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1. Introduction. We consider the following initial-boundary value problem:

u[=vx, (l.l)

_ 6 Uy
v=(-&S “‘7); (1.2)
- L v (9)

cvf,=—-R +u ” +K ) (1.3)

for (x,t) € [0, 1] x [0, +00) with the initial condition
(u,v,60)(x,0) = (ug, vy, g)(x), up>0, 6,>0, (1.4)

and the boundary condition

<R0+ )(Ot) (Rg+u )(l H)=0, (1.5)
0,(0,¢) = 6,(1,¢) =0. (1.6)

This problem is a model of the one-dimensional motion of the polytropic ideal gas
with adiabatic ends which is put into a vacuum. (u,v,6), unknown functions,
represent the specific volume, the velocity, the absolute temperature of the gas;
(R, u,cv, k), given positive constants, stand for the gas constant, the coefficient of
viscosity, the heat capacity at constant volume, and the coefficient of heat conduction,
respectively. The condition (1.5) is called the stress-free condition.

Kazhykhov showed the global existence of a unique solution to this problem in [2].
He constructed the solution (%, v, 6) in the Holder class N\ o{ B> x H2" x HE*}
(0 < a < 1) provided (ug, vo, 6p) belongs to H'!** x H?+* x H2*~, (For the definition
of the Holder spaces H"** etc., see [3].) We call this solution classical in this paper.

More recently Okada [5] and Kawashima [1] showed the asymptotic behavior of
the solution. The problem has a trivial solution

u(x,t)=u(l+1), v(x, t) = <x - %) , 0(x,t)=146, (1.7)
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corresponding to initial data

uo(x)=u,  vo(x)=

<x - %) . Bo(x) =8,

where # and 0 are positive constants satisfying the relation

u = R6. (1.8)
In [5] and [1], they proved any classical solution which satisfies some restricted as-
sumptions on the initial data and/or the ratio between R and ¢y converges to the
state like (1.7).

On the other hand, the author has already investigated in [3] other asymptotic
properties of the solution which give the growth of u and fol udx without the re-
stricted assumptions.

In this paper the author attempts to show the convergence of the classical solution
and its rate without any restricted assumptions. We have the following result.

THEOREM 1.1. Let (i, ) be a positive root of the simultaneous equations (1.8) and

[ (30800 + cvoon) ax= [} {/0' weydx+a (x - 3) }2 dx +cy8.

Then there exist positive constants A and C which depend on R, u,cy, k, and the
initial data but not on ¢ such that the classical solution (u, v, 8) to the problem (1.1)-
(1.6) satisfies the estimate

| 2
(4w oo

1.2
Here || - ||; 2 is the norm of the Sobolev space W!2(0, 1).

<C(1+10)*

Remark. A positive root (i, 8) of the above simultaneous equations exists; # and
6 are given by

| 2
u= % 36¢2u? + 3R? {(ZEO - (/ vo(x)dx) } - 66‘1/#J '
0

2 2 s ama ! ? (1.9)
0= 2 36c,u? +3R?( 2FE) — vo(x) dx —6cpul,
0

Ey = /01 (%vg(x) +cV00(x)) dx.

We shall show the convergence (u/(1+1¢), v — fol vo(x)dx —u(x - ), 0) to (a,0, )
in Section 2, and its rate in Section 3. The idea of the proof is that we transform
the original problem (1.1)-(1.6) to the reduced problem (2.5)-(2.7) with (2.9)-(2.11)
below by the changes of unknown functions and the time variable. We shall study
the asymptotics of the latter problem.
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2. Convergence of solution. In order to prove Theorem 1.1, it is convenient to
transform the problem into the one somewhat similar to the outer pressure problem
which was discussed in [4]. First we change an unknown function u — &t = u/(1 +1),
and then change a variable ¢t — ¢ = log(1 + ¢). Thus we can rewrite (1.1)-(1.3) as

il + il = Oy, (2.1)
@=<-R§+u¥), (2.2)
u u x
. o, o2 ;
W@=_R§g+ﬂ%+x(§). (2.3)
X

Here we use the notation f/ to mean

f=fxi)=flx1d)=f(x.e-1)

for a function f(x,?) of x and ¢. However, to avoid complicated notation, in what
follows, we write again (i,9, 0, {) as (u,v, 6,t). Moreover, we introduce a new un-
known function

1 x 1 &
w(x,t):v(x,t)—/0 vo(é)dé—/o u(é,t)d{+/0 /0 u(n, t)dndé. (2.4)

If we use w(x, t) instead of v(x, t), the boundary condition (1.5) will be transformed
into (2.10), which is the same type as that of the outer pressure problem. As the
outer pressure problem was discussed in [4], we improve its arguments to derive our
result.

Remark that w belongs to (o HZ™ if (u,v) belongs to Ny o{ By x HE "}
Using w(x, t), we can deduce (2.1)-(2.3) as follows:

U = Wy, (2.5)
0 x
w+w = (—Rz+u%—)x, (2.6)
v 6, = pwy + uu — RO + (”w*+”Z_R0)w* +x (%") . (2.7)
X
In rewriting (2.6), we use the identity
1 1
/ v(x,t)dx = / vo(x)dx (2.8)
0 0

which follows easily from (1.2) and (1.5).
Initial and boundary conditions (1.4)—(1.6) are deduced:

|
(u,w, 6)(x,0) = (ug, wo, Go)(x), up>0, 6,>0, / wodx =0, (2.9)
0

(—R§+u%) 0,1) = (—R%+u—%ﬁ>(l,1)=—u, (2.10)
6,(0,1) = 0x(1,1) = 0. 2.11)
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Since the original problem (1.1)-(1.6) has the solution in Ny o{B;™* x Hte x
HZ*}, the reduced problem (2.5)-(2.7) with (2.9)—(2.11) also has a global solution
in the same class. Moreover both # and 6 are positive ([2, 3]). In the sequel we shall
investigate the asymptotic properties of the solution (¢, w, 8) to the reduced problem.
In this section we shali prove

THEOREM 2.1. The classical solution (u, w, 8) to the initial-boundary value problem
(2.5)-(2.7), (2.9)-(2.11) converges to (&, 0,8) in W'2(0,1) as t — +oo.

This theorem says, by use of the terminology of the original problem (1.1)-(1.6),
that (u/(1+1), v — f0' vodx — (x — §), 6) converges to (#,0,0) in W!2(0, 1).

The proof of Theorem 2.1 is divided into three steps. Firstly we show the uniform
(with respect to x) convergence of u to @, secondly the convergence (w, 8) to (0, 6)
in L2%(0, 1), lastly the decay of derivatives of the solution in L?(0, 1).

1st Step. Uniform convergence of u to i1. Since # is a positive root of the quadratic
equation

2
1
f¢2+£4—CRV—“a+l2 (/ ’Uo(x)dx) —24E, =0,
0

in order to show the convergence of u, it is enough to see

ProPOSITION 2.1. u(x,t) satisfies

24CVﬂ

| 2
2(x, : 2 dx | -24Ey=o0(1),
u-(x,t)+ R u(x,t)+1 (/0 Vo(x) x) 4E, = o(1)

where o(1) denotes the function which converges to zero uniformly in x € [0, 1] as
t — 4o00.

Because the proof of this proposition is lengthy, first we mention its outline and
then give it by some lemmas.
Outline of Proof: We integrate (2.6) over [0, x] by use of (2.10) to get

a X X
5 [ weod+ [ wend=
0 0
Multiplying both sides of the result by x~'u(x, t) and using (2.5), we have

u(x,t)+u(x,t) (1 - %%/Oxw(é, t)dé) = gﬁ(x,t) + /—lzu(x,t)/oxw(f, t)d&.

—RO + pwy + uu (2.12)
” . .

Therefore we have

u(x, ) = e exp { % /0 "W 1) - wol&) dé} o (x)

! X X
+e"/e’ exp{lf (w(& t)—w(¢, r))dé} (50()(, T) +lu(x, r)/ w(é,r)dé) dr.
0 Ko u Hu 0
(2.13)
On the other hand, it is easy to see that our problem has the energy identity

e
/0 <§v2(x, nH+ cVB(x,t)> dx = E, (2.14)
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(see [3]).
Thus, we get the proposition if we show the following facts:
C'<u(xt)<C, (2.15)
/ w(& 1) dé = o), (2.16)
t

e"/ e"0(x,1) / 0(x,t)dx| dt = o(1), (2.17)
"/ / w?(x, 1) dxdt = o(1), (2.18)
/ u(x, t)ydx —u(x,t) = o(1), (2.19)

0

. 2 2
e"/o e’ (/01 u(x, 1) dx) dr - </01 u(x,t) dx) =o(1). (2.20)

Hereafter C(> 1) denotes a positive constant depending on R, 4, ¢y, k, and the initial
data but not on ¢. Indeed, we have

u(x,t) = e"/ote’/()I %e(x, T)dxdt +o(1)
(by (2.13), (2.16), (2.15), (2.17))

=e"’/01e cf/t (Eo—/o %vz(x r)dx) dt+o(1)
(by (2.14))

l 2 - ! i
=%{EO—%(/O vo(x)dx) _%Z Oer(/o u(x,‘t)dx) d‘r}+0(l)

(by (2.4), (2.19))
2

1
=%{E —%(/o vo(x)dx> —2—14uz(x,t)}+o(1)

(by (2.20), (2.19)). =
‘LEMMA 2.1. We have (2.15).

Proof. We use the expression due to Kazhykhov [2],
-t

e 'R .
B(x,1) {“0()‘) + /0 7€ 000 DB(x.7) dr},

B(x.1) = exp {% / " (wol&) — (&, t))dé}.

It is crucial to show

u(x,t)=

where

1
c! 5/ 0(x,t)dx < C, (2.21)
0
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/ / /3 dxdi< C (2.22)

(for detail see [4, Lemmas 4.1-4.2]).
Dividing both sides of (2.7) by 6, and integrating with respect to x over [0, 1], we
have

%/0 cylogfdx = 77 +——/ / v(¢, 1) d dx. (2.23)

Here we also use (2.6), (2.10), and (2.4). Integrating over [0, ¢] and using (2.14), we
have

t
; / PNryde < C, (2.24)
0
where Z(t) and 7{t) are nonnegative functions of ¢ defined by
1
2(t) =/ {%vz(x,t) +cr(0(x,t) —logf(x,t) — l)} dx,
0

1 _ 2
7= | {“‘“”"“ﬂ‘;’; RO (e, + o, t)}

Thus we get (2.22). In a similar way to the proof of [4, Lemma 4.1], (2.21) follows
from (2.14) and (2.23). B

By similar arguments to [4, Lemmas 4.1-4.2], we have the following estimate,
which we need to prove (2.16).

CoROLLARY. We have
O(x,t) < C(1+ Z(1)). (2.25)

LEMMA 2.2. We have (2.16).

Proof. From (2.15), (2.4), and (2.14), we have
1
/ w?(x,t)dx < C. (2.26)
0
Therefore it is sufficient to see

/OI (/Oxw(f,t)d{)2 dx = o(1).

After multiplying both sides of (2.12) by f (&, t)d&, we integrate with respect to
x over [0, 1]. Taking account of (2.14), (2.25), and (2.26), we have

4 0' (/Oxw(c,t)dé>2 dx+/ol (/Oxw(c.ndé)z dx < C 7).

Consequently the integrability (2.24) of 7{t) yields the desired assertion. W
(2.24) gives (2.17) also.
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LEMMA 2.3. We have (2.17)-(2.19).
Proof. Tt follows from (2.15), (2.25), (2.21), and the definition of 77{¢) that

/ ' 0x. 1) dx — 6(x. 1)
0

12
< / xzdx / O(x,t)d sup u(x, t)0(x,t)
o ub (e0EAIX (0. +00)

<e+ C(e) 711)
for any ¢ > 0. Thus we have (2.17).
Next we shall show (2.18). Making use of (2.13), (2.15), and (2.16), we have

1 t 1
/ ,uu(x,t)dx—e"/ e’/ RO(x,t)dxdt =o(1). (2.27)
0 0 0
Therefore (2.18) follows if we show

1 t 1 t I
/ uu(x, t)dx—e"/ e‘/ RO(x, ‘t)dxdt=e"/ e’/ w?(x, 1) dx dt + o(1).
0 0 0 0 0

To prove this we multiply both sides of (2.12) by u(x, ¢), and integrating over [0, 1],
we have

d 1 x 1 x 1 )
E/o u(x,t)/0 w({,t)déa’x+/0 u(x,t)/0 w(é,t)déa’x+/0 (w* + RO) dx

d 1 1
= E/o uudx+/0 uudx.
(2.28)
Here we perform integration by parts with the help of (2.5) and

/ ' w(x, t)dx =0, (2.29)
0

which follows from (2.8) and (2.4). By use of (2.15) and (2.16), integration of (2.28)
yields the desired fact.

(2.19) is valid by (2.13), (2.15)=(2.17), and (2.27). B

To prove (2.20) we need

LEMMA 2.4. We have
1
/ (%wz(x, D+crf(x,t) - %‘u(x, z)) dx = o(1). (2.30)
0

Proof. Multiplying both sides of (2.6) by w(x, t), adding to (2.7), and integrat-
ing with respect to x over [0, 1], by use of boundary conditions (2.10), (2.11), and
Equation (2.5) we have

d ( w +cV0) dx+/ (w? + RO) dx /,uudx+/ uudx.  (2.31)
dt J, \2 0

From (2.28) and (2.31), in a manner similar to the proof of (2.18) we get

/01 (%wz(x,t)+CV0(x't)> dx_e—’/O'er/O'CVO(x,r)dxdr=0(1).

Here we use (2.18). From this and (2.27), we get the assertion. B
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LeEMMA 2.5. We have (2.20).
Proof. By use of (2.5), we get

e"/olet (/Olu()c,‘l:)dl\f)2 dt - (/0] u(x,t)d)c)2
=e! </0| uo(x)dx)2—2e" /01 e’/ol u(x, 1) dx/ol wy(x, 7)dx dt.

Clearly, the first term of the right-hand side tends to zero as t — +oo. Since u is
bounded, the second term is majorized as

t 1 1
e"/ e’/ u(x, r)dx/ wy(x, 7)dx dt
0 0 0
t 1 1 1
SCe"/e’{/ <|,uwx+uu—R0|+ u—/ udx 0—/ 0dx +w2) dx
0 0 0 0

1
1 2 CV#
/0 <§w +CVO— Tu) dx } dr.

The right-hand side tends to zero as ¢t — +oo because of (2.24), (2.15), (2.21), (2.19),
(2.17), (2.18), and (2.30). ®H

2nd Step. L*(0, 1) convergence of (w, 8) to (0, 8). Since we have shown the uniform
convergence of u, the L?-decay of w implies the convergence of fol 0 dx to 8 by virtue
of (2.30). Thus our aim in this step is accomplished if we show

+

+

ProrosiTION 2.2. For any k > 0,

/0 [{%wz(x,t)+c;/ (O(x, t) —/(; H(x,t)dx)}

t 1
et [ {/ (62(x. 1) + w2(x, Dwd(x, 7)) dx (2:32)
0 0

2
+ w(x, t)] dx

1 1
2 . 2 =
+/0 w?(x, 1) dx /0 wx(x,t)dx} dt =o(1)

holds.

Before proving this proposition, we must show the following lemma, which is an
extension of (2.18).

LEMMA 2.6. We have
t 1
ekt / ek / w?(x, 1) dx dr = o(1) (2.33)
0 0

for any k£ > 0.

Proof. 1t is clear for k > 1 because of (2.18). To prove for 0 < k < 1, we multiply
both sides of (2.12) by u(x,?) fox w(é&, t)dé, and perform integration by parts with
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respect to x over [0, 1] with the help of (2.5) and (2.29). Then, by use of the estimates
in the previous step, one gets

%/01 u(x,t) (/oxw(f,t)dé>2+2‘/0I u(x,t) (/Oxw(.f, t)d§)2+2#/0l w(x, 1) dx
/:w({,t)dfl.

Therefore the integration of the above differential inequality yields the assertion for
0 < k< 2. Here we use (2.16). B
Proof of Proposition 2.2. By use of (2.6), (2.7), (2.10), and (2.11), we have

4 1w+ 0—/10d +w?
2% T o

0 [ fw wwx

< C max
x€[0,1]

= pw, + uu — RO + — —R—+ﬂ

+ ’w-l-Ko
ox # u

wa

1
—/ (,uwx +uu— RO -R u% +uwx) dx.
0

Remark that terms in brackets vanish at x = 0 and 1 by (2.10) and (2.11). We
multiply both sides by 1w? + ¢y (6 — fol 6dx) and integrate with respect to x over
[0, 1]. Thus we get

2
1d ! YA
33 { w +cV(0 /de)} dx+/0 w (Ew +c;/0) dx
1 1 I
+cC! (/ 0%dx+/ wzdx-/ wﬁdx) (2.34)
0 0 0
1
<C{W(z)+/ (w2w§+w2)dx}.
0

Here we use several estimates of integration which follow from the aforementioned
step, for example

1 1 1 1 I
/ f)zdx-/ w?dx < max O(x,t)-/ de'/ wzdst(/ w?dx + W(t)).
0 0 x€[0.1] 0 0 0

Similarly we multiply both sides of (2.6) by w3, and integrate with respect to x
over [0, 1]. The outcome is

4dt/w“dx+/ (w +2u—= 2u )dx
1
38/0 0§dx+C(s)</0 w?dx + W(t))

(2.35)

for any ¢ > 0.



674 TAKEYUKI NAGASAWA

Combining (2.34) and (2.35), we find that
d ['lf1, ! L
7 ; {Ew +c‘y(0—/0 de)} + Cw®| dx
1 1 1 2
+k*/ {§w2+c;/ (0—/ ()dx)} + Cw*
0 0
1 1 1
+C“'{/ (0§+w2w§)dx+/ wzdx-/ wﬁdx}
0 0 0
1
5C<%(t)+/ wzdx>
0

holds for some k* > 0, which gives the assertion for 0 < k < k* by (2.24) and the
previous lemma. The assertion for k > k* follows from that for k = k*. W

3rd Step. L?(0, 1) decay of (ux,wy, 6,). In a consequence of the foregoing result
we have only to show the following proposition.

dx

ProvrosITION 2.3. We have

/01 {(w—yu—;)2+z§+0§} dx = o(1),

2% 1) = pw(x, 1) + /0 " 1) - RO, 1)) de. (2.36)

Proof. By the help of (2.5), we can rewrite (2.6) as

where

U _ (RO — pyux _ o0«

2(w—y%")+w—uu u? u’

ot

Multiplying both sides by w — uu,u~"!, we integrate with respect to x over [0, 1]. By
Schwarz’s inequality we find that there exists a 7 > 0 such that

[ (rmnte) e [ (o)’ o

(2.37)
< c{ %)/01 (w -u%)z dx+/ol(w2+0§)dx+ %(z)}

holds for ¢t > T. Here we use (2.27) and the fact that for any ¢ > 0,

1
o—/ 0 dx
0

holds for ¢t > T = T(e) (see the proof of Lemma 2.3). We integrate the above
differential inequality. Because of (2.24) and (2.32), application of Gronwall’s lemma
gives the L2-decay of w — uu,u~' and thus that of u,.

In order to derive the L2-decay of (z,, 0,) rigorously, we approximate initial data
smoothly such that the solution has derivatives z,,, 6, in the classical sense, and

1
IR — uu| < R +R/ 0dx — puu| < &+ C(e) 711)
0
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then pass to the limit. However, since this procedure is rather routine, we shall not
give it here.
From (2.5)-(2.7), (2.10), and (2.11), we find that z satisfies the equation

R_ /z, R [* z,w, KR 0, R
z,+CVz—,u(u)x o ) @ - ok u (1= w00, (238)
and the boundary condition
2,(0,8) = z,(1,¢) = 0. (2.39)

We multiply both sides of (2.38) by z,,, and integrate by parts with respect to x over
[0, 1] with the help of (2.39). Then it is easy to see that

1 1 1 1

1d z,%dx+5/ zidx+c-'/ zgxdxgc/ 62dx for t>T (2.40)
2dt 0 cv Jo 0 0

holds for some T(> 0), if we note that for any ¢ > 0

1 X 1
/ el 1) / ZxWx x4y dE dx / ZxZoxlx g
0 0

1
_ + <e| z: dx for t>T
o U u? - /0 xx -

holds for some T = T(¢) > 0. To see this estimate, we perform an appropriate
integration by parts on the left-hand side and use the L?-decay of (w, u,). By virtue
of Proposition 2.2, (2.40) gives the L?-decay of z, and thus that of w, and

t 1
e"“/ e’“/ 22, dxdr = o(1)
0 0

for any k£ > 0.
Finally we prove the L2-decay of 6,. We multiply both sides of (2.7) by 6,, and
perform a similar procedure to the above argument to have

d 1 3 1 1
37/0 62dx +C '/0(0§+0§x)dx§C/0(z§+z§x+0§)dx for t>7T, (2.41)

which together with (2.32) yields the desired fact. B
Now we complete the proof of Theorem 2.1, and therefore Theorem 1.1 is partially
proven.

3. Rate of convergence. In this section (¢, w, 6) is a classical solution to the problem
(2.5)-(2.7), (2.9)-(2.11), and z is a function given by (2.36). To prove the remainder
of Theorem 1.1, we shall show

THEOREM 3.1. The rate of convergence of (1, w, 8) to (&,0, 8) in W'2(0, 1) is expo-
nential, i.e., there exist positive constants C, A which depend on R, u, ¢y, k, and the
initial data such that

1
/ {(u—a)+wr+(0-0+u2 +w2+0*dx < Ce™
0

holds.

Outline of Proof. In a consequence of Theorem 2.1, we have

1
/ {(u—a)l+w?+ 0 -0 +22+u +w2+62+22}(x,)dx <6
0
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for some & > 0, and, without loss of generality, may assume that J is as small as
necessary.
For positive constants C; (i = 1,...,4) define &(t) = &(¢t;Cy, Ca, C3, Cy):

1 2 2
g(z)s/ [1“’—+ vl (Re logR—0—1>+C1 (w-u'—‘-x—) + 002 + C322
0 uu u

2 u cv+R
1, ~ (0 6
+ Cy {EW +cyf <§—log§—l)}] dx,

wix, t) =w(x, t)+/ (u(&,t) —u)dé - / / u(n,t) —a)dndé (3.1)

Since both u and @ are strictly positive and bounded by Theorem 2.1, &Y(¢) is
equivalent to ||(x, w, 8)||? ,. Consequently we have only to prove that, under suitable
choices of C;’s, there exists a positive constant A such that

d
ZED+AE1N) <0 (3.2)

where

holds for ¢t > 0 if J is sufficiently small. We shall give the proof of (3.2) by two
lemmas. B

LEMMA 3.1. If J is sufficiently small, then there exist positive constants C; (i =
1,2,3,5,6) such that

d ! 1 w? (474 R6 RO Ux 2 2 2
il 12 atr (G oeg 1)+ G (v w) vt vt an
1 2
+C5/ w2+<R—0—lgR0 1>+(w—u£’5) +w§+z§+9§x+z§x}dx
0 pu uu u

1
< Cs / 02dx (3.3)
0

holds.

Proof. We multiply both sides of (2.6) by u~'w, and integrate with respect to x
over [0, 1] by use of (2.10). Then we get

d 1 w? Liw?  w?
i J, (2 +,ulogu) dx+/0 (——+u )dx
_ Hw, WUy Zx lw 'wx
—/0 {R ” + 73 > 2 }dx.
Here we use also (2.5). On the other hand, (2.5) and (2.7) yield

1 1 2
/ ou;xd ——i/ de+i {——Rew"+uw—+u—+x(0> l}dx.
0 u dt o U cv Jo u u x u
By the help of (2.2), (2.4), (2.36), and (2.12), we write u~'z, as (f; v d¢), and u~'w,
as (logu),. By use of (2.7) we perform integration by parts of the last term of the

(3.4)
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above equality. From this result, (3.4), and (2.23), we get
d (‘f1w? cyp (RO RO
a A {§7+CV+R (E—logm— l)} dx
1 /212 2 2 2
+/<w_+ cvu_ Wi 1 Zy | _kp 0">dx
0

u c;ﬁ-R? c;ﬂ—RE cV+RW
1 2
=/ (wz::;zx_lw wx+ KR 9xux) dx (3.5)
0

2 u? cv +R w3

1 2
sCé'/z/ {(w—uu—u") +w2+w§+z§} dx
0

1 2 1
+s/ {(w—uu—x) +w2} dx+C(s)/ 62 dx.
0 u 0

On the other hand, since Rf/uu is strictly positive and bounded,

0< }:—z—logﬁ—g—l < C(RO — uu)* < C(z2 + w?) (3.6)
holds.

Moreover, (2.37), (2.40), and (2.41) hold for ¢ > 0 if J is sufficiently small. Com-
bining these estimates and (3.5)—(3.6), and taking J and ¢ sufficiently small, we get
(3.3) forsome C;’s. W

If an inequality Cs < Cs holds, then we can easily show the exponential L2-decay
of (w, RO — uu, z, u,, Wy, 0y, zx) by use of (3.3). The inequality is true when R/cy
is sufficiently small, see [S, 1]. In general, however, one cannot expect it. Therefore
we need a more delicate analysis.

LEMMA 3.2. We have
d (Y1 ,. (6 4 N 03
i J, {5 +cV0(§—log§——l>}dx+0/0 (W-HCW) dx =0, (3.7

1 1 2
/{W2+.,,§+(2_1og2-1)}dxscf {w2+(w—ul—‘-’5) +W§+0§+Z§} dx.
0 6 ] 0 u

(3.8)
Proof- Using z(x,t) and y(x, t), we can rewrite (2.6) and (2.7) as
= (%=
W = ( " )X
and
cvl, = Dbx | Box (ﬁ)
u u u/,
or , o
vl =2 4 ROzx | (—")
u uu u/j,

respectively. We multiply the first equation by ¥ and the third by —66~!. We sum
up these three relations and integrate with respect to x over [0, 1] by use of (2.11)
and (2.39). If we note (1.8), then we get (3.7).
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Recalling (2.29) and (3.1), we obtain

1
/ vdx =0.
0

KWx = Zx + R(6 - 0)

Therefore, if we note that

holds, we get
1 1 1
/ y/zdxg/ a//fdst/ {z2 +(0-0)*}dx.
0 0 0
Moreover, since 6 is bounded and strictly positive,

0 6 =9
<=-log=-1< -
0_0 loge 1<C(6-0)

holds. Consequently, to prove (3.8) we must estimate 6 — 6.

R0 2 ! N
<W+6CV,{1) ~{36c2.2 + 3R 250—( / vodx)
0

(3.9)

0-6>%<C

holds by (1.9). From (2.14), (2.4), and (2.29), we have

2E, — (/Olvodx)2=2c;//016dx
+/01 {w2+(/oxudé—/ol/;udnd§>2+2w (Axudé—[)l/ocudndé)}dx.

We insert this into the right-hand side of (3.9). Hence one gets
- R%6? 5 !
@-6)<cC a1 + 6R*cy (0—/0 0dx)
1 x 1 e 2
“are [ wz+(/ wtt— [ udndc)
0 0 o Jo
X 1 & 2
+ 2w (/ udé—/ / udndé) dx]
0 0o Jo
R*9? ! o 0 |
— 3R2 — =
SC{ a2 3R (/0 udx) /0 (x 2) dx
1
/ (6% + 12 + w?)dx
0

1
< C{(RH—uu)2+/ (w? +ul +0§)dx}
0

1 2
SC[z§+wﬁ+/ {w2+(w—u&) +0§}dxl.
0 u
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Thus the lemma is valid. W

It easily follows from Lemmas 3.1 and 3.2 that (3.2) is valid for some C;’s. There-
fore we complete the proof of Theorem 3.1. By use of the original time variable and
unknown functions, Theorem 1.1 is completely proven from Theorems 2.1 and 3.1.
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