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8ummal'y. - In this paper three ne~v ~'esults a~'e obtained for equations of the fo~'m (1.1). 
Conditions are established ~vhich gua~'antee asymptotic stability, ultimate boundedness, 
and convergence of solutions of (1.1). 

1.  - I n t r o d u c t i o n .  

We shall be concerned hero with equations of the form 

(1.1) ~c(~) -k f(~c)'~ -{- a2~ + g(x) -~- h(~c) ----p(t, x, x ,  x,  x) 

where a2 is a positive constant and f, g, h, and p are continuous real -valued 
functions depending only on the arguments indicated. 

We will find conditions on f, g, h, and p which will imply asymptotic 
stability, ul t imate boundedness, and convergence of solutions of equation 
(1.1). The first result  deals with conditions under  which all solutions of (1.1) 
tend to zero as t---->~. The problem has been the subject of investigation by 
a number  of authors for various forms of equation (1.1). An excellent account 
of the l i terature of stability and boundedness for fourth order equations can 
be found in [9, CItAPTER 6]. 

In  part icular,  EZEILO [4] and HAanow [6] established conditions under  
which the trivial solutions of the respective equations 

(1.2) 

(1.3) 

~(~) + f(~i~ + ~2~ + g(~) + ~ - -  o 

~(~) + a~x + a:x + g(x) + h(x,) = 0 

are asymptotically stable. EzEILO [5] has generalized his result  in [4] to the 
perturbed equation 

(1.4) 

{*} ~his work was supported by the :National Science Foundation COSIP (G-Y 4754). 
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Here  his results  are combined with those of HARROW [6] and extended 
to the more general  equation (1.1). We  also show that the hypothesis  on h 
required in [6] can be re laxed somewhat. 

The second theorem is concerned with the ul t imate boundedness  of so- 
lutions of equation (i.1). EZEILO [4] and HARnOW [7] investigated this property 
for solutions of 

(1.5) 

(1.6) 

x(~) + f ( x ) x  + ~ x  + g(x) + ~ x  = p(t) 

x (~) + a x  + f (x)  + g(x) + h(x) = p(t). 

Both results  depend on the initial conditions of the solutions and require  

the strong condition Ip(s)l d s ~ A  < : ~ ,  t ~ 0 .  TEJUMO.~A [14] obtained a 
o 

similar  result  with the bound independent  of the initial  conditions for 

(1.7) x(~) + f (x )x  + a2x + g(x) + a4x --  p(t, x ,  x,  x ,  x)  

while significantly weakening EZEILO'S conditions in [4] to Ip(t, x ,  y, z, w)] ~ A 
2 1 + Ao(y 2 + z 2 + w )~. Here  similar results are obtained for the more general 

equat ion (1.1). 
The last theorem deals with the convergence of solutions. The solutions 

dx  of -d -  / = F(t, x), where x is an n -vec tor  and F(l,  x) is cont inuous on 

[0, ~ ) X  R ", are said to converge if each pair of solutions x(t) and y(t) 
satisfies x(t) ~ y(t)---> 0 as t---> a<~. To date there have been no convergence 
results  for fourth order equations. EZEILO [2] has dealt with the second order 
case. In part icular,  SWlCK [12] has developed several results  for third order 
equat ions  and his methods are extended here to the fourth order equation 

(1.8) x(~) -]- a lx  + a2x + g(x) + a~x = p(t). 

2. - S ta tement  of  Results.  

T~EOREM 1 . -  Assume that g and h are differentiable on R and that 

(i) there exists al ~ 0 such that 

f ( z ) ~ a l  all z, 

(it) h ( 0 ) - - 0  and there are posit ive constants a~ and A~ such that 

h(x) ~ a~ x ~ 0 
X 
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and for sufficiently small $~ > 0 

A~ --  ~x ~ h'(x) ~ A~ all x ,  

(iii) g ( 0 ) - - 0  and there exist positive constants  a3 and Ao such that 

(2.U 

for all y, z, 

(iv) 
satisfying 

g ' i y )~a3  

[a~a2 - -g ' ( y ) ]a3- -a~A4f ( z )~Ao  

for all y ~ O, g'(y) -- g(y)/y ~ ~2 where ~2 is a positive constant  

2 2 ~2 < A4Ao/(ala3) , 
z 

(v) 1/z . f  f(s)ds - -  f ( z ) ~  ~z for all z :C O, where $3 satisfies 
0 

~3 < 2Ao/(a~az), 

(vi) for all x,  y, z, w 

(2.2) tp(t, x ,  y, z, w) t <~ O~(t) -{- 02(t)(y 2 + z 2 + w2)~t 2 

2 t + A~(y 2 + z 2 + w)~ 

where ~, A~ are constants  such that 0 ~ : ¢ < 1 ,  A ~ 0 ,  and the funct ions 
O~ ~ 0 ,  02 ~ 0 satisfy 

(2.3) max,>_00~(t) < oz and f O~(t)dt < oz (i = 1, 2). 
0 

Then for suff iciently small A1 every solution x -  x(t) of (1.1) satisfies 

(2.4) x---)0,  x - ) 0 ,  x---)0, ~ - - ~ 0  as t - ) o z .  

~OTE 1 . -  For  the special cases (i) h ( x ) =  a4x and (ii) h(x)-----a+x, 
p(t, x,  y, z, w ) ~  0 our result  is the same as Theorem 3 in [51 and Theorem 1 
in [4] respectively.  When  f(z) ~-- a~, p(l, x,  y, z, w) ~ 0 our result  reduces  to 

Theorem 1 in [6] without the restr ict ion that h satisfy h(w)/x ~(a4A4)~. 

TgEORE)~ 2. - Suppose that in addition to conditions (i) --(v) of Theorem 1, 
h' and g' are cont inuous for all x,  y and there are positive constants Po and 
P1 such that 

(2.5) Ip(t, x ,  y, z, w)I ~ P o  "4- PI(Y 2 A- z 2 A- w2)~. 
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Then there is an a > 0 such that if P~ ~ o :  there exists a constant B ,  
dependent  only on equation (1.1), such that every solution x - - x ( t )  of (1.1) 
satisfies 

/ xlt) l + ] x(t) F + [ x(t) l + Ix(t) I B 

for all suff iciently large t .  

NOTE 2. - For  the special case h ( x ) - - a 4 x ,  our result  is the same as 
Theorem 2 in [14]. 

THEOREm 3. - Assume that  

(i) there are positive constants A, B, C, and D such that every solu- 
tion •(t) of (1.8) satisfies ul t imately 

[x(t) t ~ A, Ix(t)[ ~ B, Ix(t)[ ~ C, and I x(t) l ~ D, 

(it) the functions g, g', g" exist on [ - - B ,  B] and g and g' are contin- 
uous on [ - - B ,  B], 

(iii) there exist positive constants a3, A3, and z~o such that 

if(y) ~ a3 

t g"(Y) [ ~ A3 

' ala4 ~ Ao ]y] ~ B ,  [ala2 - -  g (y)]a3 --  2 

(iv) there exists ~ > 0 such that 

C A J a 3  < ~ < Ao/(ala3Do) 
and 

(a3z - -  CA3)(~/a~a3 - -Dos )  > (~ -4- 1/al)2C2A~ 

where Do - -  ala2 "4" (a2a3/a4). 
Then the solutions of (1.8) converge. 

3. - P roof  of  Theorem 1. 

Rather  than deal with equation (1.1) directly we will consider the equiv- 
alent  system 

o g - - y  

y - - z  

~ - - -  ~ )  

(3.1) w - - - - w f ( z ) - - a 2 ~ - - g ( y ) - - h ( x ) q - p ( t ,  x ,  y, z, w). 
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I t  will suffice to show that every solution (x(t), y(t), z(t), w(t)) of (3.1) satisfies 

(3.2) x(t) -.-> O, y(t) ---> O, z(t)--> O, w(t) .--> 0 as t --> ~ .  

The proof of Theorem 1 will depend upon the following LIAPU~OV func- 
tion, V - - V ( x ,  y, z, w), obtained by an appropriate  modification of that used 
by EZEILO in [4]. 

~ z 

(3.3) 2V*-~(a2dl--d2)~2--{- 2 y s f ( 8 ) d s . ~  dllZ~)2..~ 242y f f(8)d8 
0 0 

+ + + fh s)d  + - A ~ d l ) y  2 

0 
), 

"F 2 f g(s)ds -I- 2d~zg(y) "-F 2yh(x) -F 2d~zh(x), 
0 

where  

(3.4) dl --  ~ --[- 1/al d~ = ~ + A4/a3 

and e > 0 is a constant  whose value will be determined in the proofs of the 
following two laminas. 

LEM~A 3.1. - Under  the hypotheses of Theorem 1, V(O, 0, 0, 0 ) - - 0  and 
there exist positive constants El, E2, E3, E4 dependent  only on al ,  a2, as, 
a4, A4, Ao, and ~ such that 

(3.5) V ~ ElX 2 + E2y 2 + E3z ~ -~ E4w 2 

for al l  x ,  y, z, w. 

PROO:F. - Since g(0) --  h(0) - -  0 it is clear that g(0, 0, 0, 0) = 0 and thus 
it remains to establish (3.5). W e  shall deal first with the case z ~ 0. V be- 
comes 

(3.6) 2 V(x, y, O, w) --  dlw 2 ~ 2d2yw Jr- 2d2 f h(s)ds 
0 

~f 

-[- (a2d2 - -  A4dl)y 2 + 2 f g(s)ds 
O 

-{- 2yh( x) 
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(3.7) 

where  

To establish (3.5) we 

(3.8) 

(3.9) 

(3.10) 

where  
The first 

(iii) and (3.4), 

(3.11) 

Subs t i tu t ing  the 
we obtain 

- -  d l (w ~ d2y /d l )  2 ~ (a2d2 - -  A4dl  - -  d~/d~)y 2 

y / 
+ 2 f g(s)ds + 2d2 h(s)ds + 2 y h ( x )  

0 0 

--  V~+  V~÷ V~, 

V1 - -  & ( w  ~ d : y / d l )  2 

2 2 V2 - -  (a2d~ - -  A~dl - -  d J d ~ ) y  

y x 
f~ f .  

v3 = 2  (8)d8 + h(s) 8 + 
.J .J 

0 0 

will need the fol lowing inequal i t ies  

[ d ~ - - l / f ( z ) ] ~  all z 

[d2 - -  A~y/g(y)] ~ ~ y ~ 0 

a2 - -  dlg'(y) - -  d2f(z)  ~ (~o/aaa3) - -  Do~ > 0 

Do - -  ala2 ~ (a2aJA4) .  
two inequal i t ies  follow immedia te ly  from 

since we have 

all y, 6, 

hypotheses  (i) and 

Since (2.1) also implies  that  

i f (y)  < ala2 

of (3.10) 

and f ( z )  < Ca2aJA4) all y, z, 

a2 - -  d~g'(y) - -  d2f(z) = a2 - -  (1/al)g ' (y)  - -  A~f(z) /a~ 

- -  [if(y) -]- f(z)]~ 

(Ao/a~a3) ~ [if(y) -{- f (z)]~. 

g ( y ) / y  - -  g'(O~y) 0 < O~ < 1. 

values  for dl and d2 from (3.4) into the left side 
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we have  

as - -  dig'(y) - -  d2f(z) >__ (~o/ala3) - -  (ala2 -4- a2az/A4)e. 

A s s u m i n g  s < Ao/(a~a3Do), we have  es tabl i shed (3.10). 
Us ing  (3.10) the method  used in [4] wi th  a4 r ep laced  by A4 yields  the 

resu l t  

(3.12) V2 ~ (AJaz )  (Ao/ala3 N Dos)y2. 

Final ly ,  f rom hypothes is  (iii) and  (3.11) 

x 

V3 ~ a3y 2 + 2d2 f h(s)ds 2 r. 2yh(x)  
0 

-"  (1/a,3)[a3y --~ h(x)] 2 + 2d2 f h(s)as - (1 /a3 ) [h (x ) ]  2 
0 

x 

2 f [d2 - -  (1/a3)h'(s)]h(s)ds, 
0 

and f rom (3.4) and  hypothes is  (ii) we have  

(3.13) 173 >__ a4 s x 2 . 

Combining  (3.12) and  (3.13) into express ion  (3.7), we f ind 

(3.14) 2 V ( x ,  y, O, w ) ~  d~(w A- d2y/di) 2 -~ (AJa3)(Ao/a~a3 - -  Doa)y: 

-Jr- G 4  ~ X 2 , 

and c lear ly  (3.5) is sat isf ied for z = 0. 
z 

For  z @ 0, def in ing  F(z)  -- .[  f (s)ds and T --- T(Y), ~ --  ~(x) as 
0 

Ig(y) /y  y ~ 0 t h ( x ) / x  

"; = l g'(O) y = 0 ~ = ! h' (O) 

x # o  

x - - 0  

V becomes  

Y 

2 f 2 V ( x ,  y, z, w) - -  [a2d2 - -  A4d~ - -  d~F(z)/z]y + 2 g(s)ds 

0 

- -  yg(y) -{- [azdl - -  d: - -  d~T(y)]z 2 



128 M. A. ASMUSSEN: On the Behavior o] Solutions o] Certain, etc. 

(3.15) 

where 

z x 

0 0 

- -  t [~(x)]2x2/7(Y) } + [d~ - -  z /F ( z ) ]w  2 

+ [z/F(z)]  [w + F(z) + d2yF(z)/z] 2 

+ [1/~((Y)][~(x)x + Y?(Y) + d~zT(y)] ~ 

V~ + V2 + V3 + [d~ - -  z /F(z )]w 2 , 

Y 

V1 = [a2d2 - -  A~d~ - -  d2F(z) /z]y  + 2 g(s)ds - -  yg(y) 
0 

V2 = [a2dl - -  d2 - -  d l y  (y)]z + 2 s f (s )ds  - -  zF(z)  
0 

x 

V3 = 2d2 f h(s)ds - { [~(x)]2x2/?(y)}. 
0 

EZEILO'S calculat ions in [4] with :¢4 replaced by Aa can be applied here 
to obtain the following inequali t ies  for V~ and V2: 

(3.16) VI l 2 - -  ,~2)y ~(AoA~/ala 3 ~ 2 

(2&oA4/a~ 2--~2~/A4Do,  provided e ~ x a 3  a 3 

(3.17) 2 V2 ~ ~ (2Ao/ala3 - -  ~3 )Z  2 

provided ~ ~ (al/4Do) (2Ao/a~a3 - -  ~3). 

Hypotheses  (iv) and (v) insure that the coefficients of y2 and z 2 are positive 
in (3.16) and (3.17). 

From hypothesis  (iii) and (3.11) we have y ( y ) ~ a 3  for all y and thus 

x 

v3 f h ( s ) d s  - -  ( 1 / a 3 ) [ ~ ( x ) ] 2 x  2 

0 

= 2 f { [h(s)/s] [d2 - -  (1/az)h'(s)]s } 
0 

(3.18) ~ a~ ~ x 2 . 

ds 
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Finally,  hypothesis (i) and the relation 

F ( z ) / ~  = f(O2z) 0 < 02 < 1 (3.19) 

insure that 

(3.20) [dl - -  z/F(z)]w 2 ~ ~w 2. 

Combining (3.16), (3.17), (3.18), and (3.20) into express ion  (3.15) for V, we 
obtain (3.5) for z ~ 0. Thus the lemma has been established. 

L]~MMA 3 . 2 . -  Under  the hypotheses of Theorem 1 there exist positive 
constants Fx ,  F2, F3, F4 depending only on a:t, a2, aa, as ,  As ,  Ao, and e 
such that 

(3.21) 17(3a) ~ - -  (tr~y2 -t- F2z 2 n u F3w 2) 

+ Fgy 2 + z ~ + w~)~[O~+ O~(y ~ + z ~ -k  w~)~I~J 

for all x ,  y, z, w when A~ is sufficiently small. 

Pnoo:~. - An easy calculation shows that 

(3.22) - -  V(3 ~) - -  - -  h ' ( x ) y  2 -{- d2yg(y) -Jr d~[A4 --  h'(x)]yz  

q- I[a2 - -  &g'(y)]z 2 - -  & z F ( z )  i 

-{-- [ & f  (z) - 1]w ~' 

- -  (d2y q-  z + d lW)[p( t ,  x ,  y, z, w)]. 

From hypotheses (iii) and (ii) and (3.4) and (3.tl) 

- -  h ' ( x ) y  2 q- d2yg(y) ~ aa ~ y2, 

and from (3.10) and (3.19) 

[a2 - -  &g'(y)]z 2 ~ d,2zF(z) - -  [a2 - -  d~g'(y) - d2F(z) /z]z  2 

(Z~o/alaa - -  Doe)Z 2. 

Thus we find that 

(3.23) ~ V ~  aa s y2 q_ d~[A~ - -  h ' (x)]yz q- ( A o / m a z  - -  Dos)Z 2 

q- a~ s w 2 - -  (d2y -}- z q- d o v ) [ p ( t ,  x ,  y, z, w],  

Annali di Matematica 17 
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and  as long as 81 sa t i s f ies  

sa3(Ao/ala3 - -  Do~) ~ ~(~ + 1/a~)2/4, 

hypo thes i s  (ii) insures  tha t  there  exis ts  ~ > 0 such  that  

(3.24) - -  V ~  ~(y2 -4- z 2) -4- a l~  w 2 

- (d2y Jr z -4- dlw)[p(t, x,  y, z, w)]. 

Le t t ing  d 3 - -  max  (dl, d2, 1) and us ing  (2.2), 

i7 ~ - -  ~(y~ ÷ z ~) - -  a~ e w ~ 

"4- d~(}Yl + {z{ + Iw{)[@l(t) + 02(g)(y2 .{_ Z2 ..~ W2)~/2 

"4- ~I(Y 2 + Z 2 "4- W2){] 

<~ ( - -  ~q -4- 3d3A~)Y 2 -4- ( - -  ~ -4- 3d3A1)z 2 "4- ( - -  a~s A- 3d3A1) w2 

-t- 3d3(y 2 -{- z2 A- w2){[Ox(t) A- O2(I)(Y 2 "4- z 2 + w2) ~/2] 

~V2 

2 t • -~ 3d3(y 2 --~ z 2 + ~v )~ [O1 -'~ 0 2 ( y  2 + z 2 "3 t- T/-)2) a/2] 

prov ided  

A1 ~ F = rain (~/6d3, a~z/6dz). 

H e n c e  we have  (3.21) and  the l e m m a  is es tabl ished.  
The  r e m a i n d e r  of the proof  of Theorem 1 is s imi la r  to the end of the  

proof  of T h e o r e m  1 in [5] and  only  the ma in  s teps  will  be  ou t l ined  here.  
F r o m  (3.5) and (3.21) we can show that  there  exis t  pos i t ive  cons tan ts  

F5 and F6 such  that  

(3.26) ~ - -  Fs[Y ~ A- z2 -4- w 2] 

"4" FdY 2 A- z2 + w2)(1-r/2)[O~ A- 0~(1-~)-1], 

whe re  r is any  cons tan t  in the range  1 ~ r ~  2. 
F r o m  (3.5) with V(t)--  V(x(t), y(t), z(t), w(t)) 

y2 .3t_ ~2 ._~ rd2 : ~  D V (t), 
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and hence 

By substituting V- -  W(2/~) and integrating the resulting inequality, we obtuin 

(3.27) [ V(t)]~/2 ~ [ Y (to)] ~/2 

t 0 

-[- E7 f {[@,(s)] ~ + [@2(s)] ~(z-=)-~ } ds 
$ 

for t ~ t o ,  where F7 is a positive constant. 
Integrating the inequality (3.26) from 0 to t we have 

v(t) v(o)-  f ÷ z (s) ÷ w (s)]ds 
0 

0 

and this holds for all t ~ 0 .  But by (3.5) V(t)~_O for all t. Hence 

(3.28) 

t 

F~ f [p2(s) --[-- z2(s) -k rv2(s)]ds ~ V(O) 
0 

t 

÷ ~ f ~ [Y2(s) q- z2(s) q- w2(s)](~-r/~)[O~(s) --k O~(1-~)-l(s)] } ds.  
0 

Now from (3.5) and (3.27) and the further assumption from (2.3) that 

(3.29) f [Oz(t)] r dt < ~ and f [O2(/)]r(1-~) -1 dt 
0 0 

there exists a constant L ,  0 < L < ~ ,  whose value depends only on al, as, 
a3, a4, A4, /%, 8, V(0) such that 

(3.30) x2(t) -~ Y2(t) -i- z~(t) ~ w2(t) ~ L 2 , t ~ O. 
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Using this inequal i ty  in (3.28) yields 

t t 

~ .f Fy:(s)+ ,~(s)+ ,v~(s)lds g v(o)+ ,oL(:-,) f Io;(s) + o;'i-='-i(s)]ds, 
0 0 

which with (3.29) implies that every solution (x(t), y(t), z(t), w(t)) of (3.1) satisfies 

/ [y~(s) + z2(s) + w~(s)]ds < ~ .  (3.31) 

0 

Now from (3.27) and (3.31) it is easy to verify that 

(3.32) y2(t) + z2(t) + w2(t) --~ 0 as t --> c~.  

Then by integrat ing both sides of the equa]i ty 

x(4) - -  - -  wf (z )  - -  a z - - g ( y )  - -  h(x)  + p(t, x ,  y, z, w) 

from t to t--{-1 and utilizing (3.27) and (3.32) we are able to show that 

h(x(t)) ---> 0 as t ---> ~ ,  

which implies that 

(3.33) x(t) --> 0 as t --> ~ ,  

and hence we have (3.2) and the proof of Theorem t is complete.  

4. - P r o o f  of  Theorem 2. 

The proof of Theorem 2 relies upon the following lemma. 
Consider a system of differential  equations 

(4.1) d x  d~ = ~(t, x), 

where x is an n-vec tor  and F(t, x)  is continuous on [0, cx~)X/~ .  

LEMMA 4.1 [15] .-  Suppose that there exists a LIAPu~ov  function V(t, x)  
defined on O ~ t < c x ~ ,  I I x U ~ H ,  where H may be large, which satisfies the 
following conditions : 
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(i) a(I]xlt) ~ v(t,  x )  ~ b(1]xIl), where a(~:) ~ CI (i.e. cont inuous and in- 
creasing), a(z) --> ~ as z --> c~, and b(z) ~ CI  , 

(ii) l}(6.~)(t, x ) ~ -  c(I[xH), where c(:) is positive and continuous.  

Then the solutions o[ (4.1) are un i form-ul t imate ly  bounded. 
It is assumed here that V(t, x)  is cont inuous in t and satisfies a local 

L~PScK~TZ condition with respect  to x and that I?(~.~) is defined as 

iJ(4.1)(t, x) --  l im (l /h) I V[t ~ h, x -{- hF(t ,  x)] - -  V(t, x)  t .  
~-~o 

The following definition will prove helpful. 

D E ~ r o ~  [15] . -  The solutions of (4.1) are uni form-ul t imate ly  bounded 
for bound B if they are un i form-bounded  and if there exists a B ~ 0 and a 
T >  0 such that for every solution x( t ;  xo ,  to) of (4.1), [Ix(t; xo, to!l~ B for 
all t ~ t o  ~ T, where B is independent  of the par t icular  solution while T 
may depend on each solution. 

To apply Lemma 4.1, consider the system used in the previous section 

x - - y  

y - - z  

Z - ' -  ~ V  

(4.2) w = - -  wf(z)  ~ a~z - -  g(y) - -  h(x)  ~ p(t, x ,  y, z, w). 

We wilt modify the L~APu~ov funct ion used in the proof of Theorem 1 
so as to make the t ime derivat ive negative outside of an arbi t rar i ly  large but  
f ixed neighborhood of the origin. Define V - -  V(x ,  y, z, w) as 2 V--  2 V~ + 2 V2~ 
where V~ is defined by equation (3.3) and V2 is as follows 

(4.3) V2 -- 

0 (x,  y, z, w ) e  R~ 

~w --  ~M (x, y, z, w) e R2 

- -  2~M (x,  y,  z, w) e R3 

- - 2 ~ ( M / 2 ~ ) x  (x,  y, z, w ) e  R4 

2~M (x, y, z, w ) e  R5 

- -  ~w + ~M (x, y,  z, w) e R6 

0 (x,  y, z, w)~ R7 

~w ~ ~ ( M / N ) x  (x, y, z, w) ~ R8 

- - 2 ~ ( M / N ) x  (x, y, z, 

- - ~ w ~ ( ~ / N ) x  (x,  y, z, 

= / ~ . _ < - ~ ,  Ixt_<N} 

= I :~1--<~, x~- -~v}  
= { 0 ~ v _ < M ,  txt<_(N/~)~v} 
: { 0 ~ x ~ N ,  Iw!~__(M/N)x}  

w)~ R9 = {-- M~<w _< 0, Jx]<~--(N/~l)w} 
w) ~ Rio = {--  N<_ x <_ O, [ ~vt <---  ( M / N ) x  } 
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where  ~ > 0 is an a rb i t r a ry  posit ive cons tan t  and  M and N are selected 
to sa t is fy  L e m m a  4.3 with 2 M ~ N .  Since  all  the par t ia l  der ivat ives  of 
1/1 are cont inuous ,  it sat isf ies  a local  L~PSCH~TZ condi t ion with  respect  
to (x, y, z, w). V~ is e i ther  l inear  or cons tan t  in each  of the ten regions  
and  V is con t inuous ;  hence  V sat isf ies  a local L~:PSOl~z condit ion.  The 

par t i a l  der iva t ives  ~ V $ V ~V SV ~x ' ~y ' ~ ,  and  ~ exist  and are con t inuous  for  all  

va lues  of x ,  y, z, w except  a long the p lanes :  

& : w - - - r - M ;  S~ : x = + _ _ N ,  w . < M ;  S3 : w - - : : t : : ( M / N ) x ,  Ix{ < N .  

All the upper  and lower par t ia l  der ivat ives  exist  a long these p lanes  and 
thus  IY exists  for all  x,  y, z, w, and t.  

The  proof of Theorem 2 will depend  upon the fol lowing two lemmas .  

LEPTA 4 . 2 . -  U n d e r  the hypotheses  of Theorem 2 there  exists  a con- 
s tan t  //1 > 0 and  func t ions  a(~) and b(z) in CI such that  a(x)--> o0 as ":--> oo, 
a(z) > 0 for • > / / 1  and 

(4.4) a(x  2 + y: + z 2 + w 2 ) ~ V ( x ,  y, z, w) ~ b(x ~ + y: + z z + w 2) 

for x ~ "4- y2 -4- z 2 -{- ~v2 ~ HI .  

PROOF. -  Unde r  the hypotheses  of Theorem 2, it was es tab l i shed  
L e m m a  3 1 that  there  exist  posit ive cons tants  E l ,  E2~ E3, E4 such that  

in 

V ~ E ~ x  2 ~ E 2 y : ~ E ~ z  2 ~ E 4 w  2 for all  x ,  y, z, w.  

Since  V~ is con t inuous  and  independen t  of t and  V~-->~ as x2A - y2. j .  z2 
-b w2-"> ~ ,  it follows tha t  there  exist  func t ions  a,(z), b~(z)e CI such tha t  

a~(x 2 "4" y2 _}_ z 2 _~ w2) ~ V~(x, y, z, w) ~ b~(x 2 -{-. y2 _[_ z 2 ~ w2) 

and al(z) --> ~ as z ---> c<~. 
F r o m  the def in i t ion  of V: we have 

- - 2 ~ M ~  V2-~2~M for all (x, y, z, w) ~ R ~, 

and  hence  if we def ine  a('~) ---- al('~) - -  2~M and b(~) --  bt(z) ~ 2~M, then  

a(x 2 .f. y2 -t- z 2 "4- ~v2) ~ U(x ,  y ,  z, "Iv) <~ b(x 2 -~" y2 -b z2 -Jr ~v2), 

a(x) --> c~ as • --> c~,  and there  is an  H1 > 0 such that  a(x) > 0 for x ~ / - / 1  > 0. 
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LEM~n 4.3. - Under  the hypotheses of Theorem 2 there exists an ~ > 0 
such that if P~ ~ ~, then there is an H~ ;> 0 such that 

(4.5) ~(~.~)(t, x ,  y, z, w ) < -  1 

for x 2 + y ~ + z 2 + w  2 ~ H ~  and t ~ 0 .  

PRoof .  - The lemma will be establishe¢] by considering each of the ten 
regions in the definit ion of 1½. l~ exists within each of the regions and will 
be est imated from both possible ~,alues at each boundary point as in [10]. 

For  (x, y, z, w)~ R1 t.) t~  ~ R5, we have that 

(4.6) iz = i~~ = h'(x)y 2 - -  d2yg(y) - -  d ~ [ d 4  - -  h'(x)]yz 

- -  { [a2  - -  dlg'(y)]z 2 - -  d2zF(z) } 

- -  [ d ~ f ( z )  - -  1 ] w  ~ 

+ (d~y + z + d~w)[p(/, x ,  y, z, w)]. 

From (3.24) and (2.5) and again lett ing d~ = max (dt, d2, 1) 

( 4 . 7 )  

provided 

? .~ __ ~(y2 + z2) __ al ~ w 2 

2 t + d3(lYl + [z[ + Iwl)[Po + p~(y2 + z 2 + w)~] 

(-- ~ + 3d3P~)Y 2 + (--  ~ + 3d3P1) z2 + (-- a~  -{- 3d3P~)w '~ 

+ d3Po(Iy] + ]z] + tw]) 

_ y2 + d ~ P o ! y t _  z 2 - } - d 3 P o i z t - - - ~ -  w2-}-dd)olwl  

P1 ~___~----- rain @/6d3, at~/6d3). 

Let D - -  max (d3Po + ~ , d3Po + ~ala2 + ~P1 + ~ , 

a2a,~ 
d3Po + ~a2 + ~P1, d3Po + ~ - ) T  ~ ~P1). 

It  can be easily shown that there exist positive constants 
such that 

(4.8) 2 y 2 4 - D t y I ~ G ~  all y 

G1, G2 , and G3 
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(4.9) 

(4.10) 

so that we have 

~z~-FDIzI~_G~ all z 
2 

2 w : + D i w ] ~ G s  all w 

a l ~  
i' = V ~ < a ~ + G  - - ~ - w ~ + D i ~ v i .  

Clearly an M~ > 0 c~n be found such that 

ale w2 
(4.11) e ~ + e 2 - - y  + l ) ] w l < - - i  for t w I ~ M ~ .  

Hence if M:~  MI, then 

(4.12) ? < - - 1  for (x, y, z, w) e R 1 U R ~ U B ~ .  

M On R~, ?=  v ~ - 2 ~ y  

0,i$ 
- -  --2- ~v 2 + d3PoIw] 

Cti E 

Thus from (4.ll) and (4.12) we have that if M ~ M ~ ,  

(4.13) V ~ - - I  for (x, y, z, w) 6R~ U R 3 U R ~ t J R ~ .  

On R2, ~/--- ~ z _  b v f ( z ) -  ~a~z -  ~g(y) -  ~h(x)+ ~p(t, x,  y, z, w) so 

2 w2 -{- d3Po Jr ~ --A--~-] Iw] - -  ~a4x. 

+ ~[Po + p~(y2 4- z2 + w2)~] 

z ~ D l z !  - ~ y '  + D I y t  - -  ~ + - - -  

< G~ -[- G2 + Gs + ~Po -- ~a~x. 

al E 
,v 2 + D In'I + ~Po - -  ~a,~x 
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An N1 can cer ta inly  be found such that  

G l q - G 2 q -  G 3 W ~ P o - - ~ a 4 x < - - i  for x ~ 2 V 1  

so if N ~ N 1 ,  then  

(4.14) V < - - 1  for (x, y, z, w ) e R 2 .  

Similar ly  for (x, y, z, w)~R6,  

--  ~ + ~wf(z) q- ~a2z -{- ~g(y) -1- ~h(x) - -  ~p(t, 0% y, z, w) 

GI + G2 q-- G3 + ~Po + ~a~x 

and thus if N ~  2V1, 

(4.15) ~- < - -  t for (x, y, z, w) ~ R2 h) R6. 

M 
On Rs, V - I)1 - -  ~wf(z) - -  ~a2z - -  ~g(y) ~ ¢h(x) q-. ~p(t, x ,  y, z, w) - -  ~ ~ y 

a~e ( a2a3 ) 

_ ~  y2 q_. D l y  I .jr. G2 -{- G3 q- ~Po . 

It  is possible to find a K~ > 0 such that  if l Yl ~ K 1 ,  

y2 _{.. D iy [ + G2 + G3 q- ~Po < - -  1. 2 

On Rs,  it is also t rue that  

~_< e~+ G~ + ~Po - ~ z  ~ + D[zl, 

and we can also find an L~ > 0 such that  if I zl ~ L x ,  

G1 -[- G3 -4- 8Pc - - ~ z  2 -4- Dlzl < - 1. 

Annali di Matematica 18 
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Thus, 

(4.16) V H - - 1  for (x, y, z, w) eR8 

provided ] y ] ~ K ~  or I z l ~ L 1 .  In the same way i~ is possible to choose pos- 
itive constants /£2 and L2 such that 

(4.17) V ~ - - I  for (x, y, z, w) e R T U R 9 U R ~ o  

provided l Yl ~ K,~ or I zl ~ L 2 .  
Let K ---- max(K~,  K2) and L --  max(L1, L2). Then 

10 
(4.18) V H - - 1  for (x, y, z, w)e U Rj 

provided lYl ~ K or I zl ~_ L .  
Now define H2-"  4 max (M, N, K, L, i). If x 2 ~ y2 ~_ z2 d- w2 ~ / / 2 ,  then 

one of the following must be t rue:  

(i) tsol>_M 

(ii) IwI < M, ] x ] ~  N 

(iii) l w l < M ,  t x ] H N ,  l y l ~ K  

(iv) i w l < M ,  [ z I H N ,  t y l < K ,  [ ~ [ ~ L .  

In  each case P ~ - - 1  from (4,13), (4.15), and (4.18), and thus the lemma has 
been established. 

Let  H - - m a x  (111, H2). Then Lemmas 4.1, 4.2, and 4.3 show that there 
exists a B~ > 0 such tha~ if (x(t), y(t), z(t), w(t)) is any solution of (4.2), then 

x2(t) -~ y2(t) + z2(t) + w~(t) ~ B~. 

From the relutionship between (4.2) and (i . | )  we have (2.6) and Theorem 2 
is thus established. 

5. - P roo f  of  Theorem 3. 

Consider the system of differential  equations 

d x  
(5.1) d~l -- f (x)  + e(t), 

where f ' R  n---->R ~, e ' R  1-->R ~, and f and e are continuous for x e R  ~ and 
t e R  ~ respectively. Since we are concerned with the behavior of a pair of 
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solutions it is useful  to introduce the product  system 

[ 
t x = f ( x )  + e(t) 

(5.2) 

I Y ~ f(Y) A- e(t) 
where V(5.2) is defined as 

V(~ 2)(t, x, y) --  lim (1/h)i V[x  + hf(x)  -4- he(t), y + hf(y) + he( t ) ] -  V(x, Y)I. 
h ~ O+ 

Before proceeding with the proof of Theorem 3 we will need the follow- 
ing definition. 

DEFIN;~ION [12]. - I f  ~)' is a closed subset  of R ~, then we will say that 
a scalar function W ;  U X  U-->R ~ is positive definite with respect  to £t if 
W(x,  y) --  0 when (x, y)~ U X U and x -- y ~gt ~ and if corresponding to each 

~ 0 and each compact set K C  U there is a positive number  ~ such that 
W(x ,  y ) ~  when (x, y ) ~ K X  K and x - - y q . N ( ~ ,  ~). We define N(~, ~ ) - -  
l x e R ' t d ( x ,  £~) < ~}. 

The proof of Theorem 3 will rely upon the following result  established 
by SWICK [12]. 

LEPTA 5.1 [12]. - Assume that the solutions of equation (5.1) are ulti. 
mately bounded by B ~ 0 and that there exists a non-negat ive  L~APu~o¥ 
funct ion V(x, y) defined on S ,  X S ,  for which --~z(~.2)(t, x ,  y)>__ W(x ,  y), 
where W(x ,  y) is positive definite with respect  to a closed subset  ~ of R ". 
Suppose fur ther  that if (w, y) ~ Sz X S~, then f(x) --  f(y) --  f ( x  --  y) whenever  
x - -  y ~  t~. If S is the largest semi- invar iant  set contained in ~ of the equat ion 

x = f ( x )  x + ~ ,  

then every pair  of solutions 0(t) and ~(t) of equat ion (5.1) satisfy 

0 ( t ) - - c p ( t ) ~ S  as t - + ~ .  

To apply Lemma 5.1, consider the equivalent  system of (1.8) 

~ - - y  

z - - w  

(5.3) w = - -  a~w - -  a 2 z  - -  g(y) - -  a.~x q- p(t) 
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and the associated system 

x = y  u = v  

y - - g  v - - r  

- -  J V  r ~ - 8  

(5.4) w --  - -  alw - -  a2z - -  g(y) - -  a4x + p(t) s --  - -  a~s - -  a~r - -  g(v) - -  a4u + p(t) 

To prove Theorem 3 all that is necessary is to construct  a suitable LIAPU~OV 
function with S =  {(0, 0, 0, 0)}. 

Define V = V ( x ,  y, z, w, u, v, r, s) by 

(5.5) 2 V - -  a4d2X ~ + (a2d2 - -  a~d~)7~ 2 + ,.~(y, v)Y 2 + (a~ + a2dl - -  d2)Z 2 

+ d l W  2 + 2 a 4 X Y +  2a4dlXZ + 2ald~YZ + 2d~b(y, v ) Y Z  

+ 2d2 Y W + 2Z W ,  

where 

X - - x - - u ,  Y : y - - v ,  Z - - z - - r ,  W = w - - s ,  

I g ( y ) - - g ( v )  y ~ v 
+(y, v) - -  y - -  v 

g'(y) y = v 

dl - -  e + l /a1  d2 = ~ + a4/a~ 

and where ~ ~> 0 is a constant which satis[ies ( iv)above.  The LIAPU~o¥ func- 
tion is dependent  on this s ~ 0 which will be used to establish the following 
two lemmas. 

LEMMA 5 . 2 . -  Under  the hypotheses of Theorem 3 there exist positive 
constants D1, D2, D3, D~ dependent  only on al ,  a2, a3, a4, Ao, and z such 
that 

(5.6) V ~  DIX 2 + D2Y 2 + D3Z 2 + D4W 2 

for IX! ,  l u I ~ A ;  tY l ,  I v I ~ B ;  I~l, I r I ~  C; t w l ,  IsI ~ D "  
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w h e r e  

(5.7) 

(5.8) 

to ob ta in  

PROOF. - 2V can  be  r ewr i t t en  as 

2 V - -  (a4d2 - - a 2 / ~ ) X  2 -{- (a2d2 - -  a,~d~ - -  d~a~)Y  2 

-[- (a2d~ - -  d2 - -  d~'~)Z 2 -{- (d~ - -  1 / a O W  2 

+ (1/a~)(W+ axZ + a~d~Y) ~ 

+ (11~)(a~x + ~ y + a~pz) ~ 

~ ( a 4 4 2  - -  a ] / + ) X  2 -}- (d~ - -  1/a~) W ~ --[- V~ .-}- V2, 

2 2 V1 - -  (a2d~ - -  a.~dl - -  d2al) Y 

V2 - -  (a2d~ - -  d2 - -  d ~ ) Z  ~ . 

P a r a l l e l i n g  the proof  of T h e o r e m  1, we  use  the inequa l i t i e s  

(d2 - -  a~/~) ~ 

(c~ - -  d ~  - -  a~d~) ~ (Ao/a~a~) - -  Do~ I Y] ,  }~} <-- B 

VI ~ (a~/a3) (&o/a la3  - -  Doe) y2  

V~ ~ (1/ a~) (Z~o/a~a~ - -  Doa)Z ~ . 

Combin ing  resul ts ,  we f ind 

2 V ~  a~ ~ X 2 -[- ( a 4 / a 3 ) ( A o / a l a ~  -- D o s ) Y  ~ 

-{- (1/al)  ( A o / a l a 3  - -  Do~)Z 2 -[- ~ W 2 , 

and hence  we have  (5.6). 

LEM~IA 5.3. - U n d e r  the hypo theses  of T h e o r e m  3 there  exis t  pos i t ive  
cons tan t s  D~, D6, D7 depend ing  only  on a l ,  a2,  as ,  a~, A0, and , such  that  

(5.9) - -  V(5.~) ~ D5 y 2  + D6Z  2 + D7 W 2 

for  ix{,  l u ] < / ;  ]y] ,  iv  < B ;  [z[, { r {<_  C; [ w { ,  i s l e D .  

2+. 
PI~ooF. Def in ing  ~'  _--~y-y + ~ v an easy  ca l cu la t ion  shows that  

-- ?(5.+) = (d2~b - -  a~ - -  tF /2)  y2  _ d ~ ' Y Z  

(a2 - -  aid2 - -  d ~ ) Z  2 -{- (a~d~ - -  1)W 2 . 
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We can rewri te  the first three terms in the form 

(d2~ - -  a4 - -  W / 2 ) Y  2 ~ d I W Y Z  + (a2 - -  a~d2 - -  d l ~ ) Z  2 - -  

(Y ,  Z )  \ - -  d ~ W / 2  a2 - -  a~d2 - -  d ~  . 

]Yl ~ C, I vl ~ C, and hypothesis  (iii) imply that 1~/2 i  <: CA3 and hence 
d2~ - a ~ -  W/2 ~ a 3 e -  CA3. This plus (5.8) and hypothesis  (iv), i.e. 

(a3s - -  CA3)(Ao/a la3  - -  Do~) > (~ -4- 1/a~)2C 2A2, 

insure that there exists a ~ > 0 such that 

- -  ?(5.4) ~ (~(y2 _]_ Z 2) "Jl-- a l  ~. W 2 , 

Thus the lemma is established and --¢(~.~) will be positive definite with 
respect  to 

~2 = {(x, y, z, w ) ~ R 4 ! y = z = w = O } .  

It follows now from Lemma 5.1 that if x( t )  and y(t) are any two solu- 
tions of (5.3), then x ( t ) -  y(t)--> S as t---> co,  where S is the largest  semi-in- 
variant  set contained in ~ of the system 

x = O  

y = O  

z = O  

~) --" - -  0 ~ 4 X .  

The solutions of this system are 

X = G ~  

y--" C: 

Z~--- 03 

w = - -  a,cl(t - -  to) q- c,~. 

To remain in f~ we must have c 1 : c 2 : c 3 = c 4 = 0 .  Thus S----I(0, 0, 0, 0)} 
and the proof of Theorem 3 is complete due to the relation between (1.8) and (5.3). 

The author  wishes to express  her deepest  appreciat ion to Professor  
K.E.  SWIOK for his valuable advice and encouragement .  
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