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Abstract. We are concerned with a class of two-dimensional nonlinear wave equa-
tions 02u — div(c?(u)Vu) = 0 or d?u — c(u)div(c(u)Vu) = 0 with small initial data
(w(0, ), 0,u(0,2)) = (cuo(x),cu(z)), where c(u) is a smooth function, ¢(0) # 0, z € R?,
up(x),u1(z) € C§°(R?) depend only on r = /2?2 + 22, and ¢ > 0 is sufficiently small.
Such equations arise in a pressure-gradient model of fluid dynamics, as well as in a lig-
uid crystal model or other variational wave equations. When ¢/(0) # 0 or ¢/(0) = 0,
c’(0) # 0, we establish blowup and determine the lifespan of smooth solutions.

1. Introduction and main results. In this paper, we shall focus on two-dimen-
sional nonlinear wave equations of the form

?u — div(c*(u)Vu) = 0

u(0,2) = eug(z), Owu(0,2) = ceuy(x),

(1.1)
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where c(u) is a smooth function with ¢(0) # 0, z € R?, ug(z),u1(z) € C§°(R?) depend
only onr = \/x? + 23, and € > 0 is sufficiently small. We will assume c(u) = 1+u+O0(u?)
or c¢(u) =1+ u? + O(u®) without loss of generality.

Equation (1.1) has an interesting physical background. In [IJ, [28], a pressure-gradient
model for the positive pressure function P derived from the 2-D compressible full Euler
system takes the form

O P

When initial data (P(0,z),0:P(0,z)) = (1 + ePy(x),ePi(z)) is given and one sets
u(t,z) = In P(t,x), then one obtains 9?u — div(e*Vu) = 0 with initial data u(0,z) =
In(1+ePy(z)) and dyu(0,2) = e Py (x)(14+ePy(x))~ L. This is the case of ¢(u) = exp (%) in
(1.1). By [7], [13], [23], [27], a 2-D liquid crystal equation, or variational wave equation,
takes the form 92u — c(u)div(c(u)Vu) = 0. Especially for the nematic liquid crystal
equation, one has c(u) = acos?u + 3 sin? u with positive constants a and § satisfying
o # B. In this case, c(u) = a+ (8 — a)sin® u = a + (8 — a)u? + O(u?®), which essentially
corresponds to c(u) = 1+ u? + O(u?) in (1.1).

There has been extensive and remarkable work concerning the global existence or
blowup and lifespan of smooth solutions to n-dimensional (n > 2) nonlinear wave equa-
tions of the form

> gi(u, Vu)dZu = f(u, Vu, V?u),

4,j=0 (1.2)
w(0,2) = eup(x), Opou(0,z) = euq(z),
where 29 = t, © = (21,...,2,), V = Vg, 4, g;; and f are smooth functions of their

arguments that satisfy g;;(u, Vu) = ¢;; + O(|u| + [Vu]) and f(u, Vu, VZu) = O(Jul? +
|Vu|? 4 |V2ul?), respectively, the ¢;; are constants, and the linear operator i cijafj is
i,5=0
strictly hyperbolic with respect to time ¢. For the functions g;; and f indepejndent of u,
for n > 4, it has been shown that (1.2) admits a global smooth solution (see [9], [10],
[1I7]). For n = 2, 3, the authors of [3], [B], [12], [I5] obtained the global existence if null
conditions hold. Otherwise, if these null conditions do not hold, then smooth solutions
blow up in finite time and their lifespan can be explicitly determined in terms of the
initial data (see [2], [3], [8], [I1], [I4], [25], and the references therein). If the functions
gi; and f depend on u and the derivatives of u, then problem (1.2) is much harder and
there are some partial results on the global existence or blowup and lifespan of smooth
solutions when 2 < n < 4 (for n > 5, (1.2) admits a global solution; see [I8], [22]). For
2 < n < 4, lower bounds on the lifespan under some suitable restrictions were obtained
in [18], [19], [22], and the references therein. We especially point out that if the equation
in (1.2) has the form 0?u — (1 + u)Au = 0, then, for n = 3, the authors of 4] and
[20], [21] established the global existence of smooth solution. These solutions, however,
often exhibit a behavior at infinity much different from that of solutions to a linear wave

equation.
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BLOWUP OF SMOOTH SOLUTIONS TO NONLINEAR WAVE EQUATIONS 221

In this paper, we will concentrate on the nonlinear wave equation (1.1), show the
finite-time blowup of smooth solution, and give an explicit expression for the lifespan T
as € — 0. The main result reads:

THEOREM 1.1. Let ug(z), ui(z) € C§°(R?) depend only on r = /22 + x3. If ug(x) # 0
or up(z) # 0, then problem (1.1) possesses a C*°-solution for 0 < ¢ < T, where T stands
for the lifespan of smooth solution u(¢, x).

(i) For c(u) =1+ u+ O(u?),
1

eVl =m0 = 5 o) (13)
(i) For c(u) =1+ u? + O(u?),
1
lime?InT. =1y = — . 1.4
S e T = T i Fo (o) Fy (o)} (1.4)

Here Fy(0) is the Friedlander radiation field for the 2-D linear wave equation Ow = 0
with initial data (w(0,z), dw(0,x)) = (ug(r), us(r)).

1) — Ri(s;u0)
Vs—o

R(s;u;) = /6(5 —{w, x))u;(x) de = / ui(v/$2 +y?) dy

— 00

1 +oo .
Recall that Fy(o) = —/ R(siu ds, where
21v2 Jo

is the Radon transform of u;(r) (i = 0,1).

Henceforth, we shall also assume that wg, u1 are supported in the disk B(0, M), where
M > 0.

REMARK 1.1. It follows from Theorem 1.1 that smooth solutions to (1.1) blow up
in finite time provided that wug(xz) # 0 or ui(x) # 0 because Fy # 0, Fo(M) = 0,
and Ugmoo Fy(o) = 0. Further properties of the function Fy(o) can be found in [I0]

Theorem 6.2.2].

REMARK 1.2. For c¢(u) = 1+ O(u?), (1.1) admits a global smooth solution (see [18]).

REMARK 1.3. If c(u) = 1+ ciu + O(u?) or c(u) = 1+ cou? + O(u?) in (1.1), with
c1 # 0 and co # 0, then one also has finite-time blowup of smooth solutions, and one can
establish an explicit expressions for T, as in Theorem 1.1.

REMARK 1.4. For the Cauchy problem for the 1-D liquid crystal equation d2u —
c(w)dy(c(uw)dpu) = 0 with (u(0,z),0u(0,2)) = (up(z),u1(z)), it has been shown in
[7. Theorem 1] that if there exist positive constants ¢y < ¢; and an mg € R such that
co < c(u) < ¢ for all u € R and ¢/(mg) # 0, then the C'-solution wu(t, z) with special
initial data uo(x) = mg + agb(g) and ui(x) = —sgn(c (mo))e(uo(x))uy(z) blows up in
finite time; here ¢ € C}(0,1) and € > 0 is sufficiently small. However, for small and
in general smooth initial data (cug(x),eus(z)) with compact support, which certainly
do not satisfy the assumptions on the initial data made in [7, Theorem 1], there are
no blowup results and precise estimates of the lifespan for the 1-D or 2-D liquid crystal
equations available in the literature so far. In fact, from the proof of Theorem 1.1
and Remark 2.1(ii), it follows that smooth solutions to the 2-D liquid crystal equation
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02u — c(u)div(c(u)Vu) = 0 develop singularities in finite time for arbitrarily given small
and smooth, spherically symmetric initial data with compact support.
REMARK 1.5. From the proof of Theorem 1.1, we infer that . lirfrn IVu(t, )| pe = oc.
—Te—

Note that this is different from the geometric blowup , lir}n |V2u(t,-)||p~ = oo that oc-
—Te—

curs for solutions u € C?%([0, T:] xR?) to the nonlinear wave equation 22: 9i5(Vu)dZu =0
i,j=0

with small initial data (u(0,z), d;u(0,x)) = (cug(z),cui(x)) (see [2]? [B]). In this latter

case, a local shock is formed at blowup time for the unsteady potential flow equation

(see [24] ).

Let us comment on the proof of Theorem 1.1. To show (1.3) or (1.4), first we study
the lower bound on the lifespan T, for problem (1.1). As in [I0, Chapter 6] or [4], [6],
by constructing a suitable approximate solution u, to (1.1) and then considering the
difference of the exact solution v and u,, applying the Klainerman-Sobolev inequality,
and further establishing some delicate energy estimate, we obtain the desired lower bound
on the lifespan T.. On the other hand, the solution u to (1.1) is spherically symmetric for
t < T. due to the spherical symmetry of the initial data (ug,u1). Based on this, we can
change (1.1) to a 2 x 2 equation system in the coordinates (¢,r), with u still appearing
in the coefficients. Thanks to the good properties of the difference of the real solution
u and the approximate solution u, before blowup time 7T, we can treat the solution u
and its derivatives simultaneously to obtain a precise estimate on the upper bound of
T.. We point out that the methods in this paper are partly motivated by [9] and [I4],
where equations of the form 92u — ¢?(9;u)Au = 0 with ¢/(0) # 0 were studied, but only
the estimates of the first-order derivatives of u were required.

The paper is organized as follows. In Section 2, we construct an approximate solution
ug to (1.1) in the two cases c(u) = 1+ u + O(u?) and c(u) = 1+ u? + O(u?), and
we establish some related estimates. In Section 3, we obtain the lower bound on the
lifespan T, by continuous induction, studying the nonlinear equation satisfied by u — u,.
In Section 4, we change the second-order equation in (1.1) to a 2 x 2 first-order partial
differential system and further establish some delicate estimates on v and Vu. From this,
together with the blowup lemma of Hormander [10, Lemma 1.3.2], we obtain the upper
bound on T and thus complete the proof of Theorem 1.1. Some useful auxiliary lemmas
and conclusions are given in the appendix.

In what follows, we will make use of the following notation:

e Z stands for one of the Klainerman vector fields in the symmetric case,

87«, 8,5, S = t@t +r8r, H = r@t —|—t8r

e O represents 0, or 0.
e The norm || f||2 stands for || f(t,-)||L2(m2)-

2. Construction of an approximate solution to (1.1). In this section, we con-
struct a suitable approximate solution u, to (1.1). Then the lower bound on 7. is
obtained, in Section 3, by a continuous induction argument through estimating the dif-
ference of the solution u and u,. As c(u) assumes the two different forms of c¢(u) =
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BLOWUP OF SMOOTH SOLUTIONS TO NONLINEAR WAVE EQUATIONS 223

1+u+ O(u?) and c(u) = 1+ u? + O(u?), respectively, and since the constructions will
be slightly different in these two cases, we divide this section into two parts.

2.1. Construction of u, when c(u) =1+ u+ O(u?). As in [10, Chapter 6], we intro-
duce the slow time variable 7 = £4/1 + ¢t and assume that the solution to (1.1) can be
approximated by

ET'_%V(T, o), >0,

where 0 =r —t.
Let V (7, 0) solve the equation

PV +2VOV +20,V)2 =0, (r,0) €Rt xR,
V(0,0) = Fo(o), (2.1)
suppV C {(1,0) : 0 < M};

Fy(o) was introduced in Theorem 1.1.

1
> 0. With regard to problem (2.1), one then has

Recall that 7o = ——
et B T0 = T thin Y (o)

LEMMA 2.1. Problem (2.1) admits a C'*-solution V(7,0) for 0 < 7 < 79, and V (7, 0)
blows up as 7 — 19—.

Proof. Set W = 0,V . Then it follows from (2.1) that

{ O W 4 2VO,W +2W? =0, (1,0) € RT xR, 22)
W(0,0) = Fj(0).
The characteristic curve o = o(7, s) of (2.1) emanating from (0, s) is defined by
2—:(7', s) =2V (r,o(1,s)), (2.3)
a(0,8) = s.
Along characteristic curves, one has
Cil—Ij_/(T, o(7,8)) +2W3(1,0(r,5)) = 0,
W(0,0(0,5)) = Fy(s),
which yields, for 7 < 79,
W(r,o(r,s)) = —0) (2.4)

14 2F)(s)T’
Note that the equation in (2.1) is equivalent to 0,(9,V +2V9,V) = 0. Together with
the boundary condition for V' in (2.1), this yields

av
E(T,O’(T,S)) =0,

V(0,0(0,s)) = Fo(s).

This means
V(r,o(r,s)) = Fo(s). (2.5)
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From (2.5) and (2.3), one concludes
o(r,s) = s+ 2Fy(s), (2.6)

which implies that ds0(7,s) = 1+ 2F}(s)T > 0 for 7 < 79. Thus it follows from the
implicit function theorem that s = s(7,0) is a smooth function of the variables 7 and
o. Consequently, V(7,0) = Fy(s(r,0)) is a smooth solution to (2.1) for 7 < 79, and as
T — 79—, the derivative V,(7,0) blows up due to (2.4). Lemma 2.1 is proved. O
From [I0, Chapter 6], one has that Fy(c) € C*°(R) is supported in (—oo, M] and

obeys the estimates
IF (o) < Cr(1+|o])"27%, ke N,. (2.7)

From (2.7), we now derive a decay estimate for V(r,0) in (2.1) for 7 < 79 and 0 — —o0.

LEMMA 2.2. For any positive constant b < 75 and 0 < 7 < b, the smooth solution V' to
(2.1) satisfies the estimates

|Z¢0LmV (1,0)| < Cl (1 + |o) ™2™, a,l,m € Ny, (2.8)
where Ci{l’] are positive constants depending on b, «, [, and m.

Proof. When 7 < b, it follows from (2.6)—(2.7) that % < |o| < 2|s| for large |s|.
Together with (2.4)—(2.5), this yields

V(r,0)| < Co(L+1]0))72, [0,V (r,0)| < Chp(1 +]o]) 2. (2.9)
By (2.6) and (2.4), one has
1
0y8(1,0) = W
and
Fy'(s) 2Fy(s)Fy'(s)

OV (109 = T am (s ~ (L 2Fys)r)

which yields
02V (r,0)] < Cy(1 + |o]) 2. (2.10)
On the other hand, it follows from (2.1) and (2.10) that
102,V (r,0)] < Cy(1+ |o])~2
and further
10,V (1,0)] < Cy(1+|o])"2. (2.11)
Based on (2.9)—(2.11), by an inductive argument, one arrives at
10LOTV (1,0)| < CY™ (1 + |o)"2 7™, I,m € N,.

t
° taT and H = —00, + r

Due to S = 00, + ———
ue to o SVITT

ST 1_H87 by Lemma A.1(ii), one
analogously obtains
|Z¢0LamV (1,0)| < CE (1 + |o) "2 7™, a,l,m € Ny,

and this completes the proof of Lemma 2.2. |
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BLOWUP OF SMOOTH SOLUTIONS TO NONLINEAR WAVE EQUATIONS 225

Next we construct an approximate solution ul to (1.1) for 0 <7 =ey/1+1t < 70.
Let wp be the solution of the linear wave equation

8t2w0 — Awg =0,
wp(0, ) = up(x),
Opwo(0, ) = uy(z).
It follows from [I0, Theorem 6.2.1] that, for any constants { > 0 and 0 < m < 1,
|Z% (wo(t,2) — r 2 Fy(0))| < Car(14+8) "3 (1 + |o)2, r> 1t (2.12)
105w (t, )| < Crm(1 + )R <. (2.13)

Choose a C'*°-function x(s) such that x(s) =1 for s <1 and x(s) = 0 for s > 2. For
0 <7 =2¢y1+t< 79, we take the approximate solution ul to (1.1) to be

ul(t,z) = £<x(5t)w0(t7 x)+ ros (1 = x(et)x(—3e0)V (o, T)) (2.14)

By Lemma 2.2 and [I0, Theorem 6.2.1], one has that, for a fixed positive constant

b < 70,
1Zoul(t,2)] < Cape(1+ 1) 2 (1 + |0])"2, 7 <b. (2.15)

Set JI = 02ul — 2 (ul)Aul — 2c(ul)c (ul)|Vul|?.

LEMMA 2.3. One has ,
-1
/ 12T L2 dt < Cope?.
0
Proof. We divide the proof into three parts.
1
@ o<t< o In this case, x(¢t) = 1 and ul = ewy. This yields

Tl =e(1 = 2(ewp)) Awy — 26 c(ewp )¢ (ewo) | Vwo 2.

It follows from (2.15) and a direct computation that

1 1
1ZoTH|. <C?(14+t)72, 0<t< - (2.16)
oy L 2 o
(ii) B <t< - Now we rewrite uj, as
u! = ewg(t,x) +e(1 — X(Et))(T‘_%X(—?)EO')V(T, o) — wo(t, ).
Then
Ji =J1+ Jo + J3 + Jy, (2.17)
where

) (uq)C (ug) Vg |?,

{(1- x(et))r~ 3 x(—=3¢0) (V(r,0) = Fo(0))},
{x(=320) (r"2 Fy(0) —wo(t,)) },

Ji=¢e(07 — A){(1 - x(et)) (x(—3e0) — Dwo(t,z)}.

We treat each J; (1 <4 <4) in (2.17) separately.
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From (2.15) one obtains

1290 || 12 < Cape(1+1)"2. (2.18)

Since

1

Jy=er~2(0y — 0p) (0 + 3T){(1 - X(st))x(—Ssa)(V(T, o) — Fo(O'))}

= 2 H(1 = X(e)x(~820) (V (7. 0) — Fo(0))

and

‘Z"‘ (r_% 92,V (s,0)ds)
0

< Cope(1+1)2r73(14|0|)"2

one has

129512 < Cape®(1+ )7 3. (2.19)

1
Note that 3 < ¢ < M holds in the support of J3, which implies > —t. Together
with (2.12), this yields
T3 =0(*)(1 + o) 2 (1 + 1)~ % + O(e3)d(r~% Fy(o) — wo)
+O@E)(1+6)" 21+ o)) 2.

On the other hand, it follows from property (i) of Lemma A.1 that
1Z90(r~ 2 Fy(0) — wo(t, )]
<CW|0Z% (™2 Fy(o) — wo(t, z))|

< Co(1+ o))" HZ2% (r~ 2 Fo(o) — wol(t, x))|
< Ca(l+1)"3(1+o])72.

One then obtains

129 J5|| > < Cug®(141)"2.

(2.20)
Analogously, together with (2.13), one arrives at
1Z%T4| 12 < Cope(141)72 (2.21)
Collecting (2.18)—(2.21) yields
12T |12 < Cape®(1+ 1) 2, % <t< § (2.22)
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b2
(iif) — <t < — — 1. Together with (2.1), by a direct computation one has
€ €

[\

1 -~ 1 1
JE = 2p7392 V(—— —§>
a er 205, VIti r
—ept (azaff +2VO2V + 2(agV)2> (2.:23)

+OER)r 3 (1+ )70V + O(3)(1+ 1) #r 50V,
where V(T, o) = x(=3e0)V(r,0).
It follows from (2.1) that
ey (az(,v e 2(3,,V)2)
20(53)7‘71(1 + |0’|)7% — 627”71)((—350')(1 _ X(—3€U))5‘3 (2.24)
:O(EB)T_l(l + |0'|)_

v

o

njw

)

here we have used the fact that x(—3eco)(1 — x(—3e0)) is supported in the interval
2 1

[F52 52!
Substituting (2.24) into (2.23) yields

122 TL) 12 gcab(e3(1+t)% +52(1+t)%). (2.25)

Consequently, combining (2.16), (2.22), and (2.25), one obtains

b2

—1
=2
/ 12T || 2 dt < Cope?,
0

which finishes the proof of Lemma 2.3. (|

2.2. Construction of u, when c(u) = 1+ u? 4+ O(u?®). When c(u) = 1 + u? + O(u?),
set the slow time variable to 7 = 2In(1 +¢) as in [4], and assume that the solution to
(1.1) can be approximated by

Er*%G(T, o), >0,
where o = r — t and where G(7, o) solves the equation
02, G+ G*02G +2G(0,G)? =0, (1,0) e RT xR,

G(0,0) = Fy(o), (2.26)
suppG C {(r,0): 0 < M}.

1
o min{Folo) Fj (@)}

LEMMA 2.4. Problem (2.26) admits a C*°-solution G(7,0) for 0 < 7 < vy, and G(7,0)
blows up as 7 — vp—.

Recall that vy = > 0. With regard to problem (2.26), one has
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Proof. Set Q = 0,G. Then it follows from (2.26) that
0;Q+ G%9,Q +2GQ* =0, (r,0) e R xR,
Q(0,0) = Fy(o), (2.27)
supp@ C {(r,0): 0 < M}.

The characteristic curve o = o(7, s) of (2.26) emanating from (0, s) is defined by

do
o (1,8) = G*(1,0(7, 5)),

a(0,8) = s.

(2.28)

Along characteristic curves, one has

%(T, o(7,8)) +2(GQ*)(,0(7,5)) = 0,

Q(0,0(0,5)) = Fy(s)

and e
E(T, o(r,8)) =0,

G(0,0(0,5)) = Fy(s).
Then, for 7 < vy,
G(r,0(7,8)) = Fy(s),

_ Fo(s)
Qmo(ms) =17 2F0(25)F5(s)7’

Together with (2.28), this yields
o(r,8) = s+ Fi(s)T, (2.29)
which means that, for 7 < vy,
0s0(T,8) = 1+ 2Fy(s)Fj(s)T > 0.

Therefore, it follows from the implicit function theorem that s = s(7, o) can be taken as

a smooth function of 7 and o. Thus G(7,0) = Fy(s(,0)) is a smooth solution of (2.26)

when 7 < vy. One then completes the proof of Lemma 2.4 as the one of Lemma 2.1. [
Parallel to Lemma 2.2, one has

LEMMA 2.5. For any positive constant b < vy and 0 < 7 < b, the smooth solution G of
(2.26) satisfies the estimates

1Z40L0m G(r,0)| < C (1 + |o|) 275, a,l,m € Ny. (2.30)

Proof. Since the proof is similar to that of Lemma 2.2, it is omitted. O
Next we construct an approximate solution uZf to (1.1) for 0 < 7 = e2In(1 +¢) < .
As in the first part, we take the approximate solution ul! of (1.1) to be

ull(t,z) = £<X(£t)w0(t, x)+ 7“_%(1 — x(et))x(—3e0)G(r, 0)). (2.31)
By Lemma 2.5 and [10, Theorem 6.2.1], one has
|Zou (t,2)] < Cape(L+1)"2(1+|o)"2, 7<b<wp. (2.32)
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Set JH = 92ull — 2 (ulh) Aull — 2¢(ull)c/ (ull)|[Vull|?. Then one has

LEMMA 2.6.

b1

ee
/ | Z%T || 2 dt < Cope? |Inel.
0

Proof. We divide this proof procedure into two parts.
2
(1) 0 <t < =. Asin (i) and (ii) of the proof of Lemma 2.3, one has
€
1292 |2 < Cape®|Ine|(1 +1) 7%,
Note that the factor Ine in (2.33) appears due to
G(r,0) — Fy(o)
:T/ 0:G(s,0)ds
0

:521n(1—|—t)/ 0sG(s,0)ds
0

2
— 2 Z
=0(e*|In¢|), -

o | =

<t<

ey 2 B ) .

1) — < S €ee — 1. OlloOws Irom a direct computation a

(i) = <t<e — 1. It follows f direct tation that
g

A 1 1
JIT = o r_%8$UG<— - _)
14+t r

PR <a§aé+ G026 + 2@(30(;)2) +OE) (1413,
where G(7,0) = x(—3£0)G(,0).
Note that
Syt (aﬁaé +G22G + 2@(&,@)2>
=0(e")r 3 (1+ |o]) ™% + ¥~ F x(=3e0) (1 — x*(—3¢0))02,G
=01+t r 2 (1 + |o]) 2.

One then obtains
1272112 < G (64(1 +6)7h e +t)%).

Combining (2.35) and (2.33) yields

ee
/O

This completes the proof of Lemma 2.6.

N‘C"

—1
| ZT || 2 dt < Cope? |Inel.

229

(2.33)

(2.34)

(2.35)

]

REMARK 2.1. Consider the 2-D variational wave equation 0?u — c(u)div(c(u)Vu) = 0

with initial data (u(0, ), Oyu(0,x)) = (suo(x), cus(x)).
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(i) Let c(u) = 1+ u + O(u?). As in the first part, u can then be approximated by
Er*%V(T, o), where 7 = ey/1+1t, 0 =r —t, and V(7,0) solves the equation
D2V 4+2VOEV 4 (0,V)2 =0, (1,0) € RT xR,
V(0,0) = Fy(o), (2.36)
suppV C {(r,0): 0 < M}.

Applying the method of characteristics, one easily proves that (2.36) admits a smooth
1
min F (o)
(ii) Let c(u) = 1+ u% + O(u?). As in Section 2.2, u can then be approximated by

er~2G(1,0), where 7 = e2In(1 4 t), 0 = r — t, and G(r, o) solves the equation
92, G+ G202V + G(0,G)? =0, (1,0) €RT xR,
G(0,0) = Fo(o), (2.37)
suppG C {(r,0): 0 < M}.

solution only for 0 <7 < 19 = —

As shown in [26, Theorem 1.2], for some special class of initial data G(0, o), C'-solutions
G to (2.37) blow up in finite time. The Friedlander radiation field Fy(c), however, does
not meet the assumptions of [26] due to Fo(k)(M ) =0 for any k € Ny, which is different
from Fj(M) # 0 assumed in [26]. Nonetheless, one can still obtain the finite-time blowup
of smooth solution to (2.37) (see Lemma A.5).

3. The lower bound on the lifespan 7. In this section, based on the preparations
in Section 2, we establish the lower bound on the lifespan T, by utilizing continuous
induction and the energy method.

First we deal with the case that ¢(u) = 1+ u + O(u?) in (1.1).

LEMMA 3.1. Let c(u) = 1+ u + O(u?). Then, for sufficiently small € and 0 < 7 =
ev1+4+1t <b <, (1.1) admits a C*>°-solution v which satisfies the estimate

1Z50(u — ul)| < Ce? (1+4) 2 (1+ |t —r|)~2 (3.1)

1

for |k| < 2; here u,, was introduced in (2.14).

Proof. Set v =u — ul. Then

8152’0 _Cz(U)AU = F'7
{’U(va) = 875’0(0,37) =0, (32)
where
= —JL 4+ (P (u) — A(ul)) Aul + 2¢(u)d (w)| V) + de(u)d (u) Vo - Vul
F = =Ty () = ) g+ 2e)d @) Vol + e @0 Vg

+ 2(c(u)d (u) — c(ué)c’(uﬁ)) |Vl |2

We will use continuous induction to prove (3.1). To this end, we assume that, for
2

someTg—Q—l,
€

1ZF0v| < e(14+8)"T(1+t—r))"7, |k <2, t<T, (3.4)
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holds and then prove that
VAGDIRS 35(1 +) T+ t—r))77, |k <2 t<T. (3.5)
Note that from (3.4) one has
1Z%0| < Ce(L+t) 21+ |t—r|)7, |k <2, t<T. (3.6)
Applying Z¢ to both sides of (3.2) yields, for |a| < 4,
(07 — A (u)A)Z% =G

= CopZPF + (2%, (*(u) — 1)A]v
|ﬁ|z<:a| ’ (3.7)
+ Y CLpZP((F(u) — 1)Av);

1B1<|al

here the commutator relation [Z%,0? — A] = Z Cl3Z%(9} — A) with suitable con-
1Bl<lel
stants Cog, C}, 5, Cpr g has been made use of.
Next we derive an estimate of [[0Z%v]| 2 from (3.7). Define the energy

Z / (|0:Z%0|* + (u)|VZ%0|?) dx
\a\<4

Multiplying both sides of (3.7) by 8;Z% (|a| < 4), integrating by parts in R?, and noting
that |Qu| = [dul +v| < Cye(1+¢)~2 from the construction of u! and assumption (3.4),
one arrives at

E’(t)gm Z/ G| - 10,20 da. (3.8)

|| <4
Moreover, due to the inductive hypothesis (3.4) and (2.15), one has

|Z%u| < Che(14+t) "2 (14 |0])? < Cpe, |6| <2, t<T. (3.9)

We now treat each term in the sum Z / |G| - |0, Z%v]| dz separately.
|| <4
(A) Treatment of Z \Zﬂ((c (u) — 1)Av)| - |8, Z%v| dz. Tt follows from (3.9)

18|<lal "B
that, for |5] < |«|,

R |Z°((*(w) = 1)A)| - |0, 20| dx

<, Y /|zf31u| 125 Ao - 10,2%0] de
|B11+1B21=18]

(3.10)
<, ¥ / \ZP0] - |2 A - 10,290 da
[B11+B2|=|8]
S / Zul| - |25 Av| - 10,20| da.
[B1|+|B2|=|8]
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The troublesome term in (3.10) is Z%1v since a term of the form ZA'v might not be
contained in the energy E(t). However, thanks to property (i) of Lemma A.1, one has

2 /
|ZB2AU| < m Z |Zﬂ28v|.
|B5|=|B2|+1

Due to |5] < |a| < 4, by (3.4) and Lemma A.2, the first term in the right-hand side of
(3.10) can then be estimated as

/ \ZPv| - |22 Av| - |0, Z2%| dx
R2

1 !
= 7Byl 178 . o
<Gy Z /R? 1+\t—r|Z Yol - |ZP200| - |0: Z%| dx (3.11)
1B ]=1B2|+1
<9 p.
14+t
Analogously,
CbE
ZPul| - |ZP2 Av| - |0, 2| de < ———=E(t).
|12l |2 0,270 de < <2 E()
Therefore, one obtains
> / |28 ((*(u) — 1)Av)]| - 8, 2% dx < Cre E(t). (3.12)
R2 BEEVAR S/

1Bl<|e|

(B) Treatment of/ 1[Z2, (¢*(u) — 1)A]v| - [0, Z%v| dz. For
R2

/ 1[Z2, (*(u) — 1)Alv| - |0, Z%v| dz
R2
<Gy Z / |Z% | - | Z9% Av| - |0, Z%| dx
R2

|t [+|az =
1 Zl

SCb< > / |ZVu| - |22 Avl - 10, Z%| da
ot [+] ez |=|a| VB
(o5} 21

+ ) /}R |Z%] - |22 Aw] - |8tZav|d9c>,

lai|+]az|=|af
lar|>1

by the same argument as in (3.11), one has

« 2 « Obg
/RQ 2%, (2 = ) AJul - 027 do < L (). (3.13)

Next we treat each term/ |ZPF||0:Z%| d, | 8| < |al, that is included in Z/ |G|
R? R?
|| <4
|0:Z%| dz.
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(C) Treatment of / |ZPJL| - |0,Z%v| dx. In this case, one has
R2
/ \ZBJE |0, 2%| dx < || ZP T, |12 - VE(1). (3.14)
R2

(D) Treatment of / 128 ((*(u) — A (ul))Aul)| - |0:Z2%0| dz. Due to (3.9) and
R2

Lemmas A.1 and A.2, a direct computation yields

) |Zﬁ((c2(u) - cz(ufl))Auf;ﬂ O Z%| dx

<G, Y /\Zﬁlm | ZP2 Aul| |0, 2% dx
181 |+1621=18]

= |78 85 a
<G, Y /1+|t ||Z | -1 ZP20ul| - |0, 2%0| dx

[B1|+B21=IB]
|B31=IB2]+1

CbE
1+¢

(3.15)

E(t).

(E) Treatment of/ |25 (c(u)c (u)|Vv[?)| - [0:Z*v| dz. Similarly to (D), one has

CbE
Z°(c V)| -0, Z%|de < ———=E\(2). 3.16
[ 127 e @ vop)] - 0270l <~ E) (3.16)
(F) Treatment of |Z° (c(u)c (u)Vv - Vul)| - |0, Z%v| dx. Tt follows from a direct
R2

computation that
| Z° (e(u)c (w) Vv - Vul)| - |0 2| da
2

<G, Y |Z%0u|-|Z2%0ul] - 10:2°v| dx
[B11+182|<18]
01,5
RVAR S

(3.17)
E(t).

(G) Treatment of/ |Zﬁ((c(u)c’(u) —c(ul)e (ul))|Vul[?)| - |0, Z%v| dz. This case
R2
is also similar to (D). In particular, one has
/]R2 |28 ((e(u)d (u) — e(ul)e (ul))Vul?)| - |0 2] do < ———=

Substituting (3.12)—(3.18) into (3.8) yields

B0 < B0+ Y 12955V ED.

|Bl<4

\/— E(t). (3.18)

Thus, by Lemmas 2.3 and A.3, one obtains

10Z%|| 12 < Che?, |a| < 4,
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and further

| Z2%0v|| 12 < Cye?, ol < (3.19)
By (3.19) and the Klainerman-Sobolev inequality (see [I0], [16]), one has
|Z70u] < Coe?(1+6) 31+t —r))7%, || <2, t<T, (3.20)
which means that, for small ¢,
\Z50w| < %gu SO A4t —r)h, s <2 t<T.
This completes the proofs of (3.6) and (3.1). O

When c(u) = 1+ u? + O(u?) in (1.1), then similarly to Lemma 3.1, one has

LeEMMA 3.2. Let c(u) = 1+ u? + O(u®). Then, for sufficiently small e and 0 < 7 =
e2In(1 +1t) < b < vy, (1.1) admits a C*°-solution u which satisfies the estimate

1Z50(u — ul)| < Coe? |Ine|(L+ )2 (1 + |t —r|)~2, (3.21)
for all |k| < 2.

Proof. As in the proof of Lemma 3.1, we define the energy
Z / (10,20 + A(u)|VZ*|?) da
|o¢\<4

and obtain

2
B < C5 0+ Y alZ8 I e /EW.
|Bl<4
Due to Lemmas 2.6 and A.3, one then obtains (3.21) as in the proof of Lemma 3.1. O
REMARK 3.1. Lemma 3.1 implies that lim ey/1 + T, > 79 holds for the lifespan T, of

e—0

solutions to (1.1) in the case c(u) = 1+ u + O(u?). Hence,

lim e/T; > 7. (3.22)
e—0
Similarly, Lemma 3.2 implies for the lifespan 7. of (1.1) in the case c(u) = 1+ u? +
O(u?) that
lim 2 In T, > 1. (3.23)

e—0

4. The upper bound on the lifespan T.. In this section, we establish the upper
bound on T.. Some of our ideas are inspired by [9], [I4], and [6]. Since, in contrast to
[9], [14], ¢(w) in (1.1) contains the solution u, and not the derivatives of u, our derivation
has to be more careful. Thanks to estimates of Z%(u —ul) and Z%(u — u”) with |a| <2
in Lemmas 3.1 and 3.2, respectively, one observes that |Z%(u—ul)| < Cye2 (14t)~2 for
t<b 6—2 —1and |Z%(u—ull)| < Cpe?|Ine|(1+t)"2 for t < e — 1, respectively, near the
light cone. This will play a crucial role in the analysis later on.
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1 . .
Set U = rzu. Because of the spherical symmetry of u, (1.1) can be written as
1
2
(4.1)

2
OPU — *(u)0*U = 17’7%02(u)u + ZT*%c(u)cl(u) <BTU - —r5u> ,

U(0,r) = erzug,

8tU(0,7‘) = sréul.
Define the operators L; and Lo by

L1 = 8t + c(u)@r, L2 = 8t - C(U)ar.

wy = LU = (0 + ¢(u)d,)U,

—wq

We also set
wy = LU = (0 — ¢(u)0,)U,
(u)

Wt WL nd o = 22
2c
Lol = 8? - 02(’[1,)83 + (Lac(w)) 0y,

which means 9,U =

(

(

For
L1L2 = 6t2 - cz(u)af - (Lw(u))@r,
one has )
1 3
Liw, = — '(u)w? + cl(u) —c(u)u — 2w2>w1
2r2c(u) drze(u) \r2 (4.2)
+ Lc2 (w)u + ! c(u)c (u)u? — ic’(u)uw |
47’% 27"% 4r >
1 / 3
Lowy = — '(u)w3 — cl(u) —c(u)u + 2w1>w2
2rzc(u drzc(u) \r2 (4.3)
) .
+ —A(u)u+ —5c(u)d (w)u? + —c (u)uw,
4rz 2 T
/ C, u) ]‘ /
Because Orc(u) = ¢'(u)0ru = — (wg —wy) — —c'(u)u, one also has
r2c(u) 2r
/ 2 1 / 2 3 /
Liwy +wy0rc(u) = —c (v)uwy; + —5c*(u)u + —5c(u)c (v)u® — — ' (v)uws,
4r r2 2r2 4
1 1 3
Lows — wy0yc(u) = ——c (u)uwy + —5 c*(u)u + —5c(u)d (u)u® + —c (u)uw;
4r2 2r2 ar
and
d(|wy|(dr — cdt))
= sgnwi (L1wi + w10,-¢) dt A dr
= sgnw; | —c’ (u)uw; + L02(u)u + ! c(u)d (u)u? — —c (u)uwy | dt A dr
! 4r ! 41"% 21"% 4r 2 ’
d(|wa|(dr + cdt))
= sgnws (Lows — wady-c) dt A dr
1 / 1 2 1 / 2 3 /
— —d(w)uwy + —5c*(w)u + —5c(u)d' (u)u” + —c' (w)uwy | dt Adr.
4 2ra 4r
=1+u+O(u?).

= sgnws |:
72
We first deal with the case c(u)
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Fic. 1

For c(u) = 1+ u + O(u?), one knows from Section 2 that, for ey/T+T, = b < 79

with b > 0 a fixed constant, (1.1) has a C*°-solution for ¢ < Tj,. Choose £ > 0 so small
2

1 b d
that — < — — 1. Define the characteristic curve I‘f by d—; = tc(u(t,r)) and let it
e €

pass through (X,0) in the (r,¢)-plane. Let D be the domain that is bounded by T'};,
F:ofl, {t = 0}, and {t = T} (see Figure 1), where pg is chosen in such a way that
Fi(po) = Ungj\r} F{(c). Obviously, I'}, is the straight line r = ¢ + M.

One now has
LEMMA 4.1. If (t,r), (¢',7') € T, N D (p € R) and (t,7) € TY, (¢',7') € I'y,, where
AN € [po — 1, M], then

[t —t'| < Cy. (4.6)
Proof. The equation r = r(t) for I'} is

dr(t) —
—— = c(u(t,r(t))) = c(t),

r(0) = A,
which yields
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Because
le(t) = 1| < Clu(t,r(t))| < Coe(l+ )" F(L+ [t —r(B))?, 0<rT=cVI+I<b< T,
one has

Ir(t) —t| < |A + C’be/o (1+5)"2(1+]s—r(s))? ds

N|=

gmo—l—Cba/Ot(l—l—s)_ (1—|—|s—r(s)|)%ds (4.7)

t
<mo+ cbs/ (1+5)"3(1+|s — r(s)) ds,
0

where mo = max{|pg — 1|, M }.
t

Set f(t) =1+ mo + Cbe/ (1+5)"2(1+|s —r(s)|)ds. By (4.7), one then has
0

Ft) < Ce(L+8)72f(t), f(0)=1+myg.
This implies, for ev/1+¢ < b,
0 < f(t) < (14mp)e®=VH < O,
and
[r(t) —t| < Cy.
Therefore,
[t + M —r(t)| < Cy, (4.8)

which means that the horizontal width between F:O_l and I'}; in D is finite.
On the other hand, the equation 7 = 7(t) for ' is

dr(t) - .
D = —e(u(t, (1)) = ~2(0),

7(0) = p.

Let suppu C {(t,7): r < t+ M}; then |F(t) + ¢t —p| =0 for t < ¢, and |F(t) + ¢t — p] <

t t
|é(s)+1|ds < C’bs/ (1+s)7%(1+\f(s)—s|)%ds for t > t., where (L, t«+ M) denotes
to Ty

the intersection of the curves F; and FX/I.
Combining this with (4.8) yields

F(t) +t — | < CoevVI T E < Cy.

Thus, if (¢,r), (#',r") € T;; N D (u € R) and (t,7) € 'y, (',7) € T'Y,, one then arrives
at

1
|t—t’\g§(|t+r—,u|+\t’—i—r'—m—|—|t—r—)\|+|t'—r’—)\’|+\)\—)\'|) < Oy,

which finishes the proof of Lemma 4.1. |
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For t < T, define
A= s [ el
(s,r)eD

1/e<s<t

B(t) = sup s%\u(s,r)|,
1/e<s<t
(s,r)€D
C(t) = sup sfwa(s,7)].
1/e<s<t
(s,r)€D
Then one obtains

LEMMA 4.2. There exists a constant £ > 0 such that, for small ¢,
1 E 1 1
A(—) <= B<—> < Ee, C(—> < B2e2 (4.9)
€ 2 € €

. 2
Proof. Since wy = r28yu — c(u)rzdyu — Lr2c(u)u, for t < 15’—2 — 1, one has

2
lwy (¢, 7)| < Cpe. (4.10)
Thus, it follows from (4.8) and (4.10) that
/ lwi(s,r)[dr < Che. (4.11)
(L,rebD

Furthermore, because |u(t, )| < Cpe(1 +¢)"2(1 + [t — 7|)2 for ¢ < g—z — 1 together
with (4.8), one has, for (%, r) € D,

u(%,r)‘ < Chpe. (4.12)
Note that
1 1 1
wa(t,r) = r2 (Opu + c(u)dpu) + ar_ic(u)u
S+H
t+r

which implies that |wy(t,7)] < Cye(1 + )2 for (t,r) € D and ey/T+t < b in view of
(3.9). Together with (4.3), this yields

=

=7

w47z (c(u) — 1)0ru + %7‘7%0(“)“7

01,52

L < . 4.13
|Lawa| < 7 (4.13)

For wy(t,t + M) =0 and (4.6), from (4.13) one then obtains

1

c (g) < Cye?. (4.14)
Collecting (4.11), (4.12) and (4.14) completes the proof of (4.9), where E =
8(1+C). O

Based on Lemma 4.2, we will use continuous induction to estimate the upper bound
on T. when c(u) = 1+ u + O(u?). To this end, we assume that, for 0 <t < T’ < T,

A(t) < Ee, B(t) < 2Es, C(t) < 3E%c2. (4.15)
‘We now establish
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LEMMA 4.3. Under the hypothesis (4.15) and for ¢ sufficiently small, one has, for — <
5,22
B(t) < Fe, C(t) < —E%e”. (4.16)

t<T,
2
A(t) < ZFk,
3
Proof. First we estimate A(t). By (4.4) and Green’s formula, one has, for — <t < T’

A (u)u

(w)u?

[
(t,r)eD
< (1/e,7)|d d(
B /(l/s,r) (1€, )l dr % //(éffsﬁ wjuor 4r3
1 / 2 3 dsd
+ P c(u)e(u)u” — e '(u)uws|(s,r) dsdr (4.17)
1
e [ b o
T2
1/e<s<t
(s,r)€D
1 / 2 3 /
+ — ' (w)e(w)u® — —c' (u)uws|(s, r) dsdr.
2r2 4r
1
By the inductive hypothesis (4.15), one has |u(s,r)| < 2Ees™ = for R < s < T and
(s,r) € D. Note also that ¢ is near 1 for small € and |r — s| < C}, holds for s > 1/e. One
then has r > s/2 and
/ / L (wyuwn | dsd
1. ¢ (Wuw| dsdr
1/e<s<t
(s,r)eD
2F
// 3€|w1| (s,r)dsdr
1/e<s<t (4'18)
(s,r)eD
b
:2EE/ —ds |wi|(s, ) dr
1/e 2 (s, T‘)GD
< 4Ee? A(t) < AE%¢
Similarly, one has
= ul dsdr < 2Fe / — dsdr < CyEe?,
3 (4.19)
1/€<s<t 1/a<s<t
(s,r)eD (s,r)eD
e dsdr < Cy,E2<? / / — dsdr < CyE??,
3 (4.20)
1/€<s<t 1/e<s<t
(s,r)eD (s,r)€D
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A

Fic. 2

1
— dsdr < C,E?%. (4.21)

(s,7) dsdr < Cy,E*&? / =
1/e<s<t 5
(s,r)eD

and
3
// ’ 4—Tc’(u)uw2

1/e<s<t
(s,r)eD
Substituting (4.18)—(4.21) into (4.17) yields
1
A(t) < =Ee + CyE<® + C,E??

(4.22)

which implies A(t) < 2Ee for sufficiently small e.
Next we estimate B(t). Note that u satisfies the equation
_1 _1 1
Lou= Lo(r72U) = r~ 2w + —5c(u)u.
2r2
Integrate (4.22) along the characteristic curve I';; which insects I'}; at the point (¢/,77).

When ' > 1/e, denote by D the domain bounded by T, the line {t = ¢'}, and T'},.

Let T'y, 'y, and I's be the faces of the boundary (see Figure 2). By (4.4), one then has
3

- —c’(u)uwg] (s,7)dsdr

 (u)c(u)u? -
([l —can,

3
2rs

1
(Wuwy + —5 2 (u)u +
2

[ se |
sgnwy | —c
gnwy 1r .

(s,r)€D1
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which implies

|w1|(dr —cds)
// —c 1 A (u)u + ! '(u)e(u)u? — 3 '(u)uws|(s,7) dsdr
( i 27%0 c e wa|(s,
s,r)ED,

+ / |wi|(dr — cdt)
I'>

< // ‘%c’(u) 4:% A (u)u + 2:%  (u)c(u)u?

1/e<s<t
(s,r)eD
3
— —(uw)uws|(s,r) dsdr + |w1 (t, )| dr
4r (t,r)eDy

5
E Fe=-F
6 e+3 € 5 €,

the last inequality resulting the estimates (4.18)—(4.21). This yields

t ~
wr (5.7
v (7(s)2
t ~
2
< |w1(~8,rf ST/ o (5, 7(5))| ds
t (’["(t) 2 2 t (423)
2 2
Sy UCEP y (AR
tz Jr, 1—i—c2 t2 2¢ 1—i—c2
)
<—FEe.
6t=
1
Note also that r(s) > % > %" By (4.22), one then has

By (4.6), one obtains
~ 5 Che 1
lu(t, 7(t))| < — Fee™*® < Eet™2.
6t2
One has t <t/ + |t — /| < 2/e for t' < 1/e. Thus, ¢z |u(t,r)| < Ee for (t,r) € D, and

B(t) < Ee follows.
Finally, we estimate C(t). We rewrite (4.3) as

L2'LU2 = awsy + b, (424)
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where
1 / 3
a=———c(u)wy — cl(u) (—1c(u)u + 2w1>,
2rzc(u) drzc(u) \r2
1
b= —c*(u)u+ —5c(u)d (u)u? + §c’(u)uwl.
4r2 2r2 4

Integrating (4.24) along ', as above, one obtains

lwa(t, )] < /t laws + b|(s, 7(s)) ds. (4.95)

3E2 2
Noting that ¢’ >t — [t — ¢/| > t — Cy, |wa(t,r)| < ° and using (4.6), (4.8), and

(4.23), by the choice of E = 8(1 + (}) in Lemma 4.2, one arrives at

| bt rtapias
- t

#CQUU s5,7(s)) ds t#
< J, oo r o [ e

t 3 / )
+ [ e (5. 7(9) ds

le(w)e (w)u?|(s, 7(s)) ds

(4.26)
1 2E%% [T 1 Ee [* F
< -G BT + =< — ds+ ohe w ds
3 t S2 4t t (r(s))§
1 1 1
< BTN DB 4 S Ee
5
< 2B
=3 € )
and similarly
‘ 2E%% [ CyE3e3
/ jaws (s, r(s)) ds < 2 / al(s, 7(s)) ds < 22 (4.27)
t’ t
Substituting (4.26) and (4.27) into (4.25) yields
t 2.2
5E
waltr)| < [ laws +b(s,7(s)) ds < 225
t/
5E2 2
which shows that C(¢) < =, O

We will use Lemma A.4 to estimate the upper bound on the lifespan T, when c(u) =
1+ u+ O(u?) in (1.1), based on Lemmas 4.2 and 4.3. More specifically, we will show

that

—_— 1
li T. < ———F— =1p. 4.28
VIS TRy 2

It follows from (4.2) that on the characteristic curve I'} , w1 (t,7(t)) satisfies

%(t, r(t)) = Lywy = ao(t)w? + a1 (H)wy + as(t), (4.29)
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where
1
alt) = (g d)) (o),
2rzc(u)
c(u)
ay(t) = T —c(u)u — 2wz | ) (t,7(t)),
drzc(u) \rz
1
as(t) = ( P (u)u + —5c(u)d (u)u? — —c’(u)uwg) (t,r(t)).
4rz 2rz
1
By (4.15), one has, for - <t < Ty,
5E¢ 10Be?
‘a/ll S 3 |a/2| S 3 )
t2 t2
which implies
Tb 3 Tb
/ la1| ds < 10Eez, / lag| ds < 20E%£2. (4.30)
1/e 1/e
(4.31)

This also yields
Ty Ty
K= (/ |a2(t)|dt) eXp(/ al(t)|dt) — 0(e?),
1 1/e

/e
By the definition of w/ in (2.14), one has that u/(1/e) = ewo(1/e) on I'} . Moreover,

it follows from Lemma 3.1 that
1Z%(u — ul)| < Cape? (14 1)"2 (1 + |t — r|)/2

On the other hand, by [10, Theorem 6.2.1], one has
o~z (ué(l/a) - (%Fg)(r(l/e) - 1/a)> ’ < C’aga%
ra

Therefore,
wi(1/e) = (r#du)(1/e) — H% + r%(?ru)] (1/¢)
+ r%arug” (1/e) + O(e3/?)

a
1

— rtoad)(1/e) - o 54
= Fr(1/2) = 1/2)(~e(1/2) = 1) + O(=?)

2eFy(r(1/e) —1/e)) + O(e*?)
on I'} . Hence,

Note that one has |r —t| < C + |po| and |u(t,r)| < Cpe(1 +1t)"2
1/6 1 1
|r(1/e) —1/e — pol S/ Cre(1+5)"2ds = Cye 1+g.
0
We now prove (4.28). By Lemma A.4 and (4.30) and (4.31), one has
Ty
a0]dr) < (i (1/2) - )

(/UT md(u) dt) eXp(— /1/5
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that is,
(V= /14 2) 1+ 0)) < (22F3(on) + O() " exp(5E).
Thus, X
lmevTe < 2 (po)

and (4.28) is proved.
Next we show that in the case c(u) = 1+ u? + O(u?) in (1.1), the lifespan T, satisfies

_ 1
lime?InT. < vy = — .
T e S T in{ Fo(0) Ef (o)}

(4.32)

Although the proof is analogous to that of (4.28), for the readers’ convenience, we
provide the details.
~ b ~
Set T;, = e<Z — 1, where 0 < b < 1y is a fixed constant. As above, define Ff to be the

characteristic curve given by dt = +c(u(t,r)) and passing through the point (\,0). The

domain D is bounded by T'}, I’;r ., {t =0}, and {t = T}, where fy is chosen so that
Fo(po)Fo(po) = min {Fo(o) F o(0)}-

Similarly to Lemma 4.1, one has
LEmMMA 4.4. Tf (t,7),(t,r") € T, N D (v € R) and (t,r) € Ty, (¢',r') € T}, where
)\)\ 6[0—1 M] then

[t —t'| < Cp. (4.33)
Proof. For X € [po — 1, M], the equation r = r(t) of f‘j is
dr(t) _ _
TRl c(u(t, r(t)) = c(t),
r(0) = A.

Because [c(t) — 1| < Cylu(t,r(t))]? < Cpe?2(1 + )71 + |r —r(t)]) for 0 < 7 =
e2In(1 +t) < b < vy, one has

|r(t) —t|<|>\|+/| u(s,r(s))) — 1| ds

< m0+cbe2/0 (14 )11+ [r(s) — s|) ds

which implies |r(t) — t| < Cj, for t < Tj,. The proof of Lemma 4.4 then concludes by an
argument similar to that in the proof of Lemma 4.1. |

Define A(t), B(t), and C(t) as in Lemma 4.2. When c(u) = 1+ u? + O(u?) in (1.1),
one obtains the paralleling Lemmas 4.2 and 4.3:

LEMMA 4.5. There exists a positive constant /' such that, for small ¢,

' A0 <E s()em (e
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(i) If 0 <t < Tp, then
A(t) < Ee,  B(t) < 2Fe, C(t) < 3E%¢2. (4.35)
Proof. Since the proof is analogous to those of Lemmas 4.2 and 4.3, it is omitted. [
Next we prove (4.32). It follows from (4.2) that along the characteristic curve I’;O,
wy (t,7(t)) satisfies
d
() = ao(t)wd + ax(thwn + as(0), (4.36)
where ag(t), a1(t), and as(t) are defined as in (4.29).
1 ~
By (4.35), one has, for — <t < Ty,
€

o 5E¢? as] < 10Ee2
1l = 12 ) 2] > t% )
which implies
Tb Tb
/ la1|ds < 10Ee3, / |lag| ds < 20E%&? (4.37)
1/e 1/e

and

K= (/12 |a2(t)|dt> exp(/l/ib lay (t)] dt) = 0(?). (4.38)

By the definition of u! in (2.31), one has that ul/(1/¢) = ewo(1/¢) on f‘j{o holds true.
Moreover, it follows from Lemma 3.2 that

|Z%(u — ul)| < Cope® | Ine|(1+ )72 (1 + |t — r|)!/2. (4.39)
On the other hand, by [10, Theorem 6.2.1] one has

A (ugf(l/g) - (%FO)(T(UE) - 1/5)) ’ < Coge

i

Therefore,
wi(1/2) = o)1/ - (of ;-

_ (Faudy(1/e) - ((2 +r%arugf))<1/s>+0<e3/2>

= eFy(r(1/e) = 1/e)(=¢(1/) = 1) + O(*?| Ine])
= —2eF{(r(1/e) — 1/e) + 0(53/2| Inegl).

+riou) )/

II

[N

:

k\JI»—A

Note that |r — t| < C + |po| and |u(t,r)| < Cpe(1+1t)~2 on f‘:{o. Hence,
1/e

[r(1/e) —1/e — po| < Cre?(1 4 s) " tds = Cye?|Inel.
0

Thus one has
1 -
wl(g) = —2Fy (o) + O(e**| Ine)). (4.40)

For later reference, we now provide properties of v when restricted to f;o.
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1
By the definition of u!! in (2.31), one has, for ¢ > —,
€
ull(t,z) = a(X(Et)wo(t, x)+ (1 — X(at))r_l/QFo(ﬁo)> on f‘:{o. (4.41)
Moreover, it follows from [I0, Lemma 6.2.1] that
10925 (wo(t, ) — 12 Fy(o))| < Cape(1+8)~" on IF. (4.42)

1
Substituting (4.42) into (4.41) yields, for ¢ > =
ull = er=Y2Fy(po) + O(E%)(l +t)7' on f’:{o.

a

Together with (4.39), this implies, for ¢ >

M | =

u=er~?Fy(po) + O(e?)|Inel(1+4)7% + O(e?)(1+)~ on I'}. (4.43)

Relying on the preparations above, we now prove (4.32).
As Fy(po)Fi(po) < 0, without loss of generality we can assume that Fy(pg) < 0 and

1
F§(po) > 0. One then has, for t > o

1 2u + O(u?) -
-] <0 and t)= ——75—~ <0 .
() <0 ma w0 = s <0 on T
Consider the equation for @w; = —w;. It follows from (4.36) that on the characteristic

~ 1
curve I'T | for t > —,
PO £

L r(0)) = —ao(t)(@1)? + an (0)in — a0,

where (1) > 0. By Lemma A.4, one has

€

Lo 7, ~ B
(— /1/6 W)%c(u)c (u) dt) exP<— /1/5 a1(t)|dt> < (1(1/e) — K)~L.
From this, together with (4.37), (4.38), (4.40), (4.43), and ¢/(u) = 2u + O(u?), one

arrives at
eFy(po)(InTy, —In(1/2))(1 4+ O(e)) < (—2eF}(po) + O(%?|Inel)) " exp(10Ee?),
which implies

_ 1
me?lnT. < —————— = .
e=0 *= 2R (po)Fy(po)

Consequently, (4.32) is proved.
Proof of Theorem 1.1. Under the assumptions of Theorem 1.1, it follows from (3.22),
(3.23), (4.28), and (4.32) that the lifespan T satisfies

liné eV/T. =719 when c(u) =1+ u+ O(u?)
E—r

and
liH(l) 2InT. =vy when c(u) =1+ u? + O(u®).
e—
Thus, we have completed the proof of Theorem 1.1. |
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Appendix A. Some useful lemmas.

LEMMA A.1. (i) For ¢(t,r) € C1,

B
09| < 1+|t gjlw 9l

(#4) Klainerman fields have the following expressions in (7, 0) coordinates:

0, _ad 87',
! oIt
0, :aa'a
S =00, + —— 9
00g T -—F7/——=0r,
2v14+t
er
H=—00, + —— 5,
2 T
tS — tH —rS
PTOOf. () For 8t W and ar = m,

(L + [t =r[)(10:0] + [0-0]) < 2(|S¢| + [H| + 10:9| + [0,9]),

d (A.1) is proved.
(ii) This follows from a direct computation.

LEMMA A.2. If f(t,z) € C}(RT x R?) depends only on (t,r) and suppf C {(¢t,z): r

M +t}, then
I+ [t =)™ fllze < ClOf e

REMARK A.1. In the case of € R?, Lemma A.2 has been proved in [19].
Proof. Since suppf C {r < M + ¢},

M
f(tr) :—/ +t8Tf(t,s)ds.

It follows that

M-‘rt Mt
( |8 f t S)| (1+|t—s|)1/2 d8>/ (1+ ‘t—8|)_1/2 ds

M+t
S — S 1/28 - T 1/2.
c(/ 10, 7(t, )P(1+ |t — ) d)<1+|t )
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Thus,
M+t
[ as=r) 2 Prar
0
M+t M+t
< C/ (/ 0, f(t,8)2(1 + |t — s|)/? d5>(1—|— [t — )3/ % dr
0 r
M+t s
< c/ 10, (t, s)P(1 + |t—s\)1/2ds/ (14 |t — )%/ dr
0 0
M+t s
< c/ 10, f(t,8)>(1 + |t—s\)1/23ds/ (14 [t —r])~%/2dr
0 0
M+t
<c [ s
0
and Lemma A.2 is proved. O

LEMMA A.3 (Generalized Gronwall inequality). Let f € C'[0,00), g,h € C[0,0) be
nonnegative and let

PO < fityg(o) + no )

s < (5045 [ atsias) esn(5 [ o).

LEMMA A.4 ([I0, Lemma 1.3.2]). Let w be a solution in [0, 7] to the ordinary differential
equation

Then

d
d—t: = ao(t)w? + a1 (t)w + ax(t)

with a; continuous and ag > 0. Let

K= (/OT laz(t)] dt) exp(/OT a1 (t)] dt),
(/OT ao () dt) exP<_ /OTal(t)|dt> < (w(0) — K)!

provided that w(0) > K.

Then

LEMMA A.5 (Blowup of smooth solution to problem (2.37)). The smooth solution to
(2.37) blows up in finite time if Fy(o) £ 0.

Proof. Assume that (2.37) admits a global smooth solution. Due to (F6)2(M) =
(F{)?(—o0) = 0 and (F})? # 0, one has

I
Fi(o)F (o) = (%(Fé)(a)) < 0 on some interval I C (—oo, M).

Without loss of generality, we can assume Fj(o) < 0 and F{'(c) > 0 on I.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



BLOWUP OF SMOOTH SOLUTIONS TO NONLINEAR WAVE EQUATIONS 249

Let ¥ = {(7,0(7,1)): 7 > 0,1 € I}, where o(7,l) stands for the characteristics of
(2.37) emanating from the point (I,0); i.e., o(7,1) satisfies

do(t,1)
0 G2(7,0(T,l)),

a(0,1) =1.

Set Q(7,1) = (0,G)(7,0(7,1)) and G(7,1) = G(7,0(7,1)). Tt follows from the equation
n (2.37) that

(A.2)

_ Fo(l)
Q1) = L+ Fj(1) [, G(t,1) dt (43)
and 0 f at
B EJ 2(1) o Q(t, 8;0 t,l
(0,Q)(7,0(T,1))010(7,1) = a + Fo 0 fo Iy
Therefore,
Q <0and 0,Q >0in X. (A.4)

Lj+1
Choose l; € I (i =0,1,2) such that [y <, <ly and denote E; = / (F§)2(1) dl for
l.

j =0,1. Tt follows from the conservation of energy for problem (2.377) and (A.4) that,
for 7 =0,1,

(Tolj+1)

0< Ej _/( ., Q*(r,s)ds
o(1,lj4+1)

Q) [ T Q)8 ds = Q) (G )~ G )

which yields

G(T, lj) — G(T, lj+1) Z — ] = 07 1. (A5)

E;
Q(r,1;)’
y (A.2), one has that o(7,1) < M holds for [ € I and all 7. Therefore,

Z/ (7, 1) d7-<3M+Z|l\

=0

which implies that there exists a sequence {7} C [0,00) with 7, — 00 as k — oo such
that

G(7k,li) -0 ask — oo fori=0,1,2. (A.6)
It then follows from (A.5) and (A.6) that
Q(7g,l;) > —o0  as k — oo for j =0,1. (A7)

On the other hand, by (A.4), one has

/ thodt>/ G(t, 1)

Together with (A.4) and (A.7), this yields as k — oo
11
Follo) = Fg(h)
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and F{(l1) < F{(lp). The latter, however, contradicts the fact that F{(lo) < Fj(l1) holds
due to F{/(0) > 0in I and Iy < I;.
Thus, the proof of Lemma A.5 has been completed. ]
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