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Abstract

Let o > 0 not be an integer. In papers published in 1913 and 1938,
S. N. Bernstein established the limit

Mo = lim n®E, ||| Loc [-1,1]].

Here E, [|z|*; Lo [—1,1]] denotes the error in best uniform approx-
imation of |xz|® on [—1,1] by polynomials of degree < n. Bernstein
proved that A%, , is itself the error in best uniform approximation of
|z|* by entire functions of exponential type at most 1, on the whole
real line. We prove that the best approximating entire function is
unique, and satisfies an alternation property. We show that the scaled
polynomials of best approximation converge to this unique entire func-
tion. We derive a representation for Ay, ., as well as its L, analogue
for 1 <p < 0.
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1 Introduction

Let @ > 0 be not an even integer. In papers published in 1913 and 1938,
S. N. Bernstein [2], [3] established the limit

Ao = lim n®Ey [|2%; Lo [=1,1]]

where
B, [f; Ly [a,b]] = inf {||f — Pl[r,fa) : deg (P) < n}
denotes the error in best L,, approximation of a function f on [a, b] by polyno-
mials of degree < n. The most studied case of this limit is & = 1. Bernstein’s
first proof for this case was in the 1913 paper, and was long and difficult.
Later he obtained a much simpler proof, for all «, involving dilations of the
interval, making essential use of the homogeneity of |z|®, namely that for
A >0,
Az|* = A\ |z]™.

This enabled Bernstein to relate the error in approximation on [—A, A] to
that on [—1,1]. It also yielded a formulation of the limit as the error in
approximation on the whole real axis by entire functions of exponential type,
namely

Ao
= inf {|| |2|* = f () | o) : f is entire of exponential type < 1}.

Recall here that f is of exponential type A > 0 means that for each ¢ > 0,
and for |z| large enough,

[f (2)] <exp (|2 (A+e)).

Moreover, A is the smallest number with this property. This formula was ex-
tended to L, by Raitsin [25]. We reproduce a variant of Bernstein’s argument
in Section 8 below. Bernstein also showed that [3], [5, p. 194]

) <AL L <

However, Bernstein did not establish uniqueness of the entire function
attaining the inf, nor characterize it. Bernstein did not determine the value
of A* __, but speculated that

,00)
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1
ALy = lim nE, [|z]; Lo [-1,1]] = N 0.28209 47917 . . ..
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Some 70 years later, this was disproved by Varga and Carpenter [34], [33]
using high precision scientific computation. They showed that

Ay = 0.28016 94990. ..

They also showed numerically that the normalized error 2nEs, [|x|; Loo[—1, 1]]
should admit an asymptotic expansion in negative powers of n. Further nu-
merical explorations for approximation of || have been provided by Varga
and Carpenter [5]. Their crucial numerical work pointed the direction for
analytic investigations into a number of classical approximation problems.

Surprisingly, the much deeper analogous problem of rational approxima-
tion has already been solved, by H. Stahl in a series of seminal papers [27],
28], [29]. He proved, using sophisticated methods of potential theory and
other complex analytic tools, that

71113010 €™V R, [|z]; Loo[—1,1]] = 8,
where R, [|z|; Lo|—1,1]] denotes the error in best L., approximation of |z|
on [—1, 1] by rational functions with numerator and denominator degree < n.
Later [29], he extended this to |x|”, establishing
Tim VIR [fo|” s Log[—1,1]] = 41/ ‘sin %) .

Although A},  is not known explicitly, the ideas of Bernstein have been
refined, and greatly extended. M. Ganzburg has shown limit relations of this
type for large classes of functions, in one and several variables, even when
weighted norms are involved [9], [10]. He and others such as Nikolskii and
Raitsin have considered not only uniform, but also L, norms. It is known
[10] that for 1 < p < oo, there exists

A= lim 00 B[z L, [—1,1]].

n—oo

In particular, Nikolskii [23] proved that at least for odd integers «,

: T
_ ‘Sm 2 ‘

*
Al,oe -

8T (+1) ) (—1)F 2k +1)7 7%

k=0

o

He also established an integral representation valid for all a > —1, and
Bernstein later noted that this implies the above series representation for all
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o > —1. Raitsin [26] proved that for o > —3,

: T
_ ‘Sm 2 ‘

*
A2,o¢ -

2I' (a+ 1) v/7/ (2a + 1).

These are the only known explicit values of A .

Vasiliev [32] extended Bernstein’s results in another direction, replac-
ing the interval [—1,1] by fairly general compact sets. Totik [31] has put
Vasiliev’s results in final form, using sophisticated estimates for harmonic
measures. For example, if K is a compact set containing 0 in its interior,
then the Vasiliev-Totik result has the form

lim n®E, [|z|"; Lo (K)] = (rwk (0))"% A

00,a?
n—00

where wg denotes the equilibrium density of the set K (in the sense of classi-
cal potential theory). The Bernstein constant continues to attract attention:
for example it is discussed in the recent book of Finch on mathematical
constants [8, p. 257 ff.] in different branches of mathematics.

In this paper, we prove:

Theorem 1.1. Let 1 < p < o0 and a > —%, not an even integer. Forn > 1,

let P*denote the unique polynomial of degree < n that best approximates |z|"
in the L, [—1,1] norm, so that

Hel® = Pl = ik Hal® = Pllzy-- (1.1)

Then uniformly in compact subsets of C,

lim n*P; (z/n) = H* (2), (1.2)

n—oo

where H* is an entire function of exponential type 1 satisfying
Iz* = H* (2) ||, = inf [ [2]* = f (2) |L,@), (1.3)

the inf being taken over all functions f that are entire of exponential type
<1

The scaled asymptotics for P’ are new for all a and all 1 < p < oc.
Concerning H*, we prove that it is the unique best approximant:



Theorem 1.2. Let 1 < p < o0 and o > —%, not an even integer. There
is exactly one entire function H*, of exponential type < 1, satisfying (1.3).
Moreover, the function H* is even.

(a) If 1 < p < oo, H* is characterized by the conditions that

| = H* (2) ||, ) < o0 (1.4)

and
[:Hﬂ“—HW@Vqﬁgﬂﬂa—HW@Lﬂ@dxzo (1.5)

for all entire functions f that are of exponential type < 1, and that satisfy
fir € L, (R).
(b) If p = o0, there exist alternation points

O=y5 <yy <y <-- (1.6)
with
y;k < [(] - 1) 7T,j7T] 7j > 17 (17>
and for j > 0,
yi|" = H* (£y;) = (=172 |2[" = H (2) || oo ) (1.8)

where a—/2 is the least integer exceeding a/2.

Remarks

(a) The uniqueness in Theorem 1.2 is new for p = oo, and is probably the
most delicate result in this paper. There are very few results on uniqueness
of best approximating entire functions of exponential type in the uniform
norm. The most powerful is that due to Achieser [1], though it is in a more
general setting. In our context, it requires that the alternation points are the
zeros of an entire function 2 (z) such that

2
lim 2C° — 0,
y—o0 £ (1y)
This limit apparently fails in our case. Achieser also proved a characterization
under this limit, but the author does not know of even a bounded function
on the real line for which it applies. In Achieser’s context, it was applied to
a different type of extremal problem.



(b) Note that we do not have a complete characterization in the uniform norm
at present — we established that the best approximant satisfies an alternation
theorem, but did not prove that the alternation conditions characterize H*.
We believe that together with the condition

Hz* = H* (2) | oo ) < 00

they do. The only proper L., characterization for approximation by entire
functions that the author could find is due to Achieser [1], but again requires
that limit that fails in our case.
(c) For p < oo, the characterization above is known, and follows easily from
results in Timan’s book [30, p. 84]. The uniqueness for p > 1 is also then a
simple consequence of the equality case of Holder’s inequality. The unique-
ness for p = 1 is more delicate, and the author thanks M. Ganzburg for
pointing out how to correct an oversight in the author’s original proof of
this.

We also prove a representation for the function H* in Theorem 1.1, and
a representation for A}, :

Theorem 1.3. Let 1 < p < oo and o > —%, not an even integer.
(a) For Im (z) # 0, the function H* admits the representation

: o gy sin g7, || ds
@ si(Rea) 1 () === () [~ Bonts )
where -
H(l— (2/27) ) (1.10)
7j=1
with
O<zal<azy<ay<---,
e 1 > 2 (1.11)
T J 5 7w, | 5 |, ] > 2. .
(b) If p < oo,

A;,a = nhm na+EE7L[|x|a s Lp [—1,1]]

_ [sing| /°° P (@) /w s ds
o7 o oo S+ 22 F* (is)

P 1/p
dx) . (1.12)




(c) If p= o0,
Ao = lim n° B, la]*; [ 1,1]]

\sm al
. 1.1
/ F* (1) (1.13)

Remarks

(a) The representations for H* and Aj , are new, although as we noted,
explicit formulae are available for A7 When p =1 and p = 2. In the case
p=1, F*(z) = cos(z), and [10, p. 197]

H*@)zc%z{ +2%§: &;j{f?ﬁﬂ},

where £ is the (unique) even integer in (v — 1, + 1], and P is an explicitly
given polynomial of degree < ¢ — 2. An interpolation series of this type can
also be given for the case p = oo, though it is not fully explicit [21]. In the
case p = 2, M. Ganzburg informed the author that an explicit formula can
be derived from the orthogonality (1.5) and Paley-Wiener theory:

28111 > k 2k
H* =
(2) ; 2k — a) (2k)!

An alternative representation involving the Bessel kernel is also possible for
p=2[21].
(b) Some of these results were announced in [20].
(c) One can show that for fixed p, the jth zero z; of F'* is a monotone
increasing function of «. In the case p = oo, one can show that F™ is
different for different a.
(d) The representation (1.9) may seem strange. However, it reflects the fact
that the right-hand side of (1.9) is an even function of z, as is H*. For
Re (z) > 0, the left-hand side is 2* — H* (z), and for Re (2) < 0, the left-hand
side is (—2)" — H* (2).

We shall prove the theorems above by the standard transformation x —
22 of [0, 1], approximating z® on [0,1] instead of |z|** on [~1,1]. The the-
orems above, in the transformed case, and with more detail, are given in
Section 3, together with the organization of this paper. In the next section,
we list our notation.



2 Notation

In this section, we record our notation. Some has already been given in the
introduction, but we repeat it for the reader’s convenience. In the sequel,
C,C1,Cs, ... denote constants independent of n, x, z. The same symbol does
not necessarily denote the same constant, even in successive occurrences.
Given sequences of real numbers {c,} and {d,}, we write

Cp ~ dp,
if there exists C' > 1 such that
C'<e¢,)d, <C

for the relevant range of n (usually for all n > 1 or n large enough). Similar
notation is used for functions and sequences of functions.

(I) Given a > —1 that is not an integer, {a} € (0, 1) denotes the fractional
part of a.. (If @ < 0, we take the fractional part of a to be 1 + «.) Let

a=a—{a}+1, (2.1)

so that
@ = least integer > a. (2.2)

Also let
fa (.T) = x“. (23)

(II) Given 1 < p < oco,n > 1, and f € L,[a,b], E,[f; L, [a,b]] denotes the
error in approximation of f by polynomials of degree < n on [a,b] in the L,
norm. That is,

Bulfi Lylab]] = inf {||f = Plloyon  deg (P) <n}.  (2)

For [a,b] C [0, 00), let

Eulf: L.y la. ) = wf {If = Pll, jus - des(P) < n},  (25)

where for p < 00,

b de \ 7P
£ty o = ([ 1£@F ) 20
8



and for p = oo,
1Nz, o) = I | Leclatl-

We make frequent use of the fact that for 0 < r < 0o, and with a mild abuse

of notation,
1 (%) ||Lp[—\/;,\/;] = [|fllz,. 0.1- (2.7)

Because of symmetry considerations,
E, [xa;Lw[o, 1]] = By [|2**; Ly[~1,1]] . (2.8)

(ITT) For av > —% and not an integer, the unique best polynomial approx-

imation of degree < n to f(x) = 2 in the norm L, ,[0,1] is denoted by
P, po- Thus

2% = Papa (@) 1, o = inf {ll2” = P (@) |, oy : deg (P) <. (2.9)

Let
Riupa(2) =2%=P,pa(2) (2.10)

denote the remainder function in C\(—o0,0]. Here the branch of z¢ is the
principal one. It is known that this residual has n + 1 distinct zeros in [0, 1],
which we denote by

0<ZT1npa <Tonpa < < Tpiinpa < L. (2.11)

(We shall expand on this in Section 5.) We shall sometimes drop the sub-

scripts p and a.
(IV) Let

+
Xnpa H — Zinpa) (2.12)

denote the monic polynomial Whose zeros are the zeros of the remainder
function R, ;. in [0,1]. We also let

0= Yon,a < Yina < < Ynna < Ynt+lna = 1

denote the alternation points of R, ~ o in [0, 1], so that
Rucons (Uima) = (—1) Ryooa (0) = £E, [xa; Lo,/ [0, 1]] . (2.13)

9



Set

Yia(2) =[] (2 = vina)-

j=1

(We shall prove that 0 and 1 are alternation points in Section 5.)

(V) In Section 12, where we prove the results of Section 1, we shall use P}
to denote the polynomial of degree < n of best L, approximation to |z|* on
[—1,1]. Throughout the paper the superscript * is reserved for approximation

on a symmetric interval containing 0, typically [—1, 1] or R.
(VI) Let

Ay = lim n® By [Jal 5 Ly [=1, 1] (2.14)
Ay = lim n* B, 2 Ly, [0, 1]); (2.15)
Hyo (2) = lim Py pa (2/1°) (2.16)
and
Fpo(2) = im Xopo (2/07) /X pa (0) (2.17)

Of course, the proof that these limits exist is a major part of this paper, and
is contained in Sections 7-11. Starting in Section 7, we shall use H,, and
F), o to denote a subsequential limit, rather than a limit through all positive
integers.

(VII) We let T;,, denote the monic polynomial of degree n and minimal L,
norm with weight =1/ on [0, 1]. Thus

||Tn7p||Lp,¢[0,1] = dog&;&n 2" — P (x) ||L,W[0,1]-

A substitution x = t? gives

1 1/p
||Tn,p (tz) HLp[—Ll] = min (/ ‘t2n _ P (t)‘p dt) 7

deg(P)<2n 1

as the extremal polynomials are known to be even on [—1, 1] when the degree
(namely 2n) is even. Thus T, (#?) is also the monic L, extremal polynomial
of degree 2n with the weight 1 on [—1, 1]. We denote the zeros of T}, ,, by

0< t1n7p < tgmp <0< tnn’p <1

10



and its extrema in (0, 1) by
0<Sinp < Sonp <+ < Spnyp < 1.

We also set
Sonp = 0 and Sp41, = 1.

In the special case p = oo, recall that T,, ., may be expressed in terms of the
classical Chebyshev polynomials T}, : for n > 1,

Tpoo (¥) = 272117, (22 — 1)

and
Tn,oo (:L,Q) — 2—2n+1T2n (flf)

and its zeros and alternation points are respectively

. 1\ @ i g
. = 2 — — —_— . = 2 —_—
tinco = SiN <(] 2) 2n> and sj;, 0 = sin ( - ) ) (2.18)

In the special case p = 1, the above shows that T}, ; (z*) = 272Uy, (z), where
Us, is the clasical Chebyshev polynomial of the second kind, and its zeros

are 1
v
ting=sin?((j—= . 2.19
gn1 = SHL ((‘7 2) 2n+1) (2.19)

(VIII) Given ¢ : R — R, and ¢ > 0, let

A, [¢; L, (R)] = inf {||¢ — fllz,m) : [ entire of exponential type < 0} .

That is, A, [¢; L, (R)] denotes the error in best L, approximation of ¢ by
entire functions of exponential type < . We shall show in Lemma 8.7 that

Ao 25 Ly (R)] = o727V Ay [|2]*; Ly, (R)). (2.20)
Similarly, let
A, [¢; L, [0, oo)]
= inf {Hd) — fllz, 0,00yt f (2) entire of exponential type < a} .
Note that if ¢ (z) = v (2?), then

Aq (63 Ly (R)] = Ag [ Ly, /[0, 50)] (2.21)

11



L7 denotes the set of all entire functions f such that f (x?) is entire of
exponential type < ¢ and such that

111z, 0,00) < 00

(IX) Given increasing sequences {a;} and {b;} of real numbers, we say they
interlace strictly if
ap < by <ag <by <---

or
b1<a1<bg<a2<---

We say they interlace weakly if we have < rather than < above.

3 Limits in Approximation on [0, 1]

We now present our results in the setting of best approximation of x® on

[0, 1], with a more detailed statement than given in Section 1. Recall that

given 1 < p < oo and o > —ﬁ not an integer, P, ., denotes the best

polynomial approximation of degree < n to 2 in the L, , [0, 1] norm, and
{x]nypya}wrl denote the zeros of the remainder function

Ry pa (z) = 2% — Popa (z)

in increasing order. Moreover,

+
n,p,a | | — Tinpa)

Theorem 3.1. Let 1 < p < oo and o > —i, with o not an integer.
(I) For j > 1, there exists

z; = lim nzj,,q > 0. (3.1)

n—oo

Moreover, for j > 2,

2e[(0-99(0-99] e



(11) Uniformly for z in compact subsets of C,

lim X0 (2/7%) /Xupa (0) = [] (1 - i) — F,.(2). (3.3)

n—oo €T
j=1 J

(I11) Uniformly for z in compact subsets of C,
lim n** P, 0 (2/n) = Hya (2), (3.4)

n—oo

where H,, (2%) is an entire function of exponential type 2 satisfying
2% = Hyo (2) 15, f00) = A2 [275 Ly, /[0,00)] (3.5)

(1V) Uniformly for z in compact subsets of C\(—o0, 0],

lim n** Ry, 0 (2/n°) = 2% — Hyo (2). (3.6)

n—oo

Theorem 3.2. (I) There is exactly one function H,, such that H,, (x?) is
entire of exponential type < 2 and satisfies (3.5).
(II) H, ., admits in C\(—o0,0] the representation

sin o R A dt
oo (z)=— Fpa Y :

(III) Let p < oco. Then H,, is characterized by the conditions that ||z® —
Hyo () |1, Jl0,00) 8 finite and

& d
| = Hp @ s 0 = o @) £ @) E =0 (33)
for all f € L2. Moreover

. at+l a
Ap,a = lim n2 +PEn[LU ;Lp,\/ [07 1]]

o pa dt
F, . u/
po (1) o tHuF,,(—t)

_ |sinan| /OO
= 0

(IV) Let p = co. There exist alternation points

O=yo <y <yp<---

13



with

and for 7 >0,
Y§ = Hooo (yj) = (=1)" [|l2% = Hoo o (2) | f0.00): (3.10)
where @ is the least integer exceeding o. Moreover,

Ao = lim n** By [2%; Leo, /[0, 1]]

|sin arr| /°° et
= dt. 3.11
v o Faa (D &1

o0,

We believe the conditions in (IV) characterize Ho, o and “almost” have a
proof. Concerning the alternation points for the case p = 0o, we prove:

Theorem 3.3. Let a > 0, and not be an integer.
(I) Fiz j > 1. There exists

y; = lim n’y;j, . > 0. (3.12)

n—oo

Moreover, for j > 1,

we |(G-v3)" (63)] (3.13)

and uniformly in 7,

Yj — i~ T — Y1~ Y (3.14)
(1I) Let
Ga(2) = H (1—2/y;). (3.15)

Then G, is an entire function such that G, (2%) is of exponential type 2, and
uniformly for z in compact subsets of C\(—o0, 0],

i el dt
I 20—2 1o/ gy _ asinam X / . 1
Ji R (5/0) = == Ca ) | g (419
Moreover uniformly for z in compact subsets of C
lim Y, o (2/n%) /Y5a (0) = G (2). (3.17)
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Our plan of proof of Theorems 3.1 to 3.3 is as follows: in the next section,
we establish our basic representation for the remainder R, ,, () = 2% —
P, po(z). Then in Section 5, we examine the interlacing properties of the
zeros of R, , .. In Section 6, we use the latter and other tools to show that
forn > 1,

Tinp,a Z Cn_z.

In Section 7, we show that {X,, , o (2) /X p.a (0)} 7, is a normal family in the
plane, and pass to a subsequence converging locally uniformly to an entire
function F,, — as well as related limits for the relevant scaled subsequence
of P, ,q. In Section 8, we use Bernstein’s dilation argument to show that
the limit A, , exists, and relate best approximation on R and [0,00). In
Section 9, we establish the uniqueness and characterization of the best entire
approximants H,, in L, \/[O, o0) for p < oo, and deduce Theorems 3.1 and
3.2 for the case p < co. In Section 10, we establish a Lagrange interpolation
series at the zeros of F o, and in Section 11, use this to prove uniqueness
and alternation properties of Hy, . We prove Theorems 3.1 to 3.3 for p = 0o
at the end of Section 11. Finally in Section 12, we prove Theorems 1.1 to 1.3
forall 1 <p < oo.

4 Interpolation Identities

We begin by noting that R, , , really does have exactly n+ 1 zeros in (0, 1).
If @ > 0, this follows from the fact that {1,z,..., 2" z*} is a Chebyshev
system. If —ﬁ < a < 0, we need a little more care. We defer the proof of
this to the next section, where we deal with the zeros and their interlacing
properties.

The basic idea of this section is to interpolate, for fixed a, the function

1
ha(SE) - 1+a$;

(4.1)

to multiply by a~{* where {a} € (0,1) denotes the fractional part of
and then integrate with respect to a, using the elementary identity

o g—{a) 0o 4—{a}
/ a da = m{o‘}_I/ T ds= 1 glep (4.2)
0 o l+s |sin ar|

[12, p. 285, no. 3.194.4]. Similar ideas were used in [16], [19]. Recall that @
is the least integer exceeding .

15



Theorem 4.1. Let o > —%p andn >a— 1. Then for x € [0,00),
(a)

@ ds
(—=s)s+x

sin o

(6% > S
Rupa () = 2" = Pape (1) = =00 o) [
0 n’p’

™

. (4.3)

(b)

sin am st ds
npa (T) = QT npa () =@ T P (=) 0 Yapa(—8)s+u

(4.4)

Proof. (a) Let U (z) = 2%, let a > 0, and let L,, [Uh,] denote the Lagrange
interpolation polynomial of degree < n to Uh, at the n+ 1 zeros of X, , o in
(0,1). Then

Ln [Uha] /ha -U= (Ln [Uha] - Uha) /hm

is a polynomial of degree < n 4 1 that vanishes at the zeros of X, , .. Since
X pa is a polynomial of degree n + 1, it follows that for some constant c,

L, [Uhy] /ha —U = Xy pa-
Setting © = —1/a gives
U (-1/a) = cXpnpa(—1/a),

SO
Ly [Uha) Jha = U = Xy po (1) 0™/ X, 0 (—1/a) .

So for all real z,

x° a1 a “ 1
X, () (=1 .
1+ax pa (@) (=1) 1+ ax X,pa(—1/a)

Ly, [Uha] (x)

Now multiply by a~{*} and integrate over a € [0, o), and use (4.2) to obtain

™

' L, [U:L,{a}—l] (z) — 'Llﬁ—i-{a}—l
|sin a| |sin a|

_ Sy _a_{a} da
= X, () (=17 / a4 .
po (@) (=1) o 1+ar Xnpa(—1/a)

16



Recalling (2.1) and (2.3) this gives

- . 0o —a—1 da
., g _ (e sinar / 0
nlfol (@) — @ (=1) T npa (7) o l+arX,,.(—1/a)

& i s ds
_ (_qyEH! |s1na7r|Xn X / s
(=1) T pec () 0 T+8$Xnpa(—8)

by the substitution s = 1/a. Here
(=1)**" |sin x| = sin a. (4.5)

Finally, note that P, ,, (x) is a polynomial of degree < n that interpolates
to f, at the n+1 zeros of X, , o, so by uniqueness of Lagrange interpolation,

Popa(®) = Ln[fa] ().

(b) This is similar. Let V (z) = 2! and L¥ [V h,] denote the Lagrange
interpolation polynomial to Vh, at the n zeros of Y,,,.. Proceeding as
above, we obtain

LE[Vhy] Jhe =V =Y po (1) a )Y, 00 (—1/a). (4.6)

So for all real x,

xa—l - a—a-i-l 1

L [Vha] (2) = 5 e = Yo () (1) Yooo(—1/a)

Now multiply by a~ 1%} and integrate over a € [0, o0), and use (4.2) to obtain

: 4 L# [Vl,{a}—l] (z) — — T ata}-1
|sin ar| |sin ar|

[0 g—a—{a}+l d

a a
= Yn «a -1 “ 5
D (l') ( ) /0 1+ ax Yn,p,a (—1/(1)

and hence

aLl [fo-1] (x) — az®™!

& |sinan| /OO a da
— (=1 Yopa
(-1« - pa () o l+axy,,.(—1/a)

& |sinan| /°° so1 ds
=(—1 Yina .
( ) 84 - »Ds (ZU) 0 TH+S Yn,p,a (—S)
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As P, , , is also a polynomial of degree < n— 1 interpolating to az® ! at the

n zeros of Y, 4,

P, o (@) = oLl [fai] (@),

n,p,x

and (4.4) follows. O

There is another way to derive Theorem 4.1, without using (4.2). One can
apply Cauchy’s integral formula to the function R, , o (2) /X p.o (2), with the
contour of integration taken as a circle centre 0, but cut above and below
the negative real axis to avoid the branchpoint of z* at 0. One deforms the
circular part into oo, giving 0. The jump of 2% across the negative real axis
gives the representation. An idea similar to this was used in one form by
Bernstein, and by M. Ganzburg [11] to deduce a representation similar to

(4.3).

5 Interlacing Properties

n+1

In this section, we list a number of interlacing properties of the zeros {xjn,p,a}jzl

and extrema {yjn,a}?:g . Most of these follow from classical results of Pinkus

and Ziegler [24]. We also use results of Kroo and Peherstorfer [15]. Recall
that T}, , is the extremal monic polynomial of degree n and minimal L, norm
with weight =% on [0, 1]. Recall that we denote the zeros of T, ,, by

0< tln,p < tgmp <0< trm’p <1
and its extrema in (0, 1) by
0<Sinp < Somp <+ < Spnyp < 1.

We also set
Sonp =0 and  sppipn, = 1

In the special case p = oo, recall that the zeros and alternation points of
T 0o are

. :
tinoo = sin’ ((] — 5) %) and s, o = sin’ (%) , 1<ji<n (51)

In the special case p = 1, recall that the zeros of T}, ; are

1
tin1 = sin® <<j - 5) 2;; 1) , 1<j<n. (5.2)
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Theorem 5.1. Let 1 < p < o0, and o > —% not be an integer.

(a) The zeros of Ry, ,q and T, , interlace weakly, that is,
0< xln,p,a S tln,p S x2n,p,o¢ S t2n,p S e S tnn,p S xn—l—l,n,p,a S 1. (53)

If a > 0, the interlacing is strict.
(b) Let n > 3> > 0 with § not an integer. Then for 1 < j<n+1,

Ljn,o0o,a S T jn,c0,8- (54)

c) Forp=1, and for1 <7 <mn
(¢c) Forp=1, j<n,

) o1 T

We note that (5.4) should hold also for p < co. Pinkus and Ziegler proved
an L, version of this, but with Lebesgue measure, while we have a weight

1/4/x. Concerning the case p = co and the alternation points {yma};‘:g , We
need:
Theorem 5.2. Let a > 0.
(a)
0= Yon,a < T1n,00,0 < Yin,a < Ton, 00,0 << LTn41,n,00,0 < Yn+1n,a = 1.
(5.6)

(b) The alternation points of Ry, .« (x)and T, o interlace weakly, that is,
0< Yin,a S S1n,00 S Yon,a S S2n,00 S e S Snn, 00 S Yn+1,n,0 <1 (57)

Corollary 5.3. For 1 <p<oo, a > —2ip and 2 < j<n+1,

. .3 ™ , . 1\ 7w
sin’ ((] - 5) T 1) < Tjnpa < sin’ ((] - 5) %) . (5.8)

The upper bound remains valid for j =1, and the lower bound remains valid
forj=n+1.

To use the results of [24], we need some background on Chebyshev sys-
tems. Let I =[0,1] and ¢1, ¢, ..., ¢ be real valued functions on I. We say
that {¢1, ¢a, ..., dm} is a Chebyshev system if whenever

0<zi <19 <-+-<xpy <1, (5.9)
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we have
det (¢z (xj))lgi,jgm 7é 0. (510)

Note that this determinant is of one sign as long as the {z,} are strictly
increasing. We say that {¢1, @9, ..., dn} is a positive determinant Chebyshev
system if whenever (5.9) holds, we have

det (¢ (2,)),<1jm > 0. (5.11)

For the purposes of the next two lemmas, let w € L, () be a function positive
a.e. in [0, 1]. For 1 < p < oo, the associated L, Chebyshev polynomial is

m—1

Ton1p {61, 62, - Gmti G} = G — Y €

J=0

satisfying

||Tm—1,p {¢1a ¢2> ) gbm—l; ¢m} wHLp(I)

m—1
— inf || <¢m -> cjcbj) WLy
§j=0

C1,C25-.,Cm—1

The terms in {} after 7},,_1 , distinguish this Chebyshev polynomial from the
specialized polynomial 7,1, ().

We record some of the interlacing properties, proved by Pinkus and Ziegler
[24]. We warn the reader that in some places those authors use the convention
that the determinant in (5.10) is positive, with differing values of m, and
essentially they then assume they are working with what we call here a
positive determinant Chebyshev system. This is why we introduced that
term.

Lemma 5.4 (Successive Chebyshev Polynomials). Assume that for
k=m,m+1,m+2, {¢1,Po,...,¢r} are sets of continuous functions that are
Chebyshev systems on [0, 1]. Then for1 < p < 0o, the zeros omep{gbl, Goy ...,

Om; ¢m+1} and Ti1p{P1, G2y .oy Gmi1; Gmaa} strictly interlace. Moreover
the alternation points of T co {P1, G2y - - -y Om; Gmi1} and Tm+17oo{¢1, G9, ...,
Omit; ¢m+2} interlace weakly.

Proof. See [24, Corollary 1.1, p. 2]. O
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We also need the notion of a Descartes system. We say that {gbl, Doy - e s
gbm} is a Descartes system on [a, b] if for any k£ > 1 and any

1< <9 <--- <t <,
{biy, Gigs - - ., ¥, } 1s a positive determinant Chebyshev system on [a, b].

Lemma 5.5 (Lexicographic Property). Assume that {¢1, ¢a, ..., On} is
a Descartes system of continuous functions on [0,1]. Let {iy,is,...,ix} and
{j1,J2, -, Jx} be increasing sets of indices in {1,2,...,m — 1} with

1s < Js, 1 <5<k

and strict inequality for at least one s. Then the zeros of Tkm{gbﬁ, [
i gbm} lie strictly to the right of the zeros of Ty co {Piys Gigs - -, Pi; Pm }-

Proof. See [24, Thm. 5.3, p. 14] or [4, p. 116ff.]. O.

Pinkus and Ziegler also proved an L, lexicographic property, in the un-
weighted case w (z) = 1. We expect that their proof goes through for our
case involving the weight 2=/??, but we do not need the extension.

Now we turn to

The Proof of Theorem 5.1(a) for & > 0. When a > 0, all the functions
involved are continuous, and we can directly apply the results of Pinkus and
Ziegler. We may apply the property of successive Chebyshev polynomials,
Lemma 5.4 with w (z) = 27", to

2 n, .«
Rmpﬂ:TnJer{l,x,x Y }

and
2 n—1, n
Top="Top{l 2, 2% .. 2" 52"},

The positivity of x1,,p o also follows from Lemma 5.4, since it lies strictly to
the right of the smallest (non-negative) zero of Ty,10, {1, , 22, ..., 2" 22 }. O

The Proof of Theorem 5.1(a) for o« < 0. Let ¢ € (0,1). Note that
{z* 1, 2,22 ... 2"} is a Chebyshev system on [g,1]. In fact, it is even a
positive determinant Chebyshev system there. Let Ry , , denote the error
function in best approximation of x® by polynomials of degree < n in the
Ly, ,norm on [e, 1]. Similarly, let 777 , denote the L, extremal polynomial of

degree n in the L, , norm on [e,1]. By the property of successive Chebyshev
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polynomials, Lemma 5.4 (translated to [e,1]) the zeros of R, and T}
strictly interlace. Next, as e — 0+, R, and T}  necessarily converge to
R, , and T, , respectively. This follows because the error of best approxi-
mation on [g, 1] decreases on [e, 1] as ¢ increases, and because in our context,
the best approximations are unique. Then the zeros of R,, , o and T}, ,, weakly
interlace. The positivity of 21, follows from the unboundedness of R, ,

at 0. O

The Proof of Theorem 5.1(b). When we place 0,1,...,n,a,0 in in-
creasing order, it is well known [4, p. 130] that the corresponding powers

Lx,...,2", 2% 2° (ordered correspondingly) form a Descartes system on
[e,1] for any ¢ € (0,1). Let R;, _, denote the error function in best ap-

proximation of x® by polynomials of degree < n in the L., norm on [g, 1],

with similar notation for R}, 5. Apart from a constant multiple, R}  , is
in

also the error function in best approximation of " by 1,z,2%..., 2" ! 2

the Lo, norm on [g, 1]. A similar remark applies to Ry, . 5. Since 2 precedes
2% in this ordering, the lexicographic property Lemma 5.5 shows that the
zeros of Ry ., lie strictly to the left of the zeros of R}, 5. Next, because of
uniqueness of best approximations in our context, and with these functions,
as ¢ — 0+, R}, ., and R} _ 5 necessarily converge to Ry oo and Ry g

respectively. [J

The Proof of Theorem 5.1(c). We must prove (5.5), namely that

) . 1 T
Tjn-1,1,a = tjn,1 = sin 7755, 11/

This follows from well known results that best L; approximations are interpo-
lation polynomials at “canonical points.” That in turn implies that the zeros
{xjm_l,a}?:l of R,,_1,.. are exactly the canonical points. Unfortunately we
could not find a text giving immediately all that we need. We use [6, pp. 82—
88] and start with the unweighted case on [—1,1]. Let ag = 1, a1 = 1
and

1—k

aj = cos (Lw> , 1<k<m (5.12)
m+ 1

and define the signature

o (z) = sign U, (x),
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which changes sign exactly at the {ay},,. It is known [6, p. 87] that {ax};_,
is a set of “canonical points” for [—1, 1] so that

1 1
O:/ U(x)P(x)d:v:/ (sign Uy, (z)) P (z)dz =0
1 —1

whenever P is a polynomial of degree < m — 1. Now we set m = 2n and
deduce that for P of degree <mn — 1,

0= /_ (sign Us, (z)) P (2%) do

1

= 2/01 (sign Usy, (2)) P (2*) do = /01 (sign Uan, (\/%)) P(t) %

Here sign Us, (\/Z) is a signature with sign changes in (0, 1) exactly at the

points
o =sin? (=) ——), 1<j<n
’ 2) 2n+1

(To derive this, set m = 2n and k = n + j in (5.12), and observe that a}
is a zero of Uy, (ﬂ)) Theorem 10.5 in [6, p. 84] asserts that the best L;
approximant to a continuous function f on [0, 1] with weight 1//# from the
polynomials of degree < n — 1 is just the Lagrange interpolation polynomial,
Py say, to f at {tjnvl};;l, provided f — Py changes sign at each t;,; and
nowhere else in [0, 1]. For f, (x) = 2%, where a > 0, ¢ {0,1,2,...,n— 1},
this sign changing condition follows from the fact that {1,z,..., 2" ', 2%} is
a Chebyshev system on [0, 1]. When a < 0, we cannot apply Theorem 10.5
there because f, is not continuous at 0. However, we can apply Theorem 10.4
there. The Lagrange interpolation polynomial Py to f () = 2 still has these
properties, so

/01 (sign (f — Fo) (1)) P(t) % _ /01 <sign Uan, (ﬂ)) P (1) % —0

for all polynomials P of degree < n — 1. Then Theorem 10.4 in [6, p. 84]
shows that /%y is still the best L, , approximant on [0,1]. O

The Proof of Theorem 5.2. (a) The interlacing of extrema and zeros of
the remainder R, o o is obvious. The only thing to be proved is that both 0
and 1 are indeed alternation points, so that

0= Yon,o < Yn+1m,0 = L.
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Suppose for example that 0 < yg,.q, S0 that Yo, is a local extremum for
Ryca in (0,1). Then R, ., has n 4+ 1 extrema inside (0,1), so R,

M,00,Q
has n + 1 zeros there. But R;  , is a linear combination of the n + 1
functions 1,z, 2%, ..., 2" 1 27!, which form a Chebyshev system in [g, 1]

for each ¢ > 0. So it cannot have n + 1 zeros in (%y(m, 1), and we have a
contradiction. Similarly if y,, 41, < 1.
(b) This follows from Lemma 5.4 much as above. [J

The Proof of Corollary 5.3. Let T}, denote the monic L, extremal

polynomial of degree n for the unweighted case on [—1, 1], with zeros
# # #
—1 <y, <to,, <--- <t} ,<l

Kroo and Peherstorfer [15, Theorem 2, p. 655] (with different notation)
proved that for 1 < p < oo, and each j > n/2,

# # #

tj%l < tjn,p < tjmoo.
Since, as in Section 2(VII),

Tn,p (252) = T;:L,p (SL’)
we obtain for 1 < j <n,

tjn,l < tjn,p < tjn,oo-

For p = 1 or p = o0, these inequalities remain valid with < replacing <.
Theorem 5.1(a) shows that for 1 < j <mn,

. 9 . 1 ™
Tjnp,a < tjn,p < tjn,oo = Sin J— 5 %

while for 2 < j <n-+1,

o .3 s
xjnvpva Z tj_lvn)p Z tj_l’n’l = s j N 5 27’L + 1 ) |:|

6 Smallest Zero of the Error

In Corollary 5.3, we showed that

2
o o () = (2)" o

In this section we establish a lower bound for xi, , «:
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Theorem 6.1. Let 1 < p < oo and a > —==

550 1ot an integer. Then there
exists Co > 0 such that for large enough n,

Tinp,a > C(]n_z. (62)

Proof of Theorem 6.1 for p = co. Suppose first @ < 1. By Jackson’s

2
Theorems, and Bernstein’s Theorems, [7, p. 110, no. 3],

En 2% Loo 0, 1]} = degl(IIlDf [ fa — PHLoo[O,l] ~n”?

We use an estimate of Ditzian and Totik for derivatives of polynomials of
best approximation: [7, p. 98]

sup vz (1 —x) }P;:’Ooa } < CZEk (% Ls [0,1]] < Cn'—2e,
pn

ze[-1,1]

since o < % Then at least for large enough n,

[ P;'mmdt}
0

< Cnl_za /‘xln,oopz ﬁ
- 0 Vi
S Cnl_za\/ L1n,00,0-

‘ n,00,0 xln,oo,oz) Pr):oooc(oﬂz

Since 0 is an alternation point,

Cin ™ < B, [#°*; Lo [0,1]] = |Rp 00,0 (0)]
= |Rn 00,0 (0) - Rn,oo,a (xln oo a)|
- ‘ n,00,a - (I(lln,oopc Prtoo e (xln,oo,a)) ‘
< COn'~ 2%/1'1”7007@ + x‘f‘nm’a.
Then
Cl S C n2x1n,oo,oz + (nlen,oo,a)a .

It follows that
lim inf n%lnm,a > 0.

n—oo

If @ > 1, we can use the monotonicity of Z1n,00, in @ (Theorem 5.1(b)). O
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Proof of Theorem 6.1 for p = 1. This follows immediately from the
identity (5.5), namely

1 =«
.2
n—1,1,a — 5 . O
Fn—1la = S0 (22n+1)

The Proof of Theorem 6.1 for 1 < p < oo is more difficult. We first need
a Schur type inequality:

Lemma 6.2. Let 1 < p < oo. There exist By,ng > 0 such that for n > ng
and polynomials S of degree < n,

Bon~? dx ! dx
S —= < S (2P —=.
| s@r e [ swr

Proof. This follows, for example, from Theorem 14 in [22, p. 113]. O
Next, recall from Theorem 4.1 that

|sin a| s® ds

Xnpa (@ .
T [Xns, ()|/0 | Xnpa(—s)| s+

(We can take absolute values inside the integral as all zeros of X, ,, are
positive.) We shall use the abbreviation

[ R pol () =

X = Tinp,ar
so suppressing, for notational simplicity, the dependence on n,p, . Let

n+1

X¥ (@) =[] (@ = 2jupa)

=2

so that

Moreover, let

o 5% ds
@)= | [t (o) G0 ) (63)

We see that then

_ [sinar|

[Bupa (1)l = ——— |z = x| | X7 ()] wn (). (6.4)

In the rest of this section, By denotes the constant from Lemma 6.2.
We shall need upper and lower bounds for w,, in certain ranges:
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Lemma 6.3. (a) For z € [0,1],
D |XF O] <o{xt+ () (6.5)

where C' s independent of n,x and .
(b) For x € [Byn™2,1],

—2a

() |X (0)] = ",

where C' is independent of n,x and x.

Proof. (a) We see that

1 X a—1 0o a—2
ww et [ [T,
h|xtes] A |xE )
2

—2a n?y ta—l 0 ta—2
_n / ﬁ+nm”/‘—————%t
X Jo ‘Xﬁf (—n_Qt)‘ x| X2 (—n—zt))

Recall here from Corollary 5.3 that for 7 > 1,
J7
2 )

N2y pa < n?sin® ((j — —) —) (
so for t > 0,

XE©O) H(
X# (—n‘2t) =2 n? x]npa

ﬁ(l—i——) <1

Then if L > « is a fixed positive integer and n > L,

2

n—2a n<x 0 ta—2
o) | X (0)] < /‘#Hﬁ+WMM/ L
X Jo 2x t
1 (1+ &)

1 o)
x4 p2eh) { / 724t + C / to“l‘Ldt]}
n2y 1
a 1}

27
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Here we have also used the bound (6.1),

n?y < (%)2 <1 (6.7)

the fact that L > «, and have separately considered the cases a« > 1 or a < 1.
(b) From (6.3),

wy, () >

By " 5% ds
_/x }X# (—s) (23)((1+ Bl) )

—2« TLZBLSU to 1
S / .t
2 (1 + l) x In2x }X# —n—2t)}

B
O (0)
\;# 0]/ / e &

recall (6.7). Here using Corollary 5.3, we easily see that for ¢ € [1, 2],

—| > 1+ — > (1,
XF(=n=2t)] 7 Cy? '

and then (6.6) follows. [J

Proof of Theorem 6.1 for 1 < p < co.  We use the characterization of
best L, approximants, 1 < p < oo [6, Cor. 10.2, p. 83]:

/0 Ropo (2)"2 Ry <x>s<x>% 0, (6.8)

for all polynomials S of degree < n. Letting

5(a) = Xf (a) = 22222

= 0. (6.9)



In particular, this gives

X dx ! dz

R, axp_lex —:/ R, axp_lex —.

[ e @ 52 @) = [ 1R 0P 5E @]
We now assume that for infinitely many n, say forn € S,

By

(If no such S exists, then we already have the desired result.) Then recalling
(6.4), we have

e P @) e
Sile = x| X @) wn (27 22
< (20" — o 17 (I)‘pwpn (I)p_l_%
S a1 | X (@) w0 (0) 7 2
<@oe X5 +_(?_2)a_1r—1 Rl
n Jion—s | X (2)| L2

<O ()" + 03]
In the second last line, we used the bounds of Lemma 6.3 on w,,, and in the
last line, we used the Schur inequality Lemma 6.2. It is of course crucial that

By and C' are independent of n and y. We deduce that for n € S,

2 2
nxX=mnTinp,a«a > Cla

so (6.2) follows. O

7 Subsequential Limits

Let us fix p, « and j > 2. It follows from Corollary 5.3 that

3\ 7]? 1
[(j — 5) g] < ligrilrolf n295jn7p7a < lim sup anjn,p,a < [(] — —)

n—0o0
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For j = 1, we instead have from Theorem 6.1 that the last lim inf is positive,
and from Corollary 5.3 that the upper bound persists. By a diagonal choice
argument, (for example, as in the proof of the Arzela-Ascoli Theorem), we
can extract an infinite sequence of positive integers S such that for each fixed
7 > 1, there exists
. 2

n—>lolol’7I}LeSn Linpa = Lj. (71)
In fact, given any infinite sequence of positive integers, we can extract a
further subsequence S with this property. Moreover, we see that for j > 2,

(-9 socl(-DT- oo

0<Cy<an < E]Q, (7.3)

while

where Cj is as in Theorem 6.1. We emphasize that Cy is independent of the
subsequence S. Throughout this section, we assume that S is the sequence

above, and we define
z
R =TI (1- ). (7.9
=1 !

In our first result, we establish subsequential asymptotics for the remainder
of approximation, and associated quantities:

Theorem 7.1. (a) The family {X,pa (2/10%) /Xnpa (0)}—, is a normal
family in C. Uniformly in compact subsets of C,

m _ Xonpa (2/7%) [ Xnpa(0) = Fpa(2). (7.5)

n—oo,ne

(b) Uniformly in compact subsets of C\(—o0, 0],

i B A dt
I ap 9 :_smcwrF X / _a .
(5 e (2/77) T N e s LA )
(c) Uniformly in compact subsets of C, there exists
Hpo(z)= lm n**P,,.(2/n%). (7.7)

n—o0,neS
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The function H, , (2) is entire and in C\(—o0,0],

sin am R A dt
H,, = z¢ F, ., R
D, (Z> < + T b, (Z)A t—i— ZFp,a (—t)

Moreover, for all z € C,

_sinarm [t Fpa (2) —=\"
H,.(z) = p /0 t+z {Fp,a (—t) <T> } dt.

Proof. (a) Now

Ko () e 0 =[] (1 )

SO
n+1
el L)

Recall from Corollary 5.3, that for j > 2,

n2r. > '_§ 2n 2>% '_§ i
e = \\1 75 ) onF1) T\ 2

and

so for all z,

2 ERR 9z
Yo (1) [Xopa 0] < (14 E) T <1 + 7)>

= P(]z]).

Since the bound on the right-hand side is independent of n, and the infinite

product converges for all z, we see that {X, . (2/17%) /Xnpa (0)}

1S uni-
n=1

formly bounded in compact subsets of the plane. Thus it is a normal family
there. Let ¢, R > 0. By a similar argument, and the convergence of the
bounding product, it follows that we can choose N such that for |z|] < R,

and n > N,

<1+g,

2
n z]”?pya
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while uniformly for |z| < R,

N-1 5 N-1 5
o M ()T (-2
n—o00,n€S i1 N°Tjnp,a ” ZIJ'J

Then the uniform convergence to £}, , follows.
(b) Making a substitution in Theorem 4.1(a) gives, for z € [0, c0),

sinam X, q (2/n?) /°° t dt
T Xnpal(0) Jo ZepeCl iz

"Ry o (2/0°) = —
As both sides are analytic in C\(—o0, 0], the identity persists in that region.
Then
/ o e dt
0 ‘M |t + 2|
X )

h (7.10)
(Recall that X, .4 (0) and X, .« (—t/n?) both have sign (—1)"".) Let N >

1. Here for t > 0 and n > N,
1
t
(1 RS )
1 n xjn,p,oe

- H (” = >> | (T

by Corollary 5.3, with a similar upper bound. Since {Xﬂpa z/n? }
n=1

Xnpa (2/1%)
Xopa (0)

|sin arr|

‘nQO‘Rmpﬂ (z/n2)} < -

_l’_

Xupa (Zt/0%) 7
Xnpa (0)

.
Il

Xn,p,a(0)

uniformly bounded in compact sets, the normality of {n?*R,, . (z/n )}OO

follows. Next, for each fixed ¢, we have

Xopa (—t/n?
o X (1)
n—oo,neS Xn,p,a (0)

n=1

=lpa (—t).

This, the bound (7.11) (with N large enough) and Lebesgue’s Dominated
Convergence Theorem give

. &0 te dt / o° te dt
lim =
0

n—oo,n€S Jy W t+z Foo(—t)t+2z
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Then we obtain (7.6).
(c¢) Now

nQO‘Pn,p,a (z/nz) =2%— nzO‘Rn,p,a (z/nQ) ,
so uniformly in compact subsets of C\(—o0, 0],

H,,(2) = lim nzO‘Pmpﬂ (z/n2)

n—o0,neS

sin o RO A dt
_ Foo L
o T P (Z)/O t+2F,q(—1)
So H,, is defined and analytic in C\(—o0,0]. To prove that it is entire, we
recall that if @ is the least integer exceeding «, (2.1), (4.2) and (4.5) give for

z € C\(—o00,0],

1 oo {a}-1
4 — Sat{a}-1 _ Za(_1>a+1 W/ tlo} "
™ 0 t+=z

Then at least for z € C\(—o0, 0],

H,, (z) = Shom /OO t° { Fpa(2) (2)a} dt.
T Jo t+z | Fha(—t) t
Moreover, we see that the integrand is continuous as a function of (z,t)
provided ¢ € (0,00) and z lies in a compact subset of the plane, even one
intersecting the negative real axis. Hence H, , is well defined and continuous
on the negative real axis, and is also real valued there. Finally we see that
the limits (7.6) and (7.7) remain valid at z = 0 also. By Morera’s theorem,
H, , is analytic on the negative real axis too. So H, , is entire. We must still
show that n**P,,, (z/n?) converges uniformly on compact sets intersecting

the negative real axis. To do this, we proceed as above and establish the
representation

n°* Py po (2/0%)
_ sinam /OO t* Xnpa(2/02) | X pa (0) —2\* it
oo S tH 2] Xapa (—t/n2) /X6 (0) t '
The integrand converges as n — oo, uniformly for z in a compact subset of
C (even one intersecting the negative real axis), and ¢ in a compact subset

of (0, 00), to )
tfz {<_72> - %}
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Of course for z = —t, the quotient is replaced by a derivative. Hence the

desired convergence. [J

Now we start our investigation of the growth in the plane of the functions

F and H. We begin with F'.

Theorem 7.2. (a) For some Cy > 0, and all complex z,

|Fpa(2)] < (1 + %) cosh <2m> .

(b) For Re(z) <0,
[Fpa (2)] > [eos (2v/7)] -

(¢c) F, o (%) is entire of exponential type 2.
(d) There exists C' > 0 such that for all z,

|log | Fp.a (2)] — log |cos (2v/2) || < log |z — ¢| + log™ |2| + C,

where C is the closest zero of either F), , or cos (2\/) to z.
(e) There exists C' > 0 such that for all z,

|Fa ()] <0+ |2])? eIl
Proof. (a) From (7.2) to (7.4),

J=2 2/ 2
= (1 + %) cosh (2\/\z|) :
(b) If Re (2) <0, our upper bound for z; in (7.2) gives

2
_,, 2Re2)

(7.12)

(7.13)

(7.14)



Then
|Fp70c (2)| >

ﬁ( +>‘ — |cos (2v/2)] .

1- 3
i=1 ((G-2)%)
(c) We see that as all the x; are positive,

log (max ‘Fp,a (%) ‘) =log Fyq (—17)

|z|=r
{ <log (1+ £ ) +log (cosh (2r))
> log (cosh (21))

Y

by (a), (b), so

1 z:rFa2 1 Fa_z
. og (max. = [Fpa (22)]) 1 108 Fpa (=1%)

=2

T—00 r —00 r

(d) Let t;, = ((k: — %) g)z, k > 1 and ty < min{Cy,t;}, where Cj is as in
(6.2). Recall that
T € [tk—17tk]7 k> 1.

Fix z = x 4 iy, and assume that for some j > 2,
x € [tj_1,t)).
Then
E>j4+1=|z—a < |2 —t;
E<j—1=l|z—xx| <l|z—tx|.
(Draw a diagram!). We split

o0

log |y (2)] = (2+2+ > ) log |2 — 4] — log 2y

k=1 k=j k=j+1
= Tl + T2 + T3.

Firstly,

Jj—2
T, < [log |z — tgp_1| — logtr_1] = Zlog
1 k=0

.
—_

z
1- =2
Tk

B
Il
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Next,

T5 < Z log |z — ty| — log ty_1] (Z log‘l__

k=j+1 k=j+1

) —logt;.

Since

log |cos (2v/z)| = Zlog 1-— ti ,
k=1 k

we obtain on combining the above estimates, that

log |F) . (2)| — log }cos 2\/2)}

Z log

k=j—1
< [log [z — ¢[| +log™ |z] + C.

1- = ~logt,
i o8

0

+10g‘1——
L

Here we have used x; € [t;_1,t;] and t;/t;_; < 9. The lower bound is similar.
The case x < t; is similar, but easier.

(e) We use the bound on F, , from (d) and the maximum-modulus principle.
Let T > 0, j > 2, and consider the interval [\/T;_1,/%;] = [(] — %) N (j — %) z
It contains at most one zero ,/T; of F,, (z?). Then we can find a point

r € [\/t—1,/%;] such that
=Vl b V] = 2 (V- i) = T

Consider the rectangular contour I' with sides parallel to the =,y axes in-
tersecting the r—axis at +r and the y—axis at £¢7". For z € I', the above
considerations and the estimate of (d) give

)

log | Fya (2%)] < log |cos (22)] + }logg‘ +log (r*+T%) +C
< 2T + log (7’2 + T2) + C.
By the maximum-modulus principle, for |Re (z)| < /f;—1 and |Im 2| < T,
Fya (2)] < € (12 + T%) &7 < Cy(£2, + T2,

since 2/t;_1 < tj/t;-1 < 9. Finally given S > \/t3, choose j such that
S € [v/tj—1,v/%;]. The above and the maximum-modulus principle give for
Re(2)| <5, [Im (2)| < T,

|Fpo (2)] < O (£ 4+ T2) &7 < O,(S? + T?)e?
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as t;/5% < t;/t;j_1 <9. Then with a change of notation, the stated assertion
follows. [

For future use, we record a generalization of Theorem 7.2(d):

Lemma 7.3. Let

A-l(-3) o ne-T1(-5)

Jj=1 =

be entire functions with non-negative zeros that weakly interlace, in the sense
that

0<ar <Bi<a <3 <
Assume moreover, that

B < Ba < f3<

and

6)4—
Bi
Then there exists C' > 0 such that for all z,

sup < 00

log | f1 (2)] —log|f2 (2)|| < [log |z — ¢|| +log™ [2] + C, (7.15)
where ( is the closest zero of either fi or fy to z.

Proof. This is the same as that of Theorem 7.2(d), with the relevant no-
tational changes. []

Next, we consider the properties of H, ., but first need a lemma on (what
are essentially) Hilbert transforms. The conclusion is fairly standard, but we
could not find the form we need in the literature:

Lemma 7.4. Let g : [0,00) — R be continuous, with g' continuous in (0, 00).
Assume moreover, that g € L1[0,00) and @ € L41]0,00), and as v — o0,

g9 (2)| = (W) j=0,1. (7.16)
Let

T(2) = /Ooo fi)dt 2 € C\(—00,0], (7.17)
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and define T on (—o0,0] as a boundary value from the upper-half plane, using
the Sokhotkii-Plemelj formulas. Then as r — oo,

sup |T ()] = O (1) | (7.18)

|z[=r r

Proof. We write z = x 4 iy, and consider two ranges of z:
Case 1: |y| > 1 z].
Then

1 > 4 &
WWSMAMWWSMAM@W

Case 2: |y| < 12|
In this case, |z| > @ |z| > V15]y|. If  is positive, then

1 [ 4 o
TS g [ lewldes o [Tl

So assume x < 0. We split

=31l plel+dll poo ;
T(z)z(/ : +/ : +/ )g()dt
0 jal=lzl  Jlel+dle) T2

= Il + [2 + [3.
In I; and I3,
1
t+z2| >t +z| > §\z|,
SO 2 IS
HwHMS—/|ﬂmﬁ
|Z| 0
Next, write
e+ 12| _ | +4 2]
g(t) —g(|z]) 2 di
h:/ 90 =9 4y 4 g (ja))
=Lz t+z =1z L2
=: Ip1 + Ip.
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In Iy,
‘g(t)—g(lfvl)‘ < ‘g(t)—g(kc!)

t+ 2 t— |z
, 1 1
<su s () 5€ flol = 3 lel Jel + 5 1]}
<o) 52 (Y23 )1y =0 ()
T B
by (7.16). So

1
=0 ().
2|

Next, the substitution ¢ = |z| + § |2| gives

-1 du
12229(|$|)/ —5—

1 U+ =y

—g(2) S (Qy)

s<w>=/_1 W <,

Y
1u+w

where

Note that S has well defined boundary values on (—1,1) from the upper and
lower half plane. We interpret S (w) as its boundary value from the upper
half-plane for w € (—1,1) and use the fact that |S| is bounded in compact

subsets of the open unit ball. Since for this range of z, ’%zy < %, we have

[ 12| < |9(|$|)|max{|5(w)| w| < 1}

oo

The constant in the order term is independent of z (and in particular |y|).
Then the above estimates for I, I3; and Iss gives the result for y = Im z # 0.
The Sokotkii-Plemelj formulas show that the estimate for 7T persists on
(—00,0) when we interpret 7" as a boundary value from the upper half
plane. [
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Theorem 7.5. (a) There exists C > 0 such that for |z| > 1,

(e} F (07
Hya (2)] < |2 +c%. (7.19)
Moreover forr > 1,
max |Hp, ()| < Cmax |F,, (2)|/r. (7.20)

|z|=r |2|=r
(b) As |z] — oo,

Hyo(2) = 2% + F”’Z(z) {Smﬁm /OOO #dt} <1 +0 G)) . (7.21)

(¢c) H, . (2%) is entire of exponential type 2.

Proof. (a) We know that for z € C\(—o0, 0],

sin a < g (t)
Hyo (2) = 2° Fpa dt,
o) ==+ R () [ 20

where
tOC

Fpa (=)’
satisfies all the hypotheses of Lemma 7.4, since |F,, (—t)| > cosh (2V/),
t > 0, with a similar growth for the derivative. The lemma then gives (7.19).
Moreover, (7.20) follows as on the circle |z| = r, max,|=, |F}o (2)| grows at

least as fast as cosh (24/7).
(b) With g as in (a), we have

o . sinam 1 1
Hp,a (Z) =z + - Fp,a (Z) |i;/ — ;/
sin o7

= oy I Fp,a<z>B [ swarvo ( )]

by the lemma, applied to tg (¢) .
(c) This follows from (a), (b) and Theorem 7.2(c). OJ

g(t) = € (0,00)
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8 A Proof of Bernstein’s Limit Theorem
In this section, we prove that the limit

Ar o= lim n®tVPE, (|2 L, [-1, 1]

) n—oo

exists, as well as the fact that any subsequential limit H, , is a best approx-
imant. The ideas of the proof go back to Bernstein (at least for the case
p = 00) and are available in one form in the book of Timan [30, Section 2.6,
p. 45. ff; Section 5.4.5, p. 285 ff.], and in more general form in the work of
M. Ganzburg (see the survey [9] for references), but we present a proof for
the specific context that we need. Recall that

Ag [[z]"; Ly (R)]
= inf {|||z|* = f (%) ||, ®) : f is entire of exponential type < o}

and
A, [mo‘;Lp,\/[O, oo)}
= inf {||x°‘ — [ (@)L, o.00) S (2*) is entire of exponential type < a} .

Theorem 8.1. Let 1 < p < oo and o > —ﬁ, not an integer. Then

Ap oo = lim n* 5 E, [laf*; L, [=1, 1] (8.1)

exists, and
A gq = 220 4y [ L, (R)] = Ay [J]*; L, (R)] . (8:2)

Moreover,
Apo = lim ™3 I, [xa; L, o, 1]} (8.3)

exists, and
Apao = A3 [|o5 L, (R)] = 45 [0 L,, /[0,00)] (8.4)

We begin the proof with
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Lemma 8.2. Let a,b > 0.
(a)

Bl sy lovl) = ()T Bl ny o). 59
0 1 1
0> By, 2?5 Ly [-1,1]] = n®* 2 B, [2%; /5 L, [0, 1]] . (8.6)

Proof. (a) Let P, (z) denote the best polynomial approximation of degree
< n to |z|** in the L, norm on [—a,a). Then
E, [Je**; L [0, 0]]

(/) 9)“ () )
(&) ([ riaora)”
— (§)2a+p E, [|z**; Ly [~a,a]] .

Then (8.5) follows on swopping the roles of a and b.
(b) Since |z|** is even, its (unique) best polynomial approximations on [—1, 1]
are also even. Then a substitution 22 =t easily gives the result. [J

IA

Lemma 8.3.

00 > liminf n®**s By, [[2)*; L, =1, 1] > A, [|2[*: L,(R)].  (8.7)

n—o0

Proof. Let us denote the liminf in the statement by A, and choose a sub-
sequence S of integers such that

A= lim 0™ By, [z L, [-1,1]].

n—o0,nES

Recall that this is finite by the Bernstein-Jackson approximation theorems
[7, p. 110, no. 3]. By passing to a further subsequence, we may assume that
(7.1) and the associated limits (7.5), (7.7) from Section 7 hold. Then for
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each r > 0, Lemma 8.2(b) followed by a substitution gives

A>  lim n2a+%En[ar°‘;\/;Lp[0>1H

n—oo,nNES

n2 du 1/p
-t ([ e )

. r 9 2\ |P dx p
2 n—>l;or,r11168 </0 ‘I - Pn,p,Oc (I/n )‘ ﬁ)

= ([ 1 - <x>|ﬁ%)l/p.

As this is true for each r > 0, we obtain

o0 dl’ 1/p
> (6% _ p _
A> (/0 | H, o ()] ﬁ)

= | [t** = Hpa (*) Iz,
> Ay [|=[*; L, (R)] (88)
since H,, (t?) is entire of exponential type < 2 (Theorem 7.5(c)). O

Lemma 8.4. There exists f*, entire of exponential type < 2, such that
2a * 2a
™ = f* (@) |, = As [J2™; Ly (R)] . (8.9)

Proof. We have already shown in the proof above that A, := A, [|x|20‘ ; L, (R)]
is finite. Choose a sequence (f,,) of entire functions of exponential type < 2
such that

o 1
| |z** = f (2) |, ®) §A2+E, n> 1.

For n > 1,
1 fo = fill ) < 242 +2.

It then follows that for some C' > 0 independent of n and z,

|[fn = fil (2) < Cexp (2[Im 2])

(See [17, Theorem 3, p. 38| for p = oo, and [17, eqn. (3), p. 149] for p < c0.)
Hence {f, — fi1},—, is uniformly bounded in each compact set. We can then
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extract a subsequence converging uniformly in compact sets to some entire
function f* — f; of exponential type < 2, and bounded on the real axis. For
notational simplicity, we assume the full sequence converges. We see that for
r>0n>1,

™ = f* (@) 2y =i

< ™ = fu (@) Iy + I (@) = 7 (@) 2y (-rm-
Letting n — oo gives

12 ** = £ (@) [y < As.
Since r > 0 is arbitrary, we have
[ = £ (2) | n,0m) < As.
The converse inequality is immediate, and (8.9) follows. [J
Lemma 8.5. Let f* be as in Lemma 8.4. Then there exists Cs > 0 such that
1 (2)] < Co(1 + |2]) el z e C. (8.10)

Proof. First note that

2c @
2™ = Hpa (22) @) = 2% = Hpo (2) |2, j0.00) < 00
SO
15 (x) = Hpo (2%) ||, m) < 00.

As f*(2) — Hp o (2%) is entire of exponential type at most 2, we obtain the
bound throughout the complex plane [17, p. 149, eqn. (3)],

f5(2) — Hp (ZZ)} < 062‘y|>
with C' independent of z = x 4 ¢y. Next, from (7.14) and (7.19), for |z| > 1,
[ Hpo (2%)] < |2 + Ot (8.11)

SO
|f* (Z)| < |Z|2a + Ce2\Imz|'

Then the result follows. [
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Lemma 8.6. Let f* be as in Lemma 8.4. Let A € (0,1). Then

lim Ey, [f*; L, [—An, An]] = 0. (8.12)

n—oo

Proof. Fix A\ € (0,1). Let Ly, (x) denote the Lagrange interpolation poly-

nomial to f* (Anz) at the zeros of the Chebyshev polynomial 75, (x). Let also

o > 1. The standard contour integral estimate for the error of interpolation
{ [ (Anz)|

gives
z€& ¢,
Ton (2) }

where C' is independent of f*,n, A and &, denotes the ellipse with foci at
—1, 1, intersecting the x and y axis respectively at :I:% (0' + %) and :I:% (a — é)
To estimate the max, we use the fact that each z = x 4+ 1y € &, can be rep-
resented in the form

1 1 ) 1\ .
z==-|o+—|cos@+ - (o——|sind,
2 o 2 o

some 6 € [0, 2w]. For such a z, the bound (8.10) gives

Ir[lafi] |f* (Anx) — Loy, (z)| < C'max
ze|—1,

F* (n2)] < C (Ano)™ exp (m (o— - l))

g

while
Ton (2)| =

Hence, at least for large enough n,

(O_2n + 0.—2n) )

N —

max | f* (Anx) — Lo, (z)| < Csn®* exp (n [)\ <a — l) — 2log 0}) .
z€[—1,1] o

As A < 1, we can choose 0 > 1 so close to 1 that A (a— é) —2logo < 0.
Thus we obtain for large enough n,

max |f* (Anz) — Lo, (z)] < Cgexp (—Con) .

z€[—1,1]

Then (8.12) follows. O
Finally for the proof of Theorem 8.1 and later use, we need:
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Lemma 8.7. (a)
o AL (2] Ly (R)] = Ay [|2]"5 L, (R)]. (8.13)

Moreover, if H* is a best approzimation in L, (R) to |z|* from entire func-
tions of exponential type < 1, then o “H™ (02) is a best approzimation in
L, (R) to |z|* from entire functions of exponential type < o, and conversely.

(b)
Ag [lel*; Ly (R)] = Ay 2% L, [0, 50)] (8.14)
Moreover, if H* is even and a best approzimation in L, (R) to |z|* from en-

tire functions of exponential type < o, then H¥ (\/Z) is a best approximation
in Ly, /[0,00) to x*/*and conversely.

Proof. (a) Suppose that p < co. Then

i ([l ora)”

. o0 1/p
=o*"5 (/ [t — o~ *H# (o—t)\”dt) :

by the substitution = ot. As 0=*H# (ot) is entire of exponential type < o,
this leads to the inequality

Avfla]*; Ly (R)] 2 0** VP A, (|2 Ly (R)] .-

The converse inequality follows similarly.
(b) This follows easily by a substitution in the definition of A, [||*; L, (R)]. O

Proof of Theorem 8.1. Let f* be as in Lemma 8.4. Let A € (0,1). By
Lemma 8.2(a),

(An)2* T3 By, [|2*; L, [-1,1]]
= [Ey, [|a:|2a ; Ly [—An, )\nH
< By [|2** = %5 Ly [=An, An]] + By [f*; Ly [—An, An]]
< | ** = £ (@) | L,@) + Bon [f*; Ly [=An, An]]
= Ay [|2**; Ly (R)] + By [f*5 Ly [~ An, An]] .
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Using Lemma 8.6, we obtain

(o4 1 (6% (6%
limsup (An)**7 By, [|2**; L, [-1,1]] < As [|2]**; L, (R)] .

n—oo

Letting A — 1— gives
lim sup n®**5 By, [|2[*; L, [=1,1]] < A, [|2[**; L, (R)] .

n—oo

Together with Lemma 8.3, this gives
lim n2**5 By, [|a**; L, [~ 1, 1] = A [J2[**; L, (R)] (8.15)

n—~0o0

and hence
lim (2n)%% By, [|2]*; L, =1, 1]] = 2%%5 A [J2]**; L, (R)]
= Ay [|=[*; L, (R)]

by (8.13). The monotonicity of the errors of approximation (Es, < Ea, 1)
then gives both (8.1) and (8.2). The remaining assertions follow from (8.6),
(8.14) and (8.15). O

For future use, we recall that in the proof of Lemma 8.3 (see (8.8)), we
proved

lim inf n?* "> By, (12> L, [—1,1]]
> || [** = Hpa (2%) lL,m = A2 [|2**: L, (R)] -
We then obtain from (8.15),
Ha** = Hpa (2%) |z, = As [Jo*5 L, (R)] , (8.16)

and hence

% = Hy (2) 1, 0.0y = Az [2% Ly, [0, 0) | (8.17)

9 Uniqueness in L, Approximation,
I1<p<ox

Recall that LJ denotes the set of all entire functions f such that f(z?) is
entire of exponential type < ¢, and such that

1112, ji0,00) < 00
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Theorem 9.1. Let 1 < p < o0 and o > —%, not an integer.
(i) There exists a unique entire function H,, such that H, ., (2*) is entire of
exponential type < 2 and

2% = Hyo (2) 15, f000) = A2 [275 Ly, /[0,00)] (9.1)

1) H,, 1s characterized by the condition that ||x* — H, o () ||, 0.00) 1S
b, p, Pv\/[ ) )
finite and

/Om|:ca—Hp,a<x>\p—1sign<xa—Hp,a<x>>f<m> —0 (02

dr
N3
forall f € L.

We deduce:

Corollary 9.2. Let 1 < p < o0 and o > —%, a not an integer. Then all

the conclusions of Theorems 3.1 and 3.2 are true.

Proof of Theorem 9.1

Step 1 Characterization for 1 < p < co. Let S be an infinite subse-
quence of integers as in Section 7, so that (7.1) holds and the conclusion of
Theorem 7.1 holds. In Section 8 — see (8.17) — we proved that

H|x|2a — Hy . (12) = Ay [|x|2a Ly (R)}

HL,,(R)

and
2% — Hpo (z)|l, = Ay [ L,[0, 00)].

P,/10,00) o

That is, H,, (2?) is a b.a. to |z[** in L, (R) from all entire functions of
exponential type < 2. Equivalently 0 is a b.a. to |z|** — H, 4 (22) in L, (R)
from all entire functions of exponential type < 2. By Theorem 2.12.6 in [30,
p. 84],

/R }|:E|2°‘ - H,, (552) }p_l sign (|a:|2°‘ - H,, (172)) g(z)dx =0 (9.3)

for all g € L7, and this relation characterizes 0 and hence Hpq (2%). A
substitution then gives (9.2). We already proved (9.1) in Section 8, see
(8.17). (Note that (9.3) remains valid for p = 1 as a necessary condition for
best approximation.)
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Step 2 Uniqueness. We have already shown that H,, is a best ap-
proximant that satisfies the orthogonality condition (9.2). Suppose that H#
is another best approximant. Then

1H* — Hyallr,, 000 < 1H® (2) =21, 0,00) + 127 = Hpo (2) |12, 0.00)-

so H#* — H,, € L2. Our orthogonality condition (9.2) gives

0= / e = Hyo () sign (2 — Hyo (2)) (H* — Hy.) (1) dT

and hence

& dz
o« ()P L
| =@

— /OOO |z® — Hp o (:c)|p_1 sign (z — Hp o (2)) (:L’a — H* (x)) dr

v
This can be re-expressed as the case of equality in Holder’s inequality. Indeed,
letting ¢ be the dual parameter of p (that is % + % =1),

Y (2) = 2% = Hpo (2)]" " sign («* — Hpa (2)) ;
¢ (x) =2 — H” (z),

and using that #* — H,, and 2% — H* have equal norm in L, [0, 00), we
obtain

> o p dZE
||,[7Z)||Lq,\/[0,oo)||¢||Lp,\/[0,oo): ; |I _Hpva(l’” ﬁ

:/Owwxw(x)%

This forces [14, p. 410], [18, p. 46] for some positive constant c,
¥ (@) = cl (@) sign (¢ (x)),

a.e. in [0,00). That is, we have a.e.
2% — Hya (x)|p_l sign (% — Hp,q (2))
=c|z* — H* (2) ‘p_l (z) sign (z* — H? (z))
= sign (2 — H* (2)) = sign (z* — Hp, (z)) ace. (9.4)
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Then also, we see that ¢ =1, and if p > 1,
1 — Hyqo (v) = 2% — H? (1) ae.,

whence H#* = H,, because of analyticity. This completes the proof of
Theorem 9.1 for p > 1.

Step 3 Uniqueness and Characterization for p = 1. Here we still
know that H,, satisfies (9.3), and hence (9.4) is true, but this does not
imply the required uniqueness. So we need an extra argument. Recall from
Theorem 5.1(c) that the zeros of 2® — P, 1 , (z) are

. 2 . 1 ™
Tinla =SUEANT 75 |5 773
. 2 . 1 v 2
7=, m e =73 )5)

o0

Fi.(2) = H (1 W) = cos (2v/2) .

J=1

and hence

SO

Theorem 7.1 shows that x* — Hy, (z) changes sign in (0, c0) exactly at the
zeros of cos(24/z). Thus z* — H # (x) also changes sign exactly at the zeros
of 1 o (2) = cos (2¢/z). Let

f(@) = Hia(a%) = H” (7).

This is entire of exponential type at most 2, has || f[|, g < oo and has zeros
at the zeros of cos(2z) on the real line. Then [17, p. 149, eqn. (3)] there
exists C' > 0 such that for all complex z,

|f (2)] < Ce?tm=,

In particular, f is bounded on the real axis, and satisfies 4.3(5), 4.3(6) and
4.3(7) in [30, pp. 180-181]. We then have the convergent interpolation formula
(30, p. 183, eqn. 4.3(13)]

Fo = EZD) (M) S (T T o),

k=—00
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where the {gx} are explicitly given functions. In our case f (k‘g + %) =
cos (2 (k‘g + 5)) =0 for all k, so

() = _cos2(2z) I (%> '

Integrability of f over the real line then gives f (%) = 0 and hence f = 0,
as desired. Note that we actually proved the following: any entire function
H# with H# (x?) of exponential type < 2 that satisfies the orthogonality
condition (9.2) equals H;,. Hence (9.2) characterizes the b.a. even for
p=101

We note that one can avoid use of the interpolation formula, instead
applying Lemma 10.5 below.

Proof of Corollary 9.2

Proof of Theorem 3.1 for 1 < p < co. As any subsequential limit H, ,
of {n** P, . (z/n?)} ~ is a ba. (recall (8.17)) and b.a.’s are unique, we
obtain

lim n2aPn7p7a (z/nz) =H,,(?)

n—oo

uniformly in compact subsets of the plane. Then all the assertions of Theorem
3.1 follow from Theorem 7.1 and (7.1).

Proof of Theorem 3.2 for 1 < p < co. The uniqueness of H),, has just
been established, as has the orthogonality (3.8). The representation (3.7)
was established in Theorem 7.1. It remains to prove (3.9). From (8.3) and
(8.4) of Theorem 8.1, and then (8.17),

Apa = lim n**5 B, 2% Ly, ,[0,1]]
= A ZBa;Lp,\/[(L 00)

= [l2% = Hpa (2) ||y, /10.00)-

Now all we need to do is to substitute (3.7) into this last formula. OJ

10 An Interpolation Series for p = oo

In this section, we establish representations by interpolation series at the
zeros of F, , and also establish some estimates involving F ,. Our main

o1



result summarizes some of these. Throughout we assume that we have a
subsequence S as in Section 7, so that

. 2 .
r; = lim nzj,, 7 >1,
n—o0,neS

exists, and uniformly in compact subsets of C,

li Xnoooc 2 Xnooa 0 :Fooa .
i X (2/72) X (0) = Froa (2)
Then as n — oo through the same subsequence, the scaled alternation points
also converge (because the differentiated sequence

{£n* R o (2/0%)} g converges), so that

y; = lim nzyjnva (10.1)

n—oo,ne

exists for j > 0. In view of the interlacing properties in Theorem 5.2(b),

L :
S T = Sj—1,n,00 < Yjn,a < Sjn,co = SH1

2 )™

o (10.2)

and hence, if

. 2
5j = (%T) , 120, (10.3)

then
sj-1<y; <sj, j=>1 (10.4)

The main results in this section are:

Theorem 10.1. Let a > 0 and f be an entire function such that both
(i) for some C > 0 and large enough |z|,

(%) < Az . (10.5)
(i) for some € € (0, %),
f (2)] = O (¢') 2 — oc. (10.6)
Then in the plane,
_ ; S f (@)
PO = Fue ) 2 o o=y 1o

7j=1
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Theorem 10.2. Let o > 0. Uniformly for 3 > 1,
(a)

(—1) F o (x5) > C\/x;. (10.8)
(b)

Froa (y7) ~ (=1 g (10.9)
(c)

We shall first establish some estimates involving the polynomials X, « q,
making essential use of the equioscillation points {y;p, a}n—i-l In this section,
since « is fixed, and we treat only the L., case, we use the abbreviations

X (2) = Xnsoa (2) 5 B (2) = Rpooa (2);

Tin = Tjn,co,as Yjin = Yjn,as Sjn = Sjn,c0-
Lemma 10.3. Let 3 > 0 and € > 0. Then forn > 1,

p-1 * X, (0)
§B-1 S - n 6-1
/ X ds / X EE el B
( ) -1 9
~ ds ~n~28. 10.11
/0 X, (—s)" (10-1)

Proof. Let J,, denote the first integral in (10.11) and I,, denote the last.
We see that

e [n+1 u -1
= n—%/ (1 - ) u?~du. (10.12)
0 |5 n’xj,

Here by Fatou’s lemma,

e n+1 -1
liminf n?%1, > / lim 1nf{ ( ) uﬁ_l} du
n?,

n—~o0 n—oo

j=1
e [ oo u !

> 1 Tl
= /0 H ( + liminf, n293jn) ] ¢ ’

Lj=1

- -1
> / 1+ . 2 Ty,

0 _]:1 max {007 |:(j - %) %] }




by (7.1) to (7.3). (Recall that Cy there is independent of the subsequence

S.) Moreover, by Corollary 5.3,

oo [n+1 -1
2, = 1+ — 4-1q
o /0 1;[ ( " nz%'n) ] oo

g/ooo fﬂ <1+m>_1 u?ldu

oo | ©©

n — oo, by Lebesgue’s Monotone Convergence Theorem. As I, < J,, we

obtain
n?Pr, ~n?J, ~ 1.

This gives the first and last ~ relations in (10.11). The other two are simi-

lar. O
Now we can prove:

Lemma 10.4. (a)
X, (1) ~ n%X, (0) (=1)"*".

(b) Uniformly forn >1 and 1 < j <n,
(_1)an (y]n) ~ X, (0) nzyjn'

(¢) There exists C > 0 such that forn > 1 and x € [0, 1],

X, (z) C
< — —.
'Xn(l)‘_x—l—(l :v)n2
(d) Uniformly in j and n,
Xy (@jn)
IZn\n) s, —
n2X, (0)| = €V

e) Uniformly for n > 1 and j such that y;, < L, we have
J 2
Yjn = Tin ~ Tjn = Yj-1.n ~ \/Yjn/N-

o4

(10.13)

(10.14)

(10.15)

(10.16)

(10.17)



Proof. (a) Now from (4.3) and as 0 and 1 are alternation points,

)Rn (0) ) X, (0)] Joo =5yds X )] ,
1= o n-,
R” 1 1 fO Xn(—s) s—l—l 1

by Lemma 10.3. Finally, X,, (0) has sign (—1)"*".

s ds

1 = (_1)j Ry, (yjn) = (- )j Xn (Yjn) fOOOOOXn(;S)ls—kyjn
R, (0) Xn (0) 0 Mds
- L(—U X (Yjn) ) oo Xn D perEnl < C(-1) X, (yj"),
Yin Xo(0) [ "ds = Y 12X, (0)

0 Xn(-s)
by Lemma 10.3. Also for j > 1, y;,, > 21, > Con™2, so

X Coni2 s& ds
1> (—1y Kol o T
X0 S
> ¢ (_1)j XTL (yjn)
N Yin ann (0) ’

by Lemma 10.3 again. Thus

(_1)j Xy (yjn) ~ n2Xn (0) Yin-
(¢) Now

s s(l—z
2) Jo X (= (s+1)(s+m)d8

a1
Sy o 148

R.(z) X, (z) 0 XS

n(l) Rn (1) XTL (1) fo Xnas s—}-lds
(2)
(1)

Here for x € [0,1],

[ =ce +(11>_<st x)ds
S(l_@mm{/o |X |1+s x/ X, (—s) 1+s}
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so using Lemma 10.3,

‘Xn (x) _ an (x)
Xn(1)  Ra(1)

o S o <

(Recall that 1 is an alternation point.) We deduce that for z > 25,

x 2C

X (@) < —(—2 < Sx—l—(l—m)n—

X (1)

X, /X t+x//X

1 [e%¢) tal
x Xn dt//

by the inequality 1 - <1+2u,uc [O, %} For 0 <z < i—(i, we instead use

1> Xa:

N |

by Lemma 10.3. Thus for such z,
S Can (1) 77,_2 S C4Xn (1) —

by (a) of this lemma. So we again obtain (10.15).
(d) As X, has n+ 1 simple zeros, X/ has n simple zeros that interlace those
of X,,. Let us denote these zeros by

LU/- - (xjn,xj—l—l,n); 1 S j S n.

n

Similarly X,/ has n—1 simple zeros that interlace those of X. Now let us fix

J > 2, and consider xj,. As ( T s x;n) contains exactly one simple zero of
X, either the interval (z/_, ,, xjn) or the interval (x,,2,) does not contain
a zero of X/, Suppose (x

Ly
1.m»Tjn) does not contain a zero (the other case is
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similar). Then X, is concave up or concave down in (z_; ,,,%;n). Suppose,

for example, it is concave down (the other case is similar). Then necessarily,

Xn (Ijn) - Xn (x;'—l,n)
Ljn — x;—l,n

X (zn) < <0,

SO X ,
X, (o) > Erliora)l

l’jn—l’-

But X/ (2_;,) = 0, so |X,| has its unique maximum in (2;_1,,2;,) at
7y ,- In particular, as the alternation point y;_;, lies in this interval,

[ X (2 -1.0) [ = X0 (Yj-10)] 2 Cyjoran® | X (0)] 2 Cjun® [ X (0)],
by (10.14) and as Corollary 5.3 shows that z;, > Cz,_1,. Hence

Xp ()l o Caye
P2 X O)] = g — 251

Now we know from Corollary 5.3 that

1 3
Tjn — Tj_1n < sin? ( (j— = - sin ( (j— = T
’ 2) 2n 2) 2n

S g\/ Ljn,

n

uniformly in n > 1 and 2 < j < n. (If j = 2, we take the lower bound for
21, as 0.) Then

1X5 ()|

w2 %, ()] = OO
The case 7 = 1 is not included above. For this case, we note that as the
smallest zero of X/ lies in (z,,, 25, ), we shall have that X/ is of one sign in
(1n, @,,), SO is concave up or concave down there. Then we can proceed as

before.
(e) From (c), for all z € [0, 1],

‘(1 — ) Xy (2)
n?X, (1)




By an inequality of Brudnyi and Lebed [6, p. 241, Theorem 2.3,

e

From this, and using (10.15), we derive the bound

X/ (x) T 1
< .
'Xn(l) _C(n 1—x+1—x)’ z € [0,1]

Then
X (Yjn) _ Yin X1 (x)dx
X, (1) 2 Xn (1)
yjn 1 :|

<Cn + Yin — Tjn) -
[ et | i)

Using (a) and (b), we obtain if y;, < %, and since yi, > 21, > Con~2,

Yin < On\/Yjn (Yjn — Tjn)

S0
yjn - xjn Z C\/ yjn/n
The corresponding upper bound follows easily from (5.6) and (5.8). The

first ~ relation in (10.17) follows. The remaining ~ relation in (10.17) is
similar. U]

Proof of Theorem 10.2. (a) From the locally uniform limit

lim X, (2/n*) /X, (0) = Foo o (2)

n—oo,ne

we deduce that locally uniformly

lim  n7°X; (2/n*) /X, (0) = F . (2).

n—oo,nNES

Then because of the uniform convergence

[Pl (@) = lim 072 | X, (%20 /n?) /X0 (0)] = C /a5,

n—oo,NES
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by Lemma 10.4(d). As F o (0) = 1, and F , has sign changes at each z;,
we see that I, (z;) has sign (1)’
(b) Recall from Lemma 10.4(b) that

(=1 X, (Yjn) /X (0) ~ 0y
Then because of locally uniform convergence,

Feon (y]) = lim SXn (nzyJ'N/n2) /X0 (0) ~ (_1)j Yj-

n—oo,ne

(c) This follows from Lemma 10.4(e):
02Yjn — 1220 ~ 02T — N2Yi 10 ~ /Y,
giving as n — oo through S,
Yy =& ~ L = Yji-1~ Vi
Finally, we see from (10.4) that.

VY =2 Cj > Ci(y; —yj—1) -

Then the last ~ relation in (10.10) follows. [
We need one more growth lemma:

Lemma 10.5. Let g be entire of exponential type, and assume that for some
Cl, 02,03 and |IIIIZ| Z Cg,

l9(2)] < Cr (142 (10.18)

Then g is a polynomial.

Proof. We shall show that the estimate in (10.18) holds even for |Im z| <
C5 . Then Liouville’s Theorem gives the desired result. We use the indicator

function

i0
hy (0) := limsup M, 0 € [0,27].

r—00

Our bound above shows that



As g is entire, it is known that h, is continuous [17, p. 55|, [13, p. 465], and
hence
hy < 0in [0,27].

By Theorem 2 in [17, p. 56|, given £ > 0, there exists r. such that for |z| > r,
and all 0
‘g (T‘ew)‘ < er(hg(9)+s) < T

We use this estimate, (10.18) and subharmonicity of log|g| to prove (10.18)
for |Im z| < C3. Suppose that z = z + iy with |y| < C5 < 1 ]z|. Then

1 [7 .
loglg ()] < 5 [ 1ol (= + Jo] ) d

<L
2T J {te|—m m)ilasint]>2C5)
1 .
+ — €|z + |z] | dt.
27 {te[—n,7):|xsint|<2C3}

log [Cl (14 |z + |z] e“‘)cz] dt

In the second integral, the range of integration is contained in intervals with
endpoints 0, £, and length O (ﬁ) Hence,

z
I%MM§&+@MM+%%§Cm0Hw-
Then (10.18) follows for |Im z| < Cj with |z| large enough. (For small |z|, we
can just use continuity of ¢g.) O

Proof of Theorem 10.1. We break the proof into three steps.
Step 1. The Interpolation Series
Let

- [ (z))
L(z)=Fxal(z) J )
; Floo (@) (2 = ;)
We first show that this series converges uniformly in compact subsets of the
plane. Suppose that |z| < r. For j such that z; > 2r,

f ()

()
M;A@Mz—@><c

— ,7 )
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by (10.6) and (10.8). As z; > Cj%, we have

Z f ()

Jix;>2r FO,O@ (ZL']) (Z - xj)

<C Y jiE<or (10.19)

Jixj>2r

Then the uniform convergence follows (for example, via the Weierstrass
M —test).
Step 2. The function g

Let
9(z) = (f(z") =L (")) /Feoa (+°)

This is entire, and we shall apply Lemma 10.5 to show that g is a polynomial.
Firstly, our hypotheses show that f (22) is entire of exponential type < 2.
We claim the same is true of L (22). To see this, let 7 > 1 and suppose that
12]* <7, but |22 — 2;] > 1 for all j. We see that

3 f (@) '<C > 22

jooe | Foo o () (22 = )

Jij<Civ2r
Replacing 2z by 22 in (10.19) and combining with this gives
|L(2*)| < COr|Faa (2%)], (10.20)

for all |z| < /7 such that |2? — z;| > 1 for all j > 1. Since z; — x;_; ~ j, we
can use the maximum modulus principle as in Theorem 7.2(e) to show that

sup }L (z2)‘ < Cr sup }Foo,a (z2)‘ :
|z|<v7 |z|< /T

As Fy o (2%) is of exponential type 2 (Theorem 7.2(c)), the same is then
true of L (2?). As f (2?) — L (2?) and Fi, (2?) are of exponential type, their
quotient g is also [17, p. 13, Theorem 1]. We next show that g satisfies
(10.18). For |Im 2| > 1, we have |2 — z;| > 1, so by (10.20),

1L (2*)] < Ozl |Feoa (2%)] - (10.21)
Moreover from our hypothesis (10.5) and Theorem 7.2(d),

log }f (2%) [Fooa (22)} < 2 |Im 2]
+ Clog |z| — log |cos (22)] + log™ |z| + [log [2* = ¢|| + C,
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where ¢ is the closest zero of F , or cos (2\/) to z2. By an elementary
calculation, for |Im z| > 1, we have

2 |[Im z| — log |cos (22)] < C.
Then for [Im z| > 1,
log | f (2°) /Fsa (2%)] < C (1 +1og|z|).
Combining this with (10.21), we obtain
g <CA+]), |zl =1

By Lemma 10.5, g is a polynomial.
Step 3. We show g = 0.
To do this observe that from (10.6), (10.9),

1f () [ Fooa (u)] = O (35) =0 (1),  k— o0,

We claim that also

Z - f ()

=1 "o () (yr, — ) =o(1), k — oo. (10.22)

1L (yr) [ Foo.o (yr)| =

Once we have this relation, we will have
Jim g (yx) = 0,

which will give the desired conclusion that g is identically 0, as g is a poly-
nomial. Firstly, as at (10.19),

f(xj) 1-2 _
> <C ) jTE<oy” (10.23)
Next,
Z f (@) < Q Z x%—f
oo (T3) (W —25) | — Ui g
Jiwi<yp/2' % 72 <yg/2
C
< _ 1—2¢
<o >
J:3<C\/yx/2
< Cyk_e. (10.24)
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Finally,

1

<Oyt ) :

Jiyr/2<2<2yk |yk - l’j|

f (z))

FL o (x5) (yx — ;)

D

Jiyr/2<m; <2y

Here from (10.10), the closest x; to y, will be at a distance ~ |/y; away.
Moreover, we know that for indices j in this last sum,

T; — X5 ~ g~ vV Yk
Then

2.

j:yk/2<$j <2yk

f ()

FY o () (yx — 75)

Ti— Ti_
< Cy;* Z B bt

j:yk/2<$j<2yk |yk - x‘]‘

< Oy / _dz
[y /2,298 \ vk —C/Ti i+ C /] 1Yk — ]
< Cy;; " log Y.

This and the estimates (10.23), (10.24) give (10.22) and the result. O

11 Uniqueness in L., Approximation

In this section, we prove uniqueness of the best L., approximants:

Theorem 11.1. Let a > 0 and @ be the least integer > .
(a) Then there exists a unique entire function H* such that H* (x?) is entire
of exponential type < 2 and

4% — H* (2) ltone) = Az [2% Lacf0, 00)]. (11.1)
Moreover, H* = Hy o, where Hy o s the locally uniform limit of some
subsequence of {n** Py oo o (2/1%)} .

(b) There exist alternation points
O=yo<y1 <Y <--- (11.2)
with
yg = H* () = (1) A3 [1% L [0, 00)], 20, (11.3)

we|(-03)".63)]  iz1 (1.4

and
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We already know from Lemma 8.4 that a best approximant H* exists.
We shall show that H* = H ,, where H , denotes the locally uniform
limit of some fixed subsequence of {n**P’ _ , (z/n?)}, that is

7,00,00

lim  n*Pr . (2/n*) = Hu o (2)

n,00,a
n—o0,nES T

uniformly in compact subsets of C. We proved that H., , is a best approxi-
mant in the sense outlined above, recall (8.17). In the sequel, let

R(z) = 2% — Ho o (2) = lim n** R, (2/n*) and R* (2) = 2 — H* (z).
(11.5)
As n — oo through the same subsequence S, the scaled alternation points
also converge, so that

lim Sn2yjn,a =y, j >0, (11.6)

n—oo,ne

and (10.4) holds. The alternation property (11.3) for H. o then follows from
that for R, and (11.5), except that the specific sign (—1)’"® has not been
established. In this section, we let

A=A, [g:a; L, /[0, oo)] . (11.7)
Lemma 11.2. (a) For j >0,
(H* = Hoo o) (y;) (=1)"7" > 0. (11.8)

(b) We can choose a sequence {zj};il of zeros of He o — H* satisfying for
J=1
2j € [Yj-1, ] (11.9)

and
% < z4s,  j2> 1 (11.10)

If for some j, z; = zj41 then z; = y; and y; is a double zero of R — R*.
Proof. (a) From (4.3) and (4.5),
sigh (Rp..a (0)) = —sign (sinar) = (=1)*

and hence also

sign (R (0)) = —sign (sinar) = (—1)%.
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Then for 57 > 0, o
R(y;) = (1) A,

Since
| R*[| Lo j0,00) = A,

we obtain

(H* = Ho) (y5) (1) = (R = R") () (~=1))"" > 0.

(b) From (a), H* — Hy o has at least one zero in [y;_1,y;] for j > 1. For
J > 1, let z; denote the smallest zero of H* — Hy, o in [y;-1,y;]. Note that it
is possible that z;; = z;, but this occurs iff both equal y;, which will then
be a double zero of H* — Hy, , = R— R*. (For if y; is a zero of R — R*, then
both R and R* will have an alternation point at y;.) Finally, observe that

Zjy2 2 Yjr1 > Yj = %

If z; > 0, we let

If z; = 0, we instead let

Lemma 11.3. (a) For all z € C,

sin (24/z)
2y/z
<2 (|log\z — (]| +1og™ 2| +C) ,

log [W (2)] — log

where C is the closest zero of ¥, G or sin (24/z) to z.
(b) Suppose z; > 0. Then for Re(z) <0,
sin (24/2)

v )2 Ty
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If z1 = 0, this holds for Re(z) < 0 with |z| > 1.
(c) U (2?) is entire of exponential type 2.
sin(2ﬁ)
Proof. (a) From (11.4), the zeros of G, (2) and those of ——=* weakly
interlace. Then Lemma 7.3 gives

sin (24/z)
2V/z

sin(2\/)

log |G (2)] — log

' < llog |2 | + log* || + €.

where ( is the closest zero of G, or ~— to z. Moreover, from (11.9), the
zeros of ¥ and G, weakly interlace. Again Lemma 7.3 gives

[log |V (2)| — log |G (2)|| < [log|z = ¢ +log™ [2] + C,

where ( is the closest zero of G, or ¥ to z. Combining these inequalities
gives the result.
(b) Suppose first that z; > 0. We have for j > 1, (recall (10.4), (11.9))

Then for Re(z) <0,

2 2
R
‘1—3 _1+@ o [Rez]
Zj Z] Zj
R 2
>1+@+2| ez|_'1—3
Sj Sj Sj
So
= z = z sin (24/2)
v = 1——> 1—— .
vl =II- 2> - 5| = 5

If instead z; = 0, the only difference is the term for j = 1. We use instead
the estimate
-3

S1

< (L4 |2 < (2117,

provided |z| > 1.
(c) This follows easily from (a) and the maximum-modulus theorem. [J]
We can now prove:
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Lemma 11.4. Let
P (2) =

(11.14)

Then ® is a polynomial.

Proof. Now
CO = || (H* - Hoo,a) ($2) ||LOO(R) < 00. (1115)

Moreover, (H* — Hy, o) (%) is entire of exponential type < 2. Then as per
usual [17, p. 38, Theorem 3]

|(H* — Hy o) (2%)] < Coe?tm=l, z e C. (11.16)
This and Lemma 11.3(a) give

sin (22)
2z
+2 (‘log‘z2 —CH +log™ |2| + C),

log ‘(ID (zz)‘ <log Cy + 2 |Im z| — log

where ( is the closest zero of ¥, G, or Sm2(\2/\_[) to z2. Next, if z = x + iy,
some elementary manipulations give
2 |Im z| — log |sin (22)| < C, [Imz| > 1.

Hence for [Imz| > 1,
log |® ()| < C (1 + [logz]]).

Moreover, as ® is the ratio of entire functions of exponential type, it is also
of exponential type, [17, p. 13]. Then Lemma 10.5 shows that ® (2%) and
hence @ (2), is a polynomial. (J

Now we can give

Proof of Theorem 11.1(a). We claim first that

H(2) = Hoo (2) = Faa (2) Y ;H _( H“;) (23) (11.17)

j=1 = 00 1’])( _$j)

This follows from Theorem 10.1: the bounds (10.5) and (10.6) for f = H* —
H, o were established in stronger form, in the proof of Lemma 11.4. So all
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the hypotheses of Theorem 10.1 are satisfied, and we have (11.17). Next for
x> 2, (10.8) and (11.15), (11.17) give

* - 1
|H* — HOO,Oz| (—x) < C|F007a (—)| Z Y

1 1 1
<ClFa(-0l{ = 3 —+ 3 =5
— o0, - /2

X Jirj<z [L’] Jjixj>x xj

1 1
<C|Fea(—2)[{ = Z 3+ Z 7
j:j<Ci/x j:j>Ca/x
log x
< O P (-2)] =%

Then ® of (11.14) satisfies

Foopc

(—x)SC‘ = (=) log x

@ (~)| =

H* — H
‘7 . (11.18)

00,0
v

X

We shall show that the right-hand side tends to 0 as + — oo. Then in as
much as ® is a polynomial, it is identically zero, and the result H* = H ,

follows. We assume z; > 0 (the case z; = 0 requires trivial modifications)
and write

Froa it
— (— = L, 11.19
o (o) Iy (11.19)

Recall (from (10.10) and (11.9)) that both

x5, % € [yj-1, 5] - (11.20)
Next,
METRY D kT3 (11.21)
L+ 2 ; (2 + )

If z; > x, we estimate this above by

vy — Y1)  Cx
T;2; A
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recall (11.4). Then

1+ = Cx
11 =< 11 (1+j_3)
Jjizj>x Zj Jizj>w
1
<exp | Cx Z —
Jjizj2x
1
<exp(Cx Y —|<C (11.22)
Jj:j>Cy/x

Next if z; < x, we estimate (recall (11.20))

x|z — x] < max{y; — Tj,¥; — Yj_1}
z; (2 +x) — T ’

Using the crucial estimate (10.10), we see that for some A € (0,1) indepen-
dent of j,

Y — x5 =Yj — Yi—1 — (2 — Y1)
< (yj—yj-1) (1 —A).

A similar upper bound holds for z; — y;_1. Also for some Cj, (10.10) shows
that

rj 2 yj — Co/ys
and the function ¢ — — C}O —; 1s decreasing for ¢ > (Co/2)* . Hence if jy is such
that yj,—1 > (Co/2)*, then for j > jo,

zly =zl _ Yi — Yj-1
I | S AV B o B
ij(ZjJFI)_( )yj—CO\/y_j
Yj dt

< 1—A/ o

( ) yjflt_CO\/%
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Then recalling (11.21),

14 = Yi dt
I
Jj>joizi<x zj Jj>joizi<x Yi-1 t— CO\/E
<exp((1-A / _
S exXp (( ) v +_ Co\/%)
< Gz, (11.23)

since

[ ([ ) oq,
Yjo—1 t— CVO\/Z Yjo—1 t Yjo—1 3/

Finally, as x — oo,

Jo—1171 4 xﬁ
IIl—2<c.
, + =
J=1 Zj
Substituting this and the estimates (11.22), (11.23) into (11.19) gives
FOO (0% —
‘ 2 (—x)| < Ot A, r — 00
v
and hence (11.18) gives
|® (—x)| < Cz™loga — 0, T — 00.

So @ is identically zero, and H* = H,, , identically. Because of uniqueness
of the best approximant, H , is independent of the subsequence. So it is
the unique best approximant. [l

Proof of Theorem 11.1(b). Because H , is independent of the subse-
quence S, and is the unique best approximation to z®, Theorem 7.1 gives,
uniformly in compact subsets of C,

2% — Hoo (2) = R(2) = lim n** Ry, 000 (2/0%).

Because of the uniform convergence, this relation can be differentiated. As
Yjn is the jth alternation point of Ry, o0 o () = 2% — Py, .« (), We obtain the
existence of

y; = lim nQyjn, g >1.

The relation (11.3) was proved in Lemma 11.2, while (11.4) follows from
(10.4). O
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Corollary 11.5. Let p = 0o and o« > 0. Then all the conclusions of Theo-
rems 3.1 to 3.3 are true.

Proof.
Proof of Theorem 3.1 for p = co. As any subsequential limit H , of
{n** Py copa (2/n?)} | is a b.a. and b.a.’s are unique, we obtain

lim n** Py 000 (z/nz) = Hoo o (2)

n—oo

uniformly in compact subsets of the plane. Then all the assertions of Theo-
rem 3.1 follow from Theorem 7.1 and (7.1).

Proof of Theorem 3.2 for p = co. The uniqueness of H, , has just been
established, as has the alternation property (3.10). The representation (3.7)
was established in Theorem 7.1. It remains to prove (3.11). From (8.3) and
(8.4) of Theorem 8.1,

Ao = lim n** B, [z Loo,\/ 0, 1]]

= A2 [:L’a, Looy\/[o, OO)]
= ||z = Heo,a () ||Loo,\/[0,00) = [Heo,a (0)] -
Now all we need to do is to substitute (3.7) into this last formula.

Proof of Theorem 3.3. We established (3.12) and (3.12) already — see
(11.4) and (11.6), and recall that all the limits are independent of the subse-
quence S. The relation (3.14) is Theorem 10.2(c). The remaining relations
(3.16) to (3.17) follow by a scale change in Theorem 4.1(b) and taking limits
there. [

12 Proofs of Theorems 1.1 to 1.3

Proof of Theorem 1.1. Let P denote the polynomial of degree < n that
best approximates |z|* in L,[—1,1], as in Theorem 1.1. Then

Py (2) = Paps ()

as follows from (2.8). So

lim (2n)° Py, (2/ (20)) = 2% lim () Popa ((2/2)7 /n?)

n—oo n—oo

= 2aHp,% ((2/2)2) )
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*

by (3.4) in Theorem 3.1. Because |z|” is even, Py, = P5,
convergence allows us to deduce

_1 so the uniform

lim n®Py (2/n) = 2Hp o ((z/2)2) :
Now at (8.16), we noted that H,a (2%) is a best approximation to |z|"
from entire functions of exponential type < 2. By Lemma 8.7, H* (z2) =
2°Hp o ((z/ 2)2) is a best approximation to |z|* from entire functions of ex-
ponential type < 1. So we have (1.3). O

Proof of Theorem 1.2 for 1 < p < co. We already know that H* (z) =
2%Hp o ((z/2)2) satisfies (1.3) and (1.4). It also satisfies (1.5) for all f of
exponential type < 1 such that f € L, (R) and f is even. Indeed this follows
from (3.8) by a substitution. Of course if f is odd, (1.5) is also immediate.
Since every function is the sum of its even and odd parts, we obtain (1.5)
in full generality. Once we have the characterization (1.5), the uniqueness
follows as in the proof of Theorem 9.1. [J

Proof of Theorem 1.2 for p = co. Let {y;})~, be as in Theorem 3.2(IV)
and let

y; = 2/Y;,7 = 1.

Then H* (2) = 2°Hw o ((2/2)2) satisfies (1.7) to (1.8) as follows from (3.10).
Moreover, we know that H* is a best approximant in L., (R) to |z|* from
the entire functions of exponential type < 1. Suppose H#* is another best
approximant. We decompose it as the sum of its even and odd components:

H# = HY + HY.

As |z|* is even, H? is also a best approximant to |z|”, and then via Lemma 8.7,
27*H¥ (24/2z) is a best approximant in the setting of Theorem 3.2. The
uniqueness part of Theorem 3.2 gives

27HY (2v/2) = Hoo 2 (2).

So
H* (2) = 2°Hooa ((2/2)°) + HY (2) .

We now proceed to show that

HY

0,

7

[\)



which will give the result. First observe that (1.8) applied to 2 Hu g ((2/2)2)
gives

(-~ HE () _
— (—1)"2 [y T —2Hyo (iy;f/2)2>] — (-1
= Ay [J2]*; Lo (R)] = (=1)*% [|yf|* — HF (d7)]

J J
> 0.

;" = H (£y7)]

Since H¥ is odd, this relation forces
HF (+y;) =0,
and hence also

()3

yi|" = H” (295)] = A []2]%; Loo (R)].

Thus +y! are extrema of |z|* — H# (z), and we know they are extrema of
|2|* = 2%Hoo 2 ((1’/2)2) Then they are also critical points of H¥, that is,

HF (xy;) =0.

Thus Hf has double zeros at +y?. But H¥ (2) = H# (2) — 2°Hoo 2 ((2/2)°)
is also entire of exponential type < 1. We show that H¥ has too many zeros
for a function of its growth and hence is the zero function. Let n (r) denote
the total multiplicity of zeros of H} in the ball |z| < r. Since yt = 2,/y; €
[(j — 1) 7, j7], we see that n (jm) > 45, which easily implies

n(r 47 4

lim inf ) > liminf —— = — > 1.
r—oo T j—oo (j+D)7m w

Since H¥ is at most of order 1 and type 1, this implies [17, Theorem 3, p. 19]
that HF = 0. So H* (2) = 2*Hy o ((z/2)%). 0

Proof of Theorem 1.3. We use (3.7) with a replaced by a/2, and z
replaced by (z/ 2)2, and multiply by 2 :

e ()




We make the substitution ¢ = (s/2), giving

__sin %ﬂ'F Na% o gt dt
o P22 5% 4 22 2\’
. F,u (_( ) )

with

This gives the result for Re (z) > 0. For Re(z) < 0, we use the fact that all
the terms other than z® in (1.9) are even.
Finally in Theorem 8.1, we showed that

AL o = Adflz]%; Ly (R)]
and using (1.3), (1.9), we continue this, if p < oo, as

=[] = H* (@)l &)

o 82+ 22 F* (is)
If p = 0o, we use instead that

P 1/p
dx) .
Ao = Aif]2] Lo (R))]
= |[|lz]* — H* (2)[|,_ &) = [H" (0)]

‘singﬂ o gt
- / }J(zs)d&
— 0o

For future use, we state part of what is proved above:

O

Lemma 12.1. Let H* denote the b.a. to |z|* in L, (R) from the entire func-
tions of exponential type < 1. Then

H*(2) = 2°H,, 2 ((%)Q)
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and

Moreover, for 7 > 1,

r;=2\/r; and y;=2/y;
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