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The anomaly of thermal conductivity at the magnetic transition point observed in certain
magnetic crystals has been treated theoretically using the correlation function expression
for the thermal conductivity, The heat conduction by the spin system is shown to be
negligible in the vicinity of the transition point. The phonon thermal conductivity was
studied when the transition temperature is much smaller than the Debye temperature adop-
ting a simple spin-phonon coupling derived by a consideration of the change of energy of
the spin system caused by the strain due to a phonon.. Processes involving creation and
annihilation of a phonon as well as scattering have been considered, and the anomalous
temperature dependence of thermal conductivity at the transition point was understood in
terms of the critical scattering of phonons by critical fluctuations of the energy density of
the spin system which is revealed in the specific heat of the spins. Cases with more general
types of the spin-phonon interaction are briefly discussed.

§ 1. Introduction

In recent years, anomalies in the thermal conductivity at the magnetic tran-
sition point have been observed in some magnetic crystals such as MnO, CoO,”
CoF,, MnF,,” Fe,0, UO,* CuCl,-2H,0, and CoCl,-6H,0.”? Although such
anomalies are generally attributed to the effect of spin ordering reflected through
the spin-phonon coupling, no theoretical treatments have been given so far. A
primary purpose of the present paper is a theoretical understanding of these
phenomena. The problem can conveniently be divided into two aspects: (1)
the precise determination of the spin-phonon coupling in each of these crystals,
and (2) understanding of the anomalies with this spin-phonon coupling. Here
we shall be mainly concerned with this second aspect. Because of the lack of
the precise knowledge about the spin-phonon coupling and in order to avoid
too much complications which make the problem untractable, we shall assume
a simple spin-phonon coupling and furthermore restrict ourselves to the case
where the magnetic transition temperature is much smaller than the Debye
temperature, and we analyze it in detail. In this simple case the anomaly is
understood as a critical scattering of phonons by critical fluctuations in the
energy density of spins. As a numerical example, the case of CoF, was studied
and a qualitative agreement with the experiment was obtained. More general
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302 K. Kawasaki

cases present considerable difficulties, and are discussed only briefly.
In this study, we start from the correlation function expression for thermal
conductivity due to Kubo, Mori and others,” which is expressed as

£= <f@<z> Q) | (1-1)
2k, TV
where @ denotes the total heat ﬂux operator, {---} the symmetrized product,
{---> the ensemble average, and V the volume occupied by the system.

§ 2. Thermal conductivity due to the spin system

It has been pointed out and has actually been observed that in some fer-
romagnetic crystals, there is an appreciable contribution from the spin system
7Y where the mean free paths
of magnons and phonons become comparable. As the temperature rises, the

to the thermal conductivity at low temperatures,

interaction between magnons reduces the magnon mean free path rapidly, and
in the vicinity and above the transition point, the concept of magnons completely
loses its meaning. Thus the previous treatments of the thermal conductivity
due to the spin system,” where the heat is supposed to be carried by magnons
which are scattered occasionally, should be modified completely at the temper-
atures of our -interest.

This is a typical example of a non-Boltzmann type transport phenomena,”
and it is most convenient for this treatment to use the correlation function ex-
pression (1-1) for the thermal conductivity, where we subshtute for @ a heat
flux operator due to the spin system ¢

In order to find an explicit form of °, we shall make use of the energy
conservation law ignoring the interaction of the spin system with other systems
such as the lattice, which is permissible except for very low temperature. The
law of energy conservation is written in terms of the Fourier components as
follows :

e Q= IT5, 2-H®

where FIj, and @) are the Fourier components of the Hamiltonian density and
the heat flux density operators of the spin system, respectively, and for the
Heisenberg spin system we have

s 1 < y )
]Il.': - }__‘1'] (q) s(]rsrl.-/z'S~q-o-l.'/2 ) <22>
N 7
where J(g) and 8, are the Fourier components of the exchange interaction and
the spin density operator respectively, N being the total number of the lattice

points. The heat flux operator @° is the limit £—0 of ;. obtained from (2-1).

#) The dot means the differentiation with respect to time,
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On the Behavior of Thermal Conductivity 803
The result is
= 2 V() (@, p— D VI @I (P, 4 P)

—VJ (‘I - P) J (‘I, P) } S J—]) Sg;'S:«!E, (2 : 3)
where we used the following notations :

VI (@) =0J(q) /0q, J(q, p)=J(q) =T (p), A=A—{A).

In the spin wave region, it is easy to verify that (2-3) reduces to the
correct heat flux operator of magnons,

3 0€, .
7 Oq

with the magnon spectrum €,=2S7(0, ) and the magnon operators 5, and b,".

In view of the difficulty of calculating the time-displaced correlation func-
tion of the heat flux operator, it is most convenient to regard the heat con-
duction as a diffusion of heat, where the diffusion constant is given by D*=x*/C*
with the heat capacity per unit volume C® Use of the fluctuation-dissipation
theorem and (2-1) yields the following expression for D

q Ui Uy

D whm‘ de(F1, (), EE) /28 (F, H, (2-4)

where
B .
(4, By=| <"Ae>T Bydl.

0

This is the same with the expression for the spin diffusion constant except for
Sy replaced by H;.” The same discussion as in references 9) and 10)* shows
that the critical fluctuation at the transition point appears only in the denominator
of (2-4), which is for k=0 proportional to the specific heat C*. The numerator
of (2-4), and hence £’ involves only the short range correlations and thus is
expected to show a mild temperature dependence coming from the temperature
dependence of the short range order, which we shall consistently neglect in this
paper. Thus we have estimated 7°¢" in the high temperature limit, and obtained

18 e= s s o, 2.5
31@,;’1”V<Q o (2-5)

where 7 is the microscopic relaxation time associated with the heat flux operator
@, {--->, the ensemble average taken in the high temperature limit.
When we assume the single e\:change interaction .J between the nearest
neighbor spins, we have

*‘ See in particular the discussion on the page 981 of reference 10),
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804 K. Kawasaki

@@= PNSU S+ I, 2-6)

where 2z is the number of the nearest neighbors and & the distance between
the nearest neighbors. ¢ could be obtained in the same way as in reference 9)
assuming a Gaussian decay for (@°(¢) -@*> and calculating <@ -@*>. However,
for a rough estimation of £*, it is sufficient to substitute for ¢ that obtained for
the spin diffusion constant,” namely,

e 8 o - 39 3
7= T ES(S+ D] E=1~ {1—%— . } . 27
3 S > 52* 26S (S+1) @7
['hus the expression for £ becomes
£ =8Nt’S*(S+ 1) (= 27k,T*V. (2-8)

If we assume the molecular field theory to relate J to the magnetic transition
temperature 7,

F() »\S<S“f 1)/)33. (29)
we obtain at the transition point and for the b.c.c. lattice
£°=9tk," T/ dal® S (S-1), (2-10)

where « is the lattice constant.

§ 3. Thermal conductivity due to phonons

If we substitute for @ the heat flux operator of phonons,

QL:E U)’l /D‘J.AZ’D v'[:a('l)‘l/a (§7 (3'1>

7

we have for the thermal conductivity due to phonons the following :

£t = 2.2 Wy O Vg V)

4 , , .
7‘&]/\ 772 ey M(]<l>) M})}>dl’ (3 2)

'{""-"’2

where N, denotes the operator for the number of phonons of mode ¢* which
is written as a,'a, with the phonon operators @, and ) and o, the phonon
energy spectrum.

In the temporal development of N,, we shall only retain the diagonal ele-
ments of N, in the number representation, which is equivalent to the kinetic
treatment of phonons. Thus we obtain following the same procedure as that
used by Mori,"

N, = — N3 (Ny+1) 2 Aup Nows (3-3)

) g specifies the wave vector as well as the polarization of phonons,
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On the Behavior of Thermal Conductivity 805

where we introduced the symmetrical matrix A4, defined as

Ay =j AN, (D), Ny >de/2N, (NS, + 1) NY (N, 1+ 1), (3-4)
N, being the Planck distribution function of phonons.
Integrating (3-3) formally and substituting the result into (3-2), the ther-
mal conductivity can easily be put into the following familiar form :

/CL;:,...S.'/ 2’;‘ Cgh ‘U(J;Z Ty . (35>
where C2™ is the phonon specific heat of the mode g defined by

w
Cpr= %1 NINY+1 3-6
q b, T? i ( 73 ) , ( )

and t, the relaxation time of the mode ¢, which satisfies the following equation :
wg=2,0" Ay q-p N3 (N +1), (3-7)
2

v being the sound velocity. In deriving these expressions, we assumed for
simplicity that the crystal is isotropic and the phonon spectrum is given by
Wy =1q.

To proceed, we need some knowledge about the spin-phonon coupling. In
view of the lack of the precise information about this coupling and in order
to avoid too much complications, a simplified macroscopic approach is adopted
to determine the effective spin-phonon coupling, restricting ourselves to the case
where the magnetic transition temperature 77, is much smaller than the Debye
temperature 7°,, namely,

T<T ). (3-8)

Under this condition, the wave lengths of most thermal phonons are much longer
than the lattice constant, and the effective spin-phonon coupling can be obtained
by considering the change of energy of the spin system due to the strain field
induced by a phonon in the following manner. Suppose, for example, that the
Hamiltonian of the spin system is characterized by a single constant, say, an
exchange interaction constant between the nearest neighbor spins J, whose
change 4J(r) in the presence of a strain e;,(r), then, is expanded as

AJ (r> /J: }_] a{jl ejl (r) + /"“‘ lemn ejl <r> Emn <r>.~ (3 * 9)

7 Fima

(j’ Z’ 7}27 7 ::’2’.’ 3” z)

The spin Hamiltonian density 77°(r) will then change by the same ratio (3-9).
Thus the total change of the spin Hamiltonian, which expresses the effective
spin-phonon coupling and is denoted by H’, becomes
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806 K. Kawasalki

=i 0 ar
= zjﬂ,zj e (7 H () dr *}3 ;-ﬂm) 1 (1) enn(#) H* () dr- (3-10)

Expressing the strain tensors in terms of phonon operators, (8-10) reduces to

ZLZ/: “K' ’ Zq - '{:‘ g 1?:\}/ ('r + ”’!,,”) C]]) ]J;f l* ')"[]qxjﬁ) >'; q
%,c ]1/2V0a),, LH Yy ay— 115" a4 ] %;)fngvoquwp Ly aq ap 1(1 ay ‘;IL
3.11

where ¢ is the mass density of the lattice and «, and 7, are defined as

1 R
== 2"2 ey qiteqqs),
Jit

Top= i ﬂ}j Tiomn (€l Guted ) (€0 putep pu)s G=q./q
where e] is the j-th component of the polarization vector of mode . In (3-11)
we omitted the terms describing the simultaneous emission and absorption of
phonons, and in the following we shall assume «, and 7, to be constants in-
dependent of ¢ and p.

The first term in (3-11) which we shall denote as F{,” describes the emis-
sicn and the absorption of a phonon in the first order, and the phonon scattering
in the second order. The second term describes the phonon scattering, and
shall be denoted as F, .

In the spin wave region, it is evident from above that the relative change
of a magnon energy is independent of the magnon wave number as long as it
is much greater than that of phonons. In this sense our effective coupling may
be regarded as a generalization of the use of Griineisen’s constant in determining
the effective phonon-phonon coupling. A somewhat similar effective coupling
was used by Elliott and Stern in their discussion of the width of magnon spec-
trum."

With this effective spin-phonon interaction, the “ kinetic coefficient” 4, can
easily be obtained. Corresponding to the emission and absorption (direct
processes) and the scattering, 4,, can be divided into A4y and A{). Taking
account of 7{,” up to the first order in 1\./(,([) and IV,, in (8-4), 4% is obtained
as

AD =0, /N (NS + 1)l (3-12)
where

"

o’ g’ s
AVING(Ny+ 1))

(=1
Ty VT e

di] exp (~ito,) (N 1+ 1) CH (0 HE

exp (ito,) N CEIE () H:‘,>] | (3-13)
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On the Behavior of Thermal Condiuctivity 807

is the relaxation time associated with the direct processes of the mode q. For
a small wave number ¢ and in the vicinity of the magnetic transition point,
{H(8) H*) is expected to show the same temporal development as the decay
of the initial inhomogeneous energy distribution. Thus we can assume

CHG @) H G = H (0) Hyy =<{Hy Hi Yexp (—¢*D’|¢]) (3-14)
with the diffusion constant D®=¢°/C* discussed in §2. Noting the relation
AHy Hy =y Hyy =k T*VC’, (¢g—0) (3-15)
and using (3-14), (3-13) becomes
P = kTP g <Cb/’fg)‘)‘4 . 2Ny 1 (3-16)
20v q*+ (vC* /") M]O(AC/O +1)

Now we turn to the scattering. As we approach the magnetic transition
point, the part of the motion of the spin system which is associated with the
critical fluctuation slows down as in (3-14) where the diffusion constant ap-
. proaches zero as C*" (thermodynamic braking™). Thus, in order to see the
behavior near the transition point, it is legitimate to regard the scattering as
wholly elastic.™
a marked temperature dependence characteristic of the critical fluctuation in
the vicinity of the transition point. ’

There are two contributions to the scattering, the first order term of 4,
and the second order term of FI,”. The latter can be most easily handled by
constructing from ;" the effective Hamiltonian for the scattering which is
denoted as H;," as follows: '

The inelastic part of the scattering, if any, would not show

2 SEERSLET
=y @9 [“—”—i)[p +
' q

Hyr Hy o .
L L ! -\ay, ay
ip 20V V 0, 0,

2 SEE3 s
@gp LS ] aq. (3-17)

20V V 0,0, 0y

=2
90

Here we have neglected the energy change of the spin system considering the
slowness of the motion associated with 7/;, and used that w,=wo,. The com-
mutator in this expression is written as

([T — 1T, Hy—I1°] + (I3 —IF, FP -+ [11°, I~ IT').

For small wave numbers ¢ and p, the first term of this expression is propor-
tional to gp, the second and the third, to p and ¢, respectively. Thus if we

#© A measure of the inelasticity associated with the scattering due to the critical fluctuation
is obtained by considering the average energy transfer between a phonon and the spin system,
which, according to (3-14), equals ¢2D»=q2%3/Cs. This amounts to the relative change of the
phonon energy of the order of gus/vCs, which is, for gqu~/kyzT? and the specific heat of 1 cal. per
mol. deg., about 1/20 for CoF,, and thus is expected to be small over a fairly wide range of
temperatures around the transition point.
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808 K. Kawasaki

neglect the term of order pq, the above expression reduces to 1T[I:IQS~I:IPS*],*)
and (3-17) becomes

]le = }__‘,YCK . ql) Z—:[q I];,

a¥ a, 3- 18
e 2VoVo.o, Wy v (3-18)

In order to compare this with H,’, we estimate the quantity {I*>/{FH,/*>
taken in the high temperature limit, which is from (3-11) and (3-18) roughly
equal to

& gpl o002  HE.
72 <qp)2/0)11 WDy <fI(,_],>m

for typical g and p of thermal phonons. Using (2-1), (2:6) and (A-5) below,
and noting that w,=uw,, this reduces for &*~7 to (bq) (2J/vg)?/18S*(S+ 1),
which is much smaller than unity when the condition (3-8) is satisfied. Fur-
thermore, in the neighborhood of the transition point, from an argument similar
to that in § 2, the scattering arising from (3-18) is shown to involve no critical
fluctuation. Thus, for our purpose, we may neglect the scattering (3-18).
Substituting N,, =/[F1l,’, N,] into (3-4), we thus obtain after integration

. 27 2
A — ( ) By S LR FIE5,50 (0 — )
143 V:{(/‘\ﬂr[—v' 1) V()Zr { Ilu\ — - > /A

— (H ey HyE 00 (0g— ) } (3-21)

For isotropic crystals and the elastic scattering, the relaxation time r, in
(3-7) 1is independent of the direction of p and equals r,, and (3-7) reduces to
Ty =Ny (Ng+ ])% Ay €O8 Ly, (3-20)
where £,,, is the angle between the vectors ¢ and p.
Corresponding to the two processes A§) and A, r,7' is written as a sum

an 712>

of v, (3-16) and 7,”". The latter becomes, using (3:19) and (3-20),

f,<;’>*1:2n< T2V N1 cos ) CHlyoy HiE S (0,0, (3-21)
Vov/ »

This is the scattering probability contributing to the thermal resistivity of a
phonon with a wave vector ¢ by the static fluctuations in the energy density
of the spin system. The critical fluctuation reveals itself through {H,_,FH;*,>.
As will be shown in the Appendix, for small wave numbers this quantity
becomes

CH HYF > =k T*VC/[1+ (q/q0)], (3-22)
where

#  This result can also be verified by calculating [Hps*, H,*] directly and taking the limit
P, 41">0-
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On the Beharior of Thermal Conductivity 809

g0 =4kgnz S(S+1) /[ (157/15) S(S+1) —8/5]-1/C* a*. (8:23)
(n=N/V)
go~" is a measure of the correlation range of energy density fluctuations in the
spin system.
Substitution of (3-16) and (3-21) into (8-5) completes the calculation of
the thermal conductivity due to phonons.

§4. Behavior near the transition point

- As we saw in §2, the thermal conductivity due to spins £* is expected to
have only a mild temperature dependence resulting from the short range cor-
relations, and the anomalous temperature dependence at the transition point
reveals itself through the magnetic specific heat C* appearing in (3-16), (3-22)
and (3-23).

We first consider the direct process (3-16). The factor involving C* there
is 1/[1+ (¢&'/0C°)]. Use of (2-5) and (A-5) below yields for a typical thermal
phonon at the transition temperature with the wave vector g=Fk;T,/v,

q’/vC* =97 (kT )’ /48nv*aS (S+1) - (T*C®) p.o/T*C°.

From (2-7) we see that t~1/J, and if we note v’na~ (v/a)'~ (kzT )" the factor
multiplying (7?C?) p-../T?C*® in the above expression comes to be of the order
of (T,/T,)? which is much smaller than unity under the condition (3-8). Thus,
the increase of the thermal resistivity in the vicinity of the transition point due
to the direct processes which is proportional to v, is rather insignificant.
This situation is the result of a near cancellation of the two competing effects.
From (3-11), the square of the matrix element for this process is proportional
to (H/H,*), or to C*® for small g. On the other hand, the energy emitted or
absorbed on annihilating or creating a phonon must be absorbed by or taken
away from the spin system. This probability is, by (8-14), proportional to

[s2

j exp (—¢*D?*|e]) exp (Limw,t) dt,

O

and hence to 2¢*(£'/C?*) /{(@*c’/C*)+v,’}, or to 1/C* for very large C* in the
vicinity of the transition point. This reduction of the probability is another
manifestation of the thermodynamic braking which is discussed in the paragraph
preceding (3-17). '

Now we are left with the relaxation time associated with the scattering
which, substituting (3-22) into (3-21) and carrying out the summation over
p, becomes ‘
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310 K. Kawasak:

r,(f)"l:72/63'172(?'“614/277{)2@3-F(qz/qoz), (41>

where

F@="{1=in(ra)={ 2 16/321 - (@<D)
x 4z 1/z—Inz/42°+ - (>1). (4-2)

The qualitative behavior of the thermal resistivity due to the scattering
near the transition point is immediately clear from the above results. When
we are not too close to the transition point and ¢<q, that is, when the cor-
relation range of energy density fluctuation is small compared to the phonon
wave length, 7, " is proportional to ¢* (Rayleigh scattering) and increases as
C® when the transition point is approached. At the same time, however, the
correlation range increases as C°, and when this exceeds the phonon wave
length, the factor F(¢°/qg,") reduces the rate of increase of the resistivity, and
at the transition point, 7,” reaches a finite limit :

tOT = 2 (hy TP/ 0™ =S (S +1) /[ (157/15) S(S+1) —8/5]-¢*  (4-3)

This is due to the situation that as the correlation range becomes much greater
than the phonon wave lengh, the small angle scattering predominates, which
tends to reduce the thermal resistivity.

As a numerical example, we consider the case of CoF,, where we use the
following set of parameters :

To=377°K, a=4A, v=3x10%cm/sec
T]):5OOOK, 3:8<b.(_‘(:>, SZI/Z . : <4'4>
0=4.6 gr./cm’, n=2/d*, b=1'3/2-a

Then, assuming (2:9) and using the results of this and the preceding sections,
the thermal conductivity due to the spin system £* and the mean free paths
[ =vr," (i=1, 2) of a typical thermal phonon with ¢=£~,;7/v associated with
the direct and the scattering processes in the neighborhood of the transition
point are obtained as follows:

£ =0.9x 107 watts/cm deg
[D(T) =027 X &/ [1+ (1/40C*)] x 1077 A~ , (4-5)
l(g) (rjw) -1 :12 e 10—19 >< 7,27176(:.\'11;(4 X 1014773C\)A~1

where C* is expressed in c¢al/mol deg.

The observed thermal conductivity of CoF, in the temperature range of
interest is of the order of 1/10 watts/cm deg,” and £* is negligible. Slack?
deduced from his experiment on CoF, that the phonon mean free path due to
the spin-phonon interaction is about 2200 A above the transition point. If
we tentatively suppose that the main contribution to the thermal resistivity
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Fig. 1. Observed thermal conduc- Fig. 2. Phonon mean free path de-
tivity of CoFy.2 duced from thermal conduc-
tivity.?

due to the spin-phonon coupling comes from the scattering, and equate this
mean free path to [®(7") at the transition point where C* is assumed to be
infinite, it follows that the value of the order of 10° for 7 is required.

At this moment, only a little is known about the spin-phonon coupling in
CoF, crystals, therefore, only an order of magnitude argument will be given
here. Very recently, Sinha and Upadhyaya™ studied the spin-phonon coupling
induced by the transition of the ground orbital state to the excited electronic
states by the strain due to phonons. If we write the matrix elements of the
transition schematically as f-e+¢-e*, where e denotes a component of the strain
tensor and f and g involve the first and the second derivatives of the crystalline
field with respect to the ionic displacement, their results amount for our @ and
v roughly to the following :

an~f/d, v~ (f/4)+g/4, (4-6)

where 4 is the energy separation between the ground and the excited states.
If />4, we would have y~«a® Therefore, if the above argument applies to
CoF,, the value of 10° for 7 leads to the value of about 30 for |«|, which may
not be unreasonable. Sce the end of this section. With this value of |al, I (T)
becomes about 4x10' A, and is greater than [® (7). Thus we conclude that
the main qualitative feature of the thermal conductivity in the vicinity of the
transition point arises from the critical scattering of thermal phonons by the
critical fluctuations of the energy density of the spin system. Using the measured
values of C’ of Stout and Catalano with the correction of the lattice specific
heat,"” we have plotted /% (7") in Fig. 3. In Figs. 1 and 2 we reproduced the
observed thermal conductivity and the phonon mean free path.”? The phonon
mean free path / here is deduced from the thermal conductivity of Fig. 1 by
using the formula, '
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812 K. Kawasaki

1 Y
k= 3 Z'U(/z,z,,,

where C,, is the lattice specific heat. It is
seen that our result of Fig. 3 qualitatively
agrees with the experiment. For a more
complete treatment other types of phonon
scattering than that arising from spin-phonon
L N . .| coupling must be taken into account. We
30 3B 7% 40 35 50 i R '
T(°K) must also consider the situation in which

Fig. 3. Phonon mean free path for the magnetic properties of CoF; are not well
scattering vs. temperature. The

ordinate is in arbitrary units. Dots

described by a simple Heisenberg Hamil-
are calculated values using the fomRian because of the remaining orbital
measured values of the specific angular momenta and the existence Of the
heat of Stout and Catalano® @  Jow-lying excited orbital states.™®

is a value when (% is assumed to Finally it is of some interest to study the
be infinite at the transition point.

case of MnF,, particularly because the ma-

gnitude of the effective spin-phonon coupling can be estimated from the NMR
experiment under pressure for this crystal.’”*
sure P is applied to the crystal. (3-9) then gives
1 <0J
J \apP

Let us suppose that a pres-

sy (4-7)

1
P=« o T Cyy T €52) = ’<
) (e €yt ezs) v\ ap

where we ‘omitted the second term of (3-9) and assumed «,,=a,, =, =«.
We also neglected the off diagonal parts of the strain tensor. If we assume
that the exchange integral J is proportional to the Neél temperature, we have
(DJ/OP) p/J = (0T y/0P) +/Ty. Expressing the compressibility in (4-7) in terms
of the fractional change of the lattice constants a and ¢ in the direction of a-
and c-axes, (4-7) reduces to

< 0 In Ty >':Cz<2 Oa/0P n 6%/01)) _

or (4-8)

a ¢
Fractional changes of T, a, and ¢ under pressure have been measured by
Benedek and Kushida," and substitution of their results into (4-8) yields «=
—3.6. |

On the other hand, « can also be deduced from the thermal conductivity
as for CoF,. According to Slack,” the phonon mean free path above 7'y due to
spin-phonon interaction is 4000 A. In the same manner as was done for Co¥,,
we obtained |a| =8 for MnF,, where we have taken p=4gr./cm’, T,=Ty=68"K
and S=5/2, other parameters being the same as for CoF,. This value is about
twice that deduced from the NMR experiment. For a more quantitative discus-

%) The author is grateful to the referee for bringing up this reference to author’s attention.
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sion, we would have to consider a more realistic spin-phonon coupling for this
crystal.

§ 5. Conclusion and some remarks

In the preceding sections we studied the thermal conductivity in magnetic
insulating crystals near the magnetic transition point. The thermal conductivity
due to the spin system is shown to be negligible near and above the transition
point, although it may become observable in the low temperature region. In
considering the thermal conductivity due to phonons, the direct processes and
the scattering have been studied when the magnetic transition temperature is much
smaller than the Debye temperature. The direct processes turned out to have
little influence on the temperature dependence at the transition point. The
anomaly of the thermal conductivity at the transition point is interpreted as
the critical scattering of phonons due to the critical fluctuation of the spin
energy density which appears through the specific heat.

 Here arises the question whether the conclusions obtained depend on the
specific choice of the spin-phonon coupling we have made, and what happens if
the condition (3-8) no longer holds. In order to answer the first question, let
us consider the following spin-phonon interaction of a more general type:

H, = ""'ffigr""w:‘ 'W( Ay — W:} a\’f] -+ > - q{) o P arﬂ a“v; > (5 : 1)
ZI V2oV, L=y a (%'ﬁpv Vw0, Pur @

where ¢, and ¢,, are any operators involving spins, in which we left out the
parts which do not involve critical fluctuations, because the resistivity arising
from them would not show the temperature dependences of our interest.

First consider the case where ¢, and ¢,, reduce to the constants of motion
for vanishing ¢ and p, such as the total Hamiltonian and the total magnetization.
Then the same analysis as in the preceding sections shows that under the con-
dition (3-8), the phonon relaxation time associated with the direct processes
will be given by (3-16) where C°® is replaced by the quantity proportional to
1igl<¢>,,*qp,]>, and its temperature dependence would again be insignificant. The
P :

phonon relaxation time associated with the scattering will similarly be given
by (4-1) and (3-23) where C* is replaced by the quantity proportional. to

Iim{¢gppq™>.  Thus the behavior of the thermal conductivity near the transition
qgp->0

point will again be characterized by the critical scattering of phonons which in

this case, however, is described by lim{¢,,¢,,*> instead of C°.
P->0

If, on the other hand, the parts of ¢, and ¢, which do not reduce to the
constants of motion for vanishing g and p are important, the above conclusions
would have to be somewhat modified. A similar analysis may be made and
the phonon relaxation rate associated with the direct processes would have a
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pronounced finite peak at the transition point in contrast with the preceding
results. The analysis which led us to discard 77, in §3 cannot be applied
here. However, if we ignore this complication, the behavior of the phonon
relaxation time associated with the scattering is the same as in the preceding
paragraph.

Concerning the second question, our analysis which is based on the macro-
scopic treatment of the spin system breaks down once the magnetic transition
point becomes comparable to the Debye temperature even with our choice of
the simple spin-phonon coupling, because here we have to deal with the short
range space-time cerrelations of spins in the vicinity of the transition point for
which no reliable treatment is possible at present. In this case, the direct
processes as well as the scattering would be important for understanding the
behavior of the thermal conductivity near the transition point.
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Appendix
The static pair correlation of the Hamiltonian density operator

In discussing the thermal conductivity due to phonons, we encountered
with the quantity {/7,°77,”*), which involves the correlation of four spin oper-
ators and cannot be calculated in a simple way with the known approximation
schemes. Nevertheless, the following simple procedure yields an expression for
this quantity which seems reasonable.

First note that this quantity reduces to £,7°VC*® for vanishing ¢, which
becomes very large near the transition point due to the critical fluctuation
of the energy density. Thus if one supposes that the usual theories of critical
fluctuations'™' are applicable here, {I{,'I1,*) has the following form for small
q:

S Hyf =k T VC /[ 1+ (9/q0)], (A-1)

where ¢, gives the inverse of the correlation range of fluctuations, and is an
analogue of Van Hove’s parameter k, for the static pair correlation of spins.”®
In the vicinity of the transition point, the correlation range of fluctuations be-
comes very large according as

g’ =¢/C%, (A-2)
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where £ is approximately independent of temperature. Substituting (A-2) into
(A-1), we obtain '

L1 [erTe ) a9
¢ vee Ly ey

We neglect the temperature dependence of the above expression, and evaluate
it in the high temperature limit.
At very high temperatures and for small ¢, we have

TS .v:; 52 kSY(S‘Fl) c] 2[157 ¥ 8 } 9
H FEES — Ao OHFD T N1 g g gy 8 4ob
R TV I s CER VEn (S N
' (A-4)
where
CH™S, = 48qN [JS(S+1) = [kT?VC o (A-5)

Substituting these results into (A-5), we see that it reduces to a finite value
in the limit 7—>co and ¢—0, and yields
dzksnS(S+1)L 45
"~ This together with (A-2) leads to (3-23).
In order to test the above procedure, we applied it for the evaluation of
the spin pair correlation function {S,S,/*> above the Curie point, where S,
denotes the Fourier component of the spin density operator. In accordance
with the fluctuation theory, we assumed

NbgTx
(gug)

- S(S+1) __..1851 , (A-6)

(S5 S = /[1 + (¢/k)*], (x: the susceptibility per atom)

and setting £,*=¢&/x, we determined & in the high temperature limit with the
result 1/¢=2Ja*/ (9115, which agrees with that obtained by other methods.”>®*®
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