ON THE ASYMPTOTIC BEHAVIOR OF SOLUTIONS
OF A NONLINEAR EQUATION
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In [1] Moore and Nehari established the following: If a(t) is posi-
tive and continuous, the equation

1) ¥ + a(t)x?tl = 0, n a non-negative integer
g ger,

has solutions for which

{3
lim ﬁz =a>0
t—»w
if and only if
2) f Prtlg(f)dt < o,

This theorem is an extension of a theorem of Atkinson [2]. Theorem
1 of this paper establishes the sufficiency of the above theorem with-
out an assumption as to the sign of a(¢). A theorem somewhat like the
theorem of Trench [3] is given in Theorem 2 but for a nonlinear
equation. As an application of this theorem, a stronger asymptotic
result (under a stronger assumption) for equation (1) is given in
Theorem 3. Other theorems on the asymptotic behavior of (1) when
a(t) >0 are contained in [4].

THEOREM 1. If a(t) is continuous and
f 2+l a(f) | dt < w
then equation (1) has a solution x(t) with the property that

ot
lim — =a # 0.

tsw }
Proor. Let A(¢) =x'(t), B(t) =x(f) —tx'(£) so that
x(t) = At + B(t)

and
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tA'(5) + B'(t) = 0.
A(#) and B(¢) then are solutions of the system
— A'(t) = a@)[40)t + B@)]>,
B'(t) = ta(®)[4()t + B(®)]*+

or in integral form
‘ B 2n+1
A(t) = A(lo) —'f 0(5)32n+1 I:A<s) + _EZ] ds,
s

(3) tot 2n+1
B(t) = B(ty) +f a(s)snt2 [A(s) + B_sz] ' ds.

t

Note that the initial conditions on 4 (¢) and B(¢) are determined by
the initial conditions on x(f) and x’(¢). Let w(t)=A(@)+B(t)/t and
denote |A(t)| +|B(t)/t| by ”w(t)”. Then from (3) it follows that
(t>0)

@ el = el +2 f, | a(s) | [law(s)]|2m+152+1ds.

In order to establish the boundedness of ”w(t)”, the following theo-
rem of Viswanatham [5] will be applied.

THEOREM 2. If y(t) Sn+[if(s, y(s))ds, where f(t, v) is continuous
and monotonic increasing in y in the region R defined by [t—tol =<a,
|y—yo| =<b, and y(t) is continuous in the interval lt-to| =<a, then
y(t) Sp(2), o=t Zto+o, where ¢(t) is the maximal solution of the differ-
ential equation 2’ =f(x, z) through (to, ) and a=minla, b/ M], where
M is the bound on |f(t, y)| in the given rectangle.

The differential equation associated with (4) is
¢ = 2| a(n) | £nigri(h),
$(to) = |||
which has solution (#70)

80 = {latoll-= - 4 |

t —1/2n
sl | a(s) I ds} .
0

If

k(o) = f °°| a(t) | 2n+1de
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then ¢(¢) will be bounded if the initial condition is chosen to satisfy

1
lw@a)]| < Tank(g)] 7 :

Although Theorem 2 is valid only locally, it can be extended in this
case to arbitrarily large ¢ since ¢(¢) is known to exist for all ¢.

Suppose for #;>t,, it were the case that ||w(#)|| >¢(t.). Then there
is a last point ¢ <t; where ”‘ZU(tz)” =¢(t;) and Theorem 2 may be ap-
plied in a neighborhood of f,.

From the form of ¢(¢), it can be seen that if a bound for ¢(¢) with
¢(to) =7 is found, this bound is more than sufficient for a solution
with ¢(t) =1, £ >te.

Given the boundedness of ||w(#)|| it follows from equation (3) that
lim;., 4(¢) and lim,., B(#)/¢, and thus lim,., w(f), exist. However,
w(t) =x(t)/¢t and to prove the theorem there remains only to show
that for some x(¢) this limit is not zero. This solution will be chosen
by selecting appropriate initial conditions on w(t). Let 7 be a real

number
1 1/2n
0<g<
7 (4nk(0))

and let ¢, be a number >1 such that

n
_ ’
p2ntl

k(o) <

where % is the bound on ||w(#)|| for ||w(1)|| =», guaranteed by the
above argument. Then the initial condition 4 (t,) =7, B(t,) =0 satis-
fies (4) and

¢
w(t) =9+ f a(s)sn+t (—z- - 1) w2ntlds
o

or
w(wo) >y — wtik(t) > 0.
Thus there is a solution such that

ORI
lim — = lim w(t) = a > 0.

t— o t t—

THEOREM 3. Let 21(t), 2:(t) be independent solutions of
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7 = f(t)z
and suppose g(t) is continuous and that

[Tls0lvi < =,

where

y() = max[z" (1), 5 0)).

Then there are solutions of
w' = f(O)u + g(Hutrt!
which can be written in the form
u(®) = a(®)z() + B(1)2:()
where lim, ., a(t) and lim,.., B(¢) exist.

Proor. For convenience we shall suppose that the linearly inde-
pendent solutions 2;(¢), 2:(¢) have been chosen so that the Wronskian
21(8)zd (£) —2:()z{ (¢) is equal to —1. Let A(t) =u'()2z2(t) —u(t)2d (£)
and B(t) =u(t)z! () —4'(¢)z1(t). Then

u(®) = A=) + B(0)2:(),
A'®)z(t) + B'(f)2:(r) = 0.
This yields the differential equations
A4'(0) = gOzO[A0=0) + B@z@)]",
B'(1) = g)n®)[4()2:() + B(t)z()]**.

It is convenient to consider the integral form

A(@)) = 4(0) + f tg(S)zz(S)(A(S)zl(s) + B(s)25(s))2+1ds,
(5) °‘

B(t) = B(0) - fo g()21(s) (A ()21(s) + B(s)za(s))Hds.
Using the fact that

| A®=() + B)z@) |2
< (4@ + | B@) | )+ max[]| 1]+, | 2 |2v4]

it follows that
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| 4@ | + | B@)| = | 40)| + | BO)|
+2ﬁlaqu®|+|m»wamu

Using Theorem 2, it follows that
A0 | + | BO| =40

where for n=1,

t —1/2n
«o={HA@I+lmmHﬂh~ML|«»h®w} .

(The case n=0, treated by Trench, will not be developed here.)

Since the integral within the braces converges, an appropriate
choice of initial conditions can guarantee that the expression in
braces remains bounded away from zero by some fixed amount.
Thus ¢(¢) is bounded and so then must the quantity IA(t)I +| B(t)l
be bounded. Using the boundedness of 4 (f) and B(f) it can be shown
that the integrals on the right side of (5) are in fact convergent and
thus A(f) and B(¢) approach limits as {— .

THEOREM 4. If a(t) is continuous and if

f | a(d) | e2n+2dt < w

then equation (1) has solutions which can be written
z(t) = at + b + o(1), a, b constants.

ProOF. Set f(£)=0 in Theorem 3 and let 2,(f) =¢, 2:(t) =1 be the
solutions of 2’ =0. By Theorem 3 some solutions of equation (1) may
be written as x(f) = 4 (#)¢t+B(t) where lim., A(f) =a and lim,., B(¢)
=b, a, b constants. By observing that

t| 4¢) — o] = f‘wl a(s) | s2+2(| A()| + | B(s) | )2+2ds

it follows that
t| A@) — a| = o(1)

and the proof is complete.
A related result for the linear case is given in [6, p. 239].
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THE DOMAIN OF UNIVALENCE OF CERTAIN CLASSES
OF MEROMORPHIC FUNCTIONS!

RAYMOND J. DISTLER

1. Introduction. Let K be a closed set of points in the complex
plane and let $(K) be the family of functions

n Ak
O =2

k=1 2 — Qg

’ Ak>0, k=1,2,~-,n,

where all of the poles lie in K. In this paper we shall find the domain
of univalence for the class $(K). By this we mean a domain U= U(K)
such that each f(z) €F(K) is univalent in U, but if any open set is
adjoined to U, then there is an fo(z) EF(K) that is not univalent in
the enlarged domain.

In this direction Cakalov [2], [3] has proved two beautiful theorems.

THEOREM A. If all of the poles of (1) lie in the circle |z| <1, then
f(2) is univalent in the domain |z| >+/(2), and this domain is maximal
for the class of all such functions.

COROLLARY. Let a(t), tE [—m, 7], be nondecreasing, with at least one
point where it is increasing. Then

T da
@ o= [ 20

- Z - 8“
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