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ABSTRACT

Doshi, Chinubhai S.; M.S., Rochester Institute of Technology,

Feb. '79. 'On the Analysis of the Timoshenko Beam Theory With and

Without Internal Damping.' Advisor: R. B. Hetnarski
The Timoshenko beam equation in terms of variable 'wB' is
derived where 'wB' is the deflection due to the bending of a beam.

The equation is used to analyze an infinite beam loaded with
(i) a concentrated transverse load and (ii) an impulse. It is also

shown that the rotatory damping in the equation eliminates the

increasing amplitude in the propagation of the bending moment when an

impulse is applied to an infinite beam. Also the general procedure for

the anlysis of a non-homogeneous equation is explained.
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CHAPTER I

Introduction

While studying papers devoted to modified beam theory. i.e. the
Timoshenko beam theory [1], some interesting facts were observed which

prompted the undertaking of this work.

The Timoshenko beam theory is a modification of Euler's beam
theory. Euler's beam theory does not take into account the correction
for rotatory inertia or the correction for shear. In the Timoshenko
beam theory, Timoshenko has taken into account corrections both for
rotatory inertia and for shear. Also Timoshenko has shown that the

correction for shear is approximately four times greater than the

correction for rotatory inertia.

The modified theory is useful in performing dynamic analysis
of a beam such as a vibration analysis, stress analysis and the wave

propagation analysis.

Analysis of the Timoshenko beam theory is done in two ways.
(i) Use of two equations, one in rotational motion and the other in
translatory motion, (ii) use of only one equation obtained by combining

equations for rotational motion and translatory motion.

The conclusion was reached after studying the work of Miklowitz
[2], Dangler [3] and Eringen [4], that the one equation derived by
Eringen [4] can be used both in Miklowitz's [2] and Dangler's [3] work
if some changes are made as required by the problem. This is shown in

Chapter V, part 1 and part 2a.
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It was also noticed that in some problems where particular
types of load, such as impulse load and random load, were applied to
a beam, and when stress analysis was performed using Timoshenko beam
theory, the results obtained led to conclusions which were erroneous

and not compatible with the physical expectations.

Eringen [4] showed that in the case of random load application
to a beam, it was necessary to modify the TimosHenko beam theory by the
introduction of some type of internal damping. Eringen [4] obtained
satisfactory results by the introduction of linear damping into the

translatory motion, and of rotatory damping into the rotatory motion.

In case of impulse load application it was predicted by
Dangler [3] that satisfactory results would be obtained by the use of
internal damping. It was not indicated which type of damping would be

necessary to obtain satisfactory results.

The same problem as the one Dangler [3] had, is solved
in Chapter V, part 2b by using rotatory damping. The result obtained

is satisfactory and compatible with the experimental expectations.

A method to solve the Timoshenko beam equation is explained,
using variation of parameters,in Chapter V, part 3. The method

explained is applicable to any differential equation in general.
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CHAPTER II

Review of the Literature

S. P. Timoshenko [1], a pioneer in strength of materials,
developed a theory in 1921 which is a modification of Euler's beam
theory. The theory takes into account corrections for shear and
rotatory inertia neglected in Euler's beam theory. The modified

theory is called the 'Timoshenko beam theory.'

Since the development of this theory in 1921, many researchers
have used it in various problems. Uflyand [s], in 1948, used the
theory to determine the propagation of waves in the transverse vibra-
tions of bars and plates. The Laplace transform was used to obtain

the solution of the Timoshenko beam equation.

In 1951, M. A. Danger and M. Gonald [3] used the theory to
determine results of impact loading on long beams. The non-dimensional
form of the equation in conjunction with the Laplace transform and the
Fourier transform was used in the analysis of the theory. Also in
1951, Traill-Nash and Collar [6] used the theory to determine the
effects of shear flexibility and the rotatory inertia on the lateral

vibration of a beam.

In 1953, both Miklowitz [2] and Anderson [7] used the
Timoshenko beam theory. Miklowitz [2] used the theory to obtain the
flexural wave solution of an infinite beam using the Laplace transform.

Anderson [7] used the theory to find flexural vibrations in a uniform
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beam using a general series solution method as it is used in the

analysis of Euler's beam theory.

B.A. Boley [8,9,10] in 1955-56 showed an approximate analysis
of Timoshenko beams under dynamic loads on the basis of a traveling-wave
approach and the principle of virtual work. He also showed the use of
the Fourier sine transforms in the analysis of the Timoshenko beam

under impact loads.

-

In 1958 Eringen and Samuel [4] introduced the internal damping
concepts into the Timoshenko beam theory. The equation was modified
by introducing linear and rotatory damping. The modified theory is
used in the stress analysis of a simply supported beam with the applica-
tion of a random load. The Laplace transform, Fourier transform, con-
tour integration and perturbation procedure are used to ubtain the

solution.
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CHAPTER III

Statement of the Problem

The intention of this work is to shed light on the following
points:
(1) To show that the porblems considered by both Miklowitz [2] and
Dangler [3], can be solved using a simple equation in 'wp', where
'wB' is the deflection of beam due to bending only. This equation has
the form

4 4 4 2
P wo ol + pEI) ) wa 921 o wo P wo
) P G 7.2 ' kG

ox~ ot

EI
ax

Miklowitz [2] considered the case of an infinite beam with a
concentrated transverse load applied at x=0. To arrive at the
solution he used the Timoshenko beam represented by two coupled equations
in terms of 'wB' and 'ws', where 'w,' 1is as described above and

B

'ws' is the deflection due to shear only. These equations are:

BSWB Bws Bst

EI 3 + kAG T Ip 5 = 0
ox 9xot
asz 2%, 3%y

PA —— + pA — - kAG ; =0
ot ot 3x

Dangler [3] considered the case of an infinite beam with an
impulse load applied at x=0. To arrive at the solution, he used

the Timoshenko equation in 'w', where 'w' is the total deflection
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of a beam due to both bending and shear. The equation is

4 4 2. o4 2
EIBZ'("I*FLEGI) 2w2+ﬁ<GIBZ+pAag
3x 3x°at ot 3t
2 2
1, - 3%p 3°p
=P+ ——(pI &= - EI &)
kGA " 12 2

where P 1is an external load applied to a beam.

(ii) To show that increasing amplitude appears in wave propagation of
the bending moment obtained using the equation without anydamping, i.e.,

4 4 4 2

9 Wy OEI d Wy pZI 9 wo 9 wp )

- Pl +38) 3 7t g7 =0
9x- ot ot ot”.

EI

X 0

can be eliminated by using the equation derived with the rotatory

damping, i.e.,

4 4 3 4
9wy oEI, ° "B oW 5213 "B
Bl - (Pl *535) 578~ 7 * % .2
ox ox“ ot 9x“ot ot
08, 3w 3w
1 B B
YR 3 TPATZ =0
ot ot
where B, is a constant introduced in the rotatory damping mechanism.

1
(iii) To show how to use the variation of parameter method for a non-
homogeneous Timoshenko equation when other methods used for particular

cases are not applicable.
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CHAPTER IV

Derivation of Equations

Timoshenko Beam Theory:

S. P. Timoshenko was the first to introduce correction for shear
and rotatory inertia in the simple beam theory in 1921 [1]. This is why

the equation derived after the introduction of shear correction and rotatory

inertia is called the "Timoshenko Beam Theory."

Derivation:

0 > X

Figure 1. Element of the beam.

In the above Figure 1, the bending moment is denoted by M and
shearing force is denoted by Q. Let angle ¢ be due to bending and

Y be due to shear. Deflection is w.

For very small deflections

H- = d) + Y (4.1)



and from simple beam theory
M = -513‘3; Q = KAGY (4.2)

where EI is flexural rigidity; k is a constant depending on the
shape of cross-section of a beam; A 1is area of cross-section and G

is modulus of rigidity.

The equations of motion are:

For the rotation -

- %E%dx +Qdx = pI &% 4x (4.3)

where p 1is density of the material.

For translation in the direction of w -

2
9Q - 9w
X dx = pA 527 dx (4.4)

Now if the value of Q from equation (4.2) is substituted into equations

(4.3) and (4.4) we obtain,

2
LN kAGY = pI 8¢ (4.5)
9x atz
3 (KAGY) 3w
% = PA g:f’ (4.6)
. . ow . ¢
Substituting for vy = X ¢ from equation (4.1) and M= -EI X from

equation (4.2) into equations (4.5) and (4.6) we.obhtain,
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2 2

EI 9—2 + kAG(-gﬁ -¢) - oI —3—% =0 (4.7)
ax x ot
2 2

pA%-kAG(g—”z’-?ai =0 . (4.8)
ot 9x X

To eliminate ¢ from equations (4.7) and (4.8), we rearrange (4.8) to

read

9 _  pA 3%w _ 3%w

= - +
X kAG 2)1_'2 9x

Now differentiating equation (4.7) with respect to x and substituting

3¢

for 3 e get

2 2 2 2 2
] PA 3w 9w o°w PpA 3w 3w
ET 2 [ + 227+ kagy + -2
ax? = KAG 3.2 5,2 ax® KAG 5.2 5x?
S 2 o 2%w | Bzw] _ o
at? ~ KAG 302 542
Simplifying the above expression we obtain,
Elp 3% 3w 3%w . p°1 3w %W
TN oy i Sy S < caluy Sl su
ax“ot: ox ot ot ax" ot
Therefore,
4 4 2 2. .4
EIE—Z-QI(1+R%)—g—wf+pAag+iGIBZ=O. (4.9)
9x ax~ a3t ot ot
This is called the "Timoshenko'" equation.
' 4
In equation (4.9) rotatory inertia is represented by -pI 82w > and
4 2 4 9x“ot
. pIE dw P°I 9'w
correction due to shear by - G 575 * <G 7
ax at at
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The Euler's Equation is obtained from the Timoshenko equation by

eliminating the corrections due to both shear and rotatory inertia.

4 2
9w + pI 2_%
at

=0. (4.10)

The Timoshenko beam theory can be considered either in the form
of two equations, such as (4.7) and (4.8) or in the form of the one

equation, as (4.9).

Various researchers have used these equations in different ways,

according to their goals.

In the later part of this thesis, it will be shown that only
one equation in terms of 'wB' is sufficient to solve most engineering
problems where stress is to be found. Here wo is deflection due to

bending.

Also the equation will be used with internal damping. The most
general equation considering linear and rotatory damping is derived by
Eringen [4]. From the general equation, we can obtain the simple
Timoshenko equation or an equation with either only rotatory damping

or only linear damping.
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Derivation of equation in 'w,' with linear and rotatory damping:

D

0 > X
h
2 Q
\\ ~— Tl -
E ———— Mdug—dx
M(\ ZIA *
~ _;_ ¢
Y
T, L Y
BQd
Q+ godx

W Figure 2. Element of the beam.

In these equations, linear damping is introduced in the trans-

latory motion and rotatory damping is introduced in the rotatory

motion,

The equation for rotatory motion from Figure 2 is,

2
oM h _ )
- 3% dx + Qdx - Z(Tl-FTz)dx = pI-—-E dx
at
which yields,
_8_M_+Q_ll_('r+'r)=p1ﬂ (411)
X 21 "2 Btz ’ ’

The equation for translatory motion in direction of w is,

2
aQ . ow _ 3w ow
T dx + Pdx + (Tz T1)§; dx = pA g;i-dx + BO b dx
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which yields,

2
3Q ow 3w ow
ax PP (=T 5 = PA 52 * By 3¢ (4.12)

In equations (4.11) and (4.12) M, Q, P are the bending moment,

vertical shearing force, and vertical applied load respectively. T., T

1’ 72

are surface shearing stresses which will play thg role of rotatory
damping; h, A, I are the thickness, the cross-section area and the
moment of inertia respectively about the neutral axis; p is the mass
density, ¢ 1is the angle due to bending, w is the deflection and t

is the time.

In equation (4.12) B w is the linear damping where B8 is
4 03t P 0

a constant.

The term (Tz-Tl) %%— comes from vertical component of T

and T where small deflection theory is assumed.

Again, consider the following relations,

w _ 8wB
=~ = ¢ *Y; vwhere ¢ = T (4.13)
2
0w
- 3 = B
M = -EI ~x -EI N > (4.14)
X
Q = KkGAY (4.15)
where 'wB' is the deflection due to bending.

Now to introduce rotatory damping we set,
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T = T =

1 3¢
1 2 7813t (4.16)

where Bl is a constant. Substituting for T and T, from equation

(4.16) into equations (4.11) and (4.12) we obtain,

2
M h,2 3 . _ L)
RS U R , (4.17)
t
3, p . pa 2w, g (4.18)
3x - PR Pese .
t
Substituting for M and Q from equations (4.14) and (4.15)
we obtain,
2, 2
p1 ¢ . weay - g, % - o122 (4.19)
2 15t 2
9x at
3 5w W
=< (KGAY) + P =pA;t—2+Boﬁ. (4.20)
w

Introducing Y = - ¢ from equation (4.13) and rearranging
X

the terms we get,

2 2
EI 39 _ kGA® + KGA ow oA 3¢, 8 3¢ (4.21)
2 X 2 1 3t
9x ot
3 3% 32w w
kGAg}-(' = kGA-a—x—2+ P - pA-a-t—z- BOR- (4.22)

To eliminate ¢ equation (4.21) is differentiated with respect to

3¢

x and then the value of X is substituted frcem equation (4.22) into the



-14-

differentiated equation (4.21). This results in the following equation.

2 B
0w P PA 9 w 0 ow 3 w 3 W
EI [ + - ~—]-[kGA — + P - pA —
3x2  ax2 KGA T KGA 5 2 7 kGA 3t 2 52
2 2 2 2
ow 0w 9 3w P PA 3w
- By mpd+ kGA —= = pI —[—+ -
0 3t o 3¢ “ax2 KGA T kGA 52
Po duy , g 2%, P oa 2% Po duy
" kGA 3t By 3l 2 * %GK " GA .2 ~ KGA 3t
9x ot
Simplifying the above expression we obtain,
a*w  Er % e o*w  BoBl o% 3% 3%
Bl R 7T ke LT " RGh —3  KGA 5 - P+ oA
9x 9x ax ot 9x ot 9x ot
I T o R O SO O I A Sl K
03t 2x2 x23t2 KGA 37 7 kG 5.4 " KGA .3
ca 0w, PLor BiPody Bofy ot
1 5x2sy KGA 3t ~ kG 5.3 7 KGA 2

keeping all the terms in P on one side and rearranging all other

terms we get,

3 w PEI 34w B EL 33w pzl 34w
El —7 - (°I + 3350 22“(kGA+31) 7 ' %G 3
% 3x29t 3x29t ot
B pI  B.p B.B 82y
1 3 w 1 ow
+ ( + ) + (PA + -—) + B —
kGA G 53 KGA 31:2 0 3t
B 2 2
_ 1 3P pI 3°P EI 3°p
=P+ 1EA 5t "KGA .2 KGA .2 ° (4.23)

ot ox

Let the left hand side be equal to Lw; where 'L' is an operator.
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Then,

1 oP 0" P o"P

Lw = P+‘E—GX Blgt—'i'pl‘—é‘-ﬁl—. (4.24)

Here to get the simple relation between w and Wp» equation
(4.21) is integrated with respect to x after substituting for
aw.
¢ = 75? from equation (4.13) into equation (4.21). This gives the

following equation,

Bzw SZWB BwB
EI - kGAw, + kGAw = pI + B, = .
ax2 B at2 1 ot
Rearranging the above terms we get,
2wy wy 2wy
kGA(w—wB)=pI-——2—+ Bl'—a—t—-EI >
ot ' ox
Then,
. 2wy aw 2w
W = (w-—wB) = XGA (pI o2 + B1 =5t - El axz) (4.25)

where wo is deflection due to shear only. From equation (4.25) we

obtain,

1 B B B

W=w, + = (pIL —— + B - EI
B kGA 5¢2 1 ot o

) . (4.26)

Applying operator L to equation (4.26) results in,

2 2
1 o LwB BLWB ) LwB

B * kaa (PI 2 *By ¢ - EI !

Lw = Lw

) . (4.27)

The right hand sides of both equations (4.24) and (4.27)
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are equal. Therefore,

2
2 2 0°Lw
1 9°P oP 9"P 1 B
P+ —=—— (p)I — + B, =— - EI —) = Lw, + (oI
kGA atz 1 9t aXZ B  kGA atz
BLwB 82LwB
+ B, ——— - EI )
1 o9t %2
(4.28)
From equation (4.28) we get,
LwB = P (4.29)
Then the equation in 'wB' with linear and rotatory damping is,
4 4 ) 3 4
3wy OEI 3 Wy SOEI 9 Wy p21 9wy
Bl - P+ 58 77 -G * %) 7" w3
ax dx dt ax 9t ot
3 . 2
. pIB0 . pBl) 9 wp . (oA + 8081) d Wy . g BwB o
kGA kG 3 kGA 2 0 dat ’
ot ot
(4,30)
To obtain an equation in 'w,' without any internal damping,

B
put 60==0 and 61= 0 in equation (4.30). Also take external load

P =0.

4 4 4 2
o - o1 + B " Vs +°213WB+A3—YE-0 (4.31
3 G) 2.2tk ~ 3 *° =0. -31)

3x x5t 3t 3t

EI

Equation (4.31) is the same as the Timoshenko equation except 'w' is

replaced by 'wB'. This means that the Timoshenko equation can be split
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up into two equations, one in 'wB' and the other in 'ws', without any

difficulty.

The  equation with only rotatory damping is obtained by setting

By = 0 in equation (4.30). Also take external load P=0.

0
4 4 3 4 3
) wB OEI ) wB ) WB pZI ) wp pBl ) wp
Bl—7-0l+3) 77817 *%% — 2 "% 3
9X 9x 9t 9x~at . ot ot
asz
+ A —2 = 0. (4.32)
3t

Equations (4.30) to (4.32) are used in the next chapter for the purpose

of conducting the analysis of an infinite beam.
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CHAPTER V

Theoretical Results

In this chapter equations (4.30) to (4.32) are used for the

purpose of obtaining various results. Chapter V is divided into three

parts.
Part 1.

Showing that the same results as Miklowitz [2] are obtained

by using the equation (4.31).
Part 2.

(a) Showing that the same results as Dangler and Gonald [3] are

obtained by using the equation (4.31).

(b) Showing that the problem of increasing amplitude of bending
moment encountered in Part 2a can be eliminated by using rotatory

damping in the analysis via equation (4.32).
Part 3.

Explaining the alternate method of solution, using matrices and
variation of parameters, for the analysis of a non-homogeneous differ-

ential equation (i.e., Timoshenko equation with external load P).



-19-

Part 1. Analysis of an Infinite Beam with a Concentrated Traverse
Load Applied.

Showing that the same result is obtained as in Miklowitz [2]

by using equation (4.31) instead of two equations used in [2].

Here a simple case of an uniform infinite beam is considered

with a load applied at x = 0.

A concentrated transverse load is applied at the center of
the beam as shown in Figure 3.

s(0,t)

] x=0 +co

Figure 3. An infinite beam with load applied at x=0.

where s(0,t) is half of the load, applied at x=0. Boundary con-

ditions at |x| = » for all t are as follows:

Iy 52
=0 —— =0 :
wB ’ ax ?

¥g

2

=O‘
ox

Now consider equation (4.31) as the equation of motion. That

is,
4 4 4 2
dwW 0w 2. 9w 3w
EI 4B - (pI + pkEGI) > BZ + ‘;(GI 4B + PA _zB =0  (5.1.1)
X 9x~at ot at

Taking the Laplace transform of the equation (5.1.1) we obtain,
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a*w 3% 2
B 2 PEI B 4 P71 — 2= _
El —=-p (oI + 55) —5 *+ P g W * P'PAwg = 0 (5.1.2)
90X ox
where p 1is a transformation variable. Now assume the form of the
solution for differential equation (5.1.2) as follows,
= _ _-mX
wp = e . . (5.1.3)

Then, substituting equation (5.1.3) into equation (5.1.2) we get,

2

m4EIe-mx _ p2m2 (oI + PEI. > S (p4 oI + psz) X _
kG kG
4 2 2 PEI 4 DZI 2
mEI-pm (DI+—](T)+(p —w"’ppA):O. (5.1-4)
E _ . /kG _ . PA _
Let //; = c1 5 5 = c2 T T Cc .
Substituting the above into equation (5.1.4) we obtain
4 1 1, .22 _ 2. pl
m - ( =+ ) pm” + p°~ ( 53 +C)=0. (5.1.5)
‘1 % €12
Equation (5.1.5) is the same as equation (7a) in Miklowitz [2].
The roots of the biquadratic equation (5.1.5) are,
.
2 1 1 1 2 1 1.2 4 2 2 4
@) =505+ 5)p" t{(5+=5)7p" - 4’ (F=5+ ]
“1 % “1 €12

simplifying the above,



2 _1p,.1 1,2 1 1.2 2
(mi) =§[('—2+'—2)P f{('—z‘c—z) - 4p°C}*]
1 % ‘1 %2
Therefore,

L1

mo=t 20L e Lyp? e (- L)% apkcF]?

i /3 c2 c2 C2 c2
1 2 1 2 -

To satisfy boundary conditions at infinity we take only positive value

of m into consideration. Therefore,

L. L
n ==l % ¢ (- 5% wfartlt sa1e
? V2 ¢ c c c
1 2 1 2
Then equation (5.1.3) becomes,
_ -m, X -, X
wp = Ale + A2e . (5.1.7)

To solve for A1 and A2 we need boundary conditions at x=0.

Boundary conditions at x=0 are,

. BwB(O,t)

(1) -_—BTK-_ = 0 (51.8)
ow_(0,t)

(i1) ——S-g—x— = - 5&%- (5.1.9)

Boundary condition (ii) needs to be converted into the terms of 'wB' as
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equation is in terms of 'wB' only. From elementary theory
33W(0 t)
s(0,t) = - EI % .
ax

Substituting w = w W, in the above equation we get,

B

3 3
9wy (0,t) "w_(0,t)

s(0,t) = - EI +
3x3 3x3
] ws(O,t)
From equation (5.1.9) — = 0 as s(o,t) is constant, therefore,
ax
3% (0,1)
s(0,t) = - El ————np——,
3
9x

rearranging the equation we obtain,

3
3 wB(O,t) s(0,t)

X — = - —ft (5.1.10)
X

Therefore the boundary conditions are as follows:

BwB(O,t)
(i) —— = 0 (5.1.8)
3
3w, (0,t)
(i1) "‘{37{"‘ = - S(git) (5.1.10)
X

Taking the Laplace transform of equations (5.1.8) and (5.1.10) for

boundary conditions we acquire,
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3wy (0, P)
(i) —— = 0 (5.1.11)
3—
a w (O,P) b
(ii) —B—S_= -E_Cg_iL) (5.1.12)
9x

Now applying boundary conditions (5.1.11) and (5.1.12) to equation

(5.1.7) we get,

-mlA1 - m2A2 = 0 (5.1.13)
3 3 _ s(0,p)
-mlA1 - m2A2 = - T . (5.1.14)
™
Substituting A1 = -a—-AZ from equation (5.1.13) into equation (5.1.14)
1

results in the following,

m

3, "2 3, . . s00,p)
'ml('mlAz)'mzAz = - T

Simplifying the above equation we obtain,

2 2 _ s(0,p)
mA, (my -my) = - =g
which gives,
A, = - —=0,P) ) (5.1.15)
2 EIm (m2-m2)
2V 2 7%
Also
3(0,p) (5.1.16)
A, = 2 2 5.1.16
1 EIml(mZ-ml)

The values of A; and A, are the same as in the Miklowitz [2] equation (16).
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Part 2a. Analysis of an Infinite Beam with an Impulse Applied.

To show that the application of the equation (4.31) to an uni-
form infinite beam with an impulse AS(t) applied at x=0 can lead
to the result which is the same as presented in Dangler and Gonald [3].
The function AS§(t) is chosen arbitrarily for convenience, where &(t)

is a 'Dirac' function and A is a constant.

A single equation in terms of total deflection 'w' is used by

Dangler and Gonald [3].

Now equation (4.31) from Chapter IV is,

2wy pr AWy 20 9wy 2%y
EI 4-(p1+‘;(G) ; 2”%«; T *PA——=0. (5.2.1)
ax 9x" ot ot ot
Dividing equation (5.2.1) by pA and using notations %-= r2 and
%E = ¢, where r = radius of gyration, we obtain,
B g 3y 2%, , Ay ok
=T 7 - T (1+Ec) 5—5 + PrC Tt 5 = 0 . (5.2.2)
P e 3x 3t at at

To simplify the mathematical process, equation (5.2.2) is
transformed into non-dimensional form. The same method is used as

in Dangler and Gonald [3]. A quantity is divided by itself to get unity,

i.e. §.= 1 and . 1. Equation (5.2.2) then becomes,

o

=0 (5.2.3)
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Here the example with the simple case c=1 is considered, although in
reality generally c>1 for a beam. This is necessary to compare the

results with those received by Dangler and Gonald [3].

When c=1 equation (5.2.3) becomes

84w a4w a4w azw
2 B 2 B 2 B B
i 2r 5> + T 1 + 5 = 0 . (5.2.4)
9X ox 9ot ot ot .

by

Now taking Laplace transform of equation (5.2.4) we obtain,

4- 2-
2 oW 22 o°w
- 2r

p
3x4 ax2

r 2

+(r p4-+p2) QB =0 . (5.2.5)

Boundary conditions are the same as in Part 1; both at infinity and at

x=0 (equations 5.1.11 and 5.1.12). That is,

3, (0, )
@ -0 (5.2.6)

3-
.. 9 w,(0,p) =
(ii) B _ s(0,p)
——a;'g—_ - - % (5.2.7)

Then the solution is also the same as in Part 1,

where
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and A, = - s(0,p) .
ElIm (m2 -mz)
2-72 1

Here 5(0,p) depends on the applied load and m and m, are determined

from equation (5.2.5). Now the applied load is AS(t) at x=0, where §(t)

is 'Dirac' function and A is a constant. Therefore,
s0,8) = $8(t) -
The Laplace transform of s(0,t) gives
s(0,p) = %(as Laplace transform of 'd(t)' is '1'.)

Substituting s(0,p) into equations for A, and A, we obtain,

1 2
A, A (5.2.9)
21‘.‘Im1 (m2 - ml)
A, = - A — (5.2.10)
21:‘.Im2 (m2 - ml)
From equation (5.2.5) we obtain, (substituting ‘;B = e-mx.)
rzm4 - 2r2p2m2 + (rzp4 + p2) = 0 (5.2.11)

Then the roots of the biquadratic equation (5.2.11) are,

1
my? - et x tartptoae?pte phe?y
i 21.2 :
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Therefore,

1
2

2 2 4 4 2 4 2. 2.4

m. = 2r'p” + {4r p - 4(xp +p)r}2]

i ) J
2r

Here only positive values of m are considered to satisfy the boundary

conditions at infinity. Therefore,

L
. [21‘2p2 + 21rp] 2
1,2
2r _I
2 . ip1h
moa = b7t F1
which gives,
m. = 1/2[ 4--1--]1/2 and m, = pi/z[p-}-'}l/2 (5.2.12)
1 P LPTT 2 T U
Therefore,
2 .2 . iy i
my -my = plp-31-plp+ 3]
Simplifying the above equation gives
2 2 _ i
my, -my = - 2p = (5.2.13)

Substituting equations (5.2.9) and (5.2.10) into equation (5.2.8)

results into the following equation,
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-m_x -m_ X
\71 = Ae 1 Ae 2
B 2 2. 2 2, °
2EIm1 (m2 - ml) ZEIm2 (,m2 - ml)
Therefore,
-m, X -m,X
Wy s 12\ y [mLe 1 -mLe 2 (5.2.14)
2EI(m2-m1) 1 2 .

Substituting the value of (mg-mi) from equation (5.2.13) we get,

- A 1 Tmx o X
Wg = ———glge T -ge 7
2EI(-2p%) M 2

Simplifying the above equation we obtain,

-m, X -m. X
e Mrpl 1 -mLe 2 (5.2.15)
1 2

The following relation is known from the basic theory.

Bsz

2

M(x,t) = -EI
9x

Taking the Laplace transform, we obtain,

32&3

M(X,P) = -EI 2 (5.2.16)
9Xx

Substituting for w_, from equation (5.2.15) into the equation (5.2.16)

B
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we get,
m2 m. X m2 -m, X
- iAr 71 1 2 2

M(x,p) = (-EI) 2nL rricy [m e - a;-e ].

Simplifying the above equation we get,
. -m_ X -m_X
= ~ _ iAr 2 1
M(x,p) = 7@;[xn2e - mpe ] (5.2.17)

1
equation (5.2.17) and simplifying we obtain,

Substituting value of m, and m2 from equation (5.2.12) into

1 .1 'PI/ZCP*'i—)I/ZX
M(x’p) = ——_[ (1 - %) e-P (p r) X - (1 + %)/Ze T ].

This equation is the same as the equation (18) in Dangler and Gonald[3].

Inverse Laplace transform of equation (5.2.18) is given in

Dangler and Gonald [3] as follows:

M(x,t) = 0 for  t < |x| (5.2.19)
A t u t .t u
M(x,t) = Y {COS 5 JO('Z—;) + T sin 37 ch-z?)} (5.2.20)
for t > |x|
2 2.4 . .
where u = (t"-x7)°, J0 and J1 are Bessel functions. It is noted

from equation (5.2.19) and (5.2.20) that bending moment at a station
x 1is zero until t=x, and then jumps to the value (obtained as

the limit of equation (5.2.20) as t > Ix])
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im. _A x|, Ixl oo Ix]
lll;l-flix,t) = 4{(:05 5e * ar Sin oo (5.2.21)

From the above equation (5.2.21) it is shown in [3] that there
is an increasing amplitude when t=x in the equation for M(x,t).

This result is not acceptable in reality.

It is predicted that internal damping used in the equation

would eliminate the increasing amplitude in the solution for M(x,t).

On the next pages, it is shown how internal damping affects

the outcome.

The result is discussed later in the thesis.
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(b) Same Analysis as in (a) Including Rotatory Inertia.

In Part 2a it was noted that there is an increasing amplitude
in the propagation of the bending moment when t=x. This is contrary to
the physical expectations. It is suggested by Dangler and Gonald [3]
that the increase is attributed to the neglect of the internal damping

in the beam.

It is shown in this part that by using internal damping in the
rotatory mechanism the incicasing amplitude in the propagation of the

bending moment is eliminated.

The problem is the same as in Part 2a except that the Timoshenko

equation is modified to include the rotatory damping.

Take the equation (4.32)

4 4 3 4 3
9 wp OEI 9 wp 9 wB pZI 9 wp pBl 9 wp
El — - (oI + 57 Iy L N S TN I
9X 9x ot 9x 9t ot ot
32WB
tPA— = 0. (5.2.22)
ot
. e qs .. I 2 1
Dividing (5.2.22) by pA and writing =T and G- ¢ we get,
4 4 3 4
9w o w B, 3w o w
R I M Sl DA
P 5x ax“ats  P* ox‘at 3t
Bc 33wB asz
+ = =+ — = 0. (5.2.23)
ot ot

Now, as it is done in Part 2a, we change the above equation (5.2.23) into
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non-dimensional form and let ¢=1. Then we get,

4 4 3 4 3 2
ZBWB ZBWB BISWB ZSWB BISWB BwB_
L e e o By uw iy el v S B
9x 9x~ 9t 9x ot ot ot ot
Performing the Laplace transform we obtain,
4- 2- 2-
20" 22 B Wy o4 v By s o
7} P 5" P 3 pWg* T PWg ¥ PWg =T
9Xx 9x X
Therefore,
4- 2-
oW 8 o'W 8
2 B 2.2 1 B 2.4 1.3 2, -
r 4-(21‘P "'TP) 2"'(1'P "‘T’P"'P)WB=0-
9x 9x
(5.2.24)

Solution of equation (5.2.24) is the same as in Part 2a. That is,

-m

- 1X -, X
wp = Ale + A2e (5.2.25)
with
Al ) 2EIm (iz-mz)
12 1
A
AZ " 2EIm (m2 - mz)
2V2 1
where m, and m, are different and obtained by substituting
w, = e ™ in equation (5.2.24)

B
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B B8
ot - (2r2p2-+7%-p)m2 + (rzp4 + 7%_p3 + pz) = 0. (5.2.26)

Roots of the biquadratic equation (5.2.26) are,
B B B ‘/z
1 3. 2
, (2r2p2-+7%-p) + {(2r%p? + 7%-p)2 - 4r2(r2p4-+7r-p +p°)}
)" =

i 2r2

(5.2.27)

Simplify the terms under the root sign as follows:

8 B
22,71 .2 2,24, 71 3 2
(2r'p” + = p)" - 4r"(r"p +—4p” +Pp)
8 8 B
= artpt . (7%92p2 . 4r2,7%_p3 - artpt - ar? 7%_p3 - arp?

B
1.2 2 2
(D °p% - ar’p?

B
PP (% - ar®].

Substituting back into equation (5.2.27) we get,

B B
2.2 1 1.2 21 %
) 2r°p" + =Pt p[ (P - 4r]7
(mi) = g 5
2r
Therefore,
B8 B8 b
1 1.2 a2
L et - el
= +
my,2 =P |P* 2
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Only positive values of m are considered, to satisfy boundary conditions

at infinity. Therefore, 8

and

Let

in

in

1
2

B
—1 + {(Tl)z - 41‘2}li

m, = pi|p+ A > (5.2.28)
2r
By L Bi2 2% F
1 x - {(7r9 - 4r°}?
m2 = p/E p + 5 . (5.2.29)
2r
B B
1 1.2 2.5
Y = 3
2r
equation (5.2.28) and
B B
1 1,2 2,4
ol {(T) - 4r%}
Z = >
2r

2

B ;
equation (5.2.29) where (7%92 >4r” or Bl>-2(IA)/2 to get Y and

Z real and not complex. Then,

1 L

m = pu[p +Y]* (5.2.30)
L L

n, = pilp + 2] (5.2.31)

From the above equations (5.2.30) and (5.2.31) we get,
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n2 -ni = plp+¥]l-plp+z] = p-Y) . (5.2.32)

Substituting (mg-mi) from equation (5,2.32) into the equations

for A1 and A2 we obtain,

_ A - A

M OT EmpEoD and Ay T Emmp(Z-T)
where Z and Y are real and not equal. Substituting for Al and A2
into equation (5.2.25) we get,

-m, X -m,X
w = Ae 1 _ Ae 2
B 2EIm1p(Z-Y) 2EIm2p(Z-Y)
Therefore,
-m, X -m,X

- A 1 1 1 2

wp o = 2EIp(Z—Y){m1 e - n, e } (5.2.33)
Using M(x,p) = -EI 5 from Part 2a and substituting for wo

X
from equation (5.2.33) we obtain,

(-EI)

2 2

m -m, X m -m.X
- A 1 1 2 2
M(x,p) { } .

2EIp(Z-Y) | m, © “m °

-
=]
N

which gives,

— A —mzx "mlx
M(x,p) = m{mze - me } . (5.2.34)
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Substituting m, and m, from equations (5.2.30) and (5.2.31)

respectively into the equation (5.2.34) we obtain,

1 1
M L1 53R (pey)?
Mip) = EBTif‘?j{P (p+2) e ERCOR _ Pipenie P ) X

which gives,
A__[@D* 2l | et i’
_ R ] !
MR zcz-Y){p*/z) R }
P P

(5.2.35)
For the inverse transform of ﬁ(x,p) we use the following formulae from

Roberts and Kaufman {11].
Inverse transforms of

t

1) g g, is é £, (t-u) £, (u)du
(2) p is §&'(t-u)
e-p%(p+c)%x
(3) —41— is (i) 0 for t<x
pZ(p+c)2 .
.. 7Y e 2 2%
(i) e I,[5(t"x )?] for t > x (5.2.36)

where I0 is a modified Bessel function. Rewriting equation (5.2.35)

we get, 3 5
_ A —pz(p+2) x o P 3(p+Y)) %x
M(X,P) = 2 (Z—Y) {(p+Z) ——i___—'—} - (P+Y){ }
p (p+Z)* p (p+Y)2

(5.2.37)
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Part of the equation (5.2.37) is considered below for inverse trans-
formation
L L
oD (P+2) *x

P+ 2) =g
pi(e+2)*

Rearranging the above expression we obtain,

5 L L L

e P (p+2) *x o P (P¥Z) x
Pl 2{ (5.2.38)

p (p+z)™ p-(p+Z)*

Using formulae from equation (5.2.36) to get inverse transform of

equation (5.2.38) we obtain,

Z Z
[ 8'(t-u){e 271 [E{uz-xz)z]}du + Z{e 271 [Z{tz-xz)z]}
0 0-2 0-2
for u,t > x (5.2.39)
and 0 for t < x.
o0
Now [ §'(x-a)G(a)da = G'(x) from Jones [12]. Application of this
-00

formula to equation (5.2.39) gives,
_Z A

t 1 ‘_t 1/
g%{e 2 IO[%{tz-xz)z]} + 2{e 2 IO[%{tz-xz)z]} .

Simplifying the above expression gives,
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Z Z
-—t _— 1
LT 2 2 . o 2 22 - 2 1P xh T e 2
2 0-2 2 2
Zt
BC) 1
+2{e 2 1 [Z{t2_x2)4]} .
02
That is,
Z, Z,
1
Ze? 122 x%"] + 2t Z(e?x) 2" 1 [2%x%) 2y (5.2.40)
To simplify the second part of the equation (5.2.40) we use the
following formulae from Abromowitz and Stegun [13].
. |
(1) Io(x) - Il(x)
(5.2.41)
|
(ii) Il(x) = I (x) I (x)

These are recurrence relations for modified Bessel functions. Using
Ic')(x) - I,(x) into the equation (5.2.40) we get,

Z 1 Z Y
'21?10[%(1;242)’5] vt 2Tt (e2xH 7 [Z(tz- 2y | (5.2.42)

Z
7e 2

Substituting inverse transform equation (5.2.42) of equation (5.2.38)

into the equation (5.2.37) we obtain,
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YA
—t X
_ A [z 2 2.2 2.4 2 2.-% (2.2 2%
M(x,t) = 2(Z-Y)[§ e {10[5(’1: -x)2] 4+ t(t%-x9) 11[2(t x)*]}
-—Yt
Y 2 Y, 2 2% 2 2.-% Y, 2 2.4
- e {Iotict -x“)?] + t(t°-x9) 211[7(1: -x )2]}]
for t > x (5.2.43)
M(x,t) = 0 for t < x (5.2.44)

when the 1limit of M(x,t) as t=+x 1is calculated we obtain,

Z
- -5 I.(0)
. A [z 2% e S|
lim M(x,t) = [— e {I 0) + ——
o 2(Z-V) |2 0 0
Y ‘%’.‘ xI, (0)
-5 e {IO(O) * =3 }] (5.2.45)
From Abromowitz and Stegun [13] we have,
IO(O) = 1 and Il(O) = 0 .
Thus,
z Y
2 2

- = x - x
L M BT

To get the limit of the terms where we have % (indeterminate) we use
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L'Hospital's rule. Take the term

applying L'Hospital's rule as t-=>x we get,

9 2.4 1.2 2.-%

Z,. 2 'z, .2 2.%42
T 11[7(13 ‘X)z]_Il[f(t 'X)z]j'j(t -x7) “e2t
3.2 2% 1.2 2,5,
Bt(t x7) E{t -x7) 2t

_Z.'rZ,.2 2%
-211[7(1: -X)]

Using the formula from equation (5.2.41) we obtain,

Z,.2 2.4

z{ 2,2 2% 2
= =41 E‘(t -x7) ] - 1
2 1702 Z (tz‘xz)a

Therefore after applying L'Hospital's rule when t-—>Xx we get,

Z..2 2.% Z.. 2 2.5
I,[5(t"-x")7] . I,[5(t% -x)7]
. 1-2 . A Z,.2 2.5 2 712
lim L T lim = 10[7(11 -x97%] - VA 5>
t+x (t°-x“)"* t>x (t°-x7)"*
which gives,
Z..2 2%
I [—{t -x7) ] 1

lim 12 = lim %-Io[g{tz-xz)é] .

1
t>rx  (t2-x%)? t>x
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Therefore when t—+x we get,
Z,2 2,1
Il[?(t -X )1]

. Z
1im T = =
t>x (t2 - xz)1 4

Substituting back into the equation (5.2.45) we obtain,

Z Y
-—X -—X
: _ A z "2 z Y 72 Y
o Meet) = 2—(-2_—\()[73 {“xz}' z © {1”‘4}]

(5.2.47)

rewrite equation (5.2.43)

-2t .
M(x,t) = ?E—ZA—_Y) [% e 2 {Io[é(tz -X2)1]

+ t(t2 - xz) '1/211[%(1:2 - xz)l/z]}

Y

t 1 1 L
- % e 2 {Io[é(tz - xz)/zj + 1:(1:2 - xz)'lefé(tz - xz) 2]}]

for t > x (5.2.43)

We want to analyze whether M(x,t) in equation (5.2.43) is
convergent or not. In equation (5.2.43) t>x and so if we find
M(x,t) for x=0, the result will hold true for any x in general.

Therefore substituting x=0 in equation (5.2.43) we get,
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Z Y
-=t -=t
M(x,t) = 5{;7)—[% e ? {Iocét) +11c§t)}- Le? {Ioc;it) ‘ Il(%t)}]

(5.2.48)

From the tables of e_xIO(x) and e-xll(x) for different values

given in Abromowitz and Stegun [13], it is evident that both

.

e_xIO(X) and e_xll(x) are convergent. Therefore M(x,t) in the
equation (5.2.48) is convergent. Thus M(x,t) for t>x in the

equation (5.2.43) is convergent.

7 In the equation (5.2.47) there are two basic terms, e and
-=X

X e 2 > which are known to be convergent. Therefore M(x,t) 1is

convergent even when t->x. Thus it is seen here that the increasing
amplitude in propagation of M(x,t) is eliminated by introduction of

internal rotatory damping in the Timoshenko equation.



-43-

Part 3. Variation of ParametersMethod for a Non-Homogeneous

Differential Equation.

After studying the procedure used by Eringen [4] to analyze
the simply supported beam with application of a random load, the same

procedure was tried to analyze the case of cantilever beam with a

random load.

The procedure was not applicable as we could not find a linear
solution for the fourth order differential equation (i.e., the
Timoshenko equation) that would satisfy boundary conditions, equation
itself, and also would be applicable to the procedure shown in [4].

The explanation of this difficulty is as follows,

In the case of the simply supported beam considered in [4],
only even derivatives of the deflection entered into the equations for
boundary conditions. Therefore, due to the format of applied load,

sine terms on both sides of equation (11) in [4] were cancelled.

Because of cancellation of sine terms, the equation became
simply and contained only arbitrary constants. These constants became

functions of x in the case of a cantilever beam as discussed below.

In the case of a cantilever beam, the boundary conditions are
expressed by odd derivatives of the deflection. Because of this and
due to the format of applied load, sine and cosine terms enter into
the equation. Thus the terms which are constnats in [4] , are

functions of x in case of a cantilever bean.
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Because of this the format obtained for wo is not differ-
entiable with respect to x and the moment could not be found, as

the moment is the second derivative of wp with respect to Xx.

Thus the procedure followed by Eringen [4] is not applicable
to a cantilever beam. After trying some other cases it was concluded
that the procedure followed by Eringen [4] is only applicable to a

particular case of a simply supported beam

Because of the above difficulty the following method is
described which is applicable to all kinds of boundary conditions
in general. Also it is applicable to any differential equation

in general.

Consider the general equation (4.30) from Chapter IV,

4 4 4
9 Wg OEI d Wg BOEI éwB pZI 9 Wg
B -l )= Ga ) 7 " ' 2
ax ax“at ax“at 3t
3 2
. (oIBO . 081)8 Wp P 8081) aij
kCA "~ kG’ 3 kGA) 572
BwB
+ BO 3%~ P . (5.3.1)

A solution can be obtained for equation (5.3.1L but to simplify the

process we take BO= Bl= 0. Thus,



34 4 4
PEI B p°I

- (I + 59 +
a5t kG’ 25,2 kG 4

EI

(5.3.2)

where P 1is an external load and can be a function of only x or

both x and t.

Consider the case of a fixed beam as shown in the figure,
P

W

x=0

”
]
Py

Boundary conditions for a fixed beam at x=0 and Xx=4 are,

(1) wB(O,t) = wB(Z,t) = 0
(5.3.3)
BwB BwB
(.11) E’("(O:t) = W(Z,t) =0

Taking the Laplace transform of equations (5.3.2) and (5.3.3)

we obtain,

9wy OEI 232‘:’3 0’1 4 2. -
7 - PL+35) p" —5 + (Rg P *+PAP )Wy =
9X 9xX

!

EI

(5.3.4)
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(L ‘:’B(O’p) = ‘:’B(g"p) = 0
(5.3.5)
' aw BQB
(ii) (0, ) = a3 &p) = 0

where p 1is a transformation variable. Equation (5.3.4) is a non-
homogeneous differential equation and therefore the solution to the
equation is in two parts (i) a complementary solution and (ii) a partic-

ular solution. Therefore,

General Solution = Complementary solution + Particular solution.

Complementary solution is for homogeneous part of the equation (5.3.4),

i.e.,
4- 2-
o w 9w 2
. B PEI 2 B p°I 4 2, = _
(1) EIa4-(pI+kG)p 5+ (g p *PAp) Wy = 0
b ax
(5.3.6)
Complementary solution is
_ 4 -m, X
Wy, = Z Ase (5.3.7)

where Ai are constants and

\H

pEI DEI

. 021
(pI + 57 p £ {(pI+375) p 4EI( p + PAp )}
+

1 2EI
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From above expression my = -m, and my = -m,. Therefore from

equation (5.3.7) we obtain,

(Wg). = Ae + Ae +Ae o+ Al . (5.3.8)
Now to get a particular solution, we use a method called Variation of
Parameters from Ince [14]. In the variation of parameter method, to
get a particular solution we substitute the functions of x 1in place

of constants in the complementary solution. That is,

-m, X , -m,X m, X m,X
Particular Solution =~v1(x)e +v2(x)e + vs(x)e + v4(x)e

(5.3.9)

To find vl(x), vz(x), VS(X) and v4(x), we have four simultaneous

equations because Vv and P has a single relationship only, p. 122

Ince [14].
1] 1] 1] 1] \
Vi + Vou, * Vg + v,u, 0
1] 1] 1] 1} 1] 1] 1] 1]
ViU * Vou, * Vaug * vy 0 }
(5.3.10)
t 1 t 1 T t 1 _ 0
ViU, ot ovou, *Vaug + VU, =
t ot Tt t ot tont 5
ViU * VU, + Vaug kv, S
-m; X -m,X m, x m,X
where u, =e s u, =e s uz = e 3ou, =e and dash (')
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denotes the derivative with respect to x.

The four simultaneous equations in (5.3.10) can be solved by

using the matrix method.

- - _ - L
u1 u, u; u, v1 0
u. ul u. u' v, 0
12 75 21 . (5.3.11)
" 1] 1] " t
u u u u4 v3 0
ulll ulll "t "t VI P-
| "1 Y3 Y4 |4 ]
From the above matrix equation (5.3.11) we obtain,
-~ [} r~ - _1 -
v1 u1 u2 u3 u4 0
] ] 1] 1] ]
v2 ) u1 u2 u3 u, 0
' B " " " " (5.3.12)
v3 u1 u u3 4 0
V' u"l ul" u"l e —P-
L 4.. L 3 4J b .
-m. X —mzx m, X m2x
By substituting u =e ;ouy, =e 3 ug =e ;U =e and

simplifying we get values for vi, vé, vé and v;.
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Integrating equation (5.3.13) with

vy (x)

v, (x)

V4 (x)

v, (%)

We can find v, v,, v; and v, which depend on P(x,p).

R
e P(x,p) d
X
] 2m (mz-mz)
1V1 72
[omX_
e ng,g)2 dx
) 2m2(m1-m2)

-miX_
_[ e~ P(x,p) 4y
2m1 (m1 - mg)

~moX_
e P(x,p)
- dx
2m (m2 - m2)
2V 2

(5.3.13)

respect to Xx results into,

(5.3.14)
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The above method is helpful when load applied is complicated

and ready made particular solution is not available.

Once Vl’ Vys V and v, are known, the particular solution

3 4

is also known. The form is

-m. X -, X m, X m,X
Vl(x)e * vy(x)e + vs(x)e + V4(x)e

Therefore, a general solution is

- -m, X -m,X m X
wg = {A1'+V1(X)}e + {A,+vy(x) e + {A3-+v3(x)}e
m,X
+ {A4-+v4(x)}e (5.3.15)

Now if we apply boundary conditions (5.3.5) to equation (5.3.15) we

get four simultaneous equations in quantities A., A,, A, and A

12722 73

which can be solved by using the matrix method as shown before.

4

Thus w, can be found in the Laplace transform domain. Depend-

B
ing on functions in GB’ either available Laplace transform tables
or contour integrations can be used to find Wp-
This shows that it is rather complex to deal with the equation
when boundary conditions involve odd derivatives of deflection since

the equation does not simplify as it does in the case of even derivatives

of the deflection.
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The same method of solution by matrices is also applicable to the

homogeneous differential equation.

The above method is useful especially in numerical problems,

since matrices can be solved by using a computer.
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CHAPTER VI

Discussion of Results.

It is mentioned in the introduction that a single equation

can be used in dealing with the analysis of bending moment and stresses.

It is shown in Chapter V, Part 1 and Part 2a that equation

(4.31) in terms of 'wB' is sufficient to analyze the problem of
both Miklowitz [2] and Dangler [3]. Also a similar equation

is used by Eringen [4] .

In addition, depending on the problem, the external load can be
considered either in the equation itself or in the boundary con-

dition. Dangler [3] has used the external load in the equation itself
where as in the bhapter V, Part 2a, it is accounted for in the

boundary condition.

Thus either of the following equations can be used in the
analysis depending on the basic problem and the case of the beam
considered in the analysis, such as the simply supported beam, infinite

beam, fixed beam, cantilever beam, etc.

Equation 1,

4 4 4 2

9 wp OEI 9 Wo pZI ] Wp d wo )
El = -0l +538) —2 3 % _a+PA—7=0

X 3x“at dt ot
Equation 2,

4 4 4 2

AW AW 2. 9 W AW

B PEI B  p°I B B _

EL — - (L + 533 —5 7 * %@ + PA P

X 3x°3t 3t ot



(*[¢] xot13ueq woxy ueyel aansty)

ot -
S0° -
-~ om\\\\:/// 09 0F oy 0g 0z 01 0
~ L I [
- 1
S0
1+ 0T1°
‘¢ °Z T
I=2 St
T=3
8y =X "¢ : 0z”
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where P means an external load.

Both equations are simple Timoshenko equations without any

internal damping.

Dangler [3] has shown that an impulse load applied to an
infinite beam without considering an internal damping gives an
increasing amplitude in the propagation of bending moment  M{x,t).
The same case is approached differently in Chapter V, Part 2a and the

same conclusions as those reached by Dangler [3] are obtained.

It is seen from the equation (5.2.21), which corresponds to
equation (20) in [3], that there is an increasing amplitude in the
propagation of M(x,t) when t 1is equal to x. Also the same

phenomenon is seen in the figure taken from [3] on page 53.

The above mentioned problem is solved in Chapter V, Part 2b
by considering a modified equation (4.32) in the analysis. This
equation is derived by including internal rotatory damping in the

theory.

The result of the inclusion of an internal rotatory damping in

the Timoshenko equation is seen in the equation (5.2.47).

A Y
_—x __x
. __A |22 AN Y
sflbﬂxﬁ)— 5ZY) | Z© {1+x4}-2e {1+x4}

In the above equation all the terms are known to be con-

Z Y. Ly Y,
27X 2

vergent. They are e s € s X*e and x-e
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Because the limit of M(x,t) as t-x is convergent, it is

obvious that an increasing amplitude at t=x is eliminated.

Also, it is seen that only rotatory damping is found necessary
to assure the convergence of the solution. Eringer [4] used both linear

and rotatory damping to get the results in the case of a random loading.

In Chapter V. Part 3, the use of variation of parameter method
is explained to get the solution of a non-homogeneous differential

equation. In general, this method is applicable to any differential

equation.
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CHAPTER VII

Suggestions for Further Continuation of the Work

In the case of an impulse load and a random load application to
a beam, Euler's theory is found inadequate as the results obtained for
bending stresses is divergent which is not acceptable in reality. The
Timoshenko beam theory, which takes into account corrections for shear
and rotatory inertia, is not always adequate since it does not include

internal damping.

It is possible to use linear and rotatory damping concepts
as developed and used by Eringen [4]. When both linear and rotatory
damping are used together, the equation becomes too complex to analyze.
However, it is possible to use either only linear or only rotatory
damping in the equation. The inclusion of only one type of damping

leads to somewhat easier analysis.

When solving the problem associated with an impulse load, an
equation with only linear damping was considered before using an
equation with only rotatory damping. The equation with linear damping
became very complex,and a complicated contour integration would have
to be performed in order to get the inverse Laplace transform of the
result. When only rotatory damping was used, the equation became

somewhat easier to analyze.

As it is seen from Chapter V, Part 2b, only rotatory damping

is adequate for the particular vase when c=1. Now the analysis
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can be carried out in a similar fashion for arbitrary c to find out,

if indeed only rotatory damping is sufficient for obtaining satis-

factory results.

It is possible to analyze the problem with random load along

the same line as Eringen [4] to find out if only rotatory damping is

adequate in that case.

*

It is possible that the results might be closer to reality
when both linear and rotatory damping are used but to make a decision

about the use of linear damping, the following two questions should be

answered.

(i)  How much.improvement in results is achieved by using linear
damping with rotatory damping over using only rotatory damping.
(ii) 1Is the improvement significant enough to justify more complicated

analysis.

To answer the above questions, one can perform an analysis
along the same line as Eringen [4]. The problem should be solved two
times, once with only rotatory damping and then with both rotatory
and linear damping. The results obtained can be compared with each
other and it can be found out from the convergence of the equation
for bending moment or bending stress that if there is any significant

improvement.

From the results of the above analysis it will be possible to
decide if the rotatory damping plays a major role in the analysis and

if linear damping is significant at all.
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