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On tite Behaviour of Generalized Solutions
to Genuinly Nonlinear First Order

Equations for Small and
Large Values of Time

Yu O. RYKOV

ABSTRACT. fle paper deala with ¡he asyznp¡ohic hehav¡our of generalized soluúons ¡o
nonlinear f¡rst order equations. With the aid of explicit variational representation one studies

¡he decrease of solutions for a large time. And for ¡he small time an asymptotics of dic
perturbation’s front is calculated.

1. INTRODUCTION

This paper investigates generahízed solutions
equation

(briefly:g.s.) of tite

Lu~u,+fft,x,u)±g(t,x,u)=1iQ,x),(t,x) e x R (1.1)

witit initial data
u(0,x»u0(x), x e 1 (1.2)

Mere y’ e CX g e C, g(t,x,u) satisfies local Hólder condition in u e
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witit exponent n > O and has three continuous derix’atives in u e
ftt,x,0)=gq,x,0)=0, g(t,x,u) monotonically nondecreases in
H(i,x) is a measurable function bounded for bounded 1; ¡¿0(x) e WL(R).

u0(x)=O.

Tite Caucity problem for (1.1) was considered in [2], [8l-[10]. Tite
papers [111,[3]-[7] are devoted to tite case obfnonconvex with respect
to u~. Furtiter references ma>’ be found in tite cited articies.

In §2 we deal witit tite decreasing ob g.s. to (1.1), (1.2) as
converges to +00 in tite case

!xI-4+’o

In [81bor titis case stabihization to mb u/x) was proVed and tite rate of tite
stabilization was estimated. Similar resuits but ir> tite case of nonconvex
f are presented in [11. Qur resuhts are based on exphicit formuha for the
g.s. of tite problem (1.1), (1.2) obtained ir> [9]. Sorne function v(t,x)
satisbying (11) in the generalized sense will be bound such that bor every
u0(x) witit compact support and nonsmootit at tite points ob tite support
boundary tite corresponding g.s. of (1.1), (1.2) identically equals v(t,x)
beginning brom sorne fixed time. Ib u0(x) is smootit titen tite g.s. tends to
v(t,x) as it converges to +00 and tite rate of convergence wiIl be estimated.

Ir> case u0(x) does not possess compact support but tends to zero as
x —* +~ tite rate ob g.s. decreasing also wi¡i be estimated.

§3 is devoted Lo tite support beitaviour obg.s. Lo (1.1), (1.2) for small
values ob it provided u0(x) has compact support. For example, consider tite
equation

u,+ffu)-’-Nu~’-K¡ui”’u, (trx) e x It,

where ff0)=f ‘(0)=0f,’>0,N=0,K=0,Oocnocl.

Suppose u0(x)=P(1-x)” bor 1-E =x =1, u0(x$O forx> 1, where a=I,
¡‘>0, t>0. For titis particular case as a corollary of tite results contained
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in §3 one obtains necessary and suff¡cient conditions bor the support of
tite g.s. ob (1.1), (1.2) to expand in tite ieft or tite rigitt direction.

Definition 1.1. A funetian u<r,x) Lipschirz canitinuaus in [O,T]xR,
T»O, is calted a g.s. of Me probleni (1.1), (1.2) ¡fi

1) u(r,x) saitisfles (1.1) almas: everywhere in 1?, >c Rand itakes minal
values (1.2);

2) far every 1!=0in each recrangle (O,Tjx[-R,R], T>O, R>O, tIte
fallawing inequali¡y is fulfitíed

u(r,x+l)—2u(r,x)+u(:,x—t)=A(t,R)l2 (1.3)

wItere ?4r,R)=Ois definedfor it e (0,7’] and h:,R)cX5c+oofar OocS=r=T.

Tite existence titeorem bor tite problem (1.1), (1.2) one can prove by
analogy witit [8].

Tbeorem Li. Suppase v(it,x) E W¿, w(4x) e VvQ in each sitríp
[0,TjkR, T>0. Suppase v(r,x) isa gv, of rIte equation Lv=h,(it,x) wiith dato
v(04=v0(x) e w,QR>, and w(t,x) isa g.s. ay’ tIte equation Lw=It2~’t,x) wiith
dora w(0,x)=w0(x) e WJR), where h1(r,x),Itjit,x) are measurabley’uncitians
baundeáfar bounded t. Suppose h1(r,x)=hjit,x)in R~ x R and v0(x)=w0(x)
in R. TIten v(it,x)=w(:,x)in R~ x R.

Due to monotonicity of g(t,x,u) in u the proob of titis titeorem is
analogous to [8]. It boihows from tite Titeorem 1.1 titat ¡te g.s. of (hí),
(1.2) is unique.

Below u(it,x) denotes tite g.s. ob tite problem (1.1), (1.2) witit
H(t4~0.
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2. THE BEHAVIOUR OF GENERALIZED SOLUTIONS AS
t CONVERGES TO +~

Suppose f(it,x,u~)mf(u~), g(it,x,u)mO, fl(0)=O, y’ E CfI). Under titese
conditíons (see (9]) tite g.s. ob tite probhem (1.1), (1.2) witit H(r,x»0 is
given by tite bormuha

u(t,x) =inf G(it,x,q,u0(q)), G(it,x,q,u0(q)»ujq) +it$((x—q)/it), (2.1)
qe E

witere «q) is Legendre transbomiation ob tite functionj{q), «q)=t’(q)q
-f of’(q)=O, because ob ¡te convexity obffq). Notice, titat <IY(q)=f~’(q).

Let us buhfil sorne auxiliar>’ researcit and study tite roots of tite
equation (witit respect to q)

Gq=uo’(q)~f’ ‘((x-q)/4=O, qe [a,bl, (2.2)

witere it>0, x e 1 are fixed.

Lemma 2.1. Suppose u0(it,x) is nionotone in [a,b],u0 e C([a,b]). TIten
if [a,b] does nar canrain zero raatsy’ar u%(q)=O diere exists sucIt it0 ithait
far r>r1, ihe segniení [a,bl does nor canitain raaits ay’ (2.2); ~fq~e [a,bl,
ui¡q4=O and q. is tIte unique roorfor u’,jq)=O tIten diere exists such it,
thai far t>t1 tIte equatian (2.2) has anly one raat itending to q~ as t—*+co.

Proof. Tite equation (2.2) is equivahent to tite boiiowing

y” ou¿’(q) =(x-q)It (2.3)

Tite lebt itand side of (2.3) equahs zero ib and oniy ib u’0(q)=0. Tite right
itand gide ob (2.3) bor fixed x tends to zero as it —* +oo unibormí>’ with
respect to q e [a,bl. Now, tite statements ob Lemma 2.1 easiiy bollow.
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Lemma 2.2. Suppose supp u0(x) a [a,bj. Bien supp u(¡,x)cR,x[a,b].

Proa?. Suppose x C [a,b], ¡ e R~. La us take q=x, then GQ,x,x,u0(x))
= u0(x) = 0. Our result fdllows from (2.1).

Let us introduce the notation

v(¡,x) =min[GQ,x,0,u0(0)),G(¡,x, 1 ,u0( 1))].

Theorcm 2.1. Suppose the following conditions hoid:

1) supp u0(x) = [0,]];
2) u0(x)=11(x),11(x) e WIJR) and l/x) > 0, I’,(x±0)!=Oiii (0,1);
3) ujx)=11(x)for xj ce andfor x-1 <efor sorne e >0;
4) 11(x) — axa, U1(x) — aax< as x —* +0;
5) 1,(x) a(1~x)a, 17x) — -aa(1-x)«’ as x —* 1-0;

Itere a=const>0, a=cons¡>l.

Then f~<«~’> [v(t4-uq,x)] —* 8(x) os t —* +00 for every x ~ R, where
B(x)=Ofor x ~ (0,1) and

8(x)=(ct —1 )a “<“
1~[af” (0)B«J<«~)min{x W<«-~I)( 1 —x)~~”1~>

forxe (0,1).

Prao?. It follows from tite conditions of Theorem 2.1 that
GQ,x,q,u

0(q)) =GQ,x,q,11(q)). By virtue of Lemma 2.1 G(f,x,q,11(q)) as a
function of q can have a local minimum at ~-neighbourhoods of tite
points q=0 and q=l provided uis sufflcienfly large. Bid there ujq)=11(q).
It is easy to see that GÚ,x,q,u0(q))>0, q e (0,1) because of u0(q)>O for
q e (0,1). So global minimum with respect to q of tite function
G(t,x,q,u0(q» coincides with tite smallest of tite values G(t,x,0,O),
GQ,x,1,0), G«,x q0,u0(q0)), GQ,x,q1,u0(q1)), where q0=q0(t,x), q1=q1(t,x) are
tite roots of (2.3) tending to O and 1 respectively as ¿‘ —* +00.
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Notice, that G(t,x,O,O)=t$(x/É), G(t,x, 1 ,O)=t4>((x- 1 )/t). It is easy to see

that for sufficiently large it the following inequalities are true:

GQ,x,O,O) =G(ts,l,O) for O =x =1/2 and

G(t,x,O,O) =G(t,x,I,O) for 1/2 =x =1.

Hence, provided it is large enougl-i we obtain

GQ,x,q0,u0(q0)) =GQ,x,q1,ujq1)) for O =x < 1/2 and
GQ,x,q0,ujq0)) =GQ,x,q1,ujq1)) for 1/2 cx =1.

Let us seek q0(t,x) in the form q0(r,x)=b0(x)r%o(itt, where b0 e
1 > O. Substituting q0Q,x) into (2.2) one gets aaqjt,xt’ + o(q0(t,x)«’) =

0’((x-q0(t,x»/t), aab0(x)«’r~’”’> + o((~(a~l)) = 4V’(O)(x~~q0(t,Aj)/t + o( 1/it).
Hence 13=1/(a-1) and equating coefflcients at 0 one finds aab~’~x) =

x4V’\O). Further, GQ,x,O,O) - G(t~,q0(t,x),u0(q0(t,*))) =

q0(t,x))hr)—ujqjt,x)) = t[0Y~(x-q0(t,x))/t)q0(t,x)It + Q4i~«~4»,,c X~)(x/t—~)d~] -

aqjt,x)a + o(r~(a~>). One estimates t j f~iq«, 0~,Q <~)(x/t4)d~ 1 =const
~‘‘qo(4x))It Ix/r4, 1 dF, =const q0(t,xV/t — o(r~’) — o(r«’<«’~). Besides, 4>((x-
q0(t~))/t) <Y (O)(x-q0(t,x))/t + o(1/t).

Ihus, G(t,x,O,O) - G(t,x,q0(t,x),u0(q0(t,x))) = 4V’(O)xq0(t,x>/t -

+ o(t”<«~
1~) = [0~(O)xb

0(x)- abjxflr’
1~’»1> + o(tw<al>). Now,

taking into account tbat <YV O)=1/f”(ftO»=1/fNO),one f¡nds G(t,x,O,O) -

= ~ + o(0~íUi>). The f¡rst
term of the right hand side is positive for x> O.

By analogy one can prove the equality CQ,.x,1,O) - G(t,x,q
1(t,x),

u0(q1(t,x))) — tW(al)bo(1~x)(1~x)(1.1/a)/fKO) + o(W(«-’)). Here the first term
of the right hand side is positive for x < 1.

Comparing the last two formulas one proves dxc statement of
Theorem 2.1 for x E (0,1). For other x B(x)=O by virtue of Lemma 2.2.

Theorem 2.2. Suppose the following conditions hoid:

1) supp ¡¿0(x) = [0,1];
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2) u0(x) =4(x) in (0,1), ljx)=Mx/efor O <x =e,
I/x)=M(1-x)I(1-e)for E =X < 1, M>0, 1>e>0;

3) O(s) =Ms/e for 0=s=s0(M,e),0(-s) =Ms/(1-e) for 0=s=s,(M,e),
where 0 18 the Legendre transformarían off.

Titen uft,x) = v(r,x) for it =T = mas [-1/f’(-M/(1-e)), 1/f’(M/e),

Proof. Let us investigate infumum (with respect to q) of dic funetion
G(t,x,q,12(q)). Because of Lemma 2.2 one may consider on¡y O < x c 1.
Wc are interested in the values of dic funcílon G at the points q, where
either G4=O or G is not smooth. G is not smooth at three points: O, e, 1.

II’q < O thai OjO only at q=x; ¡fOcqce then OjO at q=x-zf(M/c);
if e<qcl then G~=O at q=x-rf(-M/(1-c)); if q>1 then G~=O only at qx.

Thus, tite global mínimum on tite fundan GQ,x,q,14q)) witli respect
to q coincides with dic smallest of dic values:

t4>(xlt), ¡>2 itO«x-1)/it), (03 M+i0«x-c)/it), (04 12(x), (05
4(X4fXM/E)) + tOof(M/e), <¡>6 12(x-tf(-M/(l-c))) + r0of(~M/(l~E))

Por O<rcl, .rcitf(M/e), x > 1 + ¡[(-MIO-e)) the fol¡owing
inequalities are true: % =(%, <¡>2 =~6• Because of assumption 3)
min((01,o2) =w~ for r=T.Furtiter w~ > M in consequence to <2>> 0. Tlius,
it sufficies to find min(w1,o2) for it =T. But G(it,x,q,u0(q)) =G(t,x,q,l4q))
for every q. Hence

ínffi(t,x,q,u0(q)) =ínJG(t,x,q,I/q)) minht0(x/t),tO((x— 1 )htfl~v(e,x) for r=T.
qet qel

Remark 2.1. It follows from tite tlieorems 2.1, 2.2 that u(t,x) tends
to zero as it —4 +00 in case u0(x) is not smooth at tite points O and 1 slower
titan in case u0(x) 18 smootit diere. But titis differcnce presents only in tite
second tenn of the asymptotics as it —* +~o.
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Theorem 2.3. Suppose Me following conditions hoid:

1) z¿0(x) > 0, x E 2;
2) u0(x) =13(x), 13 e W,’jR), 13(x) > 0, l/x±0)!=Ofor x e E;
3) u0(x) = 13<x) for x sufflciently large;
4) 13(x) — 9, ¡xl ~ + <2 ¡ x [

/3(x) -~ -flC1 x ~‘sign x - (¡3+1)9, x ~
2sign x,

xi —4+00, CpO, C
2>O, ¡3>0.

Titen t~~+J>/<~+
2>uÚ,x) - ~ —*

• ~ - 1 x ] as it —4 +oo for every x E 2.

Proof. By analogy witit tite proof of Titeorem 2.1 it sufficies to f¡nd
tite minimum witit respect to q oftite function G(it,x,q,1

3(q)). The equation
(2.3)witit respect to q has two roots q~Q,x) and q(its) tending to +oo and
-00 respectively as it —* +00. Let us seek these roots in the form

witere a1 = const> O, a2 e C(R), ‘~> 0, 5> 0.

Let us consider q+. Applying Taylor’s formula with the remainder
term in Peano’s forni one gas

l3(q~(t,x)) = —¡3C1a1 ~¡)it~<~*¡>(1+a2(x)?+ o(mh)~’ —

+ o(t
5))~’ + o(ñ<~f2)).

4V((x-q~(it,x))/r) = £Y7O)[xht~a
1tr’(1+a2(x)it-s + o(r

5))] +
Q~XO)2’[xIt~a

1itT¡(1 +a2(x)it
5 + o(6))]2 +

Substituting these expresions into (2.3) and comparing tite terms with
tite lowest absolute value of powers of it one obtains

If 5 > y then -y(ji+1)-5 < -1 and tite supplementary condition on a
1

will arise: (¡3+1)C2ay<~
2> = xQ~(O) which is in the contráry with tite

former.
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If 5 < y then -y(¡3+l)-S > -1 and -‘M3+1)—5 = -l+y-5; besides
—a1a4x)4Y’(O) = f3(j3+1)C1ay<~’>a2(x). It is ímpossible because the lcft hand
tite right itand quantities are of opposite signs.

Hence 5=y and a7~~
2>[C

1I3(I3+I)a,a2(x)-«3+1)C2] =

that is

a1<»
2>=13C

110” (O), a/x)=IifSC1x±C2(13+ 1 )I/jjj3«3 +2)C1a,j (2.4)

Using formulas (2.4) one gets

G(t,x,q~(it,x), 13(q,(it,x))) = C1q~Q,xY~ + C2q~(r,x)~
1 +

+ 42’4VN0)((x-q.¿r,x))/it9 + «‘4x~’(O) x
((x-q,(it,x))/~3 + o(it3~~’>’<~2~)] = [C

1a~~+ 2’~’KO)aI] x
+ [4W(O)a~a2(x)- ¡3C1ay’~a2(x) + - 0’~’(O)a1x] x

+ o(t(~I»(~2)) = c4(1/¡3+1/2)4YKO)tP’(~
2> +

+

By analogy nne finds

G(it,x,q(r,x), 1
3(q(r,x))) = a~(l/¡3+1/2)O’(O)r~’<~

2> +

a
10 XO)1C21(13C,)+xjr<fri»<fr

2> +

It is easy to see tbat

u(its) = mm [GQ,,q~(it,x),1
3(q~Q,x))),G(r,x,q.(it,x),l3(q.(it,x)))]

and get tite statement of Theorem 2.3.

Theorem 2.4. Suppose assumpíions 1), 2) of tite Theorem 2.3 hotd
and assumnpitions 3), 4) hold only for x c 0; besides fYO) > O. Titen
(independenitly of tite behaviour of z¿0(x) as x -4 +oo) itite following
relaition is valid

‘—Cg’ (OW~it —* (f’ (O))~
1(C

243C1x)

as it —* +oo, for every x e R.
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Proof. In titis case for ¡argel equation (2.3) has only one unbounded
root q(r,x) —4 -0~ as t —* +00. Otiter roots, if titey exist, tend to finite
¡imits. It suificies to establisit asymptotics only for tite funétion p(it,x)
G(it,x,q(it,x),13(qQ,x))) as it —* +co because G(it,x,q(t,x),u0(qQ,x))) tends to
zero as it -4+00.

Leí us seek q.Q,x) in the form

wherea1=const>O, a2 e C(R), a3 = const, y>-O, A>&’O. Titen 4(qÁit,x))
= pC,a?~¡rM~¡)[ 1.I~a2(x)it~+a3itA+o(rA)fPI+C2(p+1)ai~2it~<~2)[ t+a2(x)it

5+a
3(á

+ o(r~~
2b. Now we have u’

0(q(t,x» —*0 as it —+ -4-eo~ It follows
from (2.3) that (x-qÁt,x))/r tends to b = const as it —* +oo and <IV(b)=0 so
4>(b)=O. Howevei, (x-qQ,x))/it = x/t+a1ff

1(l+a}x)it4+af4+o((%). So y=1,
a
1rb. Furtiter,

4Y«x-qXt,x))/it) = £1Y}a,)[xIit~f.a,a}x)fB~¡~a¡a3rá+oQ%] +

2Ir(a)[x/it+aia2(x)r~+a;a3rA+o(itt]? +

Substituting W and 4 into (2.3) one obtains 6=1, a2~x)=-x/a1; furtiter,
A=g+1, ¡3C,a?W’=a¡a47a,). Titus,

p(it,x) = 13(q(it4) + itO((x—qÁlit,x))/t) = C1a?~itt1+a}xY’+
+ C2a?P’rW’( 1 +a2(x)f‘+a3t ‘+o(it~~)y~’ +

o(it*¡) + it[2’O”(ar)(aáa3it~’+o(f~’)V] — C a~r~ +

(Cgt’ - C,ay~[3a2(x))t~’ +

Substitutirxg a2(x) one gets tite required asymptotics.

3. THE BEHAVIOUR OF GENERALIZED SOLUTIONS
FOR SMALL

In titis paragraph we consider tite equation (1.1) in tite form

L,u~u~~f1 (its,u~) +Ru ~-g(it,x,u)=0, (3.1)

witere¡=0,B = const=O,fjt,x,0)=O.
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Tbeorem 3.1. Suppose itite following conditions hoid:

1) supp ujx)=[O,1]; uo(x)=P(1.x)afor 1-e =x =1, a=consit>1
¡‘=consit>0, e=const>0;

2) gft,x,u)=g4u),g1=0,e¡eC~f c1F,/g1(~»c+oo;
3) A1Ú)~P-¡~«(H-¡(qy/a.B, =O or smnail t, where H{sWfd~/g1(~)

Titen titere exists sucit it0>0 ititat u(t4=Ofor 1-A,(it)=x=1,0=t=it0.

Proof. Let us construct such a function v0(x) titat v0(x)=P(1-x)« for
1-E =x =1 and v0(x) =u0(x) for otiter x. Let us consider a comparison
function w1(t,x), defrned by tite relation

dF,Ig,(F,)=t for •fVD(X~Bt)dF,/gi(F,)=t

equals to zero for otiter it,x. It is easy to see titat w1(O,x)=u0(x),L1w1=Oat
tite points where w~(t,x) is smooth and (1.3) is valid witit w1 instead of u.
It follows witli the aid of Titeorem 1.1 that u(it,x)=w1(it,x). From the
definition of w1Q,x) one has w,Q,x)=O for H(v0(x-B¿j)=it,in particular for
x-Bt =1-c and 1-x+Bét=[H’Q)/P]””. To finish tite proof it remains to
choose such í~ diat two previous inegualities are valid for O=t=:0.

Remark 3.1. If A1Q)=O for small it titen u(it,x)EO for x=1and small
t: it follows from tite proof of Titeorem 3.1.

Theorem 3.2. Suppose tite following condirions itoid:

1) g<its,s) =I&for small s=0,O <n < 1. K = const> O;

2) supp u0(x)=[O,1], u0=P(1-x)«,1-e=x=1,e>0, ct=I,1’ = const >0;

3) Ají)~Rt-P””[t(K(1 .~>~~>j¡/<~J-n» =Ofor sinail t <md sorne 8>0.

Titen fuere exists sucit t0>0 ititait ufrx»’0 for 1 +A2<it)=x=1,t=it0.
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Proof. Let us choase sucli a continuous in R aid smootli for x!=l
function v0(x) that v0(x)=[P( 1 -xfl

1» for 1 -t =r=1,O=v
0(x)=u0(xf~for other

x. Let us consider tite funclion

w/r,x) ={[vjx—Bit) —(K( 1 —n) +5)it] ,}I¡(’ ‘~>=X’~<’~’~

It is easy to see that (1.3) is valid for w2Q,x). Furtiter, at tite points where
w2(itZ 18 smootli one obtains 4w2 = -(1-nY’X~’~’Mv%B + (K(1-n) + 5] +

f1(itx,(w=)~) + 5(1 -nY’?t~’~’~>v% + gQ,x,V’<’”>) = (1~ny
1A71<1»> x

- 5] =(l-nt’A7’<’~>tfjr,x,(w
2)~) - 5] =0,if e is small and

v0(x) 18 suitably citosen.

Tite function w2(t,x) is positive if v0(x-Bit) > (K(1-n) + 6», in
panicular for 1-e+Br =x =1+Br and for x .c 1 + St - I~I/a(K(1~n) +
5)IA&(l~n>

1tlAC4i~n)l Applying Theorem 1.1 on gets tite required result.

Re,nark 3.2 If A
2(it)=O for small it titen u(it,x».O for 1-e =x’1 e>0

aid sinail it: it follows from tite proof of Theorem 3.2.

Remark 3.3. Suppose g(r,x,s»K s “‘s, O < n c 1, K = const > O,
u4x)=P(1~x)a for 1-e =x =1, <i=1,1’ = const > 0, cM). titen tite
foflowing statements follow from Tlieorems 3.1, 3.2:

1) If ct(1-n) > 1 titen sup supp uQ,x) c 1 kw small it > 0.
x

2) If cz(1—n) c 1 titen sup supp u(t,x) > 1 for small it> O.
x

3) Suppose a(1-n) = 1; titen:

a) If fi < KPJ¡a(1~n) titen sup supp uQ,x) < 1 for small t > O;
x

b) If 5 >KK’
1N1-n) titen sup supp uQ,x) >. 1 for small it> O;

x
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