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The anomaly of thermal conductivity at the magnetic transition point observed in certain 

magnetic crystals has been treated theoretically using the correlation function expression 

for the thermal conductivity. The heat conduction by the spin system is shown to be 

negligible in the vicinity of the transition point. The phonon thermal conductivity was 

-studied when the transition temperature is much smaller than the Debye temperature adop

ting a simple spin-phonon coupling derived by a consideration of the change of energy of 

the spin system caused by the strain due to a phonon. Processes involving creation and 

annihilation of a phonon as well as scattering have been considered, and the anomalous 

temperature dependence of thermal conductivity at the transition point was understood in 

terms of the critical scattering of phonons by critical fluctuations of the energy density of 

the spin system which is revealed in the specific heat of the spins. Cases with more general 

types of the spin-phonon interaction are briefly discussed. 

§ I. Introduction 

In recent years, anomctlies in the thermal conductivity at the magnetic tran

sition point have been observed in some magnetic crystals such as MnO, CoO/) 

CoF2 , MnF2 ,2) Fe30,.,B) U02 ,4) CuCl2 • 2H20, and CoC1 2 • 6H20. 5
) Although such 

anomalies are generally attributed to the effect of spin ordering reflected through 

the spin-phonon coupling, no theoretical treatments have been given so far. A 

primary purpose of the present paper is a theoretical understanding of these 

phenomena. The problem can conveniently be divided into two aspects: (1) 

the precise determination of the spin-phonon coupling in each of these crystals, 

and (2) understanding of the anomalies with this spin-phonon coupling. Here 

we shall be mainly concerned with this second aspect. Because of the lack of 

the precise knowledge about the spin-phonon coupling and in order to avoid 

too much complications which make the problem untractable, we shall assume 

a sim.ple spin-phonon coupling and furthermore restrict ourselves to the case 

where the magnetic transition temperature is much smaller than the Debye 

temperature, and we analyze it in detail. In this simple case the anomaly is 

understood as a critical scattering of phonons by critical fluctuations in the 

energy density of spins. As a numerical example, the case of CoF2 was studied 

(md a qualitative agreement with the experiment: was obtained. More general 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/2

9
/6

/8
0
1
/1

9
1
2
2
1
9
 b

y
 U

.S
. D

e
p
a
rtm

e
n
t o

f J
u
s
tic

e
 u

s
e
r o

n
 1

6
 A

u
g
u
s
t 2

0
2
2



802 K. Ka'lc'asaki 

cases present considerable difficulties, and are discussed only briefly. 

In this study, we start from the correlation function expression for 

conductivity due to Kubo, Mori and others/') which is expressed as 

(f) 

1 r 
Ie = () -,<) 1 < {Q (t), Q} )dl, 

k.Jl:::nl-V.J 
. -(}J 

thermal 

(1·1) 

where Q denotes the total heat flux operator, { ... } the symmetrized product, 

< ... ) the ensemble average, and V the volume occupied by the system. 

§ 2. Thermal conductivity due to the spin syste:nu 

It has been pointed out and has actually been observed that In some fer

romagnetic crystals, there is an appreciahle contribution from the spin system 

to the thermal conductivity at low temperatures,') ,R) where the mean free paths 

of magnons and phonons become comparable. As the temperature rises, the 

interaction between magnons reduces the magnon mean free path rapidly, and 

in the vicinity and above the transition point, the concept of magnons completely 

loses its meaning. Thus the previous treatments of the thermal conductivity 

due to the spin system,7) where the heat is supposed to be carried by magnons 

which are scattered occasionally, should be lllodiiied completely at the temper

atures of our interest. 

This is a typical example of a non-Boltzmann type transport phenomena,0) 

and it is most convenient for this treatment to use the correlation function ex

pression (1·1) for the thermal conductivity, where we substitute for Q a heat 

flux operator due to the spin system (t. 

In order to find an explicit form of (t, we shall make use of the energy 

conservation law ignoring the interaction of the spin system with other systems 

such as the lattice, which is permissible except for very low temperature. The 

law of energy conservation is written In terms of the Fourier components as 

follows: 

'7/ QS lIS 
lb~' l;. =- k, (2·1)*) 

where II;~ and Q/ are the Fourier components of the Hamiltonian density and 

the heat flux density operators of the spin system, respectively, and for the 

Heisenberg spjn system we have 

s 1"""-1 ( II k = - ..... L.JJ q) Sq:k/2' S-f!+l'/2 , 

N '/ 
(2,2) 

where J(q) and Sq are the Fourier components of the exchange interaction and 

the spin density operator respectively, JV being the total number of the lattice 

points. The heat flux operator QS is the limit h~)O of Q;~ obtained from (2 ·1), 

*) The dot means the differenti8tion with respect to time 
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On the TJehav£or of Thermal Conducli'uity 

T'he result IS 

QS= 1~~ {VJ(p)J(q, p-q) + VJ(q)J(p, q_ p) 
N 2 .q }) 

- VJ (q - p) J(q, p)} S ;;-_p SkS:(}, 

where we used the following notations: 

VJ(q) ==DJ (q) /Dq, J(q, p) ~J(q) -J(p), A~il- (/\). 

803 

(2·3) 

In the spin wave region, it is easy to verify that (2·3) reduces to the 

correct heat flux operator of magnons, 

" DE" I'" 1 ~ E(j J;; }q 

fJ Dq 

with the magnon spectrum E(I = 2SJ (0, q) and the magnon operators hq and b,/. 

In view of the difficulty of calculating the time-displaced correlation func

tion of the heatAux operator, it is most convenient to regard the heat con

duction as a diffusion of heat, where the diffusion constant is given by IY = !C·~/Cs 

with the heat capacity per unit volume CS, . Use of the fluctuation-dissipation 

theorem and (2 ·1) yields the following expression for DS: 

co 

DS=lim\ dt(ih:,(t) , I~i.;')/2k2(Jh, Hl), 
k·~o.J 

(2 ·4) 

where 

;3 

(il, TJ) =::= \' <e)'lfAe-).T[ B)dJ. . 
.; 

o 

This is the same with the expression for the spin diffusion constant except for 

S", replaced by 11" .. 9) The same discussion as in references 9) and 10) *) shows 

that the critical fluctuation at the transition point appears only in the denominator 

of (2·4), which is for 1~ = ° proportional to the specific heat CS. The numerator 

of (2·4), and hence IC'~ involves only the short range correlations and thus is 

expected to show a mild temperature dependence coming from the temperature 

dependence of the short range order, which we shall consistently neglect in this 

paper. Thus we have estimated T2/C'~ in the high temperature limit, and obtained 

(2·5) 

where r is the microscopic relaxation time associated with the heat flux operator 

QS, <"'>00 the ensemble average taken in the high temperature limit. 

When we assume the single exchange interaction J between the nearest 

neighbor spins, we have 

*) See in particular the discussion on the page 981 of reference 10), 
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804 K. Kawasaki 

(2 0 6) 

where z is the number of the nearest neighbors and b the distance between 

the nearest neighbors. r could be obtained in the same way as in reference 9) 

assummg a Gaussian decay for <Qs(t) .QS) and calculating «r·(r). However, 

for a rough estimation of IC'\ it is sufficient to substitute for r that obtained for 

the spin diffusion constant,0) namely, 

(2 0 7) 

Thus the expression for IC'~ becomes 

(2·8) 

If we assume the molecular field theory to relate .1 to the magnetic transition 

temperature To, 

To = 2<::1.1 IS (S + 1) /3k!!. 

we obtain at the transi60n point and for the b.c.c .. lattice 

~s 9- 1 ~ 7' 2 '4 ,.2 2 " (C' I ~) Iv = i.. I~ n 0 / a z z '- u - - 1 , 

where a IS the lattice constant. 

~ 3. Thermal conductivity due to phonons 

If we substitute for Q the heat flux operator of phonons, 

Q" = ~ ())q Vq N q , V'I = oO)q/D q, 
q -

we have for the thermal conductivity due to phonons the following: 

OJ 

le z 
=. 1 r > ~~. {j)q (I)}) v:; Vi~ I < {N'l (t), Np} )dt, 

21lkn 12 'I l' J -- -
-co 

(2·9) 

(2 ·10) 

(3 0 1) 

(3·2) 

where N q denotes the operator for the number of phonons of mode q*) which 

is written as a(/aq with the phonon operators Llq and a,;I' and (})q the phonon 

energy spectrum. 

In the temporal development of N q , we shall only retain the diagonal ele

ments of N q in the number representation, which is equivalent to the kinetic 

treatment of phonons. Thus we obtain following the same procedure as that 

used by Mori,ll) 

(3·3) 

*l q specifies the wave vector as well as the polarization of phonons, 
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On the Behavior of ThermaL Conductivity tjo5 

where we introduced the symmetrical m.atrix A'll) defined as 

00 

Aqp = J < fN j (1), /v1)} )dt/2N~) (1V~) -+ 1) N~ (N~, -+ 1), (3 ·4) 

N(~ being the Planck distribution function of phonons. 

Integrating (3·3) formally and substituting the result into (3·2), the ther

mal conductivity can easily be put into the following familiar form: 

(3 ·5) 

where Cr]"L IS the phonon specific heat of the mode q defined by 

(3·6) 

and fq the relaxation time of the mode q, which satisfies the following equation: 

~ y~1 2 A N0 (N0 ) 
UJ" = L..J V .!1'fJ! q . p]l IJ -I- 1 , (3 ·7) 

J} 

'V being the sound velocity. In deriving these expressions, we assumed for 

simplicity that the crystal is isotropic and the phonon spectrum is given by 

(j)'l = 'vq. 

To proceed, we need some knowledge about the spin-phonon coupling. In 

view of the lack of the precise information about this coupling and in order 

to avoid too much complications, a simplified macroscopic approach is adopted 

to determine the effective spin-phonon coupling, restricting ourselves to the case 

where the magnetic transition temperature To is much smaller than the Debye 

temperature Tlh namely, 

To<TD • (3·8) 

Under this condition, the wave lengths of most thermal phonons are much longer 

than the lattice constant, and the effective spin-phonon coupling can be obtained 

by considering the change of energy of the spin system due to the strain field 

induced by a phonon in the following manner. Suppose, for example, that the 

Hamiltonian of the spin system is characterized by a single constant, say, an 

exchange interaction constant between the nearest neighbor spins J, whose 

change iJJ(r) in the presence of a strain ejl (r), then, is expanded as 

(3 ·9) 

(j, l, 1Jl, n =--= ;1;, )" z) 

The spm Hamiltonian density JP (r) will then change by the same ratio (3·9). 

Thus the total change of the spin Hamiltonian, which expresses the effective 

spin-phonon coupling and is denoted by IF, becomes 
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806 

(3 ·10) 

Expressing the strain tensors in terms of phonon operators, (3 ·10) reduces to 

I,-I' = '\'f'V,fY. . zq. . [l-l',', (l" ~ I 1','J' * /l,',·(.J 1-- Y" r qjJ [1-1 g * J T-I s* * J .L...il.l-'I,/ ~ ~ .', L.J qp, ,/ _ p_q{l,! (lp-l-l·'I-P{lP(l'I.' 

fJ V 2V pW'l q,p 2V P v WqU)j) 

(3 ·11) 

where p IS the mass density of the lattice and all and r'lP are defined as 

where e~ is the j-th component of the polarization vector of mode q. In (3 ·11) 

we omitted the terms describing the simultaneous· emission and absorption of 

phonons, and in the following we shall assume c[', and r"p to be constants in

dependent of q and p. 

The first term in (3 ·11) which we shall denote as 11/ describes the emis

sion and the absorption ofa phonon in the first order, and the phonon scattering 

in the second order. The second term describes the phonon scattering, and 

shall be denoted as 1-12" 

In the spin wave region, it is evident from above that the relative change 

of a magnon energy is independent of the magnon wave number as long as it 

is much greater than that of phonons. In this sense our effective coupling may 

be regarded as a generalization of the use of Griineisen's constant in determining 

the effective phonon-phonon coupling. A somewhat similar effective coupling 

was used by Elliott and Stern in their discussion of the width of magnon spec

trum. 12
) 

vVith this effective spin-phonon interaction, the "kinetic coefficient" AfJ1) can 

easily be obtained. Corresponding to the emission and absorption (direct 

processes) and the scattering, AfJJ} can be divided into A,~~.» and A~~~. Taking 

account of 11/ up to the first order in lVq (t) and ~( in (3·4), A~~~ is obtained 

as 

AU) ~., /NLI (Nli .1 1) (I.) 
fJp~o(j,p (j '1'-. '(" , (3 ·12) 

where 

(3 ·13) 
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On the Behavior of Thermal COllclilcti'vity 807 

is the relaxation time associated with the direct processes of the mode q. For 

a small wave number q and in the vicinity of the Inagnetic transition point, 

<II,; (t) 11(;*) is expected to show the same temporal development as the decay 

of the initial inhomogeneous energy distribution. Thus we can assume 

(3 ·14) 

with the diffusion constant IY =Ks/cs discussed in ~ 2. Noting the relation 

. <H;, Int) = <II:/, 11~):::::: kn 1'2 VC,\ (q->O) (3 ·15) 

and usmg (3 '14), (3 ·13) becomes 

(3 ·16) 

Now we turn to the scattering. As we approach the magnetic transItIOn 

point, the part of the motion of the spin system which is associated with the 

critical fluctuation slows down as in (3 ·14) where the diffusion constant ap

proaches zero as CS-- 1 
(thermodynamic braking1il»). Thus, in order to see the 

behavior near the transition point, it is legitimate to regard the scattering as 

wholly elastic.*) The inelastic part of the scattering, if any, would not show 

a marked temperature dependence characteristic of the critical fluctuation in 

the vicinity of the transition point. 

There are two contributions to the scattering, the first order term of 11/ 

and the second order term of FI/. The latter can be most easily handled by 

constructing from lI/ the effective Hamiltonian for the scattering which is 

denoted as 1-In' as follows: 

(3 ·17) 

Here we have neglected the energy change of the spin system considering the 

slowness of the motion associated with II,;, and used that Wq = (1)1)' The com

lTlUtator in this expression is written as 

[11;;:: - I1 s
, 11:,-- IP] + [l:l~~~ -- IT, II'] + [II" /1:

1
- IT]. 

For small wave numbers q and j), the first term of this expression is propor

tional to qp, the second and the third, to j) and q, respectively. Thus if we 

*) A measure of the inelasticity associated with the scattering due to the critical fluctuation 

is obtained by considering the average energy transfer between a phonon and the spin system, 

which, according to (3·14), equals q2D~=,q2Ks/C~. This amounts to the relative change of the 

phonon energy of the order of qKs/VC', which is, for qv=oknTo and the specific heat of 1 cal. per 

mol. cleg., about 1/20 for CoF2 , and thus is expected to be small over a fairly wiele range of 

temperatures around the transition point. 
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K. Ka'wasaki 

neglect the term of order pq, the above expreSSIOn reduces to i [iL/ - Hps*] ,*) 

and (3·17) becomes 

II
' I ,-,. 2 qjY 

~ 11 = L.Jza _. 
q, p 2 V P V Wq(l)p 

(3,18) 

In order to compare this with 1-12 ', we estimate the quantity ([-1;12
)/ <Hz' 2) 

taken III the high temperature limit, which is from (3 ·11) and (3 ·18) roughly 

equal to 

<in;>CD_ 
<J-l;/~l)CD 

for typical q and p of thermal phonons. Using (2 '1), (2·6) and (A· 5) below, 

and noting that wfJ = W/', this reduces for a 2"""r to (bqy (zJ/vq?/18S 3 (S + 1)3, 

which is much smaller than unity when the condition (3·8) is satisfied. Fur

thermore, in the neighborhood of the transition point, from an argument similar 

to that in § 2, the scattering arising from (3 ·18) is shown to involve no critical 

fluctuation. r~'hus, for our purpose, we may neglect the scattering (3 ·18). 

Substituting Nt ~c::. i [£1/, N;,J into (3·4), we thus obtain after integration 

(~) _ 27r ( r q ) 2" ---, ',S --:. s .:' " 
A'II)- I) 0 ,{o"'J)L<lJ"_'I.LI'I~).)O((I),,--cUJ.) 

lV'1 (i.V" + 1) V (J'l'J' 

- <H~_,) H;;~p)o (cug - LUp)}. (3·21) 

For isotropic crystals and the elastic scattering, the relaxation time fp III 

(3·7) is independent of the direction of p and equals fq, and (3·7) reduces to 

-J _ 7\ Til (N0 I 1)" -1 A "n 
f 'f - 1 Y fJ 'I -- , L..J }"I cos ':;6'11) , (3·20) 

q,p 

where Q'I1' is the angle between the vectors q and p. 

C d· 1 ' , 'A(l) d A(2)-1 • . orrespon Ing to t:le two processes If/) an (/1)' f'l IS wntten as a sum 

of C/1)-1 (3·16) and f q (2)-I. The latter becomes, using (3·19) and (3·20), 

(~)-l _ ') I q ,-I (- , n) <lIS £'J"* )S! ( ) 
(

"( ) 2 

fq - ,,-,7r L.J 1 -- cos ':;6'11) '1-1)' _ '1_/) U CUq - U)p . 

V (JV )J 

(3·21) 

This is the ?cattering probability contributing to the thermal resistivity of a 

phonon with a wave vector q by the static fluctuations in the energy density 

of the spin system. The critical Buctuation reveals itself through <I-]';-lJI';'!.J,)' 

As will be shown in the Appendix, for small wave numbers this quantity 

becomes 

(3·22) 

where 

*J This result can also be verified by calculating [HjJ'~*, FIt,s] directly and taking the limit 

p, q->-O. 
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On the Behar£or of Thermal Conductivity 

qo2 = 4k nllz 8 (8 + 1) / [(157/15) S (8 + 1) - 8/5J -1/Cs a2
. 

(rt ==N/V) 

809 

(3 -23) 

qo -1 is a measure of the correlati()n range. of energy density fluctuations in the 

spin system. 

Substitution of (3 ·16) and (3·21) into (3·5) completes the calculation of 

the thermal conductivity due to phonons . 

. § 4. Behavior near the transition point 

As we saw in § 2, the thermal conductivity due to spins JCS is expected to 

have only a mild ten1perature dependence resulting from the short range cor

relations, and the anomalous temperature dependence at the transition point 

reveals itself through the magnetic specific heat CS appearing in (3 ·16), (3·22) 

and (3·23). 

\Ve first consider the direct process (3 ·16). The factor involving CS there 

is 1/ [1 + (qJCS/VCS)2J. Use of (2·5) and (A· 5) below yields for a typical thermal 

phonon at the transition temperature with the wave vector q = /?'nTo/v, 

From (2·7) we see that fr-.;I/J, and if we note v2na"-' (v/a)2f"Oo.; (knTp)2 the factor 

multiplying (T 2CS) T=oo/T 2Cs in the above expression comes to be of the order 

of (To/TD)2 which is much smaller than unity under the condition (3·8). Thus, 

the increase of the thermal resistivity in the vicinity of the transition point due 

to the direct processes which is proportional to f q (l)-l is rather insignificant. 

This situation is the result of a near cancellation of the two competing effects. 

From (3 ·11), the square of the matrix element for this process is proportional 

to <H(/I-{/*), or to CS for small q. On the other hand, the energy emitted or 

absorbed on annihilating or creating a phonon must be absorbed by or taken 

away from the spin system. This probability is, by (3·14), proportional to 

m 

J cxp (-- q21Y I t I) exp (± ialqt) elL, 

and hence to 2q2 (JCs/C S
) / {(q2JCS/CSY + U)q2} , or to I/Cs for very large CS in the 

vicinity of the transition point. This reduction of the probability is another 

manifestation of the thermodynamic braking which is discussed in the paragraph 

preceding (3·17). 

Now we are left with the relaxation time associated with the scattering 

which, substituting (3·22) into (3·21) and carrying out the summation over 

p, becomes 
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810 K. ]{{l'wasal;i 

(4 ·1) 

where 

F(x)=, l {1-- 1 1n (1+x)}={ 2-16/3x+···(x<1) 
x 4x 1/x-lnx/4x

2
+···(x>1). (4·2) 

The qualitative behavior of the thermal resistivity due to the scattering 

near the transition point is immediately clear from the above results. When 

we are not too close to the transition point and q<qo, that is, when the cor

relation range of energy density Buctuation is small compared to the phonon 

wave length, f q (2)-1 is proportional to q4 (Rayleigh scattering) and increases as 

C S when the transition point is approached. At the same time, however, the 

correlation range increases as cs, and when this exceeds the phonon wave 

length, the factor F (q2/ qo2) reduces the rate of increase of the resistivity, and 

at the transition point, fq (2)-' reaches a finite limit: 

(4·3) 

This is due to the situation that as the correlation range becomes much greater 

than the phonon wave lengh, . the small angle scattering predominates, which 

tends to reduce the thermal resistivity. 

As a numerical example, we consider the case of CoF 2, where we use the 

following set of parameters: 

To=37.TK, a=4A, 'v=3 X 105cm/sec 

Tj)=500oK, z=8(b.c.c.), 8=1/2 

p=4.6 gr./cm:l, 1l=2/a", b= V3/2·a 

}. (![ ·4) 

Then, assuming (2·9) and using the results of this and the preceding sections, 

the thermal conductivity due to the spin system /CS and the mean free paths 

[ii) = Vf,/i) (i = 1, 2) of a typical thermal phonon with q = hnT /v associated with 

the direct and the scattering processes in the neighborhood of the transition 

point are obtained as follows: 

fC
S 

= 0.9 x 10-4 watts/ cm deg 

[il) (T) -1 =0.27 X a 2/[1 -+ (l/40C S ):lJ X 10 -7 A-I (4·5) 

l(2) (T) -1 =.:: 1.2 X 10- IV X r2T(jC·~F(4 X 10-4T 2C") A-I 

where cs is expressed in cal/mol deg. 

The observed thermal conductivity of CoF2 in the temperature range of 

interest is of the order of 1/10 watts/ cm deg,2) and fC'~ is negligible. Slack2
) 

deduced from his experiment on CoF2 that the phonon mean free path due to 

the spin-phonon interaction is about 2200 A above the transition point. If 

we tentatively suppose that the main contribution to the thermal resistivity 
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Fig. 1. Observed thermal conduc

tivity of CoF2.2) 

S 
U 

......, 

10
0 

10- 2 , 

10. 4 

10,-6-

TN 
, 1 O·8'---L-_l-._~! ! 

1 3 10 30 100 300 

TCOK) 

Fig. 2. Phonon mean free path de

duced from thermal conduc

tivity.2) 

due to the spin-phonon coupling corpes from the scattering, and equate this 

mean free path to [2J (1') at the transition point where c·~ is assumed to be 

infinite, it follows that the value of the order of lOB for r is required. 

At this moment, only a little is known about the spin-phonon coupling in 

CoF2 crystals, therefore, only an order of magnitude argument will be given 

here. Very recently, Sinha and Upadhyay(14
) studied the spin-phonon coupling 

induced by the transition of the ground orbital state to the excited electronic 

states by the strain due to phonons. If we write the matrix elements of the 

transition schematically as f· e + fI- e~, where e denotes a component of the strain 

tensor and f and fI involve the first and the second derivatives of the crystalline 

field with respect to the ionic displacement, their results amount for our a and 

r roughly to the following: 

(4 ·6) 

where L1 is the energy separation between the ground and the excited states. 

If f';PL1, we would have r......,a2
• Therefore, if the above argument applies to 

CoF2 ) the value of lO:! for r leads to the value of about 30 for lal, which may 

not be unreasonable. See the end of this section. With this value of lal, l(l) (T) 

becomes about 4 X 10'1 A, and is greater than t2J (T) _ Thus we conclude that 

the main qualitative feature of the thermal conductivity in the vicinity of the 

transition point arises from the critical scattering of thermal phonons by the 

critical fluctuations of the energy density of the spin system. Using the measured 

values of CS of Stout and Catalano with the correction of the lattice specific 

heat/5
) we have plotted l(2) (T) in Pig. 3. In Figs. 1 and 2 we reproduced the 

observed thermal conductivity and the phonon mean free path. 2
) The phonon 

mean free path l here is deduced from the thermal conductivity of Fig. 1 by 

using the formula, 
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where eph is the lattice specific heat. It is 

seen that our result of Fig. 3 qualitatively 

agrees with the experiment. For a more 

complete treatment other types of phonon 

scattering than that arising from spin-phonon 

coupling must be taken into account. We 

T(OK) 

Fig. 3. Phonon mean free path for 

scattering vs. temperature. The 

ordinate is in arbitrary units. Dots 

are calculated values using the 

measured values of the specific 

heat of Stout and Catalano.15) (0) 

must also consider the situation in which 

the magnetic properties of CoF 2 are not well 

described by a simple Heisenberg Hamil

tonian because of the remaining orbital 

angular momenta and the existence of the 

low-lying excited orbital states. 16
) 

Finally it is of some interest to study the 
is a value when Cs is assumed to 

be infinite at the transition point. 
case of MnF2, particularly because the ma

gnitude of the effective spin-phonon coupling can be estimated from the NMR 

experiment under pressure for this crystal. J7
) ,n Let us suppose that a pres

sure P is applied to the crystal. (3·9) then gives 

1 (8J)1:>_ ( ) _ 1 (8V) 1:> - --- - - - -a exx+eyy+ezz -a -, 
J fjP l' V fjp l' 

(4·7) 

where we "Olnitted the second term of (3·9) and assumed axx=aY!I=azz,--a. 

We also neglected the off diagonal parts of the strain tensor. If we assume 

that the exchange integral J is proportional to the Neel temperature, we have 

(fjJ/fjP)l/J=(fjTN /fjP).r/TN • Expressing the compressibility in (4·7) in terms 

of the fractional change of the lattice constants a and c in the direction of a

and c-axes, (4·7) reduces to 

( 
fj In Tel') = a (2 fjalfjP + aela P) . 

fjp T a c 
(4·8) 

Fractional changes of TN, (l, and c under pressure have been measured by 

Benedek and Kushida,l7! and substitution of their results into (4·8) yields a= 

-3.6. 

On the other hand, a can also be deduced from the thermal conductivity 

as for CoF 2' According to Slack,2) the phonon mean free path above TN due to 

spin-phonon interaction is 4000 A. In the same manner as was done for CoF 2, 

we obtained lal =8 for MnF2 , where we have taken p=4gr./cm'\ T o :::::::TN =68°K 

and S = 5/2, other parameters being the same as for CoF2 • " This value is about 

twice that deduced from the NMJ{ experiment. For a more quantitative discus-

*) The author is grateful to the referee for bringing up this reference to author's att en ti. on. 
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On the Beha'l'ior of Thermal Conciucti'l}ity 813 

slOn, we would have to consider a more realistic spin-phonon coupling for this 

crystal. 

~ 5. Conclusion and some remarks 

In the preceding sections we studied the thermal conductivity in magnetic 

insulating crystals near the magnetic transition point. The thermal conductivity 

due to the spin system is shown to be negligible near and above the transition 

point, although it may become observable in the low temperature region. In 

considering the thermal conductivity due to phonons, the direct processes and 

the scattering have been studied when the magnetic transition temperature is much 

smaller than the Debye temperature. The direct processes turned out to have 

little influence on the temperature dependence at the transition point. The 

anomaly of the thermal conductivity at the transition point is interpreted as 

the critical scattering of phonons due to the critical fluctuation of the spin 

energy density which appears through the specific heat. 

'. Here arises the question whether the conclusions obtained depend on the 

specific choice of the spin-phonon coupling we have made, and what happens if 

the condition (3·8) no longer holds. In order to answer the first question, let 

us consider the following spin-phonon interaction of a more general type: 

(5 ·1) 

where C;/q and <Pq}) are any operators involving spins, in which we left out the 

parts which do not involve critical fluctuations, because the resistivity arising 

from them would not show the temperature dependences of our interest. 

First consider the case where C;/q and <PI!P reduce to the constants of motion 

for vanishing q and p, such as the total Hamiltonian and the total magnetization. 

Then the same analysis as in the preceding sections shows that under the con

dition (3·8), the phonon relaxation time associated with the direct processes 

will be given by (3 ·16) where CS is replaced by the quantity proportional to 

lim<C;/q*ip(), and its temperature dependence would again be insignificant. The 
'1->0 

phonon relaxation time associated with the scattering will similarly be given 

by (4·1) and (3·23) where CS is replaced by the quantity proportional to 

lim<<p(w<p,u>*)' Thus the behavior of the thermal conductivity near the transition 
(11)->0 

point will again be characterized by the critical scattering of phonons which in 

this case, however, is described by lim<<pqp<pqp*) instead of CS. 
'1p->o 

If, on the other hand, the parts of ipq and <PtfJ) which do not reduce to the 

constants of motion for vanishing q and p are important, the above conclusions 

would have to be somewhat modified. A similar analysis may be made and 

the phonon relaxation rate associated wjth the direct processes would have (:\ 
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pronounced finite peak at the transItIOn point in contrast with the preceding 

results. The analysis which led us to discard TIll' in ~ 3 cannot be applied 

here. However, if we ignore this complication, the behavior of the phonon 

relaxation time associated with the scattering is the same as in the preceding 

paragraph. 

Concerning the second question, our analysis which is based on the macro

scopic treatment of the spin system breaks down once the magnetic transition 

point becomes comparable to the Debye temperature even with our choice of 

the simple spin-phonon coupling, because here we have to deal with the short 

range space-time cerrelations of spins in the vicinity of the transition point for 

which no reliable treatment is possible at present. In this case, the direct 

processes as well as the scattering would be important for understanding the 

behavior of the thermal conductivity near the transition point. 
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Appendix 

The static jHlir correlation of the IIamillonian density ojJeralor 

In discussing the thermal conductivity due to phonons, vie encountered 

with the quantity <J-1(/11,/*), which involves the correlation of four spin oper

ators and cannot be calculated in a simple way with the known approximation 

schemes. Nevertheless, the following simple procedure yields an expression for 

this quantity which seems reasonable. 

First note that this quantity reduces to 1?nT2VCs for vanishing rTf, which 

becomes very large near the transition point clue to the crjtical fluctuation 

of the energy density. Thus if one supposes that the usual theories of critical 

fluctuations
18

,19) are applicable here, <F!,/TI,/*) has the following form for small 

g: 

(A· 1) 

where go gives the inverse of the correlation range of fluctuations, and is an 

analogue of Van Hove's parameter fC] for the static pair correlation of spins. 1R
) 

In the vicinity of the transition point, the correlation range of fluctuations be

comes very large according as 

(A·2) 
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On the Behavior of Thermal Conductivity 815 

where ( is approximately independent of temperature. Substituting (A· 2) into 

(A· 1), we obtain 

(A·3) 

\Ve neglect the temperature dependence of the above expreSSIOn, and evaluate 

it in the high temperature limit. 

At very high temperatures and for small q, we have 

where 

(A·5) 

Substituting these results into (A· 5), \ve see that it reduces to a finite value 

in the limit T -> CX) and q-->O, and yields 

(-1 = 4-;k~J;1§ais-+ l)[I~I);S (S + 1) -t5 ] . (A·6) 

This together with (A· 2) leads to (3·23). 

In order to test the above procedure, we applied it for the evaluation of 

the spin pair. correlation function <8/S,/*) above the Curie point, where St/ 

denotes the Fourier component of the spin density operator. In accordance 

with the fluctuation theory, we assumed 

<S~ S~*) = NkBT,x 1[1 -+ (q/IG1?J, (x: the susceptibility per atom) 
(UP'BY 

and setting IG 1
2 

= t; lx, we determined t; in the high temperature limit with the 

result 1/t; = 2.1a2
/ (r7PB?' which agrees with that obtained by other methocis. 9

)'13),20) 
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