 Ry = Bw) = By » (18)
5T) & L=y AQ) _ 7 ~5(T)
R[,uv] - R[F“’] - ER Apv s R[,ul/] - R[P“’] - R[,uv] ’ (19)
) = 1 5(T) 5(T) 5(T) L =
Rojpu) = Bafou) + 3 (g,\pR[W] + QAuR[Vp] + g/\uRW]) + Byl *R expp (20)

5 I =, 1 A(Q) A(Q) A(Q) A(Q) A(Q)
Ropuw = Bopyuw — ZQAPR ou + 6 (QAuR[,w} T 9ouBx) — I B — 9o By — g,\pR[W]) +



1 ~(Q) 5(Q) ~(Q) ~(Q)
+t3 (g)\HIR‘(pl/) + 9ou Ry = 9w Ry — ngR(AM)) ; (21)
~(Q) - - -
RA[/)W] = R(Ap)/w + R()\H)VP + R()\V)PM ‘ (22)

We distinguish with a superscript T or @ those quantities, defined from the curvature tensor and its contractions,
that acquire nontrivial values due to torsion or nonmetricity, respectively (see the complete list of values of the building
blocks of the curvature decomposition in Appendix A).

1. Antisymmetric part

In general, the antisymmetric component of the curvature tensor can be decomposed into six irreducible pieces

6
W/\p,uu = Z @ W/\p,uu ) (23)
=1
namely
6
(1)WApuu = Wkpuu - Z © W)\puu ; (24)
1=2
. 3 (1) - (T) - (T) - (T) 1/ - (Q)
2 _
OWapuw = 5 (»R‘Aww + B aon) = Ko — R‘u[w) +3 (»RL[AM - vam) ; (25)
~ 1 ~
(3)W/\p,uu = - ﬂ *R Exppv (26)
. 1 . (@) . (@) . (@) . (@)
4 _
OWapw = 5 [gw (QRow) + R(pw) + G (Q»Rbm + Rw)) ~ 9w (QR(W) + R(pm) ~ Gou (QRM + R(Av)) } ;
(27)
~ 1 ~ ~ ~ ~ ~ ~ ~ ~
) 1 ), p@ ™ p@) ), @) (), @)
Wi = 4[% (QR[M + R[pv]) + Yo (2R[M] + Rw]) gAV(QR[m + R[pm) Gon (QR[M] + R[Au])
+ RUU)\[;LgV]p - Raa’p[ugv]/\} ) (28)
~ 1 -~
(6)W/\p,ul/ = gRg)\[ugu]pa (29)

As is shown, the presence of torsion and nonmetricity induces post-Riemannian corrections in the three irreducible
pieces (1)WQBW, (4)Wa5W and (G)Waﬂ,“,, which in fact include the Weyl, traceless Ricci and scalar parts of the

curvature tensor of Riemannian geometry. Indeed, the tensor mVVAp;w presents the same algebraic properties as the
Riemannian Weyl tensor:

(1)V~V/\p,uu = (1)V~VpA,uu = - (1)V~V/\pu,u ) (30)
OWa o) = DWW 00 =0, (31)
and can be equivalently expressed as follows:

1

. 1 . . . . . . . .
OWapww = 5 (Ringuw + Rwino) + 7900 (Bow) + Boay) = gux (Bewy + Bipw)) + gun (B + R
) ) 1. 1 -
= up(Roy + Row) | + gRgA[ugv]p + 2 *R exppw - (32)

Clearly, when torsion and nonmetricity are vanishing, the tensor (1)W>\pw reduces to the Riemannian Weyl tensor.
In addition, three purely post-Riemannian pieces P Wos,,, O Was,, and VW,p,, arise, thus settling the irre-
ducible decomposition of the antisymmetric component of the curvature tensor.



2. Symmetric part

The symmetric component of the curvature tensor only takes nontrivial values in the presence of nonmetricity and
can be decomposed into five irreducible pieces:

5
Z)\p;w = Z @ Z)\p;w ) (33)
i=1
where
(1)Z)\p;w = Z/\p,uu - Z (Z)Z/\p,uu ) (34)
i=2
5 1/ 4@ =(Q)
@ Zapr = Z(R/\[P#V] + Rpww) ) (35)
> L A(Q A(Q A(Q A(Q A(Q
O Znar = G (o3BG + 900 B — R0} — 00 R + 920 R ) (36)
- 1 -
@) Z)\pul/ = ngpRaauV ’ (37)
5 1 (@) (@) ~(Q) ~(Q)
(S)ZAp;w = 3 (g/\uR(pM) + gPVR()\p) - g)\uR(pu) - gpuR(/\u)) . (38)
The first piece (M Z apuv fulfils the algebraic properties
(1)Z~k[pp1/] = 07 (1)ZAA,LLU = 07 (1)ZA;LAU = 07 (39)

and can also be written as

- 1/ . - N - - 1 - . .
W Znppur = 1 (QRWW + Rowyup = Bovwywe + Biowaw — R(/w)/\u) 9no (R oy + Ry — Ry

12
1 - _ A ~ A 1 - ~ A ~ A
— 519w (R apy + Bipu) = Ripu) + 3(R(pw) — R(pu>)) + 519w (R apu T Ripu) = Bippy + 3(R(pp) — R(pm))
1 - N A . . 1 - . A . A
~ 549 (R ox T Ry = By + 3(Row) — R(Aw)) + 590 (R onn + Bpvgg — B + 3(Ro — R(Am)) :
(40)

Likewise, the second piece (Q)ZAP#U satisfies
O Zoomyy =0, P2 =0, BZ*,, =0. (41)

Since the symmetric component of the curvature tensor is nonvanishing only in the presence of nonmetricity, it
is worthwhile to take into account that the nonmetricity tensor can also be separated as the sum of two trace and
traceless parts

1
Q)\;w = Zg,qu)\p P+ Q{)\;w ) (42)

the former being related to the Weyl vector

1

WH = Z Q;,u/ v . (43)

Then, it turns out that the homothetic part of the curvature tensor is fully determined by the Weyl vector
R)\ Apy = 4V[VW,LL] ’ (44)
whereas the rest of quantities in the irreducible decomposition of the symmetric component of the curvature tensor

are nonzero only in the presence of a traceless part of the nonmetricity tensor. In particular, Weyl-Cartan space-times
are characterised by a nontrivial piece (¥ Z Apuv, being the rest of irreducible pieces of this component equal to zero.



Building block|Number of independent components
W Z ppuv 30
(1)W)\p,ul/
~(T)

i
P lpuv]
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o

=
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TABLE I: Number of independent components of the building blocks.

3. The building blocks of the irreducible decomposition

As shown in the previous subsections, the curvature tensor can be decomposed into 11 irreducible pieces, which
provide the dynamics of the gravitational field in MAG. Accordingly, the algebraic classification in metric-affine
geometry requires an analysis on the algebraic properties of each irreducible piece. For this task, it is essential to
identify the building blocks that provide the decomposition and their number of independent components.

According to our definitions (18)-(22), it is straightforward to note that the building blocks of the irreducible
decomposition (24)-(29) and (34)-(38) are the following 11 quantities:

@ - 11 ST 5Q 3 HQ) ST) 5@ B 5 5
{ Z)‘P,U.y,( ) WAppJM RA[PHV] ) R)\[PMV] ) ;R((lu,y)a R(;,u/)? R[,u,l/] ) R[,u,l/] 9 R AUV R7 *R} . (45)

Therefore, as shown in Table I, the number of independent components of the curvature tensor RA/JW coincides
with the total number of independent components of the aforementioned building blocks, which is constrained by their
algebraic properties. Specifically, for a four-dimensional affinely connected metric space-time the generalised Weyl
tensor (1)W>\pw satisfies the same algebraic properties as the Riemannian Weyl tensor, which means that it contributes
with 10 independent components in the irreducible decomposition of the curvature tensor. The same applies to the
symumetric traceless Ricci tensor R( uv)» which contributes then with 9 independent components, whereas the fact that

the tensor R‘Eg) is also symmetric and traceless equally means 9 independent components for this tensor. Furthermore,
~(T ~
the antisymmetrised pieces ,R‘E\[ p) ) and R‘E\C[QP)W]

pseudotraceless properties. On the other hand, the antisymmetric Ricci and co-Ricci-like tensors R[(le] and R[(SV)],

as well as the homothetic curvature tensor R auv, Provide 6 independent components for each piece, whereas the
Ricci scalar R and the Holst pseudoscalar *R represent 1 degree of freedom, respectively. Finally, the fact that the
symmetric component of the curvature tensor includes 60 degrees of freedom means that the piece Wz Apur Tepresents
the remaining 30 degrees of freedom in the decomposition.

Likewise, it is worthwhile to emphasise that the presence of torsion and nonmetricity provides corrections to the
Riemannian Weyl, Ricci and scalar parts of the curvature tensor (i.e. to the irreducible pieces (1)W,\p,“,, (4)W,\p,“,
and (G)W,\p,“, of the Ricci decomposition of Riemannian geometry), which actually preserve their algebraic properties.
Accordingly, in terms of algebraic classification, the corresponding algebraic types of the Riemannian and post-
Riemannian versions of these tensors can generally differ for a given configuration, but all of them must belong to
the same class of classification. In addition, the torsion and nonmetricity tensors themselves generate the remaining
8 irreducible pieces of the decomposition, which are therefore purely post-Riemannian quantities. Furthermore, the
set of irreducible pieces {(i)Z Apuv oy arises only in the presence of nonmetricity; in particular, the piece @z Apuv 1S
connected to the Weyl vector and the rest of pieces of this set to the traceless part of the nonmetricity tensor. See
Appendix A for the expressions of the building blocks in terms of the torsion and nonmetricity tensors.

also have 9 independent components, in virtue of their traceless and



III. Algebraic classification in Weyl-Cartan geometry

For a Weyl-Cartan space-time, the traceless part of the nonmetricity tensor vanishes, which means that nonmetricity
is fully determined by the Weyl vector

Q)\ul/ = guuWA . (46)

This restriction represents a strong but still meaningful simplification, since it vanishes all the irreducible pieces
of the symmetric component of the curvature tensor, except the piece (Y7 Apuv associated with the homothetic part,
which indeed in MAG acts as the field strength tensor of the Weyl vector.

The building blocks of the irreducible decomposition of the curvature tensor on a Weyl-Cartan space-time are then
described by the following 7 quantities:

W5 AT m o BT A B LE
{ Wkpuua R)\[puu] ) R(Hy)a R[MV] ) R Auv sy Ra *R} . (47)

Therefore, the problem of algebraic classification in Weyl-Cartan geometry requires to fully classify the aforementioned
building blocks.

A. Algebraic classification of VW, .,

Considering the algebraic properties (30) and (31) for the tensor VW), it is straightforward to set the following
26 components:

O Woior = — D Wassz; D Woigs = D Wasia 48
OWoigs = — PWasta;  DWoits = D Waggs s 49
OWoits = = DWasgs;  DWoiss = VWasor; 50
WWosor = D Wiasis Wases = — D Wisis; 51

D1 BRS¢ D1 IDRT IDRT 3 IDRT
DWasss = D Wisis + D Wassss  DWasis = P Wisgs — D Waset s

Thereby, for the algebraic classification of the generalised Weyl tensor in the presence of torsion and nonmetricity,
we distribute its 10 independent components in terms of the quantity

(1)W()J;Ob = DWg,e, + i %M W, » (61)
where
. — OWsass Wiy — WWssis
Woaor = | DWagps  — D Wiggs Wiz : (62)

—~OWasis OWigis OWiggs + O Wasss

s WWis1 D Waggs Wiz

*Woaop = | OWages —DWiggs —DWigeg ) (63)
M Wases — D Wiges OWiggy — D Wagag



and impose the eigenvalue equation for an eigenvector v,:

MWW b = Ao, (64)

The resolution of this eigenvalue problem provides then the possible algebraic types of the Weyl tensor encoded
in the complex matrix (1)WJr whose characteristic polynomial can be written in terms of the quadratic and cubic

a0b’
invariants
I _ (1)W;l_76 (1)Wabcd7 J — (1)W£Cd(1)wcdef(l)wefab, (65)
as follows:
I J
=X —a- =
P A2 (66)

The solution to the characteristic equation p(\) = 0 provides then in general 3 distinct complex eigenvalues

A= 11—2 (18J +3v/3672 — 313)1/3 + 4 s (67)
4(18J + 3v/3672 — 313)

18. +3v/362 — 313) ! "
8(1&] +3v3677 = 313)

-

“\%

i/
4(18J+ wm)

I
18. + 31/36.J7 - 313) —
(18J +3v3672 = 313)

-
{12 18J n BM) v ! AR (68)
-2l

ﬁIH

S

% (18J +34/3672 — 313) R ! = (69)
4(18J +3v3672 = 313)

whose geometric multiplicities give rise to the different algebraic types in the classification, in such a way that the
particular cases fulfilling the condition I3 = 12J2 are called algebraically special. Indeed, each special type satisfies
a constraint associated with those null vectors {k,,!,, m,,m,} aligned with the tensor (1)W>\pw or principal null
directions

k[a(l)W)\]p#[vkw]kPku = l[a(l)W/\]P#[ulw]lplu = m[d(l)W)\]PH[Vmw]mpmM = m[d(l)W/\]P#[Vmw]mpmu =0. (70)

Specifically, the 10 indepedent components of the tensor (1)W,\p,“, can also be described by 5 complex quantities
{3;}5_,, according to the following identity involving the null vectors:
- 1 _ _
OWyppr = — 3 (22 + B2) ({Inkpluko } + {mampmumy }) + (Z2 — S2) {Ink,mym, }
1 1
-3 (Zo{kz,\mpk: my } + Xo{kam,k, mu}) =
(E2{l>\mpkumv} + E2{lx\mpkumu})

=31 ({akpkumy } + {kamempumy, }) — B1 ({Inkpkumy } + {kxmymm, })

(24{1,\mpl my}+ 24{1,\mplumu})

+ 35 ({Inkplumy } — {lmpmyuinn }) + 85 ({Ikplumn } — {Iimpmum,}) (71)
where
Sy = 7(1)W)\p#ylkmpluml/, ¥, = 7(1)WprlAkplumu7 S, = 7(1)WprlAmpmuku, (72)
Sy = — (1)W)\p#ylkkpmp.kl/7 S, = — (1)W,\pwk’\mpkﬂm”, (73)
and

{w/\xpyuzu} = WATpYpuRv — WAL p2p Yy — TAWpYpZy T TAWpZp Yy +YNZpWpTy — YNZpT Wy — ZAYpWpTy + 2AYpTp Wy - (74)



Algebraic type|Segre characteristic | Invariants|Constraints with the principal null directions
1 [111] I? £ 12J2 No further constraints
II [21] I =12J? OWy P =0
D [(11)1] I*=127% OWy,upkak?k" = DWW, u0lylf" =0
111 [3] I=J=0 DWWyl =0
N [(21)] I=J=0 OWypuul® =0
o} ] I=J=0 OWyppw =0

TABLE II: Algebraic types for the tensor (1)WAPW.

From Expression (71), it is straightforward to obtain the following identities, which shall provide specific properties
for the different algebraic types of the classification:

Lo OW il 11 = = (Somiglyymile) + Sompplymply) (75)

OWa gl 1 = (Somy — E1lx) mply) + (Soma — S1lx) m (76)

(1)W)\p#[yk’w]k’pk# = E4m>\m[ykw] + 247’71)\7’71[1,]{5“,] — (Egm[ykw] + igﬁ’b[yk’w]) kx, (77)
(1)W)\p#[ylw]l” = Q?Qm[/\k’p]m[ylw] + QE_JOm[/\kp]m[,,lw] + 221(/{[)\1,)] iﬁ’bump])m[ylw]

+ 221(]{3[/\1’)] + m[,\mp])m[,,lw] - QEQWL[)\Zp]m[Vlw] - QEQTT’L[)\ZP]m[Vlw] , (78)

(1)W>\pwl# = 2[(237”@[#] + 23”7‘@[#]) b, + (Eom[kkﬂ}mu + iom[Akp]mV)
+ Z1 (koMo — mpmgmy = mipkgly) + S (kpdgm + mpmgmy, —mpkl)
+ (22 — ig) m[/\mp]ll, — (22 + 2_32) k[/\lp]l,, — Egm[)\lp]m,, — igm[)\lp]my] . (79)
In that case, by performing a rotation defined by a complex function € that keeps the null vector k" fixed

ky =k, m,=my+ek,, m,=my,+¢ek,, l;:lu+€mu+em#+|e|2ku, (80)

the complex quantities (72)-(73) are transformed as

Y= %4, Xi=S3+eX;, ¥)=%5+2e3+e20y, (81)
Y = 1 43Xy + 3283 + 25y, (82)
Yy = Yo +4eX) + 6628, + 4385 4 €15y (83)

Thereby, if we demand that X, = 0 under the transformation (80), the corresponding multiplicities of the roots of the
quartic polynomial

Yo +4eX1 4 66280 + 46383 + €12, =0, (84)
lead to an algebraic classification which is equivalent to the one obtained from the eigenvalue problem (64)!:

U WWpupl 1" =0 = =0, (85)

OW by 1 =0 = Sy =31 =0, (86)

OWa ik Kk = OWy I IP 1 =0 = Sp=3%; =33 =%,=0, (87)
DWW puplagl" =0 = =%, =3,=0, (88)

OWypulh =0 = Npg=3%; =%y =33 =0. (89)

The results arising from these two equivalent procedures can then be summarised in Table II.

1 For simplicity, we omit the tilde in the notation for each equivalence.
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B. Algebraic classification of R‘E\Tzw] and R‘(W)

For the classification of the antisymmetrised traceless and pseudotraceless piece of the curvature tensor, it is
worthwhile to note the number of independent components for this piece is 9, in virtue of the relations

(T) 1) (T) (T) (T) 1)
R3 123 0[021] R2[123] = Ro[ms] J R1 123 0[032] » (90)
T) (T) (T) (T) T)
Ré[()ié] = Rﬁ[()éi] ) R3[023] - R1[021] J Rz 023] Ri[()ié] ) (91)
~(T) ~(T) (T)
K015 = Rijozs) + Rﬁ[@m Riiss) - (92)

. . . =T) =T =(T =(T =(T = T =(T) (T)
Without any loss of generality, we consider {RO[iéé]vRO[OQi]vRO[Oié]vRO[Oéé]vRi[@ﬁi]vRi[013]7R1[03Q]7R2[021  Rois)
as the set of independent components for the aforementioned piece, which can be encoded in a second order symmetrlc
and traceless tensor

My = 5o Rt (93)
as follows:
Ré[T1)32] Ré[To)32 Ro 013 Réﬁ”))éi]
M, = R0[032] R1[032 R1 013 }:{%)jéi] _ (94)
R0[013] R1[013 RQ 013 Rﬁ[(}éi]

5 (T) 1) 1)
Ro[om] R1[021 R2021 R0[132] Ri[ééé]*ﬂé[éié]

Likewise, we include the 9 independent components {R‘(éé), f{‘(@i), E(Oé)a R‘(og), R‘(ﬁ), R‘(ié)a R‘(ié)a R‘(QQ), R‘@g)} in
the symmetric and traceless tensor

Rooy Foiy Roo Rios)
Reoy Rany Pos R

Nab — (10) (11) (12) ~(13) ) (95)
R(20) R21 R(22) R(Qé)

Roy Ry Ran Roo) — Rai) — K

Accordingly, both tensors R‘gﬂ)w] and R‘( uv) Obey the same class of algebraic classification, which can be directly
derived from the eigenvalue equations

M = \®, (96)
Ny’ = ow® . (97)
The respective characteristic polynomials can then be determined from the invariants
Ul = Mabeaa Vl = MabecMca ’ Wl = MabecMchdaa (98)
U2 = NabNbaa Vv2 = NabNchcaa W2 = NabNchchdaa (99)
yielding
U %
A 1A2——1A+ < (UF —2w1) =0, (100)
U V
o 7202—?20—1—5 (U3 —2W,) = 0. (101)

In particular, it is well-known that the corresponding multiplicities of the roots of these characteristic equations are
determined by certain combinations of signs given by the subsequent invariants [8, 60]:

U = Wi — [3U Wy +4(3V7 — U13)]2 . V=20, — |WME W =TU? — 120, (102)
Uy = W3? — [3U:W35 +4 (3V5 — U23)]2 . Ve =20, — (W M?, Wi =TU2 —12W,, (103)
leading to the 15 different algebraic types described in Tables IIT and IV.
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Segre characteristic Invariants

[1,111] Ur, Vi >0
[ZZ11] Uy <0

[Z Z(11)] Ur=0, Vi <0, Wy >0
[211] Uy=0, V>0, W>0

[1,1(11)] Ur=0, Vi >0, Wi >0
[(1,1)11] Ur=0, Vi >0, Wiy >0
[31] Uf =Wy =0, i >0
[(21)1] Uf =Wy =0, i >0

[(1,11)1] U =W =0, Vi >0

[1,(111)] U =W;y=0, i >0
[2(11)] U=V =0, Wy >0

(LOAD] | Uf =V =0, Wi >0
[(31)] Ui =V =Wy =0
(211)] U = Vi =Wi =0

[(1,111)] U = Vi =Wi =0

TABLE III: Algebraic types for the tensor R‘;T[;W].

Segre characteristic Invariants
[1,111] Us, Vo >0
(ZZ11] U; <0
(ZZ(11)] U; =0, V& <0, Wy >0
[211] Us =0, Vs >0, W3 >0
[1,1(11)] Us =0, Vs >0, W3 >0
[(1,1)11] Us =0, Vs >0, W3 >0
[31] Uy =W5 =0, V5’ >0
[(21)1] Uy =W5 =0, V5’ >0
[(1,11)1] Uy =W35=0, V>0
[1,(111)] Uy =W35=0, V>0
[2(11)] Uy =V =0, Wy >0
[(1,1)(11)] Uy =V =0, Wo >0
(B1)] Us =V5 =W;5 =0
(211)] Us = Vs — W3 =0
[(1.111)] Us = Vs = W3 =0

TABLE IV: Algebraic types for the tensor R‘<W).

C. Algebraic classification of R and R\,
1] n

[y

1 A

_ . CD_p v
5¢ T acT BD

1 A

- CD_p v .

5% T acT BD

EABé-B — )\é—A7

For the algebraic classification of R™ and R} Auv, We collect their components in the symmetric spinors

5 (T)
Ri»

A
R\ -

(104)

(105)

Then, both quantities can be classified according to the eigenvalue equations for two different eigenspinors €4 and ¢:

(106)
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TAp¢B = och, (107)
whose eigenvalues are given by the invariants

X =452 Y =TupT4B, (108)

X Y
=4,/—-= =44/——=. 1
A 1/ 5 0 5 (109)

In terms of the null vectors, the tensors R[(Z,,)] and R A satisfy the identities

as follows:

5(T) A - _ ~ ~ ~ _

R[l“’] =2 [ng[#my] + ng’[“my] — Qol[#my] — Qol[#my] — (Ql + Ql) k’[“ll,] + (Ql — Ql) m[#my]] , (110)

R/\/\MV =2 [Hgk’[“my] + ﬁgk’[“my] — Mol my) — ﬁol[#my] — (H1 + ﬁl) krulyy + (H1 — ﬁl) m[#my]] , (111)

where

_ gl pD _ L (g i) D) _ s pT)

Qo = Kbm R0 Q= (R —mbm ) RED 0 = =1t R (112)
. 1 . -

Mo = kim Ry, I = 5 (R0 = b)) R, Tl = = 1 R, (113)

are six complex quantities encoding the independent components of these tensors. Thereby, a rotation of the form (80)
transforms the aforementioned quantities as

Q) = Q, Q=0+, Q=0 +2Q +Q, (114)
) = My, M) =1, +ely, I, =TI+ 20, + Iy, (115)
which leads to an equivalent classification for the different multiplicities of the roots of the quadratic polynomials
Qo + 260 + Q= 0, (116)
Iy + 2611, + &Il = 0. (117)
Specifically, from the contractions
(RELY Iy = RE L) =2 [Qs (kyumal#Dy — kymagi®L,) + Qo (K, V]l“l,\ — Epmgli)] (118)
(R gyuvln — R gpualy ) I* = 2 [Ty (Kpumujl#1x — kyemg 1) + T (kgm0 — kjamal#)] (119)
(RELy s — B B )k = — 2 [Q0 (I B — [uma k) + Qg (l[u Ky — Lmaktk)] (120)
(R gvkin — R opunkin ) k" = — 2 [Ty (I k" kx — gkt k) + o (Ipuma bk — lamagk k)] (121)
R{T =2 [Qokimy) + Qakpmy) — (0 + Q) kyuly)] 1 (122)
R gl = 2 [Makym,) + Maky,m,) — (1 + 100 kylyy) 17 (123)
it is clear to obtain the following set of equivalences:
(BRI — B =0 = Q=0, (124)
(R opwlr — R7p2l)) 1P =0 <= T, =0, (125)
(R ks = Rk )k =0 = 9y =0, (126)
(R% opvkr — ROgunkn)k' =0 = Ty =0, (127)
R =0 <= 9 =02=0, (128)
RO =0 <= II; =1, =0, (129)
which provide the conditions
(Ri)kx = RO k)R = (RO 1y = RO LM =0, (130)
(R opvks — R opnkin )k = (R gy — R oyl )1* =0, (131)

for the null vectors k* and [* to be principal null directions of the tensors R[(le] and R auvs as well as the different

algebraic types of the classification, which is shown in Tables V and VI.
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Algebraic type|Segre characteristic |Invariants|Constraints with the principal null directions
1 [11] X #0 No further constraints
N 2] X=0 R =0
10) -] X=0 R =0

TABLE V: Algebraic types for the tensor R[(Zv)]

Algebraic type|Segre characteristic |Invariants|Constraints with the principal null directions
1 [11] Y #0 No further constraints
N 2] Y =0 R aul? =0
0] -] Y =0 R aur =0

TABLE VI: Algebraic types for the tensor RAAW.

IV. Application to stationary and axisymmetric space-times

The geometry of stationary and axisymmetric space-times underlays from two Killing vectors 9; and d,, which
generate time translations and rotations around a symmetry axis. In particular, the latter defines a regular two-
dimensional timelike surface of fixed points where it vanishes and provides a metric structure which is invariant under
the action of the rotation group SO(2) [2, 3]. Given the fact that these two Killing vectors are not mutually orthogonal,
the most general stationary and axisymmetric space-time satisfying circularity conditions can then be expressed with
only one nonvanishing off-diagonal component g, [61]:

ds? = U, (r,9) dt? — — 205 (r, ) [dﬂQ +sin2 9 (dp — Uy(r,9)dt)? | | (132)

\IIQ(T, 19)

where (t,7,9, p) refer to spherical coordinates and {¥;}?_; are four arbitrary functions depending on 7 and o.

From a mathematical point of view, the search of solutions preserving both symmetries in metric-affine geometry
turns out to be a challenging task, in which highly nonlinear computations and convenient simplifications, such as the
imposition of consistency constraints or hidden symmetries, play a significant role. In this sense, the consideration
of a MAG model which can display both dynamical torsion and nonmetricity fields in such solutions is especially
important, since the different gravitational models of MAG generally show a large number of fundamental differences
that can prevent this possibility, even for static and spherically symmetric configurations [62—64].

Following these lines, recently it has been shown that a rotating Kerr-Newman space-time with dynamical torsion
and nonmetricity tensors holds in the decoupling limit between the orbital and the spin angular momentum [40],
which raises the search of a black hole solution displaying a gravitational spin-orbit interaction beyond this limit. In
this regard, an interesting route to address this problem is to explore whether or not the existing hidden symmetries
of the main black hole solutions of GR can also be satisfied in the present case. In particular, the most general type D
black hole solution of GR with two expanding and double principal null directions admits a nondegenerate conformal
Killing-Yano tensor, which allows a complete integrability of geodesics and a separability of wave equations [65—73]
(see [74, 75] for new and especially convenient forms of the solution in the framework of GR, which considerably
simplify the study of its physical properties). Thereby, in this section we shall consider the algebraic classification we
obtained previously and show that under the slow-rotation approximation the field strength tensors of torsion of the
complete solution cannot present double-aligned principal null directions preserving the type D algebraic structure of
the space-time.

In order to demonstrate this result, we can express the gravitational action of the purely torsional sector of the
model of the solution as

§=c / A/~ g (= AR = 6y Ry RN = 90y Ry gy R0 48 dy R BRI ) (133)

or, equivalently

i - d
5= 4 d'ey=g (—4R - 9y 5 ) R(T)*W”l+2le[<ZU>]R<T>W751*32). (134)
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The metric and connection field equations can then be written in terms of the antisymmetrised part of the curvature
tensor and the antisymmetric Ricci tensor in the following way:

3 . . - - 9 - - - - ~
G,7 = §d1 (3RMPW] Rl - Ry RG[)\W]) + §d1RMPW] RN — 4d1R[pA]R[U)\] +81Lb,7, (135)

0 = le{vp [g“”f%[’\p] _ g/\VR[up] + g/\PR[W] _ gHPR[)\V]} _ g/\VKu UPR[UP] — ™K, A p}}[ap]
F RN RO 4 fr AR geX R 4 o RN 4 e MRl eme R[Av]}
~ 1 -~ 1 -~ ~ ~ 1~ 1~ ~
plAuv] | Z pAlopv] _ Z pulpAv] _ pripAu] w plrov] |~ pAlpov] _ Z polpiv] _ pripAo]
+ 3, { v, (R 4 SR SR R o g (R 4 SR SR )

~K,, (RP[U#V] + %RU[P#V] _ %Ru[/&m/] _ RV[/MM)} : (136)

where £ represents the quadratic order of the Lagrangian density. A first look at the metric field equation (135)
clearly shows that the corrections to the Einstein equations provided by the torsion tensor of the model are traceless,
which means that the corresponding stationary and axisymmetric solution must be scalar-flat, in the sense that the
Riemannian Ricci scalar vanishes.

It is worthwhile to stress that the form of the antisymmetrised part of the curvature tensor that solves the metric
field equation (135) can be straightforwardly determined by assuming the slow-rotation approximation. In this case,
the metric tensor and the antisymmetrised part of the curvature tensor of the solution can be described up to the
first order of the parameter a by three functions {f;}7_; and sixteen functions {a;}1%,, respectively:

1 )
ds? = (\Il(r) +a fi(r, 15‘))clt2 - (\Il(r) +a f;}((::)Q))er — r?sin® ¥ dp? + 2a(1 —U(r)— f3(r 19)) sin? ¥ dtdy, (137)
Rt[trﬁ] = a (11(7", 19) ) RT[trﬂ] =aaz (7’, 19) ) Rﬂ[trﬂ] =aas (Tv 19) ) Rw[trﬂ] =a a4(T7 19) ) (138)
R! tre] = aas(r,9), Rr[tw] =aag(r,?), R? tre] = aar(r,9), Rfyy) = aag(r,v), (139)
- 1 - 1 ) - -
Rt[mﬂ = —3hs sind + aag(r, ), R 19y = gllf(r)ms sin? + a ayo(r, ), Rﬂ[mp] =aai(r,9), Ry = aara(r,9),
(140)
~ Ke Sin - 1 . ~ ~
Rt[rﬁﬂ = ?:\Il(r) +aaz(r,d), Rppge =-— 3his sin® 4+ a a14(r,9), Rﬁ[mw] =aai5(r,v), RPpye =aa(r,v),
(141)
where
o2m  dik?
v =1-— s 142
(=1~ 2 (142)

Then, by expanding the metric field equation (135) in the slow-rotation approximation, we find that the relations

as + a1 as + a2

a9 =14, @15= ——p—— —a5, A= ——p— — a1, (143)
1 2d1k2 (f3 —1 . 1
diksa1 ¥ = {6 [\II (2f3 — 7‘2f3,rr) — f3,1919} + %} sin? — 5 cos Vf39 + diksaz, (144)

1
dyksas ¥ sin® 9 = E{TQ‘I’/ (fir — for) — 20 [T2f1,rr +2r(for + fr,r) + 2f1] + (fo,00 — f1,00)

272 8 K2 1
+ (fa— f1) [T - 470 — 8 + 4 — 12’%] }sinﬂ + 1 (fo.0 — f1,9) cos®¥ — diksar ¥, (145)
r
1
dyksas U2 = - rsinﬂ{Qr\Iffng — (r¥' +20) (f19 — f2,19):| + diksag¥ , (146)

diksa10 = {iﬁ [27’(‘1’/ (fi = f2) + ¥ (fo,r — f1,r)) — 1,00 — fz,qw] + %dm?(ﬁ + fz)} sin?



15

1
~ 51" cosﬂ(fl o+ foo) + d1ksa130? (147)

d1ksa14¥ = {%TQ [67“‘1’ (fo— f1) + 2% (3rfi, +5rfar +8f2) +3f1,99 — 5f2 1919} + dlf‘i (fi+ f2) }sinﬂ

1
+ 4_8T 2 cos¥ (3f1,9 —bfaw) + dykga3 02 . (148)

turn out to solve all the components of this equation, except the component ¢—¢ that essentially describes the
scalar-flat condition of the space-time, namely:

0 = r{2U[rfirr +2(f1,r + for)] + 7Y (for — f10)} + 2 (f1,00 — f2,00) + 20tV (f19 — f2,9)

2,2
+(f1 = f2) (r v 865} 2 +4) +4Vfy. (149)

—4r¥ — 4T —

For simplicity in the notation, we use prime to denote total derivatives of the metric function ¥(r) and comma for
the partial derivatives of the additional metric functions f;(r,) with respect to r or 9 (e.g. f3,9 = 9%f3/0r09).

On the other hand, the expressions for three metric functions f;(r, ) associated with a type D Riemannian Weyl
tensor turn out to be further constrained. In this sense, it is worthwhile to stress that the static and spherically
symmetric part of the solution trivially satisfies this condition, but this is not the case for a general stationary and
axisymmetric configuration. Therefore, preserving the type D algebraic structure of the space-time from staticity
and spherical symmetry to stationarity and axial symmetry constitutes an additional assumption that the complete
solution may or may not satisfy.

In order to shed light on this possibility, we introduce the null vectors reproducing the slowly rotating space-time
described by the line element (137) as follows:

1 a:fl aFl v an aFl ' }
k:“‘ = — =+ 5 — + + =, G — G S 19, G s 150
{ V20 2200 V2rUTV 2 220 V2 a(Gy 3)sin¥, aGy (150)

"o { I afh el ¥ afy +aF
V2U 2200 /2r U 2 2,20 f
1 f3—1 T(G2+G4+ZG;J,:|
o= + +
" {a[\/ir V2rv VAT

,aGysind, aGg} (151)

r(Gy — Gy + 2iGy — iGs) VU sind

i alysind cscd zaFg } (152)
\/57" \/57" 7 \/57" \/_7’
o {a[\/; N f;ﬁr\; L (G *234@ ZG?’)} sind, > Lor (Ga — Gu — 2iG +iGy) VT sin®,
i alysind cscd iaFg} (153)
V2r V2r ’ Ver V2r

where {F;}?_, and {G;}}_, are six arbitrary real functions depending on the coordinates r and . Then, the condition
such that the null vectors represent principal null directions of the Riemannian Weyl tensor

ke Walpui kol KB = lig W gl 11 = mie Wi gy mem?m? = e Wiy o moym?m* = 0, (154)

is reduced to the following differential equations involving the metric functions:

lI//
Froo + foo0 = cotd (fro + fon) s foro = 5 faw, (155)
which allows us to find the following solution for fs:

f3(r,0) = faa(r) +W(r) f3 (), (156)

where f3, and f3;, are two integration functions. Additionally, the condition for the Riemannian Weyl tensor to be
type D reads:

Wapnt kg k7B = Wil P14 = 0, (157)
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which determines the form of the functions G; as follows:

WU (fro — fa,0) + 29 (fr,9 — 7f1r9 + fo0)
Gr(r,9) = : ’ ’ ’ D) Ga(r,9) =0, 158
1(n?) 2V2UrUsing (120" — 270’ + 20 — 2) 3(r9) (158)
I3 (27"\1//4*277"2\1/”)+\P(T2f317~7«727’f37r+2)7f31191973C0t19f3119+7’2\1/”727"\1//72

V2Ur2 (r20/ — 290’ 4 20 — 2)

Ga(r,9) = Gu(r,9) =

(159)
Thus, the null vectors satisfying the conditions (154) and (157) read
= {&Q%qﬁ\g} %+% (\I/};,aGl,aGg}, (160)
o {\/;__2\;2](_&“11—\;Eilw’—\/g—Qc\l/J;Q_w—l—%,aGl,aGg}, (161)
mt = {a{ﬁ + {;5;\; + %} sind, iarGi V'V, \/%T - aF\Q/;i;lﬂ, (is/%f + Zj_];i} (162)
= {a{ﬁ + {;5;\; + %} sind, — iarG V¥, - \/;T - aFf/;i:ﬁ, ‘fgf - Z\‘}i } (163)

where {G;}2_; are given by Egs. (158)-(159), and {F;}?_; remain as arbitrary functions depending on r and 9.

Let us now impose that the antisymmetric part of the Ricci tensor is doubly aligned with the principal null directions
k* and I* of the Riemannian Weyl tensor. Such a condition has the same form as the Expression (130), which was
obtained in Sec. III C for the algebraic classification of the antisymmetric Ricci tensor, namely:

k) k" = (R

S 1 BT
(Bpuks - R ]

(] [A]

This condition can then be easily solved, setting the following four relations:

2420

B(T) _
Ix— Ry l)1" =0. (164)

4
ksGasind, ais = a5 + ——— ksGysin? V. (165)

3V20

As for the spin connection of the solution fulfilling stationary and axisymmetric conditions, it can be referred to
the tetrad field

a1 = —ai, ail1 = —ag, a2 =a2—

— a sin?
LW +1)+ 2EDA 2o “%éiﬁ 0 — E“;;; L (fy+ v 1)
1 a(W—1)f1 w41 a(U+1)fs a(¥—1)sin® 9
9e, = B0 —1) 4 =Rl B eBRll 0 Bt (f p U 1) | (166)
0 0 T 0
0 0 0 rsin g
in terms of 24 independent functions ¢;(r, ) as follows:
T (q1dt + qadr + q3d¥ + qudy) (167)
w1
w’ = — §d19 + a (gsdt + gedr + q7dd + qsdy) , (168)
i1
w’ = — 5 sin¥dy + a (qodt + qrodr + q11d0 + q12dyp) | (169)
s 1
w? = §d19 +a (ql3dt + q14dr + ql5d19 + qlsd(p) s (170)
1
wd = 3 sinddy + a (q17dt + qisdr + g19d?d + qa0dyp) | (171)
w? = — Eclt + %dr + cos¥dp + a (ga1dt + qoodr + gazdd + gaadyp) . (172)
r r

Then, by replacing the condition (165) for the antisymmetric Ricci tensor, as well as the solution (143)-(148) of the
metric field equation into the component 9—¢—p of the connection field equation (136), we find:
1

g = DA (P L din? 7‘2)2 [— 6(¢ —1)T (3\1’27"4 + 301 = 5d1n§r2 + Qd?fﬁg + (5d17‘2,‘€§ — 67‘4) \I’) sin ﬁfgmm«’fﬁ
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—18(¥ — 1) (\I'r2 -7+ dmg) (3\117"2 -3+ 4dm§) cos 0 fz o1 — 6(T — 1) (3\1127"4 +3rt — TdiK2r?

+4d3 kS + (7d1r2ﬁg — 67‘4) \I/) sind fs roor° + f3{12r3(\11 -1) (3\1127"4 +3rt = Tdyik2r® + Adik2

—6 (r4 - d1r2/€§) U ) sindW’ — 2 (90 + (76d1r4/€§ - 151"6) U? — 30d; k2 (r2 - dlnf)Q + (3r® — 154d, k27"

+97d§m:r2)\112 +3 (7“6 + 36d1 k2T — 4T3 KR + 14d?mg) \VJ )sinﬂ} + {18d1/{§(\l’ — 1) cos A

+3 (3 (r2 + dmg)2 + U (\II (9\117"2 —157% + 34d1n§) o+ (37"2 — d1,‘£§) (r2 — 13d1m§))> cos 197"2})‘3,19

+{6d1n§(\11 —1)sin IV 4 ( 9usr® 4+ 3 (7‘3 + dlngr)Q + (34d1r4m§ - 157"6) w2 4 (37"6 — 40dy k2r*

+13dikir? ) W ) sin ﬁ}fs,w + {12d1/4§ (1"2 — dlng) (U —1)sind®'r* +4 (90" + (35d1r4/€§ - 271"6) w?

79d1/{§ (1"2 — dmf)2 + (277‘6 — 77d1/4§7'4 + 29d§/€;1r2) w24 (797'6 + 51d1/{§r4 — 45d§/{;1r2 + Qdi’mg) ¥ ) sin ﬁr}f;“

+12d1 ks (Ur° —1r® + dm§)2 {q13,r7'3 + g5, + quar® 4 577 — 2q1,97° — BRssin G 4+ U ( — qiz o + g5,07° — 2KsqroT

ke sind ) } T {r4\I' (= 270" 4 39r% — 90dyk2r? + 39d2k2 + (93r* — T0dir?k2) W2 + ( — 1057 + 160d; k21

—31d3k2 ) )sind — 6r5(\II -1) (3\1127"4 +3r* —5dik2r? 4+ 242K — 6 (r4 - d1r2n§) \II) sin 19\1’/}f3,m] , (173)
where we have further used the components Rt[mg], RT[mg], R[’D[tﬁw] and RW[W@] of the antisymmetrised curvature

tensor defined in (138)-(141) to rewrite the expression in terms of ¢; instead of a;. By doing the same substitution
and using Eq. (173) in the component ¢—r—10 of the connection field equation (136), we arrive at

0 = 192d;7°¥ sind (/ﬁsmr - d1H§)2 - 4r7\112f3,TTT sin ¥ (9m7° - 8d11<ag) (mr - dmf)

—4r? (f3,99sIn9 + 3 f3,9 cos V) [—20d3 kS + 59d; kimr + dykZmr? (r — 58m) + 18m°r?]

—4r' U f5 ., sind [2d3K8 + dikir(18r — 23m) + dikZmr® (40m — 37r) + 18m>r® (r — m)]

+8r°W f3, sind [23d5KS + dikdr(9r — 65m) + dikZmr? (61m — 197) + 9m>r® (r — 2m)]

+8r°W fysin® [—44dikS + 107dikimr + dykZmr® (r — 82m) + 18m®r®] . (174)
where we have further used Eq. (155) and replaced the form of the metric function ¥(r) as (142). From this expression,
it is straightforward to note that the case where f3 = 0 is not satisfied, which means that the previous conditions
are incompatible with the field equations of the model for that case. If we consider the nontrivial form (156) for the
function f3, it is easy find that for f3,(r) = 0 the aforementioned function is f3(r,9) = ¥(r) (c1 + c2 cos ) csc? ¥ when

diks = 0, where ¢] and ¢} are two integration constants. However, when diks # 0 and f3,(r) = 0, the equation has
no solutions. Finally, if f5,(r) # 0, then it is possible to find the following nontrivial solution to Eq. (174):

f3(r,9) =14 (c1 = 1) U(r) + 37> + U(r) [e1 (1 + cos® ¥) + c2] esc® D, (175)

where {c¢;}3_; are three integration constants. Nevertheless, this function modifies the off-diagonal component of the
metric tensor as

Jtp = —a [(201 +c2)U(r) + csr? sin® 19} ) (176)

which clearly switches off the contribution of the Kerr angular momentum to the geometry of the space-time. In fact,
it can be shown that the case with ¢; = ¢3 = 0 provides a simple solution of the field equations for

G .
as(r,9) = as(0), @a(r, ) = +gs(9) sin ¥, (177)

whereas the rest of axisymmetric metric and connection functions are zero, which reduces the form of the metric
tensor as

dr?
W (r)

ds? = U(r)dt* — —r?sin® ¥ dp? — 2acy ¥ (r) dt dy . (178)

Therefore, for a circular and slowly rotating configuration, the antisymmetric part of the Ricci tensor of the complete
solution cannot present double-aligned principal null directions k* and [* preserving the type D algebraic structure of
the Kerr-Newman space-time. In this sense, it is important to stress that our analysis does not exclude the possibility
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in which the antisymmetric Ricci tensor is aligned with respect to one real null vector alone. Indeed, other solutions
to the Einstein-Maxwell equations with an electromagnetic field which is only aligned to one of the principal null
directions of the Weyl tensor are known in the framework of GR [76]. Likewise, black hole geometries are not only
restricted to algebraically special configurations, but algebraically general solutions have also been reported in the
literature [77-80]. Thus, assuming that the gravitational spin-orbit interaction can be treated as a perturbative
effect, in agreement with the slow-rotation approximation, the final form of the solution must present a rich algebraic
structure, which at the same time represents a mathematical challenge for the resolution of the field equations in
stationary and axisymmetric space-times.

V. Conclusions

The role of algebraic classification in GR has shown to be of great importance in order to unravel different aspects
of the theory and to find out relevant solutions to the Einstein’s field equations, such as the Kerr solution describing
the geometry of a rotating black hole [2, 3]. Therefore, the same is expected to hold in MAG, where the torsion and
nonmetricity tensors are included in the geometrical scheme.

Following these lines, in this work we have addressed the problem of algebraic classification in MAG and obtained
the different algebraic types of the irreducible parts of the curvature tensor in Weyl-Cartan geometry. For this task,
first we have considered the irreducible decomposition of the curvature tensor in general metric-affine geometries,
which can be associated with a list of 11 building blocks (45) that include both Riemannian and post-Riemannian
quantities. Particularisation to Weyl-Cartan geometry reduces then the number of building blocks to the list (47),

whose nontrivial algebraic types are displayed in Tables II, III, IV, V and VI. In summary, the tensors R‘E\?p)w] and

R‘( vy turn out to have 15 possible algebraic types, the tensor (1)WAp;w has 6, and the tensors R[(le] and R A have 3.
In this sense, the physical interpretation of all these algebraic types in accordance with the torsion and nonmetricity
tensors is still unknown and should be clarified as new solutions to the field equations of MAG appear in the literature.

Accordingly, the results are expected to serve as a guiding principle in the search and analysis of solutions in
the presence of dynamical torsion and nonmetricity, such as black holes and stars with intrinsic hypermomentum,
gravitational waves and cosmological systems. As an application, we consider a MAG model which embodies a Kerr-
Newman black hole in the decoupling limit between the orbital and the spin angular momentum [40], in order to
demonstrate that the standard type D algebraic structure of this solution cannot be preserved beyond the decoupling
limit, where the gravitational spin-orbit interaction is sufficiently important to modify the geometry of the space-time.
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A. Building blocks of the irreducible decomposition of the curvature tensor in general metric-affine

geometries

The expressions of the 11 building blocks of the irreducible decomposition (16) in general metric-affine geometries,
can be written in terms of the torsion and nonmetricity tensors as follows

Ry =

(I)Zl\pw

=

xR

1 1
R;w + VTl = VT + QWVAT” = VaQuun + 5V Q) A + 5VaQ N

1
+ Zglﬂ’ (V/\Qp p A v>\QA P p) + QTPA(ALTV) pt Tp/\PT(lW)/\ + ZTMPTVAP

1 1 1 1
+ Zguu (T‘A AUTpp 7 - 5 Apan)\a - ZT)\paTApU) + QkupQ[)\Vp] + §Qkpr(,uv))\

- E(Q/\MVQAP/J + QuApQV)\p) : = 9uv (2Q)\pan)\a + Qp)\ /\Qp o Q/\pUQ/\pU - QQU/\ )\Qp pa)

16

+ %(TA(#IJQV)AP - QAP(# V) —-2Q W)AT pt QAp(qu 2Q>\p M Q/\p/JT(W)A + Q)\F“’TPAP)
20 (T 3@ o~ Topo Q7™ —T73,Q77). (A1)
= VT + %@ATA v — %TA TP s R = ViQup, (A2)
Valu) = V@ o+ @Y 3o — Do = Dro(u@v) (A3)

~ ~ 1~ 1
V[MQAV])\ - VAQ[;LU])\ - iv[uQU])\/\ + Q[Uu])\/@(p/\p - QpA[#QI/]pA + Q)\p[p,T)\l/]p + ZQAPPT/\;LU ) (A4)

1 v o v o v o 1 « v o wo
igk[p\vaT |pv) + gk[pv,uT vle = g)\dv[pT v + ﬂs/\pyusa Ay (V'yT Ba + Tﬁw'yT a)
1

+ Do fp T ) — §9A[pT‘7uv] T, (A5)
g (gx[pﬁaﬂmy]a = \p Vil vle = 2V @uin + 900 @ounto D + I0p 2 15 Do + Doy T )

+ 0o Do “ T o) + —Q[mo"ﬁwu)a (A6)
R[/\P]#V (R(ATP)W + Rl(’j[;?/)#] RE)[TA)W] - RL?\M) - %(Rﬁ?w] - R‘f(ﬁ)pu]) + 2i *R Expur

i {gw (QRW) + Réfu) ) + G (Qf%u) + R‘Efﬁ)) ~ G (2R(pu> + RE?Z)) ou (QR(M + R(?u) ) }

1 {gku (QR[( )] + R[( )]) + 9ov (QR[( )] + R[( )]) — 9 (QR(T) + R© )) ~ Gpp (QR[(P + R[()\QV)])

4 lon] lon] v]
+ R oA [uulp — Rdap[ugu]A:| - ERQ,\[HQV],J, (A7)
Roxpyuw (R@w + Rfﬁ\)w) - (QAVR[(/% 90 Riv) — 93 Bi0) — GRS +9APR[(53J)
- igApRa-a',u.V . (g,\uﬂ‘(pu) + gpuﬂgf,i) QA;LRESV) gpuﬁgfy))) (A8)
R 29,1, £ 9,Q0 " = VuQ” 4 {Ta T 4 LT T — T TH 4+ Ty QO
FTM Q= T 0 Q7 4 L Q@ — S Q@+ 20" 2@y — Q2@ (49)

1
EAP#V (v)\Tp,uV + =17 )\p ourv T Q)\ap ,uv) . (AlO)

It is straightforward to note that the building blocks (A1), (A7) and (A9) include both Riemannian and post-
Riemannian contributions, whereas the rest of building blocks are purely post-Riemannian quantities. In particular,
the Holst pseudoscalar and the building blocks denoted by a superscript 1" are nontrivial only in the presence of
torsion, the homothetic component of the curvature tensor is determined by the trace of nonmetricity, and the rest
of building blocks denoted by a superscript @, together with the building block (A8), vanish in the absence of the
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traceless part of the nonmetricity tensor.
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