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ON THE ARITHMETIC OF PFAFFIANS!
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JUN-ICHI IGUSA

In this paper, we shall supply proofs to the results announced in
[2], pp. 74-75: we shall prove the Siegel formula for the Pfaffian of
degree n over an algebraic number field and also determine the zeta
function of the Pfaffian. In the appendix, we shall briefly discuss the
non-split case where the Pfaffian is replaced by the norm form of the
simple Jordan algebra of quaternionic hermitian matrices of degree .

The arithmetic of Pfaffians is a very special topic; yet it has the
“generality” of being a typical example of the arithmetic of invariants
of “absolutely admissible representations”. We can state a conjectural
Siegel formula for any absolutely admissible representation. However,
at the present moment, the only approach to this conjecture is by a case-
by-case examination via the classification of such representations [cf. 3].
And we shall settle one of the cases in this paper.

We recall that Siegel’s works on quadratic forms [ef. 6] were recast
by Weil in the framework of adele geometry [cf. 7, 8, 9]; also a similar
problem was discussed by Mars [5] for the norm form of the simple
exceptional Jordan algebra. We shall use their results and methods
especially in the later parts of this paper.

1. Pfaffians. Let 2 denote a “universal domain” of arbitrary char-
acteristic and V a vector space over  of dimension m; consider the
exterior algebra E(V) of V. Then E(V) is a non-commutative graded
ring over E(V), = £ satisfying

dim E(V), = (Zj)(o <p<m), EV),=0@>m;

moreover, for every x in E(V), and y in E(V),, we have zy = (—1)*?-yx.
Therefore
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A= EWV),,
p20

is an Artinian local ring with A, = E(V), + E(V), + ... as its maximal
ideal. According to Chevalley [1], there exists a unique homomorphism
“exp” of the additive group of A, to the unit group of A with the
property that, for every v, ---,v,, in V, exp (v;- - 9,,) = 1 + ;- - -0y,

We observe that GL(V) acts on E(V) as a group of degree-preserving
automorphisms. Since E(V),, is of dimension 1 over Q,GL(E(V),) is
canonically isomorphic to 2. Putting these together, we get an in-
tringically defined homomorphism “det” of GL(V) to 2*.

Suppose that m = 2r and take an 2-base ¢, - - -, ¢,, of V; we identify
an element « of E(V), with the alternating matrix of degree 2n with
the x;; defined by

X =2 %;;0.8;
1<J
as its (i, j)-coefficient. Then the Pfaffian Pjf(x) of x is given by
exp(@) =1+ .- + Pf(x)e;- €y .

We identify an element g of GL(V) with the element of GL,,(2) with
the g,; defined by

n

g'ej:;eigij 1=sj7<2m
as its (2, f)-coefficient. Then det (9) becomes the determinant of the matrix
¢ ; moreover, exp (g-x) = ¢g-exp (¢) implies that
Pf(gxtg) = det (PP f(x) .

The proof of the following properties of Pf is equally formal and
straightforward :

LEMMA 1. Let x denote an alternating matriz of degree 2n and X,
the submatriz of x which is obtained from x by crossing out its i-th
and j-th rows and columns; put

fij - (—1)i+ij(Xij)

for i < j and denote by & the alternating matriz of degree 2n with &;
as tts (i, 9)-coefficient ; then we have

x& = &x = Pf(2)1,, .
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Moreover, if we put @ = Tpy_1 30, Y = Ton_1,30r Us = Ly no1y Vs = Ty fOr 1 <
1< 2n — 2, and if we denote by » the matrixz “&” for y, we have

Pf(x) =a-Pf(y) + up'v;

if we regard uyg'v as a quadratic form Q,(z) in z = (u,v), the discriminant
of Q,(2) is equal to det ().

We recall that if we have a quadratic form Q(z) = 12S%, in which
S =18, det(S) is called the diseriminant of @Q(z). The well-known
property of Pf:det(x) = Pf(x), which is used in the usual definition
of Pf(x), does not seem to come out formally from the above setup; it
follows from some observations in the next section. At any rate, if we
use that property of Pf, we have det (§) = det (z)"! and det () = det (y)*%

2. Orbital structure. Let m denote a positive integer and put G* =
GL,(= GL,(2),G = SL,,. If X denotes the vector space of alternating
matrices of degree m, the group G¥, hence also G, acts on X as 2z —
gxtg. If we put

olg)-x = gatg,

we get a rational representation p of G*, hence also of G, in X; all
these are ‘“defined” over an arbitrary subfield k¥ of 2. For the sake of
completeness, we shall review the classical description of G-orbits in X.

Suppose first that m is odd. Then, if we denote by U, the set of
points of X of rank 27 in which 0 < r < im, each U, forms a G-orbit.
More precisely, if we denote by e, the “standard alternating matrix” of
degree 2r, i.e., if we put

then, for every z in U, which is rational over a field K, there exists
an element g of Gy satisfying

p(g)-x = [g g} :

In particular, each U, satisfies the Witt condition relative to any field k.
(Suppose that U is the quotient variety, defined over a field %, of an
algebraic group G by a Zariski closed subgroup of G; then, the “Witt
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condition” relative to k states that, for any extension field K of k, Gg
acts transitively on Ugz.) We put U0) = Uyp_y)-

Suppose next that m is even; put m = 2n. We shall denote by U,
the set of points of X of rank 2r in which 0 <+ <n. Then each U,
forms a G-orbit; in fact, we have

U, = p(G)-[g’ g] .

For every ¢ in 2, let d denote the diagonal matrix of degree »n with

1,..-,1,(—1)¥""D¢ ag its diagonal coefficients; put
. 0 d
— oG [ ,
v = o@-| Y ]
Then we have U,_, = U(0). Moreover U,,U,,---,U,_, and U@ for all

1 in Q form the complete set of G-orbits in X ; each G-orbit in X satisfies
the Witt condition relative to any field k.

Since we have Pf(o(9)-x) = det (¢9)Pf(x) for every ¢ in G* and z in
X, Pf is a G-invariant on X. We recall that Pf(x) is a homogeneous
polynomial of degree n in x;; (¢ < ) with =1 as its coefficients. Moreover,
if d is as above, the value of Pf at the alternating matrix of degree
2n composed of 0,d, —d,0 is precisely 4. Therefore, if we denote the
morphism X — £ defined by z — Ps(z) also by Pf, we have (Pf)'(4) =
Ut) for every ¢ 0 and

(PS)0) = (u Ui) 1 U©) .

We shall show that Pf is the only G-invariant on X, i.e., every G-
invariant on X is a polynomial in Pf. Let f denote a G-invariant on
X defined over a field K, i.e., such that all coefficients of f are in K;
let x denote a generic point of X over X. Then we have

0 d
SURH
J@) = f —d 0
in which d is the diagonal matrix with 1,...,1,(—=D"*PPf(x) as its
diagonal coefficients. We observe that Pf(x) is transcendental ever K
and that f(z) is expressed as a polynomial in Pf(x) with coefficients in
K. This proves the assertion.
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LEMMA 2. Let x denote an arbitrary point of X; then x is simple
on the hypersurface in X defined by Pf — Pf(x) =0 if and only if
rank (x) = 2n — 2.

P?"-oof. For our purpose, we can replace x by any other point of
o(G)-x. Therefore we shall replace = by

Xy = ,
—d 0

in which d is a diagonal matrix with d,,--.,d, as its diagonal coeflici-
ents. If we denote by ¢ the “differentiation”, we have

GPN@) = £ 33 @y disdisre 05010y -

Hence (6Pf)(x,) = 0 if and only if at most one of the d,---,d, is O,
i.e., if and only if rank (z,) = 2n — 2. We observe that (3Pf)(z,) # 0 is
the “Jacobian criterion” for x, to be simple on the hypersurface in X
defined by Pf — Pf(x) = 0. q.e.d.

In the following lemma, m can be even or odd:

LEMMA 3. Let x denote a rational point of X over a field K and
H the stabilizer of G at x; then H is a connected, simply connected
algebraic group defined over K. Moreover, if rank (x) = 2r, H is iso-
morphic over K to the following semidirect product:

(SpZ'r X SLm_ZT).(Ga)Zr(m—zr) .

Proof. For our purpose, we can replace x by any other point of
o(Gg)-x. Therefore, if r = im, we shall replace z by

Ty = ’
—d 0

in which d is the diagonal matrix with 1,...,1,(—=1D)"®* PP f(x) as its
diagonal coefficients; then we have

H:[d O]szr[d 0]‘1.
0 1, 0 1,

If r < im, we shall replace 2 by

xo=[er O];
0 0
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write an arbitrary element g of G as

U U
g — [ 1 12] y
uZl uZ
in which u,, is a rectangular matrix with 2r rows and m — 2r columns.

Then we have p(9)-x, = x, if and only if u, is in Sp,, and u,, = 0. Since
det (9) = det (u,) = 1,u, is in SL,,_, ; also, if we write

— ul 0][127 ,UIZ ]
g [0 U,d LO ’

Ln o

the second factors form a normal subgroup of H, which is isomorphic
to the additive group of v,. q.e.d.

If z is as in Lemma 3, we have
dim (G/H) = »(2m — 2r — 1)

for r < {m; in the case where m is even and r = im, this has to be
modified ag dim(G/H) = r@m — 2r — 1) — 1. Therefore we have dim U(0)
— dim (X — U(0)) = 3 for every odd m = 3 and

dim U@Q) — dim (Pf)"%0) — U©0)) = 5
for every even-m = 4. We put X’ = U(0) if m is odd and

X = 1] U@
i€ Q
if m is even, and we call X’ the principal subset of X. We shall denote
by 0, the residue (in the sense of algebraic geometry) of (Pf(x) — i) 'dx
on U(®%), in which dz = A, da,; this is a G-invariant gauge form on
U@).

3. Elementary arithmetric. Let o denote a discrete valuation ring and
p the ideal of non-units of o such that o/p is finite; let ¢ denote the
number of elements in o/p. Let X° denote the o-module of alternating
matrices of degree 2n with coefficients in o. For every positive integer
m and every element i of o, we shall calculate the number, say N, of
cosets in X°/pmX° defined by the following congruence:

Pf(x) = tmod p™ .

We observe that the correspondence g — det(g) defines a surjective
homomorphism of GL,,(0) to the group of units of 0. Since GL,.(0) acts
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on X° and also on X°/pmX° as x — gx'g, by using the formula Pf(gx'g)
= det (¢)Pf(x), we see that N depends only on the order of i. If e is
the order of i, i.e., if p* =of for {0 and ¢ = oo for ¢=0, we put
N = F,(m,e). Since we have F,(m,e) = F,(m,m) for every ¢ = m, we
may assume that e < m. We sghall denote by f.(m,e) the quotient of
F,(m,e) by the total number of cosets in X°/pmX°, i.e., we put

Falm, € = F,(m, e)]qm»e»- |
We shall compute f,.(m,e) explicitly:

LEMMA 4. In the case where e < m, we have
n=1
Sam,e) = ¢ ] (0 — g~ @) (1 — ¢ ) (1 — g ¥ite)
i=1

with the understanding that the product represents 1 for n = 1.

Proof. Since we have Pf(x) = x, for n =1, we get F(im,e) =1,
hence f,(m,e) = g™ for every e. This coincides with the proposed ex-
pression for f,(m,e) in the case where » = 1. We shall obtain a recursion
formula for f,(m,e) with respect to # assuming that n = 2. By Lemma
1, we have

Pf(x) = z (— D PL@IY: W = @) »

in which #; is the submatrix of x obtained from z by crossing out its
i-th and 2»n-th rows and columns. We shall denote by v the column vector
with ¥, - -+, ¥;n_; as its coefficients. Let 7 denote an element of order
1, i.e., an element of p — p?, and =’ the greatest common divisor of the
coefficients of y. If x satisfies the congruence Pf(x) = z°* mod p™ for
e < m, we necessarily have 7 < e, Consider the set of column vectors
y mod p™ such that the greatest common divisor of the coefficients of each
y is #/. The number of elements in this set is clearly equal to (g™ 7)*»!
(1 — g ® ), Moreover SL,, ,(o) acts transitively on the set as vy — w'y.
We observe also that SL,,_,(e) acts, as

x — x ,
0 1 0 1

on X°/pmX° and on its subset defined by Pf(x) = = mod p™ and by the
additional condition that the greatest common divisor of the coefficients
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of y is #/. Consequently, the number of elements in this subset is equal
to the product of the above number of ¥ mod p™ and the number of =z
mod p™ satisfying Pf(z) = »°* mod p™ and such that y in « has 0, ...,0,z/
as its coefficients. Since Pf(x) = z° mod p™ becomes P f(x,,_;)x/ = z° mod p™
for such z, the number in question is equal to

(@) PO, (m — §,e — ) (""" .

If we put these together (and divide by ¢™"®*-V), we get
Jo(m,e) = (1 — q~#*1) i q O oy (m —J,e — 7).
i=0

This formula for » = 2 and fi(m,e) = ¢-™ determine f,(m,e) uniquely.
Therefore, we have only to show that the proposed expression for f,(m,e)
satisfies the above recursion formula.

If we put ¢t = ¢?, the identity to be verified becomes

(1 — to Y Ze: g1 nﬁz (1 — ti-ive) = nﬁl (1 — ti+e)
i=0 i=1 i=1

in which n = 2. Since this identity holds for # = 2, we shall apply an
induction on # assuming that » > 3. We observe that the left side is
equal to

i t(n—l)j"’l:f (1 — gi-i+e)
i=0 i=1
. jﬂt(n—l)(ﬁ»l) nl:[: (1 _ tz‘—j+e)
Jj= i=
n—2 X e+1 =2 L
— H (1 . t”e) 4+ Z fn-DJ n (1 — tz—]+e)
i=1 j=1 i=1
e+l n-—-1
_ z:‘i $m=Dy 1'[2 (1 _ ti~j+e)
Jj= i=

— nﬁz (1 . ti+e) + %tm—w nﬁz (1 _ ti—j+e)_times
i=1 i=1 i=2
((1 _ tl—]+e) _ (1 _ tn——l—j+e))

n—2
=[] @ — t¢+e) — tr'*e-times
i=1
e n—3
(1 . tn—Z) Z t(n—z)j H (1 — ti~j+e) .
7=0 i=1

If we apply our induction assumption to the last expression, we see that
the whole thing is equal to
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n—2 n-2 n—1
l—[ (1 . ti+e) _ tn—1+e H (1 . ti+e) — n (1 _ ti+e) .
=1 =1 i=1
This is the right side of the identity to be verified. q.e.d.
LEMMA 5. If we put g,(m) = f,(m,m) — fo.(m,m — 1), we have
n—1
=

with the understanding that the sum represents 0 for n = 1.

Proof. TFirst of all, by computing the number of cosets in X°/p™X°
in two different ways, we get

-1

3

Q" (1 — q7DF(m, e) + Fy(m,m) = qm*7V .

e=0

We divide both sides by ¢™"*“*~V; then, by putting ¢ = ¢!, we get
m—1
fn(m9 m) =1 (1 - t) Z() te~mfn(m’ e) .

If we substitute f,(m,e) by its expression given in Lemma 4 (after
replacing ¢! by ), we will get an expression for f,(m,m) in terms of ¢.
In particular, we have f,(m,m) = t™, and hence g,(m) = 0; this coincides
with the proposed expression for g¢,(m) in the case where »n = 1.
Therefore, we shall assume that » = 2, and put

h,(m) = g,(m) — g,_,(m);

then we have

ham) = —(L— ) 5 7 (falim, ©) — Farslim, )
—falmy,m — 1) + fo(m,m — 1) .
On the other hand, we have
Falomy @) — Fastiny @) = (1L — £ — £ — )
(L= B (@ — ) — 8L — o))
= e = ) T @ - #97-times

(T @ = ey — ¢ @ — pee))

and hence
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3

l e (fa(m, €) — fai(m, €)) = —72(1 — )7 fulm,m — 1) .

e=0

This implies that

ho(m) = %1 — (A — £ )7 fo(m,m — 1)
— falmy,m — 1) + fr_(m,m — 1)
= -1 " m,m — 1) + fro(m,m — 1)
= gD £ (m,m — 1) .

1]

If we replace n successively by 2, ..., n, and take the correspending sum,
then we will get the formula stated in the lemma. q.e.d.

COROLLARY. If we denote by O(q™%) o quantity such that ¢*-O(q™
is bounded for all m, q, and n, then we have

gn(m) = (1 + O0(q™?) nz=2).

In fact, we have

n—1
C@"gulm) — 1) = 3, ¢ f,Bm + 2§ — 2,m — 1)
=

IA
OM 8

2-124 ﬁ (1 — 2-2)-1;
i=1

,
It

clearly, this infinite series and this infinite product are convergent.

4, Asymptotic estimates. In general, by a measure on a locally
compact space E, we understand the Borel measure on E determined by
a positive linear functional on the vector space of C-valued continuous
functions on E with compact supports. If X is a locally compact com-
mutative group and X* its dual, we shall use dual measures on X, X%,
i.e., Haar measures dz,dx* on X,X* such that, for every @ in the
Schwartz-Bruhat space &#(X), the Fourier transformation @ — ¢* defined

by
PH(r¥) = j D), >

in which (x,2*> = 2*(x), preserves the L’norms. In the special case
where X* is bicontinuously isomorphic to X, we shall sometimes identify
X with X*. In such case, we shall use the autodual measure on X,
i.e., the unique Haar measure dx on X satisfying dx = da*. We recall
that if A(X) denotes the subspace of LX) consisting of all continuous L'~
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functions @ with ¢* in LY(X*), the Fourier transformation gives a bijec-
tion of A(X) to A(X*) satisfying (0*)*(x) = &(—x) for every z in X.
Suppose that X,Y are locally compact commutative groups and
Jf:X — Y a continuous mapping. We choose a Haar measure dx on X
and dual measures dy,dy* on Y,Y*. And, for every & in L'(X), we put

Fiy®) = L@(fo(x),y*)dx .

In this way, we get a bounded uniformly continuous function F¥ on Y*.
We recall that the first sections of Weil [9] are devoted to proving certain
general properties of this function. Among other things, he proved that
if f satisfies the ‘“‘condition (A)”, i.e., if F¥ is integrable on Y* wuni-
formly in @ restricted to a compact subset of F(X),F¥ belong to AY*);
moreover, there exists o unique family of measures dyu, on X, each dy,
being the image measure under f~(y) — X of a measure on f~(y), such
that the corresponding function in A(Y) is given by

Fy) = IX@(x)dyy(x) .

We shall show that, in the local and the global cases, f = Pf satisfies
the condition (4). We shall use the following fact:

Let X denote a locally compact commutative group and + a non-
degenerate second degree character of X, i.e., a continuous mapping of

X to €7, the multiplicative group of complex numbers of absolute value
1, satisfying

Y@ + y) = W@y, yh)> (x,ye X)

for some bicontinuous isomorphism %: X — X*. Then the Fourier trans-
form * of + is given by

(1) Y¥@*) = r(P) | (e R,
in which y(¥) is an element of Cf and |k| the modulus of k. For the
proof, we refer to Weil [8], p. 161.

Let %, denote a local field (of characteristic 0) and y, a nontrivial
character of k,; we identify k, with its dual by (4,%*) — y,(@@*) for <,¢*
in k,. Let X denote the vector space of alternating matrices of degree
2n and put X, = X, ; we identify X, with its dual by (z,¥) — Yo tr(zty))
for #,y in X,. We shall denote the autodual measures on k, and X, by
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|di|, and |dz|,. In the case where k, is non-archimedian, we shall denote
by o,,p,, and g, the maximal compact subring of k,, the ideal of non-
units of o,, and the number of elements of o,/p,. We shall use Lemmas
4 and 5 by taking o,,p, as o,p; we define X as X°. We shall denote
by d = d, the largest integer such that p;¢ is contained in the kernel of
¥, and by m(X?%) the measure of X) with respect to |dx|,.

LEMMA 6. If ¢* is an element of k, of order —m, we have
mx) [ p(Pr@inz), = g.m — & or 1
x3

according as m > d or m < d.

Proof. Since the case where m < d is trivial, we shall assume that
m > d. For every ¢ in o, let E, denote the open subset of X% defined
by Pf(x) = imod p™ ¢ and m(K;) the measure of E; with respect to |dz|,;
then we have m(E,) = f.(m — d, ord ({)m(X?). Hence the left side is
equal to

mxy* 5 | nPr@idel,

< mod p™m—

=N m—deo( N ).
e=0 i mod pm=¢, ord (i) =e
By the orthogonality of characters, the sum of yx,(¢¢*) over the set of
cosets ¢ + p™ ¢ for ¢ in p™ ¢! is 0. Therefore, the above sum is equal
to —fum —d,m —d —1) + f,im —d,m —d) =g,(m — d). q.e.d.
We take @ from &#(X,) and consider the function F3 for Pf: X, —
k,, i.e., we put

Fy(i%) = j @y (P S @) del, -

If %, is non-archimedian and if @ is the characteristic function of X9,
Lemma 6 gives F¥ explicitly. On the other hand, since F¥ is just the
Fourier transform of @ for n = 1, in the following we shall assume that
n = 2. We shall show that the case where n = 2 is still exceptional.

In general, let # denote a symmetric matrix of degree m with co-
efficients in %, such that det () == 0; put

Q@) = 3zh'z, () = 1(Q(2))
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for every z in k7 = M, ,(k,). We identify k7 with its dual by (2,2) —
1(2'2") ; let |dz|, denote the autodual measure on k». Let |i*|, for ¢* in
kx denote the modulus of the automorphism of k, defined by ¢ — it*; put
[0, = 0. Then (1) implies that

[ o@w@1dzl,| = 0% hjaet () -

Since the left side has ||@|;, as its obvious upper bound, we get the
following inequality:

) || 0@v@]dzl| < max (11, |9%]) min (1, det (D .

If we identify X, for »n = 2 with k% and Pf(x) with Q(2) so that we get
det (h) = —1, (1) will give

[F3@")] = max (| P, [[9* ) max (1, [¢%],)"°

for every ¢* in k,.

We shall consider the general case where n = 2. Let y denote the
submatrix of x obtained from z by crossing out its (2n — 1)-th and 2n-th
rows and columns; let Y, denote the y-space. By Lemma 1 we have
Pf(x) = a-Pf(y) + Q,(2), in which Q,(2) is a quadratic form on Z, =
ki»=* with det (y)**~* as its diseriminant. We identify Y, and Z, with
their duals by (%, ¥) — xGtr(y'y)) and (z,2") — 3,(2'2"); then |dz|, becomes
‘the product of autodual measures |dal,,|d¥y|,, and |dz|,., We shall show
that, for any compact subset C of ¥(X,), there exists an element ¥ = 0
of £(Y,) satisfying

PG| < j U max (L, |PS@E i) |y,

for every @ in C. Let @,®, denote the partial Fourier transforms of
@ with respect to |dal,,|dal,|dz],; then, by applying (1') to

Fi@ = | lay, ( [, 0:Pr@i, 1,210z xv) ,

we get

\FE)| < j 6(y) max (L, [P =15 -2 |dyl, ,

in which
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o) = j max (@, |0,)(PfW)i*, v, 2)|dz], .

We observe that if @ runs over C, @, and @, run over compact subsets
of #(X,). We shall separate two cases:

If k, is non-archimedian, there exists a positive integer N such that
the supports of @, d, are contained in p "X’ for every @ in C; also 9,
@, for @ running over C are uniformly bounded. Therefore, we can
take as ¥ a constant multiple of the characteristic function of p~*Y9.
If k, is archimedian, the existence of ¥ follows from the following lemma:

LEMMA 7. Let R =R™ X ... X R™ denote a decomposition of R™
and C a compact subset of S(R™). Then, there exists an element ¢ = 0
of R) such that

H
0] < [1 plriCao).
for every @ in C and z = (%, ---,x,) in R™, in which r,z;) is a distance
function on R™ for 1 < i< ¢,

This is a slight modification of Lemma 5 in [8], and it can be proved
in the same way. We observe that we can take as ¥ a function of the
form @or, in which ¢ = 0 is in (R) and » is a distance function on
Y,. We need the following lemma:

LEMMA 8. If ¢ > 1, for every t in k¥, we have
[ max el litydil, = const. [t .
ey

If we use the usual Haar measure on k, instead of |dil,, i.e., the
Haar measure such that the unit disc is of measure 1,2, or 2z accord-
ing as k, is non-archimedian, k, = R, or k, = C, the “const.” becomes

QA—-g¢g95A —=¢"), 200 — D, or 2zcle —1)*.

Since the proof is straightforward, we leave it as an exercise. The
following is our principal lemma:

LEMMA 9. If C is a compact subset of F(X,), there exists o posi-
tive constant ¢ such that

[F3()]| < c-max (1, |¢%],) "
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for every @ in C and i* in k,; we have g,=3 for n =2 and we can
take g, = (n — D(n — 2)7! for n = 8.

Proof. Since we have settled the case where n = 2, we shall assume
that » = 38 and apply an induction on n. By Lemma 8 and by the
induction assumption, Pf:Y, — k, satisfies the condition (4). Therefore,
there exists a family of measures dv; on Y, such that

F3@) = [ v Prapinidy,
becomes the Fourier transform of
Feti) = | P (w);
moreover, we have
IF5@0)| < [ Fot max (L il 6% )| dil,

The right side has ||F'y|, as its obvious upper bound. On the other hand,
it is at most equal to

HFaerL max (1, |¢)2-2|¢* 222 dd], .

The above elementary integral can be calculated by Lemma 8, and we
get const. [¢*[;° for ¢ = (n — D(n — 2)"'. By putting the two estimates
together, we get

|F5(1%)| < const. max (| £y ||, || Fell.) max (1,]4%],)7° .

q.e.d.

Remark. Lemmas 8 and 9 show that Pf: X, — k, satisfies the con-
dition (4). As we shall see, Lemmas 6 and 9 are sufficient to prove
that Pf satisfies the condition (4) also in the global case. Nevertheless,
it is an interesting problem to examine whether we have ¢, = 3 for every
n = 2. If k, is non-archimedian, it is easy to show that the answer is
affirmative. Therefore, the problem exists only in the archimedian case.

Since Py: X, — k, satisfies the condition (A4), there exists a unique
family of measures dy, on X,, each dy; having its support in (P))'(3),
such that
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(2) j 0@\ de, = j i ( j L Py dil,

for every @ in #(X,). On the other hand, for every ¢ in k,, the gauge
form 6#; on U(?) determines a measure [6;], on U(®), = U5y,

LEMMA 10. The measure dy; is the image measure of |0, under
U@, — X, for every © in k,.

Proof. The fact that dy; is the image measure of |6;|, for 7+ 0
follows from the remark on pp. 13-14 in Weil [9]. The point is that
dp, is also the image measure of |6,,. For the same reason as above,
the restriction of dy, to (U,_,), coincides with |6,|,; according to Lemma
16 in Weil, op. cit., dy, can be expressed uniquely as the sum of the
image measures of measures on (Uy,, - --,(U,_y),. Let dp denote the
image measure of the measure on (U,),; we have only to show that
dpy =0 for r #n — 1. We use the action of G* = GL,,(k,) on X, and
manipulate (2) as in Weil, loc. cit.; then we get

Ay (gtg) = [L"Pdp(x)

in which ¢t = det(g). Since (Up),, ---,{(U,_), are invariant under the
action of G*, by taking 0 as ¢, we get

dp(gatg) = [th" P du(x)

for every ¢ in G*. On the other hand, let H* denote the stabilizer of
G* at the representative of (U,), composed of ¢,, 0,0,0; then, as we
have seen in the proof of Lemma 3, H* consists of

e U Uy
v= [O uz] ’
in which %, is in Sp,(k,),u, in GL,,_,(k,), and wu, in M, ,._.(k,).
Therefore, if we put w(g) = du, N\ du, N\ du,,, for every a in H* we have
o(a~'ge) = det (@)"w(g). Hence, if dyp =+ 0, by the theory of relatively
invariant measures, we get |det (@)~ = |det (@)]* for every a in H*,
This implies that r =n — 1. q.e.d.

5. A dominant series. We shall prove the convergence of a certain
series which will turn out to be a dominant series for the Eisenstein-
Siegel series. We shall start by proving the following elementary lemma:
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LeMMA 11. Let k, denote an archimedian local field, dt the usual
Haar measure on k, normalized by the condition that the unit disc in
k,, defined by \t|, £ 1, is of measure 2 or 2z according as k, =R or
k, = (f; suppose that a,6 >0 and t,,t, elements of k,, in which |t,, = 3.
Then there exists a positive constant ¢,, for which we can take min (1, 25)
or (z/2) min (1,49) according as k, =R or k, = C, such that

jlz t1 =1 max (|t0]v,|tlv)_“dt Z ¢p-max (|t0!v’|t1|v)_" .

Proof. For the sake of simplicity, we put ¢, =@, t, = b; also, we
shall denote by C and C’ the subsets of k, defined respectively by |t — b
<1 and || £ ]a]. We are supposed to show that

I= f max (aly, |th)*dt

is at least equal to ¢,-max(ja},,|b|,)"* provided that |a|, = d. Suppose
first that || = %; then r =1 — (2]b)7* = 0. Let C” denote the subset
of k, defined by |t — rb| < %; then C” is contained in the subset of C
defined by |t — b1 < 1,|t| < |b|. Therefore, on C” we have max (lal,,|t|,)"

> max (al,, |6],)"*; hence
I = max (al,,|b],)"*-m(C"),

in which m(C”) is the measure of C” with respect to di. We have
m(C"”) =1 for k, = R and m(C”) = =/2 for k, = C. Suppose next that
1b| £ §; let C” denote the intersection of C and C’. Then, on C” we
have max (|al,,|tl,) ¢ = |a);* = max (la},, |b|,)"*; hence

I =z max (al,, |b],)~*-m(C") .

If ¢’ is contained in C, we have m(C”) = m(C") = 2|al, = 25 for k, =R
and m(C") = 2xlal, = 278 for k, = C. If C’ is not contained in C, we
have |a] > 1 — |b] = . Therefore C” contains the subset of k&, defined
by [t| =4%; hence m(C”) =1 for k, =R and m(C") = =/2 for k,= C.
Therefore, we can take min (1, 29) as ¢, for k, = R and min (z/2, 2x5) =

(z/2) min (1,40) as ¢, for k, = C. q.e.d.

Lemma 11 will be used in the proof of the following equally
elementary lemma:

LEMMA 12, Let L&) = ayx, + - + a2, for 1 < i < d denote
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linear forms on R,, which are linearly independent over C, such that
L;(x) for 1 £ 1 < 1, have real coefficients and L, , (x), L, ..., x) for 1 <
7 < 7, have conjugate complex coefficients; let (2,---2,) denote a variable
point of (RX)® SaliSfying 2A,,,; = Arsrgss JOr 1L <7 £ 1y; for any a > 1,
consider the function ¢ = 0 on R? defined by

ﬂm:ﬁmwumumva

Then, if we restrict A, ---,4; by 4; = const. > 0, there exists a positive
constant ¢, which is independent of 2, ---,24, Such that

Semse (4]

Proof. We shall first calculate the integral of ¢ over R? with
respéct to the usual Haar measure doe. We put v, = Ly(x) for 1 <i < d
and regard ¥, . ;, Yr,.r.; 88 (conjugate complex) points of C. In this
way, we get an R-linear bijection of R¢ to R X C2; we call them the
xz-space and the y-space. Let a denocte the coefficient-matrix of the linear
transformation; then we have

Ld o(z)dz = |det (@) (Calew — 1)~)rr+rsgrs. (ﬁl zi) T

Consider the image, say V, under y = ax of the subset of the z-space
defined by |z}, = max (a,], - - -,|zs) = 1; then V is a neighborhood of 0
in the y-space. Therefore, if we take N sufficiently large, the image of
the set defined by [x]. < N contains the set defined by |y|.. < 1. We take
as N the smallest positive integer satisfying this condition; N depends
only on a. Let n denote an arbitrary element of ZZ; then, by a simple
calculation depending on Lemma 11, we get

[ ez g .

In fact, if the condition on 4, -.-,1; is of the f_orm A=26>0 for 1
t<r and 4,,,; =0 for 1 <j <7, the calculation shows that we can
take

¢, = |det (¢)"* min (1, 28)*((z/2) min (1, 46))" .

Therefore, by taking the summation over Z¢, we get
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Ny @iz e 3 o)

hence the lemma holds with
¢ = (AN)¥(ala — 1)~"YH7*m2 min (1,20) " min (1, 46) "= .
q.e.d.

Let k denote an algebraic number field and o the ring of integers
of k; choose a Z-base a,,---,a, of 0. We know that there are d =
[k: Q] distinct homomorphisms of k& to C; the corresponding images
(@ a) of (a,---ay) for 1 <7< d can be so arranged that the matrix
o satisfies the condition in Lemma 12. We need two basic theorems in
number theory: one states that the ideal class group of k is finite. Let
S. denote the set of archimedian valuations on k. Then, another states
that if we map the unit group of o to R} as u — (Ul)ves., the
image group forms a lattice in the subgroup defined by the condition
that the product of all coordinates is 1. Consequently, for any b in k>
such that the product of all coordinates in (Rx)m*72 ig at least equal to
1, there exists a unit u of o satisfying |ub|, = § > 0 for every » in S,
in which ¢ depends only on k.

PROPOSITION 1. Let v denote a valuation on k, n o non-negative
nteger, and & a positive real number; suppose that o, > n for all v and
g, =10+ 1+ ¢ for almost all v. Then the series

Z H max (11 |illv’ st ')Iinlv)_a" »
T v
n which 1 = (4,- - -i,) runs over k*, is convergent.

Proof. Since the convergence is clear for n = 0, we shall assume
that n» = 1 and apply an induction on »n. Let K denote a subset of
{1, .--,n} and kg the subset of k" consisting of those ¢ in which 4, # 0
for every p in E and ¢, = 0 for every other p; then k* becomes the dis-
joint union of k5 for all . By the induction assumption, the partial sum
over kg is convergent for every E =+ {1, .--,n}. Therefore we have only
to prove the convergence of the partial sum over (k*)*. By assumption,
there exist real numbers «,8 and a finite set S of valuations on £
satisfying > n + 1> « > n such that ¢, = « for all » and ¢, = p for
all » not in S. We can replace § by any larger set without changing
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a, 8. Suppose that r, .-, r, form a complete set of representatives of the
ideal class group of k; we may assume that they are integral ideals.
We shall assume that S contains all prime factors of r,.--,r, as well
as the set S... We observe that, as a function of ¢, max (1,|%|,, - - -, %)) "
is monotone decreasing. Therefore, we have only to prove the convergence
in the case where ¢, = « for all » in S and ¢, = for all v not in S.
Let ¢ = (4,- - -1,) denote an arbitrary element of (k*)"; then there exists
a set of integral ideals a,, ---,a,, b satisfying bi, = a, for 1 < p < n.
We can assume that a,, ---,a,, b are relatively prime; then the set is
unique. Moreover, there exists a unique index j such that br; = ob for
some b # 0 in o; put bi, = a,; then we have a,r; = oa,, hence a, +#0
is in o, for every p. Since we can multiply any unit of o to b, we may
agssume that |b], = d > 0 for every v in S., in which § depends only on k.

We observe that if a power p° of a prime ideal p of o divides
Oy, - -+, 04, b, it divides r;; hence p is in S. Let p° denote the highest
power of p which divides at least one of the r, --.,r, and put

¢ = T (Np)*,

pPES

in which N denotes the norm. Then, by using the product-formula,

we get
[T max (L, i, « -5 l4al)™"
= [T 16 max (bl |aslo, - 5[ Qal) ™"
= ¢-([1 161" (] max (bl (o, -- Sl

Therefore it is enough to show that the sum of the right side for
(a,- - -a,) running over o¢" and ob over the set of non-zero principal ideals
of o is convergent. We recall that we have selected a unique generator
b of ob satisfying [b], = d for every v in S,. Since we have a > n, we

can apply Lemma 12 repeatedly, and we get

H max (lb\m|a'1|w s '7la/n1v)_a

(@1++an)€0" VESw
< const-( J] |bl)" .

V€S

Therefore we have only to show that the series

%I (vfelslblv)“‘ﬂ(veﬂs |D1,)" =
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is convergent. Again by the product-formula, this can be written as

20 1T 1ol (T] 10ky " .

ob vES-Sx

We observe that this series is at most equal to the product of (1 — (Np)~ ™)1
for all p in S multiplied by the product of (1 — (Np)~“¥-#)* for all p
not in S. We recall finally that the sum of (Na)~° over the set of all
integral ideals a of k is convergent for ¢ > 1. q.e.d.

Remark. 1If {is a point of the projective space P, (k) and (4,2, - - -, %)
a representative of i,

H(Z) = I;I max ([iolmli1|v, . ’|?’n|v)

does not depend on the choice of the representative; it is called the
height of ¢ [cf. 4]. As a corollary of Proposition 1, we get the well-
known fact stating that the series

2. H@™

i€ Pp(k)

is convergent for ¢ > n <+ 1; see also [5], pp. 133-134.

6. The Siegel formula. We go back to the representation p of G =
SL, in the vector space X of alternating matices of degree m = 2 defined
over k by p(g).-x = gx'g; we take as k an algebraic number field. Let
dg denote a gauge form on G defined over % and [dg|, the corresponding
“Tamagawa measure” on the adelization G, of G; this is an intrinsically
defined (bi-invariant) Haar measure on G,. We know that, for every
@ in the Schwartz-Bruhat space #(X,), the integral

1(®) =[ (3 O(o(g)-£)|dgla

Ga/Gr EE€EXE

is absolutely convergent [cf. 3]. We have seen that every G-orbit in X
defined over k contains a k-rational point; hence it is of the form U =
o(G)-& for some & in X,. We also recall that U satisfies the Witt con-
dition relative to any field; that the stabilizer of G at ¢ is unimodular
and has 1 ag its “Tamagawa number”. Let 6 denote a G-invariant gauge
form on U defined over k and |f|, the corresponding Tamagawa measure
on U,; then, by a standard argument [cf. 7, pp. 24-31; 9, pp. 14-16],
we get
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(39 10 = 3, IU G-10], .

In the case where m is even, the set of U’s contains U() for all { in &
as its members; the remaining part consists of U, for 0 < r < im — 1.
In the case where m is odd, the set of U’s consists of U(0) and U, for
the same values of . We observe that, for U = U(?), we can take the
residue 6; of (Pf(x) — 9)~'dx on U() as #; we shall denote the 4 for
U=U, by o,- In the case where m is odd, the above identity is the
Stegel formula with the integral of ¢ over U(0) as the (incomplete)
FEisenstein-Siegel series. In the case where m = 2n, because of the ex-
istence of an invariant, we will get a Siegel formula with a non-trivial
Eisenstein-Siegel series.

Let y denote a non-trivial character of k,/k; we identify k, with
its dual by (@,%*) — x(%*) for 4,7* in k,; we put [z,y] = $r(z'y) and
identify X, with its dual by (x,y) — x([z,y]) for z,y in X,. Then the
autodual measure |dx|, on X, is the Haar measure with respect to which
X,/X; i8 of measure 1. For every @ in #(X,), we define a funetion
F¥ on k, as

F¥(%) = L D(@)y(Pf@)i*)|dw|, -

Let y, denote the v-component of y, i.e., the character of the v-comple-
tion k, of %k defined as the product of the canonical injection k, — k,
and y; then, for almost all v, the usual Haar measure on k, is autodual.
Hence, for almost all non-archimedian v,0, is the kernel of y, and
m(X% = 1. We recall that X, is the inductive limit of X; = X} X X,
in which
Xi=10x, X=1I%X,
vES vES

for S running over the family of finite sets of valuations on k£ containing
S.. Therefore, for every compact subset C of S#(X,), there exist an S
and a compact subset C, of #(X,) such that every @ in C is of the form
@, ® @,, in which &, is the characteristic function of X} and &, is in C..
Put o,=8if n=2o0orveSando,=n—Dn —-2)"'ifn=3andvel;
then, there exists a positive constant ¢ such that

SIFE| < o 3 T] max (L,]6],) "
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for every @ in C. This can be proved easily by using Lemmas 6, 9 and
the Fubini theorem. By Proposition 1, the right side is convergent.
On the other hand, the mapping £ (X,) X k, — (X, defined by (9,i*)
— @u, in which @.(x) = O(@)y(Pf(x)i*), is continuous. The proof is
straightforward. Therefore, by [9], pp. 7-8, the continuous mapping
Pf: X, — k, satisfies the condition (A), and we have the Poisson formula :

(4) 2, Fa®) = 2, (Fg*@) .

ek

Put (F#)y*(—1) = F,(7) for every 7 in k,; then we have

Fo(d) :j D16,

T@)a

for every ¢ in k. In order to prove this, we may restrict @ to any
subset of #(X,) which spans a dense subspace of A(X,). We take as
@ the product of @, in which @, is in #(X,) for every v and is the
characteristic function of X% for every non-archimedian » except for a
finite number of v’s. Then F, decomposes into the product of F,, defined
by F,(i,) = F§)*(—1i,), and by Lemma 10 we have

F, (i) = j 10,

U(iv)o
for every %, in k,. This implies the assertion. We have thus obtained
the following theorem:

THEOREM 1. If m = 2n, i.e., if G = SL,,, for every @ in ¥(X)),
we have I(®) = E(D), in which

n—2
B@) = 3 [ 0@n®r@midel+ & [ ool
*ckJ Xy r=0 U4
In the case where n = 1, if we identify z with Pf(2) = 2, I(D) =

E(®) reduces to’the usual Poisson formula:

2. 0@ = 3 0*(1*);
i€k i*ck

in the case where n = 2, (@) = E(®) reduces to the Siegel formula for
the quadratic form Pjf(x) = x,&;, — X132, + %, %,5; the case where n = 3

seems to be new.

7. The zeta function. We shall discuss the zeta function of Pf: we
shall see that the functional equation of the zeta function is not as
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“deep” as the Siegel formula—it does not depend on the Poisson formula
(4) involving elements of A(k,); it depends only on (3) and the usual
Poisson formula involving elements of #(X)).

Let Y denote the Zariski open subset of X defined over k by Pf(x)
#+ 0; then G* = GL,, acts transitively on Y as p(g*).x = g*z‘g* with
Sp,, as the stabilizer at e,; w(x) = Pf(x)~*Vdx is a G*-invariant gauge
form on Y defined over k. Let v denote a non-archimedian valuation
on k and Y9 the subset of X% defined by |[Pf(zx)|, = 1; then, e.g., by
Lemma 4 we have

L0|Pf(x)l;<zn-1> |dz|, = m(Y?) = le (1 — g;@i-v)

for almost all v; hence 2 = (A — ¢;HY) is a convergence factor for Y,
and the Tamagawa measure [lo(x)|, on Y, is defined. Let | |, denote
the idele norm on the idele group kj; then, for (z,s) in Y, X C,|Pf(z)[;
depends continuously on « and holomorphically on s. We define the zeta
function of Pf by the following integral:

Z(s, 0) = f @I PS@ 0@,

in which @ is an arbitrary element of #(X,). We shall first make the
multiplicative calculation; this implies, in particular, that the above
integral is absolutely convergent for Re (s) > 2n — 1.

We decompose X, into the product X, x X., in which X, is the
restricted product of X, for all » not in S, and X, the product of X,
for all v in S.. Then, every element @ of #(X,) can be written as a
linear combination of @, ® @, in which @, is in £(X,) and 9., in F(X..).
We shall assume that @ itself is of this form. Suppose that v is non-
archimedian and that @, is the characteristic function of XJ; then, by
Lemma 4, we see that the corresponding local zeta function is given by

a— q*)*j ,(x)| PF (@) 0| dar],
Yy
— (X)) T (1 — ¢-®*")-times
j=1
i q—m(s—2n+2) 711-_-[1 (1 _ q«Z(Hm))(l . q—Z’L')—l s
m=0 =1

in which ¢ = q,. We observe that the above series converges absolutely
to, say S,(s), for Re(s) > 2n — 2. On the other hand, if we put
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ﬂ—l . .
Fopa.) =[] 1=t — )
i=1

for m = 0, » = 1 with the understanding that F',, ,({) = 1, we have F', ,(¢)
=F, . (&) + t""'F,,_, ,(t) for m = 1, n = 2; this implies that

Sn(s) - q_ssn(s) + Sn_l(s - 2)

for n = 2. Since S,(s) =1 — ¢!, we get
Su) =TT (1 = g=20)";
hence the local zeta function becomes
mx T (= g @ — g0y

Also the archimedian part of the zeta function is given by the following
Mellin-type transform:

L D..(2) | Pf (@) 0| dal.,

of @, in which | |, and |dz|., denote the products of | |, and |dz|, for
all » in S.,. We observe that the above integral converges absolutely
for Re(s) > 2n — 1. Therefore, if we denote by {,(s) the Dedekind zeta
funetion of %, the global zeta function Z(s,®) for @ = @, ® @., coincides,
except for an elementary factor, with the product of (. (s)¢(s — 2)---
(s — 2n + 2) and the above Mellin transform of @. in the half plane
defined by Re(s) > 2n — 1. In particular, since an arbitrary @ is a
linear combination of a finite number of special @’s of the form &, ® &.,,
the integral for Z(s, @) is absolutely convergent for Re(s) > 2n — 1.

We shall make the additive calculation vis-a-vis the above multi-
plicative calculation; this gives the analytic continuation and the fune-
tional equation of Z(s,®). For any g* in G¥%, the Fourier transform of
U(x) = O(p(g*)-2) is given by

T*(z) = |det (g%)|;" Y O*Cp(g*) - z) ,
and we have the Poisson formula:

2 ¥ = 2, U .

§€EXy §c Xy
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Since we have [x,y] = Ltr(x'y), we get ‘o(g)! = p(tg™) for every ¢ in
G*; hence

1@ :j (37 O,Colg) - 8)|dgl.s

Gu4/Gr E€Xy

for every @, in #(X,). After observing this, we replace g* by ug with
% in G¥ and ¢ in G, and integrate both sides of the Poisson formula
over G,/G;. Then, by using (3) and |w,(o(w) )|, = |det W) [¥|w,(2)]1, We

get
n—1
5[ 0t 20w + 3 orldet @i
(3,) 1ERX JU()a r=0
n—1
= ldet(u)w-v( 5 j O*(tp(u) - 2) |6, + Zo;*ldet(u)lif) ,
IEEX JU ()4 r=0
in which
o= odol, ot={ ool
(Uria Ur)a

for0sr<n-—1.

Let dg* denote a gauge form on G* defined over k. Since Y satis-
fies the Witt condition relative to any field and Sp,, has 1 as its
Tamagawa number, by the standard method we get

Z(s, §) :I (37 D(o(w)-8)|det (w)l;|Adul,

/ey E€EY

= Lx/kx|t|f,|2t—1dt|46 (3, 0otug)-£)]dgls

x EE€EY g
in which ¢ = det (u). Therefore, if we put
ORI COR IO
1ERX J U ()4
we also have

Z(s, ) = j . E@Itlla7dt]

Let f,. denote the function on R defined by f,.(z) = 1forz > 1,f.(t) =0
for + <1, and f,(1) =%; put 1 =, + f_ and

ZGs, 0 = | SOF(HDIHI 2

https://doi.org/10.1017/50027763000014999 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014999

ARITHMETIC OF PFAFFIANS 195

then we have Z(s,90) = Z.(s,®) + Z_(s,®). Since the integral for Z,(s, @)
is absolutely convergent for Re(s) > 2n — 1 and since the absolute value
of the integrand is a monotone increasing function of Re(s), it is
absolutely convergent for every s; hence Z.(s,d) is an entire function
of s. After observing this, we multiply f_(¢|)|t5 to (3") and integrate
both sides over kx/k* with respect to [At7'dt|,. Then we get

Z.(5,0) + o (3 0, (s — 207
7=0
— Z.@n—1—5,0% + o ("Z'laf.(s —on+1+ 21»)-1) ,
r=0

in which p, is a positive constant which depends only on k; by taking
n =1, we see that it is the residue at s =1 of &,(s). We have thus
obtained the following theorem:

THEOREM 2. The zeta function Z(s,®) of Pf has an analytic con-
tinuation to the entire s-plane as a meromorphic function with eventual
poles of order 1at s =0,1,.-.,2n — 1; it satisfies the functional equation

2(s,0) = Z(2n — 1 — s,0%)
and, if @ is of the form &, P, and Re(s) > 2n — 1, we have

Z(s, D) = elementary fowtor-n]:[1 Lul(s — 29)
i=0
| o.@IPr@reridal. .
Xoo

We can make the multiplicative calculation also for an archimedian k,
provided that we take a special @,. For instance, if ¢ denotes the sum

of e,a an upper triangular matrix with ¢, =a,= ... =1, and 9,(aea)
= exp (—tr(ta@)), then, by a calculation similar to Siegel [6], I, pp. 384-
385, we get

[_o.@Pr@pre>iz), = const. T 1ru(s — 200,

in which I" denotes the gamma function and r, = }[k,:R], ie., r, =
for ¥, =R and r,=1 for k, = C.

1
2
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Appendix

We shall first show that our treatment of the split case can be
carried over to the non-split case by an additional observation on Galois
cohomology: let & denote a quaternion algebra defined over a field k;
consider the vector space H,(k) of hermitian elements in M,(k) relative
to the usual involution & — & of k; then G = SL,(k) acts on X = H,(k)
as p(9)-x = gx'g’. In this way, we get a rational representation p of G
in X defined over k. If k splits over k, p is equivalent over k to the
representation of SL,, in the vector space of alternating matrices of
degree 2n; hence, if k£ does not split over %k, we get a k-form of this
representation. (If &k is an algebraic number field, there is no other
k-form.) The ring of G-invariants on X is generated by a homogeneous
polynomial f of degree n with coefficients in k normalized by f(1,) =1;
f is the norm form of X considered as a simple Jordan algebra defined
over k.

Suppose that k is an algebraic number field and U any G-orbit in
X defined over k. Then (i) two points of U, are Gi-equivalent if and
only if they are G, -equivalent; (ii) every G,-orbit in U, contains a k-
rational point; (ii1) the number of G -orbits in U, is finite. These follow
from some well-known properties of quaternionic hermitian forms. On
the other hand, the Tamagawa numbers of G and its stabilizer at any
point of U, are known to be 1 [cf. 7, 9]. Therefore, if the Poisson
formula can be applied to the adelized space of invariants, we will get
the Siegel formula. The only point which we have to make certain is
the validity of the asymptotic estimates at those finite number of v’s
where f is not equivalent over k, to Pf.

Let « denote a point of X = H,(k) and write = as

1.

2w
in which y is in ¥ = H,_,(k); let f(y) denote the norm of y; then we
have

J@) = a- f(y) + Q) .

We observe that the z-space Z is a vector space of dimension 4(n — 1)
defined over k and Q, is a quadratic form on Z also defined over k with
S ® as its discriminant. This follows from Lemma 1. Therefore
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the proof of Lemma 9 carries over to the present case by just replacing
Pf by f. (If we were interested only in Pf, we could have used

Pf@»=f§j(—1V*Pfuwxmn

instead of Pf(x) = «-Pf(y) + Q,(2) and thus avoided the use of (1)).) In
this way, we get Theorem 1 for f instead of Pf.

As for Theorem 2, put G* = GL,(k) and Y = X — fy~(0). Then ()
two points of Y, are G¥-equivalent if and only if they are G*-equivalent;
(il) every G¥-orbit in Y, contains a k-rational point; (iii) the number
of G*-orbits in Y, is finite. Since we have H(K,G*) = 1 for every K,
the verification of these is simpler in the present case than in the
previous case. At any rate, once we have those, by a similar argument
as in the split case, we get Theorem 2 for f instead of Py.

Finally, we shall formulate a problem and give its motivation; as
above, let f denote the norm form of the simple Jordan algebra X =
H,(k), in which k£ is any quaternion algebra defined over an algebraic
number field k. We put [z,y] = itr(zy + yx) and define the Fourier
transformation r as

(@@=memmmm

for every @ in £(X,; r extends uniquely to a unitary operator, also
denoted by r, of LXX,). We take ¢* from k, and consider the unitary
operator t(¢*) defined by

t@H)O) (@) = O(@)x(f (x)i*)

for every @ in L¥X,). Let M(f), resp. M(f), denote the subgroups of
the unitary group Aut (L*X,)) generated by r and t(z*) for all * in k&,
resp. in k. The problem is to determine the structure of M(f), and
also of M(f),. We observe that [ is invariant under r, i.e., I(rp) = I(D)
for every @ in #(X,); that F is invariant under t(¢*) for all ¢* in k.
Therefore I = E is invariant under the group M(f);. If n =1, M(f), is
a semidirect product of %> by the cyclic group of order 4 consisting of
powers of r; if n = 2, M(f), is an extension of SL,(k) by a cyclic group
of order 2. In both cases, the invariance of I = E under M(f), forms
a bagis of the fact that the Siegel formula gives rise to functions on
M(f), which are “automorphic” under its lattice M(f),. If we disregard
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finite groups, M(f), is the ‘“Heisenberg group” for n =1 and the

“metaplectic group” of Weil for » = 2. Nothing of this kind seems to
be known for »n = 3.
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