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Let Q C R? be a domain having a compact boundary ¥ which is Lipschitz and piecewise C* smooth, and let v
denote the inward unit normal vector on ¥. We study the principal eigenvalue E(f3) of the Laplacian in 2 with
the Robin boundary conditions 9f/0v + 8f = 0 on ¥, where /3 is a positive number. Assuming that ¥ has no
convex corners, we show the estimate E(8) = —B% — YmaxB + O(ﬂ%) as f — 400, where 7.y is the maximal
curvature of the boundary.
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1. Introduction

Let © C R? be an open connected set having a compact Lipschitz piecewise smooth
boundary . For § > 0 consider the operator Hz which is the Laplacian f — —Af with the
Robin boundary conditions,

of

g—kﬁf:OonE,

where v is the inward unit normal vector. More precisely, Hp is the self-adjoint operator in
L?(Q) associated with the sesquilinear form

hath0) = [[ F7Vgde— 5 [ Fado, domhs = 1) (1)

here o denotes the one-dimensional Hausdorff measure on ¥. The operator Hg is semibounded
from below. If Q is bounded, then Hz has a compact resolvent, and we denote by E;(/3),
j € N, its eigenvalues taken according to their multiplicities and enumerated in the non-
decreasing order. If €2 is unbounded, then the essential spectrum of Hy coincides with [0, +-00),
and the discrete spectrum consists of a finite number of eigenvalues, which we denote again by
E;(B), j € {1,..., Nz}, and enumerate them in the non-decreasing order taking into account
the multiplicities. In the both cases, the principal eigenvalue F(f3) := E;(/5) may be defined
through the Rayleigh quotients

E(B)= inf sl f).
0#f€dom hg Hf”%?(ﬁ)
It is easy to check that £(5) < 0: for bounded €2 one can test on f = 1, and for unbounded 2,
one may use f(z) = exp (— |z|*/2) with small o > 0.
The study of the principal eigenvalue arises in several applications: work [1] discusses
the stochastic meaning of the Robin eigenvalues, paper [2] shows that the eigenvalue problem
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appears in the study of long-time dynamics related to some reaction-diffusion processes, and a
discussion of an interplay between the eigenvalues and the estimate of the critical temperature
in a problem of superconductivity may be found in [3].

In the present note, we are interested in the asymptotic behavior of F(/3) for large
values of 5. For bounded (2, this question was already addressed in numerous papers. It was
conjectured and partially proven in [2] that one has the asymptotics

B(B) = —CaB® + o(5?) as § — +oo, 2)

for some constant Cy > 0. It seems that the paper [4] contains the first rigorous proof
of the above equality for the case of a C! smooth X, and in that case one has Cq = 1,
as predicted in [2]. Under the same assumption, it was shown in [5] that the asymptotics
E;(8) = —B*+ o(B?), B — +oo, hold for any fixed j € N. The paper [6] proved the
asymptotics (2) for domains whose boundary is C'*° smooth with the possible exception of a
finite number of corners. If the corner opening angles are «; € (0,7)U(m,27), j =1,...,m,
and 6 := mina;/2, then Cq = (sinf)~? if § < 7/2, otherwise Cq = 1. We remark that
the paper [6] formally deals with bounded domains, but the proofs can be easily adapted to
unbounded domains with compact boundaries. It should pointed out that domains with cusps
need a specific consideration, and the results are different [6,7]. Various generalizations of the
above results and some related questions concerning the spectral theory of the Robin Laplacians
were discussed in [7-12]. The aim of the present note is to refine the asymptotics (2) for a
class of two-dimensional domains. More precisely, we calculate the next term in the asymptotic
expansion for piecewise C* smooth domains whose boundary has no convex corners, i.c. we
assume that either the boundary is smooth or that all corner opening angles are larger than 7;
due to the above cited result of [6] we have C'q = 1 in the both cases.

Let us formulate the assumptions and the result more carefully. Let >, k =1,...,n, be
non-intersecting C* smooth connected components of the boundary X such that ¥ = [J;_, Sk
Denote by () the length of ¥, and consider a parametrization of the closure X, by the arc
length, i.e. let [0,4,] > s — Ty(s) = (T,1(s), Tr2(s)) € T be a bijection with |T,| = 1, such
that '), € 04([0,&}, RQ), and we assume that the orientation of each I';, is chosen in such a
way that v, (s) := (— T}, 5(s), I ,(s)) is the inward unit normal vector at the point I'(s) of the
boundary. If two components 3J;, ¥; meet at some point P :=I';(¢;) = I';(0), then two options
are allowed: either X; U X, is C* smooth near P or the corner opening angle at P measured
inside 2 belongs to (7, 27).

We denote by 7 (s) the signed curvature of the boundary at the point I'x(s) and let vy
denote its global maximum:

— T " ™ / 1= a a ;
Yr(s) k,1(5> k,2(5) k,l(s) k,2(8)7 Yma ke?ll,..}fn}sg[loé]%(8>

note that the decomposition of the boundary X into the pieces ¥; is non-unique, but the value
Ymax 18 uniquely determined. Our result is as follows:

Theorem 1. Under the preceding assumptions there holds

E(B) = =5 = Ymax + O(ﬁ%) as f — +oo.

We believe that it is hard to improve the asymptotics without any additional information
on the set at which the curvature attains its maximal value. For example, one may expect that
the case of a curvature having isolated maxima and the case of a piecewise constant curvature
should give different resolutions of the remainder, and we hope to progress in this direction in
subsequent works.
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At first sight, the Robin eigenvalue problem may look rather similar to the eigenvalue
problem for d-potentials supported by curves, see e.g. [13—15]. This first impression is wrong,
and the result of Theorem 1 concerning the secondary asymptotic term is very different from the
one obtained in the papers [13,14] for strong J-potentials; nevertheless, a part of the machinery
of [13] plays an important role in our considerations. On the other hand, the asymptotic
behavior of the principal Robin eigenvalue shows some analogy with the lowest eigenvalue of
the Neumann magnetic Laplacian studied in the theory of superconductivity [16-18].

2. Dirichlet-Neumann bracketing on thin strips

In this section we introduce and study an auxiliary eigenvalue problem, and the results
obtained will be used in the next section to prove theorem 1.

Let £ > 0 and let I' : [0,4] — R?, s — I'(s) = (I'1(s),I2(s)) € R? be an injective C*
map such that |T"(s)| = 1 for all s € (0,¢). We denote

S=T((0,0), #s) =Ty(s)I5(s) = T{()T(5),  Fmax 1= max (s),
se|0,
K::max‘ s’—l—max‘/@ }+max|/i |
s€[0,4] s€[0,4] s€[0,4]

Due to x € C2([0,/]), the above quantity K is finite.

For a > 0, consider the map

. 2 _ (T1(s) = ul(s)
O, :(0,0) x (0,a) > R, Dy(s,u) = (Fg(s) n uF’l(s)) :

As shown in [13, Lemma 2.1], for any a € (0,a0), ap := (2K)~', the map @, defines a
diffeomorphism between the domains [, := (0, /) x (0,a) and €2, := ®,(0,). In what follows,
we always assume that a € (0,ao) and we will work with the usual Sobolev space H 1(Q,) and
its part H3(Q) == {f € H'(QW) : f[ye, \s = 0}; here the symbol [ means the trace of the
function on the 1nd1cated part of the boundary.

Here, we introduce two sesquilinear forms in L?(2,). The first one, hg’a, is defined on

dom hy* := H'({2,) by the expression
W“(f.9) = [ Vivede—p [ Fodo
Q s

and the second one, hg’“, is its restriction to dom hﬂD’a = ]:j&(Qa) Both forms are densely
defined, symmetric, closed and semibounded from below, and we denote

hN/D,(l(f’ f)
Exp(Ba)=  inf L2200 3)
/ ot redomny/ P 122

We show the following results:

Lemma 2. There exists a; >0 such that for any a € (0,a1) one has the estimate
Enyp(B,a) = =B = fax8 + O(B3) as § — +oo.

The rest of this section is devoted to the proof of lemma 2. We first introduce a
suitable decomposition of €2, and then provide two-side eigenvalue estimates using operators
with separated variables.
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Define U, : L*(Q,) — L*(0,) by (Uaf)(s,u) = /1 — uk(s)f(®.(s,u)). Clearly, U,
is a unitary operator, and one has U, (H'(Q,)) = Hl(D ) and

Ua(Hy () = Hy (Do) == {f € H'(O.) : f(0,) = f(£,-) =0 and f(-,a) =0},

where the restrictions should be again understood as the traces. Using integration by parts, one
may easily check that for any f,g € H'(£,), one has h]ﬂv’“(f, g) = qév’“(Uaf, U.g), where the

form qév "* is defined on the domain dom qév = H'Y(,) by the expression

1 Of dg Of 0g
fg //a 1 — uk(s 2$%d sdu // %%dsdu

_//av(s,u)fgdsdu—ﬁ/o f(s,0)g(s,0)ds

_ %/0 k(s) f(s,0)g(s,0) ds+%/0 %f(s,a)g(s,a) ds @

1, “ u T
+ 3k (ﬁ)/o ﬁf(ﬁ, w)g(l,w)du

with
ur”(s) Su’k!(s)? K(s)? '
2(1 - um(s))3 4(1 - UI{(S))4 4(1 - u;&(s))2

V(s,u) =

Similarly, for any f,g € HZ(f,), one has hg’a(f, g) = qg’a(Uaf, U.g), where qg’a is the

restriction of qév “ to the domain dom qﬁD “ .= H}(O,); note that for f, g € dom qé) " the three
last terms on the right-hand side of (4) vanish. Using the unitarity of U, we may rewrite the
equalities (3) in the form:

a4 f)
En/p(B,a) = inf I R )
/ o;éfedoqu/ ,a ”fHL2(|:|a

We would like to reduce the estimation of these quantities to the study of the eigenvalues of
certain one-dimensional operators.

Using the one-dimensional Sobolev inequality on (0,¢) we see that one can find a
constant C' > 0 independent of a, such that for all f € H'((J,), one has

/\f()u]du+/}feu}du<c //( ‘dsdu+// \f|dsdu)

One can also find a constant v > 0, such that |V (s,u)| < v for all (s,u) € O, and all
a € (0, ap). Furthermore, again for (s,u) € [, and any a € (0, ag), we have

< 2K, §<;<2.

‘ K(s)
1 —uk(s) ~

1 — ak(s)
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For any M € N, we denote

¢ :
§ = i L, = (6 —6,50), M= = I, x (0,a),
Ky = nf k(s), wy,=supk(s), j=1,...,M,
sely, SGTJjW
and introduce functions x7; : (0,¢) — R as follows: x73,(s) := /ﬁM if s € I],, and x7,(j0) :=0
for j =1,...,M — 1. In addition, we assume that 0 < a < (10KC)~!. Now, we introduce two

new sesquilinear forms which will be used to obtain a two-side estimate for Ey/p(3,a). The
first one, tg’M’a, is defined by

domt,; " = I ( UD @Hl O ).

“Macp oy (2 9f 9g 9f g
t; (f,)_ 4aKC// 5o 5, dsdu // 55, dsdu

— (v+4aKC(C) // fgdsdu — /<5+ﬁ]\42<8)>mg(5,0)d5

- K f(sa
0

The second one, tg’M’a is defined on the domain dom t;“M’“ = @jj\il H, 1(52 s

HY(O ) = {f € H\@,p): f(jo—6,-) = f(j6,-) = 0 and f(-,a) = 0}
through

e = [ Ggtasans [ Ggmasa
v// fgdsdu—/oe (5+%(5)>mg(3,0)d3.

M,a

One clearly has the inclusions dom t+M“ C dom qﬂ * C dom qév “ Cdomtg ™ and the in-
equalities

7M7a(f7f) S q,év’a<f7f)7 f € domqg’a,

a3 (f. ) = a5 (f. ), f € domg?*,

g5 (f. ) <t f), f € dom e,
which justify the estimates

E]T/[(ﬁ,a) SEN(ﬁaa) SED(ﬁaa) SE]—\Z<67a)7 (6)
where we denote i "
E(B,a) = inf U, )

0¢f€d0mt§’M ||fHL2([|a

Now, we are going to estimate E3;(f3,a) using separation of variables. Note that the forms
t;M “ are densely defined, semibounded from below and closed in L?*(0J,), therefore, they
define some self-adjoint operators TBjE M in £2(0,), and Fi (8, a) = inf specT ﬁi 2% On the
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other hand, due to the fact that the domains (17 M are disjoint and isometric to one another , we

can identify Tﬁ:IE M~ (M i1 TjE M where TjE “ are self-adjoint operators acting in L?(UCs,),

Ose := (0,0) x (0,a), and assoc1ated respectlvely with the sesqulinear forms tgﬁ M

tﬁJM“(f,g):<§—4aKC’)/0 / %%d ds A/%%d uds

_(v+4aKC')/06/O 7gduds—(ﬂ—|—fi;‘r247j)/0 f(s,0)g(s,0)ds

5
— K | f(s,a)g(s,a)ds, dom tgv’JM’a = H'(Os,0),
> [*0f dg > [ 0f dg
+Ma o YIS
taj ,g)—4// 8385dd+//0u8ud ds

//fgduds— B+ M’ /f

domt+M“—{f6HIDM):f(0, 6,-)=0and f(-,a) =0}.

It is routine to check that 7’ ;E ]’.M’“ =05 ®1+1® L§ CJL, where (7, are the operators acting in
L?(0,4) as follows:

Quf=- (é —4aKC'> f"—(v+4aKC) f,

9
dom Q3 = { f € H*(0,8) : f/(0) = f'(6) = 0.
Qif = —4f" +vf,
dom Qy, = { f € H(0,9) : J(0) = f(6) = 0},
and L;g are the self-adjoint operators in L?(0, a) both acting as L;; = —f” on the domains

Kt
S2)£(0) = 0, f(a) = K f(a) = 0},
dom L7 = {f € H*(0,a) : £(0)+ ( Rg’j)f(()) =0, f(a) = 0}.

The spectra of 3, can be calculated explicitly; in particular, one has
472 _ 4Am?M?
52 +v= 7

Therefore, denoting E+79(3, a) := inf spec LB 7, we arrive at

dom L7 = {f e H*(0,a): f'(0)+ (

inf spec Q,; = —v — 4aKC, inf specQ}, = + 0.

E,;(B,a) = min (inf specT/Bjj’» ’ ) = —v —4aKC +min E~7(3, a),

J J

Am2 M2 | )
7T€2 +U+rr1jinE+”(6,a).

To study the lowest eigenvalues of Lﬁ -, we prove two auxiliary estimates.

EY,(B,a) = min (inf spec TE}M’G) =

Lemma 3. For a,3,v > 0, let A,z denote the self-adjoint operator in L*(0,a) acting as
f—=—f" on the functions [ & H?*(0,a) satisfying the boundary conditions
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f10)+Bf(0)= f'(a) —~vf(a) =0, and let E(a,p,v) be its lowest eigenvalue. Let 3 > 27
and Ba > 1, then % < —E(a, B,7v) < 3% + 1233%e~25¢,
Proof. Let £ > 0. Clearly, E = —Fk* is an eigenvalue of A,z if one can find

(C1,C5) € C*\ {(0,0)} such that the function f : z + Cie* 4 Che™* belongs to the do-
main of A, 3,. The boundary conditions give

0= f(0)+ Bf(0) = (B+k)Cy+ (B = k)Cs,
0= f'(a) —vf(a) = (k= 7)e"Cy — (k+7)e ™ Cy,
and one has a non-zero solution if the determinant of this system vanishes, i.e. if k satisfies the

equation (k + 3)(k +v)e * = (k — 8)(k — v)e*. Let us look for solutions k € (53, +oc). One
may rewrite the preceding equation as
k k —
BB iy = B T e (8)

o(k) = h(K), g(k) = 7=, h(k) =5

Both functions g and h are continuous. It is readily seen that the function g is strictly decreasing
on (f,+o00) with g(f+) = 400 and g(+o0)=1. Conversely, for 5 > 2, the function h is
strictly increasing in (3, +00), being the product of two strictly increasing positive functions,
and we have h(8+) = e**(8 —~)/(8 + ) < +o0 and h(+00) = +oo. These properties of
g and h show that there exists a unique solution k& = k(a,3,7) € (8,+00) of (8) and that
E(a, 8,7) = —k(a, B,7)*.

To obtain the required estimate we use again the monotonicity of i on (5, +00) and the
inequality 8 > 2. We have

k+p5 B—7 , €

— L —g(k) = h(k) > h(B+) = Z—Le2Pr >

D =g =) > A = 5T >
which gives (1 — 3e 2)k < (1 + 3e72%%)3. The assumption Ba > 1 gives the inequality
3e~2¢ < 1/2, and we arrive at

2Ba

1 + 36_25a 2 C2a ot
b< g B < (143e727)(1+15¢ 7278 < (1 +41e727)3
— e a
and k? < (1 + 41e7272)23% < (1 + 123e~294)32. Together with the inclusion k € (3, +00) this
gives the result. 0

Lemma 4. For a,3 > 0, let 11,5 denote the self-adjoint operator in L*(0,a) acting as
f—=—f" on the functions [ & H*(0,a) satisfying the boundary conditions
f(0)+ Bf(0) = f(a) =0, and let E(a,[) be its lowest eigenvalue. Assume that PBa > 4/3,
then 3% — 4p% P+ < —F(a, B) < B2

Proof. Let £ > 0. Proceeding as in the proof of lemma 3, we see that £ = —k? is an
eigenvalue of II, 5 if k satisfies the equation (3 + k)e % = (3 — k)ek®. As the left sideof
the equation is strictly positive, the right side must be positive as well, which means that
all solutions & belong to (0,3). Let us rewrite the equation in the form g(k) = 0 with
g(k) :=log(B + k) — log(8 — k) — 2ka. One has ¢(0) = 0, the function g is strictly de-
creasing in (0,kp) and strictly increasing in (ko,3), with ky := /(2 — /a. Moreover,
g(f—) = +oo. Therefore, the equation g(k) = 0 has a unique solution in (ko, ). It fol-
lows from the assumption fa > 4/3 that ky > (/2, and we can represent k = [ — s
with some s € (0,//2). Using again the condition g(k) = 0, we arrive at the inequality
log s = log(28 — s) — 2Ba + 2sa < log(28) — fBa, which  gives s<2Be?*  and
k=p3—s5>p3(1—-2e"%). Finally, —E(a, ) = k* > B*(1 —2e77%)? > 8%(1 — 4e77%). To-
gether with the first inequality k£ < [ this gives the desired estimate . OJ
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Let us complete the proof of lemma 2. Denote a; := min {ao, (10KO)*1} and pick any
a € (0,a;), and let 8 > 3K +1+4/(3a). Applying lemma 3 to each of the operators L; and
lemma 4 to each of the operators L+7’aj, we arrive at the estimates

E"j(ﬁ,a)>—( KLJ)Q—lQB(ﬂ—l—H%’j>2exp{—2&(ﬁ+

K j)}
EY9(8,a) < <5+ j) +4<ﬁ+mg’j)2exp[—a< '{A;“)}

To simplify the form of the remainders, we choose 3, > 0 sufficiently large such that for 5 > (3,

(5 &Y o (- Y] a4 B e [ o) <

then for § > 5, + 3K +1+4+4/(3a) and all j = 1,..., M, we have

2
B9(8,0) > ~6 = wly B = Tp = 5 EV(Bia) < =B = ki 84

Using the inequality /73, ; < Amax, We obtain

min E9(8,a) > =B = a3 — KT - % ©)

Conversely, let [ € {1,..., M} be such that /{L , = Kmax. This means that there exists s € E
such that £(s) = Kmax. Using the Taylor expansion near s, we obtain

K/
KJT/[,Z > HX/[,Z_K(s:ﬁmax_Kdzﬁmax_M- (10)

In the previous considerations the number M was arbitrary, and now we pick M € [6 %, 20 %} NN
then

win B*9(5,a) < B*(8,0) <~ — wyp 6+ %
= B Bt B % — 8 — KB+ KUY + % (11)

Substituting the estimates (9) and (11) into (7) we arrive at

1 4An?M?
B (3,0) <~ = o + U5} + 5+ T+ 0
1672 2 1
_ 52 2 1
=—0 ’imax/6+(K£+ 7 >ﬁ3+v+ﬂ’
K? 1
E];[(ﬁaa)2_52_5maxﬁ_j_v—4&KC—E7

and the assertion of lemma 2 follows from the two-side estimates (6) .
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3. Proof of Theorem 1

We continue using the notation introduced just before theorem 1. For a > 0, consider
the maps

Ly(s) — ul (s))
Pro: (0,0:) X (0,a) > R, By 4(s,u) = ol k.2 , k=1,...,n.
o (0 (0. ) o) = (120 ot

As in section 2, we can find ap > 0 such that for any a € (0,a,) these maps are diffeo-
morphic between [, := (0,4) x (0,a) and Qi , = Ppo(Okq), that Q, C €, and that
Q. NQq =0 for j # k. Note that the last property follows from the fact that the opening

angles of the boundary corners (if any) are reflex. In addition, we set 2, := Q\ <UZ:1 m>
Denote Hi () = {f € H' () : flog, s, = 0}, & =1,...,n, and introduce two new

sesquilinear forms hg/ P in L*(Q2), both defined by the same expression as hs on the domains

domhy* = @ H'(Qa), domhg™® = Hj(Q) <EB Hy (Qa) )
and define D
hg' " (f, )
En/p(B,a) = inf SRS ALES
/ ot redomn¥?s | 220

Due to the inclusions dom hg’a C dom hg C dom hﬂ “, we have the inequalities

EN(Baa) SE(B) SED(ﬂaa)‘ (12)
Furthermore, due to the fact that the parts ), are disjoint and that the set ¥ N J€), is finite

(this is exactly the set of the corners), we have the equality En/p (3, a) = mingeqo,...n} Exn/p(5,a),

with T
Vf
Eon(B,a) = inf —“ HL2 o )

O#fGHl Q0,a) ||f||L2 (Q0,a)

IVAI3 = BIIII
Ek,N(ﬁ? CL) = lnf L2(Qk a) At ) k= 17 s Ny
0£FEH (R q) ||fHL2(Qk,a)

V fl?
Eop(B,a) =  inf IV 71z 0.0)
o£reti (0.0 |1fl|720.)

IV 1132(q,..) — Bl
Ekﬁ(ﬁ» CL) = ipf L2(Q,q) L2(h)
0Af€HS (e a) ||f||L2(Qk,a)

?

, k=1,....n.

We have clearly £y n/p(f,a) > 0. Furthermore, in virtue of lemma 2 we can find a > 0 such
that for each k € {1,...,n} for § — 400 we have
Ek,N/D(ﬁ, a) = —ﬁ2 - ’Yk,maxﬁ + O(ﬁg), Vk,max ‘= H[l(?f] 7k(3)7
k

which gives En/p(53,a) = =% — Ymax + O(ﬁ 5), and the assertion of theorem 1 follows from
the two-side estimate (12).

Remark 5. A more detailed asymptotic analysis is beyond the scope of the present note, but
we mention one case in which the remainder estimate can be slightly improved with minimal
efforts. Namely, assume that one of the following conditions is satisfied:



On the asymptotics of the principal eigenvalue for a Robin problem 483

e the boundary X is of class C* (i.e. there are no corners),
e the curvature does not attain its maximal value v,,.x at the corners,

then

E(B) = —B* = YmaxB + O(\/B) as B — +cc. (13)
Indeed, let us pick any k& € {1,...,n} such that v max = Ymax and revise the proof of lemma 2
with I' :=I'y, k := ~y;, and £ := (4. For any s € [0, {] with K(S) = Kmax We have then £'(s) = 0,
and we may replace the inequality (10) with
K?
M2
and by choosing M€ [/, 2¢/B]NN  we amive at the estimate
En/p(B,a) = —B% — Kmax8 + O(\/B) as § — oo, which in turn gives the asymptotics
(13).
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