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ABSTRACT

A new method for adding parameters to a well-established
distribution to obtain more flexible new families of
distributions is applied to the inverse Weibull distribution
(IWD). This method is known by the Alpha-Power
transformation (APT) and introduced by Mahdavi and Kundu
[9]. The statistical and reliability properties of the proposed
models are studied. The estimation of the model parameters
by maximum likelihood and the observed information matrix
are also discussed. The extended model is applied on a real
data and the results are given and compared to other models.
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1. INTRODUCTION

Reliability is a human characteristic that has been in.ect for a
long period of time. Reliability acts the probability of
components parts and systems to perform the desired task for
a specific period of time without failure in fixed environments
with required confidence. The Exponential, Raylight, linear
failure rate, Weibull and inverse Weibull are the most
common life distribution in reliability and life testing [11].
Exponential distribution has constant failure rate distribution,
Raylight distribution has increasing failure rate distribution,
and there are distributions that have increasing or decreasing
failure rate introduced by Nassar and Abo-kasem [10]. The
hazard rate function can be of bath tube shape it plays a
central role in the work of reliability engineers (the Weibull
distribution, Generalized exponential, Rraylight distribution,
inverse Weibull) [4]. The inverse Weibull was originally used
in reliability industry, it is one of the most common life
distribution in reliability engineering, the need for an
extended form of the distribution grow in many applied fields
Corderio and Lemonte[7]. If the random variable Yhas a
Weibull distribution, then the random variable X=Y ! has an
inverse Weibull distribution with cumulative distribution
function (cdf)

FGx)=e™7, L
The probability density function (pdf)

B

f(x) = apx= B0 ™0 (2
And hazard rate function
h(x) = Apx~@+D (e _ 1)1, ®3)

The inverse Weibull is more suitable than the Weibull
distribution because the inverse Weibull distribution gives
satisfactory parametric fit if the data indicate anon monotone
and unimodal hazard rate function. The hazard rate function
of the IW can be an increase or decrease depending on the
value of the shape parameter. The IW distribution is useful to
modal several data such as the time to fall of an isolated liquid
subjected to the work of a fixed stress and decay of
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mechanical components such as compressor and crankshafts
of diesel engines introduced by Nassar and abo-kasem [10].
Adding parameters to a well-known distribution helps us to
obtain more flexible new families of distribution [2].
Madhdavi and kundu [9] suggest an interesting method for
generating distribution function as follows:

Let F(x) be the CDF of a continuous random variable X, then
a - power transformation of F(x) for X € R, is defined as
follows:

i >0,0%1
,00> 0,0
Fapr ={ a—1 @
F(x) ,a=1.

If f(x) is an absolute continuous distribution function with the

probability density function f(x) then F,pris also an absolute

continuous distribution function with the pdf

%f(x)ap(x), a>0,a#1
o), a=1.

The survival reliability function Szpr and the hazard rate
function hypy for APT distribution are in the following forms

farr = { (5)

— % (1 —gFO-1
sz{ — (- ) a>0,a#1 ®)
1-F(x), a=1.
and
() F(x)—-1
hypr = i%loya, a>0,a#1 )
1-F(x), a=1.

The rest of the paper is organized as follows. Section 2
introduces alpha power inverse Weibull (APIW) distribution.
The structural characteristics of APIW distribution including
the behavior of the probability density function, the hazard
rate function, the reversed hazard rate function, the (reversed)
residual life, the moments and the associated moments,
quantile function and finally the order statistics and extreme
values are studied in sections 3, 4, 5, 6. Section 7 concerns
with the Maximum likelihood estimators of the unknown
parameters and some inferential issues. Simulation schemes
are obtained in section 8. Finally, a real data life application
has illustrated the potential of APIW distribution compared
with other distributions in section 9.

2. THE ALPHA POWER INVERSE
WEIBULL DISTRIBUTION(APIW)

In this section, we apply APT method to apeci.c class of
distribution function, namely to an inverse Weibull
distribution, and named this new distribution the three-
parameter APIW distribution. The CDF and PDF of the
inverse Weibull distribution is

B

F(X,A,,B) = e_}\x_ ;x > Ol/Lﬁ > 0! (8)

and



F,,,8) = ABx~ B+ x> 0,28 > 0. ©9)
where A is the scale parameter and a, B is a shape parameter.
Then the CDF and PDF of Alpha-power-inversed Weibull
Distribution are

—hxiﬂ
FGoa,BA) =4 et a*l (10)
—B
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Fig.1. plot of the cdf of APIW, at a # 0.
and

flo,a,BA) = ;
%Aﬂx*(ﬂJrl)e*M_ﬁae_u ya#+1Lx,Aapf >0 (11)

ABx=B+De=xF o =1 x4, > 0.
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Fig.2.The pdf of APIW, a +# 0.
Where f is shape parameter and 4 is the scale parameter.

The survival reliability function Syp; for APIW distribution
is given by

International Journal of Computer Applications (0975 — 8887)
Volume 181 — No. 11, August 2018

a —axB
L 1-a® -1 1
Sapiw = a-1 ( “ ) @ (12)

1-—e ™ o=1.

Hence the graph for some values of the parameters is given as
follows:
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Fig.3 the reliability function of APIW, a # 0.
3. STRUCTURAL CHARACTERISICS

In this section, we study the structural characteristics for
APIW distribution.

In particular, if x~ APIW (a,p,4) then the functional behavior
of the density function ad of the hazard rate function, mean
residual life function and others are derived and studied in
details.

The behavior of the probability density function of Alpha
Power Inverse Weibull distribution

Theorem 1:

The pdf of alpha power inverse Weibull is:
(i) Decreasing if A > 0,8 < 1,

(if) Unimodal if 8 < —1,4 < 0.

Proof
(i) since
Inf(x) = In(loge) — In(a — 1) + In(AB)
- B+ Dinkx) —1x7F
4o In(a),
d —B-1 _
alnf _ P + ABx—F1 [1 +ex Bln(af)],

d
—Inf(x) <0,forA>0,8<-1

dx

Then F(x) is decreasing

(i) If < =1, A < 0since

B+1
XZ

=M@+ Dx P2 — (L + DB
+ DABx P2 e PIn(0) < 0

dZ
Wln(f(x)) =



Hence f(x) has a local maximum atx,. The behavior of
APIW distribution density can be illustrated as in Fig.1.

4, HAZARED RATE FUNCTION
The hazard rate function of APIW is given by

(lﬁx’(ﬁ“)e’“_ﬁa e_m*[‘—

—5 loga ,a>0,a+1
h - 1-a® -1
APIW fo(ﬁﬂ)efxx-ﬂ
k B — , = 1.
1—e™

Theorem 2: The hazard rate function of alpha power inverse
Weibull distribution is

(i) Increasing if 4,8 > 0
(ii) Decreasing Hazard rate if 2>0, p= —1

Proof
(i) Since,
g P e Py o
ih(x) — ABx~ e 1 Inir) +
dx x(l—ae_“ -1)
[—(B+ 1) +ApxP 4+ 2xPe ™" 4
ZX_Be—Xx_ﬁa ei;\x_B—l]
1—ae_)”x_ﬁ—l '

forl,ﬁ>0,d%h(x) >0 then hazard rate function is
increasing.

(ii) forA > 0,8 > -1,— h(x) > 0 then hazard rate function
is decreasing.

HRF of the APIW distribution are displayed in Fig.4 for
different values of «, p and 4.
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Fig.4. The hazard rate function of APIW, a # 0.

4.1 Reversed Hazard Rate

The reserved hazard rate can be de.ned as the conditional
random variable [t — x/x < t] denote the time elapsed from
the failure of a component given that its life is less than or
equal this random variable is called also the time since.

f(x)
F(x)

r(x) =
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then

ABx~ BT g e P

r(x) = loga,

ae™’ 1

x>0,a#1,apB,1>0

4.2 (Reversed) Residual Life Function
Residual life and reversed residual life random variables are
used extensively in risk analysis. Accordingly, we investigate
some related statistical functions, such as survival function,
mean and variance in connection with APIW distribution.

The residual life is described by the conditional random
variable R(T) = x—t/x > t,t =0, and defined as the period
from time t until the time of failure.

Analogously, the reversed residual life can be defined as
R(t) =t —z < t,t = 0, which denotes the time elapsed from
the failure of a component given that its life < t.

i. Residual lifetime function

The survival function of a residual lifetime S(t),t = 0, for
APIW distribution is given by

“Ax+t) P —1x)7P
Sey(@) = (1—a* ) (- e
and its PDF is
x+0"P A+ P
frgy = Mx + 1)+ €7 e R g

—ax+t) P
ae

0P
1 - Hoga.

Consequently, the hazard rate function of R(t) has the
following form

“Ax+t)B e

—A(x -B
gy (x) = AB(x + 1)~G+1) e a "  gga.

ii. Reversed residual life function
The survival function of the reversed residual lifetime R(t)
for APIW Distribution is given by

a—x)yB
Fx+t) a® 7 -7
F(t) - ae‘“_ﬁ—7

Srey() = ,0<x <t,

Hence the probability density function of R(t) takes the
following form

XB(t X)~ B g—M(t—)" B M%) ﬁl o
frRiy) = .

a®™ Py

Consequently, the hazard rate function of the reversed
residual lifetime R (t) has the following form

-Mt-x) 7P

— )P e~ Mt-x)F e
hg(t)(X) =M3(t x)Pe m_ﬁa lna
7—a®
5. STATISTICAL INFERENCE
5.1 Moments

Let x~APIW(a,B,4). Hence, one can easily get the
rthmoment as follows:

0

K, = J- x" fapiw (x)dx.
0

Using the series representation

_y_z (=loga) ¥
k=0 k7



We then get the r**moment of x
M,

(& (togay*1(k + 1 - 1)
_ !kz;] (7-a)k!

[ —ﬁr(%ﬂ 7) Ja=1

Thus, the mean and the variance of APIW are respectively
given as follows

E(x)

(& k+1 : L

(logay*1(k+ D — ) 1 1
= kZO (7—a)k! ’U;F(?-I- 7).a>0,a'¢7
L -1
—AﬁF(?-p 7) ezt

and

Var(x)

2
= (log @) (k+1)F ' 2 (-2
kz:(; Aok M‘F<F+1>—

2

]
=< 1 F 1
Z(loga)m _(k;lr('n xﬁr<_1+1> N
= o)k! B

2 —
—AB[T <—§ + 1) + <F(¥))2],a =1.

The moment generating a function of APIW(a, B, 4) can be
obtained as

My (t) = E(e™) = j:etx f(x)dx

=X g fy AT f(x)dx

5.2 Quantile
The g'"quantile x,0f Fppy (x)for a#1 can be obtained as
Q,(x) = inf {XeR:p<F(x)}, by using the

transformation f(q) = q.
Then the gt*quantile of APIW(a, B, 1) is given by

F(xg) = q,
-1
logii7 + (a — Dq]?
g—————————— .

7
= - lB_
Xq A [Lo Loga

At g= 0.5, the q" quantile reduced to the median which is
given by

-7

A logii7 + (a — 7)0.5]#
= )8

Xo5 A [Log Loga ] .

6. ORDER STATISTICS

The order statistics have various applications in reliability and
life testing. The order statistics arise in the study of the
reliability of a system.

Let X; X, ,..... X, be asimple random sample from APIW(a
8, 4) with cumulative distribution function and pdf in
Eq(10), Eq(11) respectively. Let X(q.,)X(2in) o ver oo Xnm)
denote the order statistics obtained from this sample.

A%F<%r+ 7),0(>0,0Ht 7
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In reliability literature,X;.,y denote the lifetime of an
(n—i+ 1) —outof — n system that consists of n
independent and identically components [3].

Then the pdf of X,y , 1 < i < nisgivenby

7 f_ s
fen=gmms FE 1= FI ()
Then by using Eq(10) and Eq(11), we get

fin () ,
| 6_1175_7 i—1
Og a )\‘BX_(D_FI)G—M_[‘ a
(a—DB@G,n—i+1) a—1
ae’WB—i
= [1- p— -t ,a+1,0>0
7 _ _gqi—1
—B+1) aAtP [ o-atP
Ban—i+ X e 7]
[1-e] a=1

We define the first order statistics
Xy = min(Xy, X3, ..... X,) the last order statistics X,y =

max(Xl' D, ORI Xn).

6.1 Distribution of minimum, maximum

and median
Let Xy X,,..,X, be independent, identically distributed
random variables from APIW.

d n—
fnax (8) = = (FG)" = n(F ()" £ ()

( nloga
! @-Dr

= P

Ve —1]71 ,o> 0,0 # 1

-5 _“7[5 n—-1
nABx~B+D g™ [+~ ,a=1

A pxBHDe M e

d n—
fin () = == (L= F()" = n(1 = F(0))" ™ f(x)

( loga
(a—1)n

- [a ae%ﬂg]nil

nlﬁ(l _ e—lx_ﬂ )n—lx—(ﬁ+1)e_“_5 a=1

ApaB+DgAxF e

,o0>0,a%#1

and
2 !
frea @ = 2 p o - Feop )
(2m+1)! ABloga CaxB g—ixP
'( m!'m! (a—1)2m x e
_ [af"’_uiﬁ — 1" [a — ae_uiﬁ]m ,0>0,a % 1
2m+1) _ -t
m!m! ABx D [e ’ ﬁ]
[1—e 7 m ,a=1
7. MAXIMUM LIKLIHOOD
ESTIMATES

In this section, we derive the maximum likelihood estimates
of the unknown parameters o, B, and 4 of APIW (a,B,1)
based on a complete sample.



Let X;, X5, ..., X,,be a random sample from APIW (a, 3,) then
the log-likelihood function can be obtained as

La,B,A)=nin(lna)— nln(a—1) +nln (1B)-(B
+1)

n n n
Z log(x;) — Az xi_ﬁ + log (a)z e
i=1 i=1 i=1

The normal equation can be obtained by taking the first partial
derivatives of the log-likelihood function with respect to the
three parameters and equating the first derivative equal zero
we get the following normal equations:

n n “o
alna a—1
n

—le.— +ln(a)z e =0

and

- Z Inix,) + Aln(a) Z i) e = 0
=1 i=1

The normal equations do not have explicit solutions and they
have to be obtained numerically.

7.1 Asymptotic Confidence Bounds

As the MLEs of the unknown parameters a, 3 and A cannot be
obtained in closed forms, it is difficult to derive the exact
distributions of the MLEs. In this section, we derive the
asymptotic confidence intervals of these parameters when
a>0, >0 and 2>0. The simplest large sample approach is to
assume that MLE (&,f,1) are approximately multivariate
normal with mean (o, B, 4) and covariance I, matrix 157 ,
see Lawless [8], in which is the inverse of the observed
information matrix

/ 2L 2L aZL\
N2 B Inda

2L 62L d2L

|
I apor  gp2 0P
\ %L %L a%L )

dadh  000p 902

where,

o°L n n___n Z et
92  o2logo  o2logo?  (o— 1)2 oa? '

i=1
a’L
_ —B 2
6}»6[3 -A E (logx;)

+)log(o) Z[k x P - 1] x? (log x;)2e ™"
=

92l

n
n -8
— = —— + logiitn) E (Py2e=Ax7",
2 2 i
N2 -

2L o
i=
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n
+Hogit) Y [1 -] x logiex) e,
i=1

2 n B —AxF
oL Zu
00,0\ ) o

i=1
and
92l _ <n AxPlog(xpe "
daop  ~i=1 o '

The above approach is used to derive the 100(1 —Y)%
confidence intervals for the parameters o, PandA are
determined respectively as

0+2Z,\/Var@, i+ 2Z,, [Var(R) and B+ 2, [Var(p).

where Var(c’f,)Var(E ) and Var(i)are the variance of
@, [;’and A, which are given by the diagonal elements of
Iy "and Zy is the upper — percentlle of the standard normal

dlstrlbutlon

8. SIMULATION STUDIES

The Equation F(x) —u = 0, where u is an observation from
the uniform distribution on (0,1) and F(x) is cumulative
distribution function of the distribution is used to carry out the
simulation study to generate data from distribution.

The simulation experiment was repeated N = 1000 times
each with sample sizes; n = (20,30,50,70) and (a,8,4) =
(10,1.5,0.5), (5,2.5,0.5). The following measures are
computed.

Average bias and the mean square error (MSE) of 8§ of the
parameter o, B, and 4

Tyn cp I wn A~
N Yi—/(6—0)and v Y0 _9)2.

Table 1 presents the average bias and the MSE of the
estimates. The values of the bias and the MSEs decreases
while the sample size increase

Table 1. presents the average bias and the MSE of the
estimates. The values of the bias and the MSEs decreases
while the sample size increases

Bias | MSE | Bias | MsE | Bid | MS
o B A|n $ E
@ @ [ [0 oy la

10 | 1.5 | .5/ 20 | —9.08| 84.4 | —0.12| 0.29 | 0.56 | 0.36

30 | —9.11| 83.2 | —0.16| 0.12 | 0.54 | 0.35

50 | —9.18| 80.6 | —0.22| 0.10 | 0.40 | 0.31

70 | —9.24| 78.7 | —0.29| 0.08 | 0.40 | 0.30

5 25 (.5 20 | =7.21| 53.0 | —0.20| 0.11 | 0.49 | 0.22

30 | —=7.22| 51.8 | —0.23| 0.10 | 0.40 | 0.21

50 | =7.25| 468 | —0.24| 0.1 | 0.38 | 0.20

70 | =7.31| 39.7 | —0.26| 0.09 | 0.35 | 0.19

10




9. APPLICATION

Here, the applicability of the APIW distribution is illustrated
using real data sets from [5] the data set consist of 72
observation.

12 15 22 24 2432 32 33 34 38 38 43 44 48 52
53 54 54 55 56 57 58 58 59 60 60 60 60 61 62
63 65 65 67 68 70 70 72 7375 76 7681 8384
85 87 91 95 96 98 99 109 110 121 127 129 131
143 146 146 175 175 211 233 258 258 263 341
341 376

We compare the fit of the APIW distribution with those of the
inverse Weibull, Frechet, inverse Raylight and inverse
Exponential distributions. The model selection is carried out
using the AIC (Akaike information criterion), the BIC
(Bayesian information criterion), the CAIC (consistent Akaike
information criteria) and the HQIC (Hannan Quinn
information criterion).

Table2: Estimated parameters, AIC, CAIC, BIC and
HQIC for the real data set

“Dis. Parameters -2/ | Al | CA | BI HQ
C IC C IC

Z 17212

APIW | 99.16 1.78 343.4 391.1) 788.3 388.7| 795.1| 392.7
(@./,4)

[\ 141 284.( 791.2) 795.7 795.4/ 799.8 797.1]
., 4)

F(©) 0.31 1026, 1028 1028, 1030, 1029
IR(4) 2187 813.4 815.4 815.5/ 817.7| 816.3
If(4) 60.04 805.3] 805.] 807.4/ 809.6) 808.2

The maximum likelihood estimates and the corresponding
AIC, CAIC, BIC, and HQIC values are shown in Table 2. We
can see that the smallest AIC, CAIC, BIC, and HQIC are
obtained for the APIW distribution. So, one can conclude that
the APIW distribution is the most appropriate model for this
data set among the considered distributions.

Now, we shall apply formal goodness-of-.t-tests in order to
verify which distribution fits better these real data sets. We
consider the Kolmogorov.

Smirnov k—s, P-value, Anderson. Darling A and Watson W
statistics, which are described in details by [6]. In general, the
smaller the values of these statistics, the better the .t to the
data. The statistics k-s, P-value, W and A for all the models
are listed in Table 3. The APIW distribution approximately
provides an adequate fit for the data.

Table3: Goodness-of-fit statistics corresponds to data set
Dis. k—s p— udee A w

APIW | 0.109619 0.35247 0.687468 | 0.111395

W 0.1381 0.1381 1.5177 0.2538
F 0.6398 8.95 x 107%' 44.042 9.6086
IR 0.2369 488 x 1074 6.5639 1.2661
IF 0.1846 0.0126 4.6425 0.8379
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Fig.5. The empirical and fitted cumulative for the
APIW

10. CONCLUSION

In this paper, a three parameters alpha power inverse Weibull
distribution have introduced, based on alpha-power
transformation method (APT). Most statistical and reliability
properties are derived and studied. Simulation schemes are
formulated and provide less bias and mean square error as a
sample size increases for MLEs of APIW parameters. Point
Estimation via MLE method is done moreover, the Fisher
information matrix for interval estimation is studied for
APIW. A real data is used to illustrate and compare the
potential of APIW distribution with other competing
distributions showed that it could offer a better fit than a set of
extensions of Weibull distribution.
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