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ON THE BEST CONSTANT FOR HARDY’S INEQUALITY IN R"

MOSHE MARCUS, VICTOR J. MIZEL, AND YEHUDA PINCHOVER

ABSTRACT. Let Q be a domain in R™ and p € (1,00). We consider the (gen-
eralized) Hardy inequality [, [Vul? > K [, |u/8|P, where §(z) = dist (z, Q).
The inequality is valid for a large family of domains, including all bounded do-
mains with Lipschitz boundary. We here explore the connection between the
value of the Hardy constant pp(Q) = ianon,p(Q) (JoIVulP / [ |u/é]P) and
the existence of a minimizer for this Rayleigh quotient. It is shown that for
all smooth n-dimensional domains, p,(2) < ¢p, where ¢, = (1 — ‘%)p is the
one-dimensional Hardy constant. Moreover it is shown that pp(2) = ¢p for all
those domains not possessing a minimizer for the above Rayleigh quotient. Fi-
nally, for p = 2, it is proved that u2(Q2) < c2 = 1/4 if and only if the Rayleigh
quotient possesses a minimizer. Examples show that strict inequality may
occur even for bounded smooth domains, but p, = ¢p for convex domains.

INTRODUCTION

Let © be a domain in R® with non-empty boundary. Let L,(€); ¢) denote the
weighted Lebesgue space with weight ¢ and set L,(2) = L,(€;07P), where

0(x) = dq(x) :=dist (x,09), Va e R"

The norm in EP(Q) will be denoted by |- Ig, but the superscript will be omitted
when there is no danger of confusion.
For 1 < p < oo, Hardy’s inequality reads

(0.1) |U|1§)z <AVl @), YueEW1, (),

where v is a constant which may depend on the domain. The inequality was
discovered by Hardy [10] in the one-dimensional case and later extended to higher
dimensions (see [16] for historical background). It is known that, for n > 2, the
inequality holds if  is a bounded Lipschitz domain, [16]. The following variational
problem is naturally associated with (0.1):
P
(0.2) inf M
uevfh,p(ﬂ) fﬂ |u/5|p

The infimum (which we denote by p,(€2)) is positive if and only if (0.1) holds in

Q. Note that the ratio is invariant with respect to dilation. In the one dimensional
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case it is known that the infimum is independent of €2 and that

1o
(0.3) pp(€2) = ¢p = (1 - 5) :

This was established by Hardy [10, 11], who also showed that the constant is not
attained, i.e. the variational problem has no minimizer.

In the n-dimensional case i, (€2) varies with the domain. However, if €2 is convex,
Hp(Q) = ¢p (see [15]). In [15] a proof is given for n = 2; in [7, p. 115] the result is
stated for p = n = 2. A simple proof of the result in the general case is provided in
appendix A below.

The main theme of this paper is the connection between the existence of mini-
mizers for (0.2) and the value of 11,(€2). Specifically we shall establish the following
results, in which Q stands for a bounded domain in R™ with C? boundary.

Theorem 1. For every p € (1,00), up(Q) < cp. If problem (0.2) has no minimizer
then 1, () = cp.

Theorem II. u2(Q) = c2 if and only if problem (0.2) has no minimizer.

The main ingredient in the proof of Theorem I is the following concentration
result.

Theorem III. Suppose that (0.2) has no minimizer. If {ug} is a minimizing se-

o]
quence, bounded in W1, (), then each subsequence of {Vuy} which converges in
the sense of measures concentrates at the boundary. More precisely,

(0.4) [Vug| — 0 in L°().

The organization of the paper is as follows. In section 1 we establish a concen-
tration result involving a constant y;(€2) related to the variational problem (0.2).
Theorem III is a consequence of this result. In section 2 we prove Theorem I using
the previous concentration result. In section 3 we present the proof of Theorem II,

which is based on the spectral theory of operators of the form p?A (on V?/'l)g Q)
where p is a smooth function comparable to dq near the boundary, (see [1]—[3]).
Finally, in section 4, we discuss the relation between the constants ¢, and pu,(£2)
for various families of domains.

1. A CONCENTRATION EFFECT
Let
(1.1) Wi p(Q) = {u € W((Q) : hul1p < o0},
where
fl1,p = tulp + [Vl 2,0

If Q is a domain for which (0.1) is valid, then obviously, Wl,p(ﬂ) ) Vci)/l,p Q).
Furthermore,

Lemma 1. Let Q be a bounded domain of class C?. Then,

Wi p(Q) =W, ().
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The proof of the lemma is given in Appendix B. We observe that, in general, the
conclusion of the lemma fails if the domain is unbounded. For instance, suppose
that Q is the complement of the unit sphere and p > n. In this case, if u € C*°(Q),
u vanishes in a neighborhood of 02 and v = 1 in a neighborhood of infinity, then

u € Wi\ Wiy ().

For u € W1 ,(Q2) s.t. lulp # 0, put

_ Jo [Vul?
- Jalu/ol

As before, the superscript will be dropped if no ambiguity results. Further, denote

(1.2) Xp ()

(1.3) pp(Q) = inf{liminfy_ o xp(ur) : {ur} CI/(IJ/'L,, (),
we ¥ 0 in Wy, (Q), liminfhul, > 0}.

Obviously,

(1.4 W) > 1y ().

Remark 1. Suppose that Q is a domain with compact boundary. If {u} is a se-
quence satisfying the conditions of (1.3) then,

(i) ur — 0 in L°(Q),
(1) [o lur /6P = 0 if @' € Q and dist (2, 09) > 0.

If in addition Hardy’s inequality holds in €2, then
(1.6) up "4¥ 0 in L,(Q).

(1.5)

In fact, (1.5) follows from the assumption that uy w4k 0 in I/(I)/'l,p (©2). This implies
statement (i) (by Rellich’s lemma) and the boundedness of {uy} in W ,(2). These
two facts imply (ii). If Hardy’s inequality holds then the boundedness of {uy} in
W1 ,(Q) implies its boundedness in L,(Q). This fact and (1.5)(ii) imply (1.6).

Theorem 2. Let Q be a domain in R™ with compact boundary of class C?. If
Hardy’s inequality (0.1) is valid in Q, then

(L7) W) = ¢y

In addition, if {uy} is a sequence as in (1.3) and
(1.8) lim xp (uk) = p, (€2),
then

(1.9) Vup — 0 in LI°(Q).

For the proof of the theorem we need a computational lemma, the first part of
which is due to [6].

Lemma 3. (i) Given h,T,{ >0, let V =V}, 1 ¢ be the function defined by
V(t) = h(t/T)T "5 Wt >0,
where € = W@%' Then, forp > 1,
T T 1
(1.10) / V()P dt = ¢, and / VP dt = (e +1— 2.
0 0 p

(ii) Let V denote the function in C[0,2T) determined by the following conditions:
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3240 MOSHE MARCUS, VICTOR J. MIZEL, AND YEHUDA PINCHOVER
V=V in|0,T], V(2T) =0 and V is linear in [T, 2T).
Then V EV?/LP (0,2T) and
2T |55

Jo VP

2T /5

o (V(t)/t)r
if either h — 0 (while T, are fized) or ( — oo (while T, h are fized).

(1.11)

Proof. The verification of these statements is straightforward and will be omitted.
We note that,

< RPTP,

2T
/0 (T )/t dt — ¢

(1.12)
/ [V'IPdt =C(e+1— 5)” + hPTI P,
0

Proof of Theorem 2. First we show that

(1.13) 1(2) < cp.

(This inequality is valid even if Hardy’s inequality does not hold in €2.) Denote
Qp ={z €Q : d(x) < B}. If B is sufficiently small, the function dq is in C*(Qp)

and there exists a set of ‘flow coordinates’ (4, ) such that the transformation of
coordinates z < (§(z),o(x)) is C! in Qg and its Jacobian J equals 1 on 9 (see

[17]). Let V = Vh’g/g)l and set

[ V(s(x), ifze Qg
(1.14) op() = { 0, ifxe Qﬁand d(x) > .

Then, vy, El/f/'lyp () and (as |V8(z)| = 1) |Vou(z)| = [V/(8(2))] in Qg. For fixed 3,

op, — 0 and Vo, “4* 0 in L,(Q) as h — 0. (The second statement follows from the

fact that {Vuy} is bounded in L, () and tends to zero in LI*¢(Q2).) Since J = 1
on the boundary, these facts and (1.11) imply that

inflopl, =14 0(1) and ligljgf Xp(vr) = (1 + 0(1))cy,

where o(1) denotes a quantity which tends to zero when 8 — 0. This implies (1.13).

Next we prove (1.9). If this statement is not valid, then there exist a sequence
{ux} which satisfies the conditions of (1.3) and (1.8), a compact set K C 2 and a
positive number « such that

(1.15) / |[Vug|P > o, VEkeN.
K

Since |ugl, > 0 and liminfhugl, > 0, it follows that influgl, > 0. Let 8 be small
enough to satisfy the requirements of the first part of the proof and in addition
to guarantee that K C Qj := Q\ Q. Our assumptions imply that there exists a
positive number ¢ (depending on j3) s.t.

(1.16) / lug /6P > ¢ and i ::/ lug /6P — 0.
Qs Q

B
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ON THE BEST CONSTANT FOR HARDY’S INEQUALITY IN R" 3241

(For the second statement see (1.5).) Thus,

fQ |Vu;€|p +
(1.17) rplug) > 2 AT
e N T e
Let (,0) be the flow coordinates mentioned in the first part of the proof and
let J be the Jacobian of the transformation 2 < (6(x),o(z)). Note that for any
f € C*Qp) we have |[Vf| > |g—£|. Therefore, using the one dimensional Hardy
inequality, we obtain

B8
/ VuglP = / / Vur|PJ (5, 0) dodo
Qs a0 Jo

B

(1.18) > (14 0(1))c,,/ / lui /6|7 (5, o) dbdor

a0 Jo

— W+ oD)ey [ fun/aP

Qp
where o(1) is a quantity which tends to zero when § — 0. By (1.16)-(1.18) it follows
that
(1.19) likm inf xp(ur) > (1+0(1))cp + /A,

where A = supluklg. (Since, by assumption, Hardy’s inequality holds in €, the
boundedness of the sequence {Vuy} in L,(€2) implies the boundedness of {luxl$}.)
If 3 is sufficiently small, the right hand side of (1.19) is larger than ¢,. But in view
of (1.13) this contradicts (1.8). Therefore (1.9) holds.

Now using (1.9), the previous argument shows that

(1.20) likminf Xp(ur) > (14 0(1))cp,

for any sequence {u;} as in (1.3) which satisfies (1.8). This fact together with
(1.13) implies (1.7) and completes the proof. O

The previous theorem dealt with sequences which converge weakly to zero. Next
we present a similar result concerning sequences which converge to a fixed non-zero

o
element of W1, (£2). A related question (in the one dimensional case) was studied
in [6], where the authors were interested in an associated ‘gap phenomenon’ (see
also [14]).

Given u GV?/LP (Q), denote

(1.21) vp(u) = inf{liminf x,(ug) : {ur} CW1,p (),
st oup " uin W, (Q)).

If {uy} satisfies the conditions of (1.21) then the statements of Remark 1 apply to

ur — u. In particular, if Hardy’s inequality holds in , then wy weak 4 in Wlﬂp(ﬂ)

and consequently liminf fugl, > .

Theorem 4. Let ) be a domain in R™ with compact boundary of class C? and let

u be a non-zero element of V?/Lp (Q). If Hardy’s inequality is valid in Q, then
(1.22) vp(u) = min(cp, xp(u)).
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3242 MOSHE MARCUS, VICTOR J. MIZEL, AND YEHUDA PINCHOVER

If {ur} is an admissible sequence (in the sense of (1.21)) such that

(1.23) lim xp (ug) = vp(u),
then
(1.24) V(uk —u) — 0 in L°(Q).

If, in addition, xp(u) < cp, then up — u in Wl,p(Q).

Proof. Let {wy} be a sequence which satisfies the conditions of (1.3) and
(1.25) lim xp (wk) = p1 ().

We may assume that kwgl, = 1. Thus, by (1.25) and (1.7),

(1.26) Xp (W) :/ [Vwg|P — cp.
Q

In view of (1.25), Theorem 2 implies that Vwy — 0 in LLOC(Q).

Let o be a positive number such that o # lul, and set Uy := u + aw;. Then
{Uk} satisfies the conditions of (1.21). Let 3 be a positive number and let Q3 and
QQJ be defined as in the proof of Theorem 2. We claim that

nm/(|vvk|P—|ank|p) :/ Vul.
Q Q

To verify this fact, observe that

lim sup | (IVUL]P — |aVwg|P)] = o(1) and lim |[VU|P z/ [Vul?,
Qs k—oo Jay, Q

k—oo

where o(1) denotes a quantity (depending only on ) which tends to zero as § — 0.
Similarly,

lim/(|Uk/5|p—|awk/(5|p) :/ /617
Q Q
Hence, using (1.26), we obtain

(127 () < lim xp(U) = 2P ()

af +ulp
Finally, letting « tend to zero or to infinity, we obtain
(1.28) p(w) < min(ey, X, (w).

Next, let {ur} be an arbitrary sequence satisfying the conditions of (1.21), and
denote vy, := up—wu. Thus, by (0.1), {ux} is bounded in lep(ﬂ) and uy — u weakly
in L,(9) (see Remark 1). We want to estimate lim inf x,(ug). Therefore, without
loss of generality, we may assume that {x,(ug)} and {lugl,} converge. Denote

4= lim/ |uk/5|p—/ /6.
Q Q

Then a > 0, and equality holds iff uy — w in f/p(ﬂ). Let § be a positive number as
before. Then
fQB |Vog[? + fQ’B |Vug [P + Ry,

(1.29) Xp(uk) = )
? Jo, 1ok /817 + Jo lur /0P + Rj
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where

Risl=| [ [Vl - / Vol?| < o(1),
Qp Qg

Riol =1 [ /ol = [ Jou/ol7] < o),
Qp Qs

and o(1) denotes a quantity (depending only on ) which tends to zero as § — 0.

Indeed, since {u} is bounded in I/?/l,p (Q) and u, — v = u,
[ 19wl = [ vl < d 190, - [90d,0,)]
Qs Qp
< C”quLP(Qﬁ) = 0(1)1
where ¢ is a constant depending on the bound of {uy} in V(E/l,p (©). Denote
ag = limsup/ log/OIF,  ag = liminf/ vk /8P,
Qs Qp

Then

(1.30) lim ag = lim a; = a

Indeed, the limits exist because the quantities ag, and ag vary monotonically with
(G and the equalities can be verified as follows:

lim/|uk/(5|p—/ /[P = lim/ s /6P
k—oo Jq Q/B k—o0 Qs

= Jim ([ fou/aP + R ),
Qp

k—o0

(1.31)

with R; ; as before. Consequently, ag — az = o(1), and (1.30) follows from (1.31)
by taking the limit as 8 — 0.
If 3 is sufficiently small, the argument employed in (1.18) yields

(1.32) / VorlP > (1 + 0(1))c,,/ /5P
Qs Qs
From this inequality together with (1.29) and(1.30) we obtain,
(1.33)
(1 +0(1))Cp ng |Uk/5|p—|—fﬂ,ﬁ |Vuk|p + Ry
fQB |k /S|P + f% lu /0P + Ry 5
(1+o0(1))epas + Jo, [VulP +o(1)
ag + fQ,B |u/d|P + o(1)

lim xp (ux) > lim sup

Hence, taking the limit as 8 — 0, we obtain

) acp + [, |VulP )
(1.34) lim xp (ug) > W > min(cp, Xp(u)).

Inequalities (1.28) and (1.34) imply (1.22).
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Finally, suppose that {uy} satisfies (1.23). If (1.24) does not hold, there exist
a compact set K C Q, a positive number o and a subsequence of {ux} (which we
also denote by {ux}) such that

(1.35) / Vug|P > o<+/ Vul?, VkeN.
K K

Using this fact and repeating the previous argument, we obtain
acy + [ |Vul? + o
a+ [olu/olp
which contradicts (1.22). If in addition, xp(u) < ¢p, this argument shows that

(assuming (1.23)) @ = 0. As mentioned before, this implies that u, — u in L,().
Since xp(ux) — Xp(u), this in turn implies that ||Vurl[z, ) — [[Vullz, ). Since

(1.36) vp(u) = lim xp (ug) > > min(cp, xp(u)),

Vuy, — Vu weakly in L, (), these facts imply that ui — w in Wi ,(Q). |

Remark 2. The proof of the theorem also demonstrates the following fact. If u is a

non-zero element of V?/l,p (Q) such that x,(u) < ¢, then there exists an admissible
sequence {uy} (in the sense of (1.21)) such that (1.23) holds. If x,(u) > ¢, then
there is no sequence for which the value vp,(u) = ¢, is attained.

2. ESTIMATES OF [,
Theorem 2 and (1.4) imply that
(2.1) () < ¢,

for domains of class C2. Actually this inequality remains valid under much weaker
assumptions on 02, as was shown by Davies [8] in the case p = 2. The following is
a similar result for p > 1. Our proof is different from Davies’ proof, although the
latter could also be extended to the more general case.

Theorem 5. Let Q be a domain in R™. Suppose that at some point P € 9N
there exists a tangent hyperplane II. More precisely, assume that there exists a
neighborhood U of P such that

(2.2) | dist (z, IT) — d(x)| < o(1)(dist (x, P)), VxeUNQ,

where O(MS a quantity which tends to zero as x — P, and U N § contains a
segment PQ perpendicular to II. Then (2.1)) is valid.

Proof. Put 2’ = (21, -+ ,2,—1) so that a generic point in R™ can be written in the
form z = (2', z,,). Without loss of generality, we assume that P = 0,1 = {z,, = 0}
and that € contains a segment {(0,z,) : 0 < 2, < b}. Then condition (2.2) implies
that for every A > 0 there exists a > 0 such that

(2.3) Kio={z:0<z, <a,|d| < Az,} C Q.

Let H := {z,, > 0} and let € € (0,1). Since u,(H) = ¢p, there exists ¢ € C§°(H)
such that |x[/(¢) — ¢p| < e. There exists A > 0 such that

suppp C Ka ={x: z, >0, |2| < Az, }.

The ratio Xf and K4 are invariant with respect to transformations of the form
x — az with a > 0. Therefore, in view of (2.2) and (2.3) we may assume that

supp¢ CUNQ and dq(x) < (1 + €)xy,, V € supp .
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These facts imply that
Xy (0) < (L+e)x; (9) < (1+€)(cp + ).
Since € € (0,1) is arbitrary, (2.1) follows. |

Remark. In connection with this result it is natural to ask whether the estimate
(2.1) remains valid for arbitrary domains, with no assumption of regularity. In the
case that  is the punctured space R™ \ {0}, it is known that p,(2) = |1 — n/p|?,
which may be larger than ¢, (see Example 1). However the question remains open
in the case of irregular bounded domains or exterior domains (i.e. complements of
bounded domains). Davies [8] conjectured that in this case (2.1) is valid, at least
for p = 2.

The next result describes a connection between the value of 1, (£2) and the exis-
tence of minimizers for problem (0.2).

Theorem 6. Let Q be a domain in R™ with compact boundary of class C?. Suppose
that Hardy’s inequality (0.1) is valid in Q. If problem (0.2) has no minimizer, then

(2.4) 1p($2) = 5.
Proof. Let {u;} be a minimizing sequence for (0.2), normalized so that hul, = 1

for all k. Then the sequence is bounded in I/f/l_,p (©), and consequently there is
a subsequence (which we continue to denote by {ug}) which converges weakly to
some element U in this space. If U = 0, then by Theorem 2,

pp = Hminf x;, (ug) > py(2) = ¢y,
and therefore, by (1.4), up = ¢p. On the other hand, if U # 0 then, by Theorem 4,

,Up(Q) = lim X;o(uk) > Vp(U) = min(cp, Xp(U)) 2 ,u;o(Q)-

Thus, either (2.4) holds or u,(2) = xp(U). Since, by assumption, there is no
minimizer, it follows that (2.4) is valid. O

3. PROOF OF THEOREM I1I

Throughout this section,  denotes a bounded domain of class C? in R”, n >
2, p>2and d = dg. We start with a brief discussion of some spectral properties
of the operator P = —§2(x)A in Q. The proof of Theorem II will be based on these
properties and the asymptotic behavior of positive solutions of minimal growth at
0N

First, we turn €2 into a Riemannian manifold M equipped with the metric ds? =
6~2(x) 2", da?. In accordance with previous notation we put La(M) = La()
and H' (M) = W172(Q) with the norm |-|1 2 (see (1.1)). The closure of C3(€) under
this norm will be denoted by H{ (M).

Let P be the Friedrichs extension of the operator P considered as a symmetric
operator in Lo(M) with domain C}(Q) (see [2]). Since M is a complete Riemann-
ian manifold, the operator P is the unique selfadjoint realization of P in Ly(M).
Actually, P coincides with the Dirichlet realization of P with domain of definition
given by

D(P) = {u|u € Ly(M)N H},.(M),Pu€ Ly(M)}.
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We denote by (P), 0ess(P), 0point (P), the spectrum, essential spectrum and point
spectrum of P, respectively. Finally, the convex cone of all positive solutions of the
equation Pu = 0 in Q will be denoted by Cp(2).

It is well known that

. = . Jo IVu|?dz
0 mn U( ) ,u2( ) uelﬁré(M) fQ |U/6|2d$

(3.1)

Ao sup{A € R : Cp_A(Q) # 0}

sup{AeR : Jue HL (Q),u>0,(P—Nu>0in Q},

and the supremum ) is achieved. Further,

(3.2) Aoo 1= inf 0es5(P) = sup Ao(M \ K),
Kcca
where A\g(M \ K) is defined in the same way as Ao with M replaced by M \ K (but
§ =dq), and
doo =sup{A€R : IK CC Qs.t. Cp_A(Q\ K) # 0}
(3.3) =supfA€R : 3K cCcQandu € HL,.(Q\ K), s.t.

u>0 and (P—XNu>0 in Q\ K}

(see [1]). Clearly, Ao > Ao.

If problem (0.2) is solvable then it possesses a positive minimizer. Since every
minimizer is a solution of the equation (P — A\p)u = 0 in €, it follows that problem
(0.2) possesses a minimizer if and only if g = () and Cp_x,(Q) N La() # 0.

Let € > 0. Since 2 is a smooth bounded domain, there exists 5 = 3(¢) > 0 such
that the function §'/2 is a positive supersolution of the equation (P+4e¢—1/4)u =0
in Qg ={zx €Q: d(z) <B}. Therefore, (3.3) implies that Ao > 1/4. On the other
hand, the proof of Theorem 5 and (3.2) imply that Ao, < 1/4. Therefore,

)\oo = Cy = 1/4

Note that if Q is unbounded or nonsmooth it may happen that 0 < A\, < 1/4 (see
Section 4).

Now, a general theorem of Agmon [3] implies that if 0§ is real-analytic then
Oess(P) = [1/4,00), and every eigenvalue is an isolated point of the spectrum and
has finite multiplicity. Therefore, (0.2) possesses a minimizer if and only if ps =
Ao < Ao = 1/4, and Theorem II follows. We present here a direct and elementary
proof of Theorem IT which does not assume the analyticity of the boundary. We were
later informed (Agmon [4]) that the results quoted above can also be established
without the assumption that the boundary is analytic.

The proof of the theorem is based on several lemmas, of which the first is due
to Agmon while the second is a modification of Agmon’s proof of the analogous
theorem for Schrédinger operators in R™ (see [2, Theorem 2.7]).

Lemma 7 (Agmon). Let Q C R™ be a bounded domain of class C*. Assume that
0 <A< 1/4 and let s = s(\) be the positive number such that s(1 —s) = X and
1/2 < s < 1. Consider the functions

vs(x) = 8%(x) — 6(x)/2, wus(x) =0%(x) + d(x)/2.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ON THE BEST CONSTANT FOR HARDY’S INEQUALITY IN R" 3247

Then for every € > 0 there exists § > 0 such that:

(a) for each € < X\ < 1/4 the function vs is a positive supersolution and us is a
positive subsolution of the equation (P — XN)u =0 in Qg;

(b) for 0 < X < 1/4, vs,us € L*(Qp).

Proof. Let the normal curvature of 02 be bounded in absolute value by K and
let #1 = 1/K. Since Q is of class C?, it follows that § € C*(Qg,) (see [9, Lemma
14.15]). Let « > 0; then in Qg, we have

A (2) = ad(z)* A (2) + a(a — 1)6(2)* 2| Vé(2)]?.

Moreover, |Ad| is bounded in a neighborhood of the boundary and |Vd(z)| — 1
as x — O0f). These facts together with some elementary calculations imply the
lemma. O

Lemma 8. Let Q) be a domain in R™ with compact Lipschitz boundary. Let X < 1/4
and let w be a positive continuous supersolution of the equation (P — Au = 0 in
Qg for some B > 0. Let v be a continuous subsolution of the same equation in Qg
such that

(3.4) hminf/ |@|2da::0,
Dy,

k—o0

where Dy, = {x € Q : 27"+ < §(z) < 27F}. Then there exists a positive constant
C', which depends only on the values of w and v on {x : 6(x) = 3/2}, such that

(3.5) v(z) < Cw(x)

on Qg/s.

Proof. Let C be a positive constant such that

(3.6) v(z) < Cw(x)

on {z € Q| d(x) = 3/2}. Define a function ug in Qz/5 by
(3.7) ug(z) = (v(z) = Cw(z)).

We claim that ug = 0 in 95/2. Note that ug is a subsolution of the equation
(P —Xu = 0in Qg/5. Moreover, it follows from (3.6) and (3.7) that there exists
€ > 0 such that ug = 0 in Qg5 \ Qg/2_.. Extend ug by zero in Q\ Qg/5. It follows
that ug is a non-negative subsolution in {2, and we have

2

(3.8) / <Vu0 -V (Cug) — A@) dz <0
Qg/2 Y

for any real function ¢ € C§°(92). Using the identity

(3.9) Vg - V(¢Puo) = [V (Cuo)* — ug|VE[?,

we infer from (3.8) that

. v Q_A(UOC)2> QV Qd .
(3.10) [ (weor2tgh) < [ vera

On the other hand, since w is a positive supersolution,

§2u(2) Ao o
(3.11) Vw -V (— 2/ — Cug.
w 9[3/2 62

Qg/2
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Therefore, noting that by (3.9)

CQUZ

Vo V(D) = [V (Cun)? — V()P

we obtain
w2 2 (UOQ2
(3.12) /Qm |V( 40y 24 </QW (|V(<u0)| A >dx.

Combining (3.10) and (3.12), we find that
u
(3.13 [ Ees [ v
Qpg/2

Qg/2

Note that, by (3.4),
(3.14) lim inf 2%/ luo(z)|>dz = 0.
— 00 Dk

Pick xx € C§°(€) such that 0 <y, <1 and

xk(z) =1 if 6(z) >2
xk(x) =0 if §(z) <2 1
[Vxk| <72k

Applying (3.13) with ¢ = %, using (3.14) and Fatou’s lemma, we find that

/ w?| V(22 )|2<likminf/ ud| Vx| 2de
Qp/2 w T Jg)

(3.15)
< lim inf 72%/ ugdzr = 0.
k—o0 Dy,
Therefore, ug = cw in {)g,, for some constant c. Since w is positive and ug vanishes
in an open set of g/, it follows that ¢ =0 and ug = 0 in Qg/,. O

Remark 3. Suppose that 2 is a domain whose boundary contains a compact con-
nected component I' of class C2. Let 8 > 0 be sufficiently small and assume
that u is a positive continuous supersolution and v is a continuous subsolution in
g = {z € Q| dist(z,T") < B}, and v satisfies (3.4) with D} := Dy N T replacing
Dy. The proof of Lemma 8 demonstrates that there exists C' > 0 such that v < Cu
in Fg/g.

Let K C 2 be a compact set. The set Q\ K is called a neighborhood of infinity in
Q. Let v be a positive solution of the equation (P — A)u = 0 in some neighborhood
of infinity in . Then v is said to be a positive solution of minimal growth in a
neighborhood of infinity in Q if for each positive supersolution w of the equation
(P — X)u = 0 in some neighborhood of infinity in 2 there exist a positive constant
C and a neighborhood of infinity 1 C Q such that v(z) < Cw(z) in ;.

Lemma 9. Let Q be a bounded domain in R™ of class C? and let €,3 > 0. Let
€ < A < 1/4. Suppose that v is a positive solution of the equation (P — XNu =0 in

Qg. which has minimal growth at infinity in Q). Then there are positive constants
C and (1 such that

(3.16) C™15%(z) < w(x) < C&(x) in Qp,
with s as in Lemma 7. The constant C' depends only on €, 81 and the mazximum of
v on 0fg, .
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Proof. Let € > 0 be fixed. By Lemma 7 there exists By > 0 such that for each
€ < A < 1/4 the functions vs(z) = 0°(2) — 36(z) and u,(z) = §°%(x) + 30(z) are
positive supersolution and, respectively, subsolution of the equation (P — A)u =0
in Qg,. By the definition of positive solution of minimal growth at infinity it follows
that there exist positive constants C' and 3; such that

(3.17) v(z) < Cvs(z) < C6°(x) in Qg,.

If A < 1/4 then s > 1/2, and consequently u, € L?(Qg,). Now, if € < X\ < 1/4,
Lemma 8 implies that there exist §; and C' > 0 such that

(3.18) C~15%(z) < () in Qg,.

Next suppose that A = 1/4. A simple calculation shows that there exists Gy > 0
such that, for every 0 < n < 1/4, the function u; /o4, is a subsolution of the
equation (P —1/4)u = 0 in Qp, and u; /o4, € L?(Qg,). Therefore, by Lemma 8
there exist positive constants ¢ and (; such that

Le81/20(2) < cuy jory(z) < v(z) in Qg,
for every 0 < 1 < 1/4. By letting n — 0 we obtain
(3.19) 2c61 2 (z) <w(z) in Qg,. O

Remark. Note that the latter inequality holds true for any positive supersolution of
(P—1/4)u = 0 in some neighborhood of infinity in 2. In particular if u € Cp_1,4(£2)

then u ¢ Lo(M).

Theorem 10. Let Q be a bounded domain in R™ of class C? and let Ao be as in
(3.1).

(i) If 0 < Ag < 1/4 then X\ is a simple eigenvalue of P. Consequently problem
(0.2) possesses a minimizer which is unique up to a multiplicative constant
and the minimizer satisfies estimate (3.16). Furthermore, Cp_x,(€2) is a one
dimenstonal cone.

(ii) If Ao = 1/4 then problem (0.2) has no minimizer, and if u € Cp_1,4(Q) then
there exists a constant ¢ > 0 such that u(x) > cd'/?(x). Moreover, \g is not
an eigenvalue of P.

Proof. First we establish the following claim. Let A € (0,1/4] and suppose that
Cp_x(Q) is not empty. If u € Cp_»(Q) and w € Ly(M) is a solution of (P—\)w = 0,
then w is a constant multiple of u. Indeed, if w is a non-trivial solution, then Lemma
8 implies that there exists € > 0 such that ew(z) < u(x) in Q. Define

eo = sup{e : u(z) — ew(x) >0 in Q}.

If u — eow € Cp_174(12), then by Lemma 8 there exists ¢; > 0 such that u — eow >
e1w, which contradicts the maximality of €¢g. Therefore, u = eyw.

Now in part (i) we assume that A\g < Ass = 1/4. Since Ag is achieved, Cp_», () #
(. In addition, if \g < A, it is known that u € Cp_,,(Q) if and only if u is a
positive solution in  which has minimal growth at infinity (see, for example, [1,
Theorem 5.5]). Therefore, by Lemma 9, every u in Cp_y,(€2) satisfies (3.16), so
that )¢ is an eigenvalue, and in view of the previous claim, it is a simple eigenvalue.
This implies statement (i).

Finally we observe that if u € Cp_1,4(£2) then, by the remark following Lemma

9, there exists C' > 0 such that §'/2(z) < Cu(z) in Q, and therefore u ¢ Lo(M).
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Thus, u is not a minimizer of (0.2). Furthermore, if \g is an eigenvalue then problem
(0.2) possesses a minimizer, and consequently there exists a positive eigenfunction
corresponding to Ag; but this contradicts the previous conclusion. This proves
statement (ii). O

Remark 4. For the second statement of the theorem, the assumptions on the do-
main can be relaxed. In fact, if 2 is an arbitrary domain (not necessarily bounded)
such that 9 contains a compact connected component I' of class C?, then state-
ment (ii) remains valid. Indeed, if Ao = 1/4 and u € Cp_;/4(f2), then by Remark 3

there exist constants (3, ¢ > 0 such that u > ¢6'/2 in T's. Thus u ¢ Lo(M).

4. SOME EXAMPLES

In this section we discuss the value of the best Hardy constant for various specific
domains. Recall that, by Theorem 5, if 2 is a bounded Lipschitz domain then
0 < pp < ¢p. On the other hand, if 2 # R™ is convex then p), = ¢, (see Appendix
A).

Example 1. THE PUNCTURED SPACE: Let R? = R"™\ {0}. It is easy to see that

pp(RY) = inf{xfz (u) : u EI/?/LP (R}) and wu radially symmetric}.

In fact this is valid in every radially symmetric domain Q. Therefore, by [11, 13]
(see also [16]), up(RY) = ¢, == |72 [P

- pn

Example 2. EXTERIOR DOMAIN: Let €2 be an exterior domain such that ) has
at least one boundary point which admits a tangent hyperplane. It follows from
Theorem 5 that p,(2) < ¢,. Without loss of generality, we may assume that
0 ¢ Q. Consider the sequence of domains €, = £, k > 1. Then, 11,(€%) = 11, ().

On the other hand, by Lemma 12, limsup;_, . pp(2%) < pp(RY) = ¢, Thus,
pp(2) < ¢ ,,, and consequently

(4.1) 1p(©) < min(ey, c5.)-

In particular, if p = n, then ,(2) = 0. Note that c;, < ¢, if and only if
p>(n+1)/2.

Example 3. PUNCTURED DOMAIN: Let € be a Lipschitz domain such that 0 €
and consider the punctured domain Q* = Q \ {0}.

Note that, in view of scale invariance, u,(R?) can be approximated by test func-
tions with supports in arbitrarily small neighborhoods of the origin. Consequently,

(4.2) () < iy (RD) = €.

Thus, for p = n, p,(Q*) = 0. If p < n then W1, (Q) =W+, (%). Since do(z) >
da+ (x) it follows that

(4.3) pp () < pp(€2).

Moreover, if we assume also that u, () < ¢, then there exists a strictly positive
minimizer u of the variational problem for the domain 2. Clearly, xﬁ* (u) < x?(u).
Hence, pp(2°) < pp(€2).
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Example 4. ANNULAR DOMAIN: Let €1, Qs be two bounded Lipschitz domains in
R™, such that 1 CC Qs, and set Qp = R™\ Q. Consider the domain Q = QN Q.

Set pipi = pp(Qi) and o = 22— If u €115 (2), then

(a + (1 - a))”quL »() > Qlip o (Mﬂo)p + (1 - Ol)ﬂp,2(lu|§32)p
= oo {(2)? + (W12} > a0 (RID)P.

Hence,

Up,0lp,2
(4.4) )
Hp,0 + [p,2 b
Assume that 0 € Q; and put Q¥ = Q¢ N (kQ2). Then {QF}2°, is a normal
approximating sequence for Qg (see Definition 1) and consequently, by Lemma 12

and (4.1),
(4.5) lim sup g, (QF) < 11,(Q0) < min(cp, ¢, ,,)-

k—o0
In particular, if p = n, lim up(Qk) = 0. In this connection we recall that, in the case
p =n =2, Ancona [5, p.278] proved that if Q is a simply connected domain then
u2(2) > 1/16. Our result shows that for annular domains ps may be arbitrarily
small. . .

On the other hand, if Q% := (£€)N<2, then {Q2*}7°, is a normal approximating

sequence for the punctured domain Q5. Hence, if p <n,
(4.6) tmsup 4, (24) < () < min {1y (9, 5,0

—00
In particular, if p = n, lim up(flk) = 0. Furthermore, by (4.3) and the previous
convexity argument,

c;,nMP(QQ)
C;T) ntHp (QQ)

Example 5. RADIALLY SYMMETRIC DOMAINS: In the case of radially symmetric
domains, more precise information concerning us can be obtained through the
construction of explicit solutions.

We start with the exterior of a ball @ = R" \ B(0, R). We know that if n = 2,
12(2) = 0. Suppose now that n > 3. Consider the radial equation

(4.7) < () < 11y (22).

w o (n=1)y Y (n—=1)(n—3)y
=0
v Y —Re Y 477 ’
where r > R. It has a positive solution of the form y(r) = \/(r — R)r!=". There-
fore, y(r) is a positive supersolution of the equation (P— i)u =0in Q and therefore,

w2 > 1/4. Hence, by Example 2, us(2) = 1/4 for n > 3.

Note that if n = 3 then y(r) is a positive solution of the equation (P —1/4)u =0
in ©Q which has minimal growth in a neighborhood of infinity in €2. Therefore, in
this case y(r) is the unique positive solution of (P —1/4)u = 0 in Q and can be
thought of as a virtual minimizer of (0.2).

Next we consider an annulus, Q = A(r,R) = B(0,R) \ B(0,7),0 < r < R. If
n = 2 then limpr_, o p2(A(r, R)) = 0. Now assume that n > 3. Then it is easily
checked that

v(@) = | "D min{(je] —r)'/2, (R — |2))'/?}
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is a positive supersolution of the equation (P—%)u = 0 in €. Therefore, uz(A(r, R))
> 1/4 and hence (in view of Theorem 5) u2(A(r, R)) = 1/4.

Finally we consider the punctured ball B(0, R)*. By Example 3, if n = 2 then
u2(B(0,R))* = 0 and consequently lim, g u2(A(r, R)) = 0. Suppose now that
n > 3, in which case, pa(A(r, R)) = 1/4 for every annulus. By Lemma 12 and
(4.3), 1/4 = lim, o p2(A(r, R)) < p2(B(0,R)*) < 1/4. Thus pu2(B(0,R)*) =1/4 .

Example 6. ALMOST CONICAL DOMAINS: Consider for simplicity a conical do-
main in R3 (the same argument applies also for n > 3). So, let v > 0 and let
x € R? be given in polar coordinates by (r,6,¢). Consider the domain

D,={zeR|0<r<l,y<0<m0<¢<2nr}

Davies [8] has proved that lim, o p2(€2,) = 0. Hence, taking a smooth normal
approximating sequence of domains for D, we see that for every ¢ > 0 there exists
a smooth bounded domain A, such that 0 < p2(A.) <e.

Further, using a smooth approximation of a sector in R? and employing an
estimate of Davies [8] concerning such sectors, we find that for every 1/4.86 < 8 <
1/4 there exists a smooth bounded domain Ez C R? such that us(Es) < 8.

APPENDIX A.
In this appendix we prove the following result.
Theorem 11. Let Q # R"™ be a convexr domain. Then
(A1) 1p(2) = cp.
The proof will be based on three lemmas. We start with a definition.

Definition 1. Let Q be a domain in R™. A sequence of domains {Q} is a normal
approximating sequence for € if it satisfies the following conditions:

(A.2) da, () — da(x), Vz e,
and for every compact subset K of Q) there exists an integer j such that
K C ﬂ Q.
k=j

Note that every increasing sequence of subdomains whose limit is €) is a normal
approximating sequence in the sense of this definition.

Lemma 12. Let Q be a domain in R™ and let {Q} be a normal approximating
sequence of domains. Then

(A.3) lim sup 1 () < pp(92).

If in addition to the above, there exists a point P € 02 such that 0X) has a tangent
hyperplane at P, then

(A4) lim sup p, () = ¢p = 1p(Q) = cp.

Proof. If u € C§°(2) then for sufficiently large k, u € C§°(Q%). Condition (A.2)
implies that x5 (u) — x§}(u). This fact and the definition of 1, (€2) imply (A.3).
In view of Theorem 5, (A.4) follows from (A.3). O
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Let 2’ = (21, -+ ,2,_1) denote a generic point in R"~!, so that z = (2/,x,) is
a point in R”. Let D be a domain in R*™! and let € be a domain in R” of the

form {(2',z,) : 2’ € D,0 < z, < A(z’)}. When this is the case we shall say that
Q covers D.

Lemma 13. Let Q be a bounded domain of the form described above. If u € C*(Q)
and u vanishes on x,, =0, then

(A5) /|Vu|p > cp/ /2 P
Q Q
Proof. Let (0, A) be a bounded interval. If f € W1 ,(0, A) and f(0) = 0, then

A A
(A.6) / > / @)/t dt.

Using this fact we obtain,

A(z')
/|Vu|p2// |Ou/0xy |P dayda’
Q pJo

A(z")
ch// |u/zn|P da,dx’
pJo

—y [ Ju/alr
Q

Let S be a bounded polytope and let I'y,... ,I', denote the (open) faces of S.
Further, denote

|

F; =08 \ Fj,
(A7) Sji=A{z €S dist (z,I';) < dist (z,I")},
S* = U?:l Sj.

Lemma 14. If S is a bounded convex polytope, then (A.1) holds.
Proof. Let u € C§°(S). By Lemma 13,

(A.8) /S [VulP > Cp/s- lu(z)/ds(x)|P da.

Since S is convex, S\ S* is a set of measure zero. Therefore, in view of Theorem
5, (A.8) implies (A.1). |

Proof of Theorem 11. We may assume that n > 2. Since Q is convex, it follows
that for almost all points x € 02 there exists a tangent hyperplane at = (see, for
example, [12, Theorem 2.1.22]). Thus, by Theorem 5, 1,(22) < ¢,.

On the other hand, the convexity of € implies that there exists a normal approx-
imating sequence of domains {2} such that, for each k, € is a bounded convex
polytope. Therefore Lemma 12 and Lemma 14 imply that p,(2) > ¢,. Hence we
obtain (A.1). O
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APPENDIX B.

In this appendix we give a proof of Lemma 1 and mention some related questions.

Proof of Lemma 1. Let f € Wj ,(0,1) and suppose that fol |f(#)/t]P < oo. Clearly
this implies that f(0) = 0. Therefore the statement of the lemma is valid in the one-
dimensional case. Next, using the notation introduced in the previous appendix,
let D be a domain in R”~! and let Q be a bounded domain in R™ which covers D.
Thus

Q={(z',2,): 2’ € D,0 <z, < Az},

where A(-) is a bounded function in D. Suppose that u € W1 ,(2) and that

/Q () /an|P dz < oo.

Then one can take for u an appropriate element of its equivalence class, so that,
for almost every =’ € D,

A(z")
u(a@',-) € Wi ,(0, A(z")) and / lu(z', ) /2 |P dzyy < 0.
0

By the previous remarks, lim, _qu(z’,z,) = 0 for almost every =, € D. This
implies that the trace of u on D is zero. .

Now let 2 be a bounded domain of class C? and let u € Wi (). Using the
fact established above, together with a standard partitioning technique plus local
‘flattening’ of the boundary, we conclude that the trace of w on the boundary of {2

is zero. Hence u GV?/LP (Q). |

Remarks. The inclusion Wl,p(ﬂ) D I/f/Lp (€) is valid in any domain (not necessarily
bounded) in which Hardy’s inequality holds. However, in general, equality does not
hold in unbounded domains. For instance, if n > 3, p = 2 and 2 is the exterior of
the unit ball, then Hardy’s inequality is valid. However, in this case, it is easy to
construct functions which behave like a negative power of |z| at infinity and belong

to /Wl,p(Q) but not to I/?/l_,p(Q).

Conversely, if €2 is bounded and WLP(Q) D I/(I)/'l,p (), then Hardy’s inequality
holds in €. This is a consequence of the closed graph theorem and the Poincaré
inequality.
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