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ON THE BOUNDEDNESS OF CLASSICAL OPERATORS
ON WEIGHTED LORENTZ SPACES

Y. RAKOTONDRATSIMBA

ABSTRACT. Conditions on weights u(-), v(-) are given so that a clas-
sical operator T sends the weighted Lorentz space L"*(vdz) into
LP9(udx). Here T is either a fractional maximal operator M, or
a fractional integral operator I, or a Calderén—Zygmund operator. A
characterization of this boundedness is obtained for M, and I, when
the weights have some usual properties and max(r, s) < min(p, q).

§ 0. INTRODUCTION

Let u(-), v(+), wi(:), wa(-) be weight functions on R, n € N*| i.e., non-
negative locally integrable functions; and let T" be a classical operator. The
purpose of this paper is to determine when 7" is bounded from the weighted
Lorentz space L1°(w1) into LP9(wy), i.e.,

ng(-)(Tf)(-)HLm < Cle(-) f()HL for all functions f(-). (0.0)
Here C' > 0 is a constant which depends only on n, p, ¢, r, s, and on the
weight functions. Recall that

ool =a [( [ utian) e

0 {yeR";|g(y)|>A}

for 1 <p<ooand 1< q< oo; and

lg()|[ Lz = sup A( / u(y)dy)%

{yeR™; |g(y)|>A}
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for 1 < p < oco. It is always assumed that 1 < r,s,p,q < co. For conve-
nience, the embedding defined by (0.0) will be denoted by T : L7*(wy) —
Lﬁq (’U)Q)

The classical operator under consideration is a fractional maximal opera-
tor or a fractional integral operator or a Calderén—Zygmund operator. The
fractional maximal operator M, of order a, 0 < o < n, is defined as

(Mo f)@) = swo{1Q1E " [ 17 wldy @ acube with @5 ).

Here @ is a cube with sides parallel to the coordinate planes. Thus M =
My is the well-known Hardy-Littlewood maximal operator. The fractional
integral operator I,, 0 < a < n, is given by

L@ = [ o= sl* " )y,

The Hilbert transform

_ 9 40— tim
(Hf)(xz)=P.V. o 7ydy ;—’O/x—y|>e

W,
r—y
is a particular case of the Calderéon—Zygmund operator.

The boundedness M : L7°(1) — LP4(1) was considered and studied by
many authors (see, for instance, [1], [2] and the references therein). However,
as mentioned by Kokilashvili and Krbec [1], easy necessary and sufficient
conditions on v(-), u(-) for which M, : L1*(1) — L?(1), 0 < o < m, are not
known. In this paper we find a sufficient condition for such a boundedness.
For weight functions having some special properties (generally shared by
usual weights), the condition found here is also a necessary one. One of the
reasons which lead to considering M, : LI*(w;) — LP9(ws) is the fact that
weights cannot be combined as in the Lebesgue case where, for instance,
FOllzgr = llur ()l

A weight function w(-) is constant on annuli if for a constant ¢ > 0

sup  w(y)<c inf w(z) foral R>0.

R<|y|<64R R<|z|<64R

This latter condition can be denoted by w(-) € A. If w(z) = |z|* In”(e +
|z]), with @ € R and 8 > 0, then w(-) € A. A large class of weight
functions w(-) for which w(-) € A is given by those nondecreasing (resp.
nonincreasing) radial w(-) which satisfy w(64t) < Cw(t) (resp. w(t) <
Cw(64t)) for all ¢ > 0. In the proof of Lemma 1 below, it is observed
that M, : L7°(1) — LP9(1) implies necessarily H : LI*(1) — LP9(w) with
w(x) = |2]*™™ and (Hf)(z) = fly|<\r| f(y)dy. In view of this observation
and also for convenience, it is always supposed that wi () € A and wa(-) €

A.
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As in Lemma 1 below, the boundedness M, : L7*(1) — LP9(1) implies

H(R+ ledot|)*"

1
U() LJ—I 5—1

Lz
and

|m|"[%+%7% (u(m))% < c(v(m))% for almost every x (0.2)

for & + % — 1 = 0. Here I () denotes the characteristic function of the
measurable set E. Since (0.2) is a pointwise inequality, this condition can be
easily checked for given weights u(-) and v(-). Contrary to the well-known
standard conditions (see [2], [1]), (0.1) is expressed neither in terms of the
operator M,, itself nor in terms of arbitrary cubes. This test condition needs
only integrations on balls centered at the origin, which are well adapted for
radial weight functions (the most useful weights in applications). Conse-
quently, our idea is to derive M,, : L}*(1) — L2%(1) from conditions (0.1)
and (0.2). However, when testing the problem in classical Lebesgue spaces,
it is not reasonable to expect that the above embedding can be obtained
only from these two conditions.

Roughly speaking, for max(r,s) < min(p,q) we will prove that M, :
L7#(1) — LP4(1) whenever both (0.1) and a more stronger condition than
(0.2) are satisfied (see Theorem 2). Eventually, for the Lebesgue case (i.e.,
r = s, p = q) the results we find are new. It is also of interest to note that
the conditions used to get (0.0) are suitable for explicit computations.

The main results are presented in §1. The basic lemmas needed to prove
them are given in §2. These latter are proved in §3. The final §5 is devoted
to the proofs of the basic lemmas given in §2.

8 1. THE RESULTS

Recall that our purpose is to study 7" : L7*(wy) — LP%(w2), i.e.,

[w0@n )], < Clfurcrr0)]

for all functions f(-),

rq
Lu

s
Lv

where T' is a classical operator defined as above and wi(+), wa(-) € A.
Indeed, in considering this boundedness, restrictions on the range of r, s, p,
¢, and on the weight functions have to be done. To simplify the statement,
consider the case of T'= M,.

Lemma 1. Let 0 < o < n. Assume the embedding My : L7°(wy) —
LP%(wsy) is satisfied. Then
Q" <Ci
Ly

wa()Lg(+) wi () Lg(+) for all cubes Q. (1.1)

rs
L”L)
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Consequently if wy(-) = wo(-) =1, then L —

% < 2. On the other hand,
1

() et

T s

< oo for all cubes Q.
L,:71 s—1

(1.2)

The weight functions u(-), v(-) satisfy the Wheeden—Muckenhoupt condition

Juat R e

for all R > 0.

pq
Ly,

U(.);l(.)ﬂﬂ«m(duyrl . <G (13)

—1 s—1

Let1<r<gand%:%—%, If p=r* then

wa(x) |m|”[%_%"] (u(x))% < cwq(x) (1)(;10))7l for almost every x. (1.4)
This inequality is also satisfied for p # r* if both u(-), v(-) € A.
In view of this result, it will always be assumed that
v(-) and wi(-) satisfy (1.2).
So by (1.1), the study of M, : Ly*(1) — LEI(1)for0 < a<nandl <r <2

makes non-trivial sense only for the range p < r*. For this reason and also
for technical motivation it will be supposed that

l<r< ﬁ, p <r*, max(r,s) < min(p,q). (1.5)
@
In dealing with M, when max(r,s) = p < g, it is useful to assume that
N—-1 »
> [ w0 gm0

p
L <C H wz(-)ll{\szN}(.)‘ e (1.6)
m=—0oQ ’

for all N € Z. Such an inequality is always satisfied when ¢ < p (see Lemma
2 in §2). For the range p < ¢, (1.6) is true for some weight functions as in

the case of wa(+) = 1, or for power weights (see Proposition 8 below).
A stronger condition than (1.4) is

=

wo(@) [o"EEH (s w(z)” <

4| <|z| <4z

< cwi(z) (v(2))7

for a.e. x,
or

(1.7)

1
nfetl_1 1 =
wa@) e (s ) s

“Hal<|z|<4|x

<cwi(z) fora.e. z,

(1.7)
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We are now in the position to state our first main result for the fractional
maximal operator.

Theorem 2. (The fractional mazximal operator M, with 0 < a < n)

(A) Suppose My, : L7*(w1) — LP9(ws). Then the Wheeden—Muckenhoupt
condition (1.3) is satisfied.

(B) For the converse assume restrictions (1.5) and (1.6) hold. Then
condition (1.3) implies My : L1°(wy) — LP%(wy) whenever the pointwise
inequality (1.7) (or (1.7")) is satisfied.

Remarks 3. (1) For the Hardy-Littlewood maximal operator M = My,
this results deals with the embedding M : L7¥(w;) — L7%(ws), since by
restriction (1.5) we have a« = 0, r* =r =p, and s < r = p < ¢q. For M,
with 0 < a < n, and in the Lebesgue case, i.e., p = g and r = s, restriction
(1.5) means r < p < r*.

(2) Theorem 2 and Lemma 1 yield the following conclusion: With re-
strictions (1.5) and (1.6), both conditions (1.3) and (1.4) characterize the
embedding My, : L7*(wy) — LT 9(ws) whenever either u(-) or v(-) is con-
stant on annuli. Similarly, if p # r* and both u(-) and v(-) are constant
on annuli, then M, : L7*(w;) — LP9(wq) if and only if (1.3) and (1.4)
are satisfied. Indeed, in the latter result condition (1.4) can be dropped by
virtue of Proposition 9 and Remarks 11 below.

(3) The Wheeden-Muckenhoupt condition (1.3) is equivalent both to

1

v(-)wl(-)ﬂ{‘“}(')HLru L <A (1L8)

wa () Ly <ry ()

ROCTL‘

pq
Ly

and to

Hw2(') 1T L s Ry ()

v(.)i,l(.)ﬂm@}(-)’ Lo <H (19)

v

Lz
for all R > 0. The latter inequality is also useful to get the boundedness of
some Hardy type operators in weighted Lorentz spaces (see Lemma 3).

It is of interest to identify some situations where the extra-condition (1.7)
(or (1.7)) can be obtained from the Wheeden—Muckenhoupt condition (1.3).
Such a question will be discussed below.

But for the moment we state the main result for the fractional integral
operator.

Theorem 4. (The fractional integral operator I, with 0 < o < n)

(A) Suppose I, : L7*(w1) — LP9(we). Then the Hardy condition (1.9) is
satisfied and so is its dual version
1

v(-)wi ()

< H'. (1.9%)
P4

u

wa (") Ly <ry(4)

—1 s—1

|~|“n|.>R<o>H L
L)
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(B) For the converse, assume restriction (1.5) holds. Then both condi-
tions (1.9) and (1.9%) smply I, : L}°(w1) — LP9(ws) whenever the pointwise
inequality (1.7) (or (1.7")) is satisfied.

As in Remark 3(2), by Theorem 4 and Lemma 1 we see that, with restric-
tion (1.5), both conditions (1.9), (1.9%) and (1.4) characterize the embedding
I : L7 (wy) — L7 9(wy) whenever either u(-) or v(-) is constant on annuli.

Next, the weighted inequalities for Calderén—Zygmund operators T are
considered. Each T is a linear operator which sends C2°(R") into L}, (R",dz),
is bounded on L?(R",dx), and has the representation

(Tf)(z) = - K(z,y)f(y)dy  ae. x¢suppf

for every f € L(R™). The kernel K(x,y) is a continuous function defined
on {(z,y) € R™ x R™; z # y} and satisfying the standard estimates

|K(z,y)] < Clx —y|™ forall x#y,

K (2,y) = K (o, 9)| + K (y,2) — K (y2')| < C(52]) o — |7 whenever
2|z — 2’| < |x —y|. Here C > 0 and € €]0,1] are fixed constants. These
operators were introduced by Coifman and Meyer in [3] and were known to
be bounded on each space L? for 1 < p < oo.

Now we are in the position to state the sufficient conditions for these

operators to be bounded on weighted Lorentz spaces.

Theorem 5. (The Calderon—Zygmund operator T')

Let s < r < q. Then conditions (1.9) and (1.9%) (with « = 0, p = r)
imply T : L7°(w1) — LI9(wz) whenever the pointwise inequality (1.7) is
satisfied.

For the Hilbert transform some of the above conditions become also nec-
essary.

Proposition 6. (The Hilbert transform H)
Suppose H : L7*(wy) — LI%(ws). Then conditions (1.9), (1.9%), and
(1.4) (with o = 0, r* = r = p) are satisfied.

Next we deal with a result which yields cases where the Muckenhoupt
condition (1.8), with o > 0, implies the Hardy inequality (1.9). For this
purpose, some weight conditions are needed. Thus v(-) € RD, ., s(w1),
v > 0, when for a constant ¢ > 0

1

HWHHKAR}(')HL 1

‘mﬂw@}(-)\\ﬁﬁ

1
T s <C>\ny(17;)
r—1s—1 —

v
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for all 0 < A <1 and R > 0. Similarly, u(-) € D; p 4(w2), € > 1, when

H wa(+) ]1{|~|<)\R}(')‘

forall A >1and R > 0.

<ec )\nE%

Pq
Ly

wa(-) ﬂ{l-\<R}(')‘

pq
Ly

Proposition 7. The Muckenhoupt condition (1.8), with 0 < a < n,
implies the Hardy condition (1.9) whenever v(-) € RD, . s(w1) for some
v > 0. This implication is also true if u(-) € D pq(w2) for1 <e < (1-%)p.

After some tedious computations, we obtain
Proposition 8. Let w(z) = |x|[™", wi(x) = |2|" ™", wa(z) = |z|277,

u(z) = |z, v(z) = |z|°~™ where B, B1, Ba, v, § are nonnegative reals.
(A) If 0 < (B —n) + 1, then
w1y 1<r ()]

1 1
~ RO 7/ w(y)dy / u(y)dy )"
L <R" lvl<R ) lvI<R )
for all R > 0.

(B) The extra-assumption (1.6) is satisfied with wa(-) = w(-).

(C) Let 0 < a <n, 0< (B2 —n)+ 57 and (61 —n) + ;6 < n. Then the
pointwise inequality (1.4) and the Muckenhoupt condition (1.8) are satisfied
if and only if

a+ (B2 —n)+%’y = (4 —n)Jr%& (1.10)

Moreover, since v(-) € RDy . s(w1) withv = 5+ [(n— 1)+ (n—16)] > 0,

r—1

then by Proposition 7 the Wheeden condition (1.3) is equivalent to (1.10).

We will end this section by studying some cases where the pointwise
inequality (1.7) becomes a necessary condition for M, : L'*(wy) — LI%(ws).
For this purpose two weight conditions are introduced. Therefore we write
that u(-) € H whenever for some C' > 0 and N € N*:

sup u(y) < C’|x|*"/ u(y)dy, (1.11)
47 z|<|y|<4|z| 2-Nz|<|y|<2N ||
and v(-) € ﬁ(r/,s’), ' = 15,8 = 27, whenever

’

|2|™ {ﬁy v(z) < CH %) Lo Nz <) |<2V || ()

’
T

L;’;’ s
Without any difficulty we get

Proposition 9. The Muckenhoupt condition (1.8) implies the pointwise
inequality (1.7) whenever u(-) € H and v(-) € H(r',s).
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In this result the condition constant on annuli for wq(-) and ws(-) is taken
in the sense that supp |, <s2v g w(y) < cinfpepzj<oevpw(z) with N > 3.
An immediate consequence of Proposition 9 can be stated as

Corollary 10. Let u(-) € H and v(-) € H(r', s'); then

— Condition (1.7) (or (1.7")) in Theorem 2 can be dropped;

— Condition (1.7) (or (1.7")) in Theorems 4 and 5 can be replaced by the
Muckenhoupt condition (1.8).

Remarks 11. (1) Property (1.11) holds for a large class of weight func-
tions. For instance, w(-) satisfies (1.11) whenever w(-) € A. Condition
(1.11) is also true for any radial and monotone weight. But there also ex-
ists w(-) not necessarily monotone for which (1.11) is satisfied (take, for
instance, w(z) = |z|° "1 <1 (2) + |2 7" Lz >1 ().

(2) The condition v(-) € H(r',r') holds if v'~"' () satisfies condition
(1.11). For general 7 and s, we have v(-) € H(r,s’) whenever there is
C > 0 such that

|x|_"/ v(y)dy < cv(z). (1.12)
27N z|<|y|<2VN |z

Indeed, using the Hélder inequality and (1.12), with C(z, N) = {27 V|z| <
ly| < 2V|x|}, we obtain

|x\%[$}v%’(3§)%( | st tewm@utdy) < (jel"u(e)) " <

Ly (/c(x,zv)v(z)dz)r . <|‘T|n”(x))_ =

<l syteemt)
< e o) C(z,N)

<01H ]lcuN)()’

sl
L5

Any Muckenhoupt A;-weight function v(-) satisfies condition (1.12). The
same is true for v(:) € A.

(3) Theorem 2, Proposition 9 and Remark 11(2) yield the following con-
clusions: With restrictions (1.5) and (1.6), the Wheeden—Muckenhoupt con-
dition (1.3) characterizes the embedding My, : Li?(w1) — LE(wq) whenever
both u(-) and v(-) are constants on annuli. Similarly, if u(-) and v(-) are
constant on annuli, then I, : L}*(w1) — LP%(wq) if and only if both (1.8),
(1.9) and (1.9%) are satisfied.

§ 2. Basic LEMMAS

In this section we prove Lemma 1 and give some basic lemmas needed
for the proofs of our results.
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Proof of Lemma 1. Assume that M, : LI*(w;) — LP%(ws), ie.,

|w20)1O) ,, < Cllun()f()|], | for all functions f(). Let Q be a

cube and f(-) >0 with @ as its support. Since |Q %_1<IQ f(y)dy) Ig(z) <
(M, f)(x), therefore

pq
Ly

|Q%—1( /Q f(y)dy)sz(')]lQ(')Hqu < w100, - @1

rs
L”U

This is the key inequality for the inequalities of this lemma (except for

(1.3)).
Taking f(-) = Lg(+) in (2.1), we obtain (1.1). In particular, for wi(-) =

a1 1 _ P _
wa() = 1 we have [QI* 377 (1Q1 71 fyutw)y) " < C(1QI7 J, vlv)dy)
The latter inequality implies £ + 1 — 1 > 0. Indeed, if this is not the

n p T
case, then by the Lebesgue differentiation theorem and letting |Q| — 0 we
necessarily have u(-) =0 a.e..

To prove (1.2), suppose the contrary, i.e., = o0

CTNOL 0] [
Ly

for the cube Q. Then there is g(-) > 0 for which [|g(-)1q(-)||zrs < oo and
00 = [0 9) Gy )W) dy = [ 9(y)wi ' (y)dy. Consequently inequality
(2.1) cannot hold for the function f(-) = g(-)w;'(-) unless u(-) = 0 a.e.
(since the quantity on the right is finite).

The Wheeden—-Muckenhoupt condition (1.3) can be derived from an in-
equality similar to (2.1) which is

2.2
L @2

() sw)osr-pr o]

< Cllwn()50)|

prq
Ly

for each f(-) > 0 and whose support is the ball B = B(0, R) = {y; |y| < R}
centered at the origin and with radius R. Inequality (2.2) can be obtained
immediately from M, : L'*(wq) — LP?(wq) and

(B la ([ ) <O

Here ¢ = ¢(a,n) > 0 depends only on « and n. This inequality is valid,
since for || < R we have B C B(z,2R) and (R+|z|)*™" [, f(y)dy < R*™"
fB(x o) fy)dy < e(Myf)(x), and for R < |z| we obtain B C B(z,2|z|) and

(R+ |$|)a_n fB fy)dy < |z|*™" fB(z’Q‘zl) f(y)dy < (M f)(z). Our purpose
is to bound the quantity

1

() ]l{lv\<R}(')HL$%1ﬁ

7 = [fwa) B+ 1D L o

prq
Ly,
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by a constant which does not depend on R > 0. Since it can be assumed
that 0 < H;ﬂ{\'KR}‘ s < 00, there is g(-) > 0 such that

Wi () LT

Hg(')ﬂ\ykR(')HLm <1and

Hmﬂmw}(-)‘

[ e [ e |
_/|y|<R @)Y /|M W9y

Finally, condition (1.3) appears by taking f(-) = w; *(-)g(-) in (2.2). Indeed,

[ s
r—1 s—1
Ly

<C.

rs
LG

T /y<R wi (w)g(y)dy) | (R+ 1) ws ()

<C|lg()yj<nl)

pa—
Ly

To prove (1.4), an inequality similar to (2.1), with cubes replaced by balls,
is used. First consider the case p = r*. Let  # 0 and B = B(xz, R) be the
ball centered at = and with a small radius R, i.e., R < 1|z|. Since w;(-),
wa(-) € A, for each y € B: wy(z) ~ wi(y) (in the sense that ¢~ tw;(y) <
wi(z) < cwi(y)) and wa(z) =~ ws(y). Indeed, L|z| < |y| < 43|z| and
wi(y) < SUPL < |zj<6ad]e] W1(2) < cinfijgcpcpatie wi(2) < cwi(z).
Analogously, wy(z) < cwy(y). Taking f(-) = Lp(:) in (2.1) (with balls
instead of cubes) and using the above equivalences we obtain

1
T

wale) B (1817 [ wlay)” < Cunte) (1817 [ o). 29)

B

Here & + % — 1 =0 and |[B| = R*. Thus by (2.3) and the Lebesgue

differentiation theorem (by letting R — 0) we have wy(z) (u(z))™ <
1

Cwi(z) (v(z))?.

Next suppose p # 7* (& + % — 15 0), and assume both u(-),v(-) € A.
The purpose is to estimate Z = Z(z) = ws(x) \m|”[%+?7%](u(m))%. For the
present case, the ball B = B(x, R) is taken with radius R = §|z|. Observe
that 3|z| < |y| < 643|z| whenever y € B. The conclusion appears as
follows:

1
T = wp(a) o545 (u(a))” <

=

< e wy(z) RME 7] ( sup U(y)> <
&zl <|y|<64§ x|

1
< a1G(u) wa(x) Rty (R_R/B[s\ |<Ii?£648\ ‘u 2 dy)p =
5lT z|<645|x
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1 1

< G ua() BEH (R0 [ uiy) <

< e G(u) wn (z) (R*" /B v(y)dy); < (by (2.3))

3=

< e3G(u) wl(x)( N |Sl|l£64 ‘ ‘U(Z)> <
%z<27 %x

3=

< c3G(u)G(v) wr () (§|x\<\?i}|1£64§|m\ v(z)) <

r

< e3G(w)G () wi () (v(m))

In the proofs of our results we will have to perform some summations as
stated in the following

Lemma 2. Suppose ), 1, (-) < Clyg, () for a fized constant C' > 0,
where Ey’s are measurable sets (so these sets are quasi-disjoint).

(A) Then

;Hf()]lE’“()H; < c ‘f()]luEk()H; for all functions f(-)

whenever max(r,s) < .
(B) For a constant ¢ > 0, which depends only on C,

|00, < e 3[ronmo
k k

whenever 0 < v < min(p, q).

v Y
LPII LPQ
u u

Also, the proofs of our results will depend much on the boundedness
of generalized Hardy type operators on weighted Lorentz spaces which are
already introduced and studied by Edmunds, Gurka, and Pick [4]. The
Hardy type operators under consideration are of the forms

(HF)(2) = (Hapf) (@) = a(z) / Wk
and

(H*g)(x) = (M5 9)(x) = b(a) / o(y) a(y)dy,

lz| <[yl
where a(-) and b(-) are measurable nonnegative functions. It is supposed
that
r=s=1or 1<r<oo and;1 <s < o0,

p=qg=1or 1<p<oo and 1<¢q< .
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Lemma 3. Letr,s,p,q be as above and, moreover, max(r, s) <min(p, q).
Then

|etne)] o S CHf(')HL;s forall () >0
if and only if
Z‘RH ) Ly (- ‘Lﬁq %b(')ﬂ\-KR(') | e <00
Similarly,
|90, < CHg(-)HLF for all g(-) >0
if and only if
sup | ) 1110 |, 575 90 Bt e < o

In order to get the weighted inequality for the maximal operators M,
0 < a < n, the following cutting lemma is needed.

Lemma 4. Let 0 < A < min(p,q). Then for some constant C > 0 and

forall f(-) >0

A
|0y 0rp)] , < € (82 + 8 + ).
where
st=lworr ([ sww)|,,.
83 = Y| wa) (Mas16, ) O 15,0,
keZ R “ .
=% 2 ([ pt)] ) mean ],

and By, = {2F < |z| < 2FH1}) Gy = {2871 < || < 2FF2).

In order to state in a condensed form a similar result for any fractional
integral and any Calderén—Zygmund operators, define the linear operator
T,, 0 < a < n, as sending C°(R") into L} (R",dx) and such that

loc

(Taf)(x) = | Kolz,y)f(y)dy  ae. x&suppf

R‘n,
for every f(-) € L°(R™), and with the kernel K,(x,y) satisfying

|Ko(z,y)| < Clz—y[*™™ forall z#y.
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It is also assumed that (T, f)(-) is well defined almost everywhere for all
bounded functions with compact supports. This is the case for 0 < a < n
when T, is the fractional integral operator I,. For o = 0 this assumption
will be realized if Ty : LP — LP for some p > 1 (which is the case for a
Calder6n—Zygmund operator).

Lemma 5. Let 0 < a <n and 0 < A < min(p,q). Then for a constant
C > 0 and for all functions f € C°(R™):

sy @n O]

§C<S$+S$+$§)

Lpa
where
st=[waor = ([ iswia)[;,.
S; = ZH wa (") (TafﬂGk)(') ]lEk(')‘ 2pq7
k€EZ “
st=lua0) ([ _ i) [,

and Ey and Gy are defined as in Lemma 4.

The proofs of these lemmas will be given in §4, and now we proceed to
proving our main results.

§ 3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 2. The real problem is to prove Part B. Since max(r, s) <
min(p, ¢) (see (1.5)), therefore one can find A > 0 for which max(r,s) < A <
min(p, q). In view of cutting Lemma 4, we have to estimate each of S\, S2,
and S by

A

C w0
for a fixed constant C' > 0 which, in general, depends on «, n, p, q, 7, s,
u(+), v(+), w1(-) and wa(-).
Estimate of S7. By taking g(-) = wy(+) f(+), we obtain

[ ([ )|

Such an inequality can be considered as H : L;* — LP? where H = H,y is
a Hardy type operator given by a(x) = wa(z)|z|* ™ and b(y) = In
view of Lemma 3, this boundedness of H is equivalent to

28 1) <r() HL%lTl < 00

rs
Lv

< ¢|jg0)

rq 8 :
LY Ly

1
wi(y)*

sup [ a() By ()

rq
Lu
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or to
1
v(-)wi(-)

for all R > 0. It is the Hardy condition (1.9) which is an immediate conse-
quence of the Wheeden—-Muckenhoupt condition (1.3).

Estimate of S3. Here the Muckenhoupt condition (1.8) (also an immedi-
ate consequence of (1.3)) is used. Now by the Holder inequality and (1.8)
we have

s <C

r—1 s—1
L'u

H wa ()] 17" Ly (1) ‘

1j<r() |

pq
Lu

2= [eeo ([ o)) om0,
DY 2 () Ban (9,
o R N [y PYCT TS e
<Aty [wnos1e00) <
<@ a1, by Part A Lermma 2

Estimate of S3. To estimate Syit is sufficient to get

[0 (a6, ) 012, 0], < Cua0r1000] - G

pq
Ly

Indeed, since ), g, (-) < 3 and max(r,s) < A, therefore by Part A in
Lemma 2:

A

A
8 < Y o600, | < @MutrO)] -
kEZ “ “
To get (3.1) we will use the fact that M, : L7*(1) — L} *(1) (see [1],
Theorem 5.2.2, p. 155), where 1 < r < 00, 1 < s < 00 and r% = %f 2. The
following three properties of Lorentz spaces (see [5]) are also used:

1

1Le()|| e = (/ w(y)dy); for all measurable sets E
E

1fllzoes < [ fllzoes for a fixed p, and s, < s13

11 1 11 1
| follzpase with = b ad =g

I fifalloes < cllfilloris
P1 P2 S S1 S2
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For convenience, set

Wi = sup wi(x), Why = sup wa(y), and U= sup u(z).
rE€Gy yeEy z€E}

Recall that wq(-), wa(-) € A and the pointwise condition (1.7) is assumed.
The chain of computations which leads to inequality (3.1) is as follows:

T = [ua()(Maflc, ) ()L ()

o2 (Marr6, ) 15,0,

(here s < ¢ since max(r,s) < min(p,q))

(Mafio,)Ote, )| <
(

wste o, x 1)
1 1 _ 1 " « 1)
p

IA

pq
Lu

IA
IN

IN

COW2 kZ/{

IN

<

01W2 kZ/I —
L’I‘OO

Q

IA
Q
[\)

3
=
Sl
+
3|
|
i
5
El
T8

LTS
(since M, : L7*(1) — Lq*sm)

s K ) 275 _
P rIWo UY {Z 24 (/ka{f(.)>2j}dx) ]

J

, . RPN
= |Y (/ 2 S+ 5= W, U dx)} <
{Z GRn{f()>27) [ * }

J

e[S 2 (/ a5+ H ()
|:Z Gpn{f(-)>27} {

J

%
Q
L)
2o
3
=
3

ol

IN

1

X ( o sup u(z))éydm>:r <

4= 1| <|z|<4la]

(here W, < sup wa(y) < cws(z) since wy(-) € A)
(47 =) <|y|<16(4=|z[)

cs [Z 2 ( /| m{ﬂw}<wl<ac>>’“v(ac)czsc)Ti <

j
(by hypothesis (1.7))

() Wi 278 (/ v(x)dm) T] <
{Xj: b Gen{f()>27}

IN

o =

IN
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s

o {Z oG+ N)s < / v(x)dm) } <
; G {2k f()>206 N8}

(since 2Nk < Wy < 2NF T for some Ny, € Z)

IN

s

cs {Z 2+ Ni)s ( / v(x)dx) ] <
J G {Wh k f(-)>20TNk)}
s 1
6 [ ols (/ v(x)dx) ] <
Z Gin{ew1 () f(-)>2'}

J

(here Wy, < sup w1 (z) < cws () since wi(+) € A)
(87 Hz|)<[2]<64(8 1 |x|)

< ¢ le()(fﬂc’“)()Hm

IN

IN

Now we will study how to obtain the same local estimate (3.1) if instead
of (1.7) we use condition (1.7). The main point is the existence of C' > 0
for which

1
™

2T W Uf < Cun(a) (v(@) " for all 3 € Gy,

Indeed, by virtue of this inequality, a modification of the previous chain of
computations leads to

<

rq —
L®

s 1
< CQ[Z 278 </ [27lk[%+;_i]W2,kL{,fydx) } < (see above)
r GRO{f (1) >27]

s 1
< Cg[z 27 (/ (wy(x))" v(x)dac) ] < (by this main point)
; Grn(£()>2)

< ¢

Ti = ||wa() (Ma e, ) )15, ()

w1(~)(f]10k)(~)HLm (see again the details in the above estimate).

To prove the main point, it is essential to observe that

1
— < v(z) forall z € Gy and z € Ey.
SuP4—1\z\<\y|<4\z\[v(y)]

This inequality is true, since for z € Gy and z € Ej we have 471|2] <

2F=1 < |z| < 2F42 < 4]z| and 1 = v(x)v(lx) < 0(T) SUPg-1 1)< |y <a)2| [ﬁ]
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So the main point appears since

el 1 1 a1 1 %
2" [FJFE*?}WQ’;@U,C” < Cj sup {|z|"[?+57?]W2,k (u(z)) } <

zEFEy
1
< Cy sup {|z|"[%+%_%}w2(2) (u(z)) p} < (since ws(-) € A)
zEFE}
1
< Cj5 sup {wl(z) il 1} < (by condition (1.7"))
z€Ey, Sup4*1\z\<|y|<4\z|[v(y)]T
1
< Cywi(x) sup { T } < (since wy(-) € A)
2€B | SUP4-1 1z <yl <afz| o))

3=

< Cywi(z) <v(x)> (by the above observation).

Proof of Theorems 4 and 5. Part A of Theorem 4 is proved. Next a con-
densed proof for Part B of Theorem 4 and Theorem 5 is given.

Suppose I, : LI*(wy) — LPI(ws). Since (Muf)(+) < c(s,n)(Iaf)(-), we
have My, : L*(wy) — LP9(ws) and the necessity of condition (1.3) (given
by Lemma 1) implies the Hardy condition (1.9). On the other hand, observe
that I : L75(wy) — LP9(wy) is equivalent to I, : LP'9 (—L) — Lr's' (L)

uw vw
where p’ = pfl, qd = ﬁ, .... So the dual condition (1.9’%) appears from

the embedding M, : Lﬁ'q/(uiz) — LZ,S/(WL) as above.

To get Part B of Theorem 4 and Theorem 5, it is sufficient to derive the
embedding Ty, : L7*(w1) — LP9(ws) with 0 < o < n by using conditions
(1.9), (1.9*) and hypothesis (1.7). As in the proof of Theorem 2 and in
view of Lemma 5, the problem is reduced to estimating each of S7', S2,

A
and S) by cle(.)f(-)‘ .

eventually on «, n, p, ¢, r,vs, u(+), v(+), w1(+), wa(:), and A is chosen such
that max(r,s) < A < min(p, q).

The estimation of S;* can be carried out as in the proof of Theorem 2 by
using the Hardy condition (1.9) and Lemma 3.

Also, S3 can be estimated as in the proof of Theorem 2. Indeed, in the
present case for a > 0 we have I, : L7*(1) — L7 (1) (see [1], Theorem
6.3.3, p. 191), where 1 < r < 00,1 < s < oo and T% = % — & and, on the
other hand, for a = 0 we have T,, : L7*(1) — L7*(1) which can be obtained
by interpolation.

Here C' > 0 is a constant which depends

The estimate for S is equivalent to H* : L'® — LP9, with H* = ab
and b(z) = wa(z), aly) = wll(y) ly|*~™. By Lemma 3, this boundedness of

H* is equivalent to the dual Hardy condition (1.9*).
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Proof of Proposition 6. Suppose H : L7%(w;) — LT%(wg). Our purpose is
just to get conditions (1.4) and (1.9) (with a = 0, r* = r = p), since (1.9%)
can be obtained by using a duality argument. The main key to the proof is

([ ) [roa) (1 =arl+10)

for each interval I centered at xy, and for each f(-) > 0 whose support is I.
Indeed, (3.2) first implies Hw2(~)111(-)‘ < 'UJ1(')]].I(')HL‘ . So

< Clmoin0], . 62

Ly?

u

Tq
u

using wy (+), wa(+) € A, we obtain

o) (17 [[utwitn)” < w117 [ oian)”

for each interval I centered at 2 # 0 and with a length |I| sufficiently
small. Then by the Lebesgue differentiation theorem: wy(z)(u(z))* <
cws () (v(x))*, which is actually condition (1.4).

On the other hand, applying (3.2) for intervalls I =] — R, R| (i.e., zy = 0)
we obtain condition (1.9), since

1
Frore

w(115) ']

sc (»/z|<R m g(y)v(y)dy) sz(-) (\ 4 R)fl ‘
(where [|g(-)]|z;s < 1)

90)] . =<CllgOlzz: < e

]1|»|<R(')’

—r__s_
r—1 s—1
LI

<

rq
Lu

<cC le()%()

In view of Part B of Lemma 2, inequality (3.2) will be obtained immedi-
ately for some N > 0:

<O w0, 33)

rs
L’U

</1 f(y)dy) sz(-)a(-)n]awm[(.)‘

rq
Lu

and

(/zf(y)dy) Hw2(.)81<.)n]*00,a+N[(')’

< 0 [lwr()rne)

. (34

L Lys (34)
—1

where s;(z) = (|x — x|+ |I|) and [ is any intervall centered at x; and

having the form I = [a,a + R], R > 0. Inequalities (3.3) and (3.4) will be
immediate consequences of the pointwise estimates

(H Vo) O Dot = 510 ([ £0)9) Tl () 35)
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and
(H Y anarn) )1 oani() = esi) ( / FW)dy) 1) scasni(s) (3.6)

for a some N > 0 and N < R. So the problem of obtaining inequality (3.2)
is just reduced to obtaining (3.5) and (3.6).

Let f(-) > 0 be supported by I = [a,a+ R}, and let Q = [, f(y)dy. One
can take 0 < N < R such that $Q = fa’aJrN] f(y)dy. Clearly, 0 < x —y =
|z —y| < |z — 27| + |I| = 57 (2) for each z €]a + N, oo and y € [a,a + NJ.
Inequality (3.5) is satisfied, since

(H i) @) Wi g ) > s1(a) ( / i >dy) Lo ol (®) =

anrN
1
= 51(0) 3O Muswoei(@) = 51(0) 5 ([ 1)) i)

If we note that

1
[ twa= ] jwi- [ fwir= 0.
l[a+N,a+R) la,a+R] la,a+N]

inequality (3.6) can be proved in the same way

Proof of Proposition 7. To get the Hardy condition (1.9) from the Muck-
enhoupt condition (1.8), first consider the case v(-) € RD, . s(w1), v > 0.
Applying Lemma 2 with 0 < § < min(p, q), we have

9 1 o

sz()| : \Oﬁn]l{|»|>R}(')’ e Wﬂ{\'KR}(') A1 =
6
<a Zsz(') |- 1{2kR<\-\s2k+1R}<'>‘ L
k>0 “
6
O R

<o Z 2—nu«9k(1—%)(2k+1R)a—n (HwQ() ﬂ{\-|§2k+1R}(')‘
k>0

pa
Ly

1

x Hm Ly <2kt py (4)

0
T s ) S CBAO'

Li;il s—1

For u(-) € D pq(w2), 1 < e < (1—%2)p and with the same choice of f, then

0

sz()| ‘ I[{l \>R} ’ C4ZH’LUQ nﬂ{QkR<|~|S2k+1R}(')‘

pq —
Ly



196 Y. RAKOTONDRATSIMBA

0
<ch2R(7M0 N " gkl Hw2(~) ]1{‘,|§2k+1R}(-)‘ pg =
k>0 b
. 0
SCﬁR(%")G Z 9—kno[(1—%)— el wz(')ﬂ{|.|<R}(')’ Lo <
k>0 “

0
Lﬁq)

Clearly, by the latter estimate, condition (1.8) implies (1.9).

<cr (R(“”) sz(-) 11{|-\<R}(')’

§ 4. PROOFS OF THE BaAsic LEMMAS AND PROPOSITIONS 8 AND 9

In this section we prove Lemmas 2, 3, and 4 (which were used for the
proofs of our main results) and also Propositions 8 and 10.
Proof of Lemma 2. A proof of Part A with C' = 1 was given in [6]. The
present case can be easily obtained by using a duality argument.

To prove Part B, assume that 0 < v < min(p, q). For p = ¢ or ¢ < p, the
key is based on the fact that || - ||L%% is equivalent to a norm. Hence

10X 0[], <] (70 > 160)) |,
SCIHJW(')ZHE;C(' ’ pg<c 22”]” g, (- ’ pg=C3 ZHf e, (- ‘
k Lu L k

Now consider the case p < ¢, s0 v < p < q or % <land 1< %. Thus for

a nonnegative sequence of reals (b;); € 1%, with > b?- <land =L we
obtain

105 b0l <e[S2 (5 )
’ X
<cy {Z [2” ;(/Ekﬂ{f(‘)>2j} u(y)dy);]z} ' < (since % < 1)

J

SC4Zk:Zj:2j7bj (/

<

9
5

22

LPLI

Epn{f(-)>27}

X
P

u(y)dy)” <

Ex0{f()>27}

SQ%:{Zj:Qm(/E u(y)d )Z}NQZHJC s, ()

kN{f()>27}

qu

The first part of this result was proved by Edmunds, Gurka, and Pick [4].
The second part can be derived by the first one with a duality argument.
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Proof of Lemma 4. Since M, is subadditive, for a fixed constant ¢ > 0

lwa () (Maf)()2ze < e(PR + P2 + P3) forall f(-) >0

with
=1 wa() (Mafﬂ{mgz’“*l})(') “Ek(')) Z
kEZ ’
P) = sz(') (Maf]lck)(') ﬂEk()‘ ;q’
kEZ ’
’Pé\ = sz(') (Mafl{2k+2<|y|}) () lE""(.)‘ Zﬁ“.

kEZ

We have only to estimate P;* and P3.
Estimate of P;. The key is to prove

(Maf{l_‘§2k71}>(x) <c |zl {/{|y|<z|} f(y)dy} for all x € Ey. (4.1)

Here ¢ > 0 is a constant which depends only on « and n. Indeed, using
(4.1) we have

P < C1H Z wa ()] - [*7" (/I . f(y)dy) ILEA()‘ ;q —
kez yI<|: v
— C1H wa ()] - [*T" (/|y|<-| f(y)dy) ‘ ;:q =8P

To get inequality (4.1) observe that |y| < |z|, for z € Ej and |y| <
28=1. Thus the support of g(-) = f(-)1{y|<2t-1}(+) is contained in the set
{y; ly| < |z|} = {ly| < |z|}. On the other hand, the term fB(m_T)g(y)dy

does not vanish whenever r > 2¥+2. Consequently for such a real r

/ g(y)dy < c2+a) / 9(y)dy <
B(z,r) B(z,r)

< ¢ |aftlam) / o(y)dy < ¢ 2@ / £ (v)dy;
B(z,r)Nsupp g {lyI<]z |}

so (4.1) is proved.
Estimate of P3. To estimate P3 we claim that

(Maf{2k+z§|.|}) (x) < cgg{dtﬁ") (/Ek+L f@)dy)} for each = € Ey, (4.2)

where di,; = 2¥*" and ¢ = c¢(a,n) > 0. The proof of this claim is given
below.
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First, the cases A = p = ¢, A < g < p, and A < p < ¢ are treated.
Observe that

A
[Z (Maf12k+2<|~|)( R NE } (M JRTIEE |) () g, () <
keZ
(s—n)
<ec sups d / y)d ] 1
> [ y>} i
A
SCZZ[IH—I / fy dy}ll
1=2 keZ
A m—2
MmEZL k=—o00
A
= CZ |:d(‘S 7l / f :| ]].{'.‘<2'm}(').
meZ
Since with the above hypotheses || - HL§% is equivalent to a norm, we have
A
Py < CAH wa ()Y [dﬁ_”) (/ f(y)dy)] 11{\-|<2m}(')‘ 28 S
meZ Em “
A A
<C> {d%‘i_") (/E f(y)dy)} H wz(')ﬂ{\-\am}(')‘ Loa
meZ m “

Next the case A = p < ¢ is considered. The key point is hypothesis (1.6).

Thus
p
PP < CH {su de=m y)d ] )1 ‘ <
3 kGZZ zzg k+1 ( EW Z/) B ( L
P
<C [supd(s ") y)dy } ng V1g, (v) <
ke% k+1 (Ek+l ) k Lra
(by the second part of Lemma 2 (A = p < min(p, q)))
s—n p
< CZZ[HR ([ sy )| 2<->nEk<~>\L,,q_
1=2 k€Z
p m—2
< (s—n) H <
=02 [dm (/En f(y)dy)} Z wa() g (|, <

< Z {d(s n) /mf dy)} HU/Q L. \<2M(')Hizq (by (1~6))'

m
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Now claim (4.2) can be proved. It is assumed that

S = sup 2@~ (k+D) {/ fly)dy| < oco.
122 {2MH<y| <2kt

Let x € E}. The claim is reduced to finding a constant ¢ > 0 for which
o | o SO0y < 05 (43)
B(xz,r

whenever fB@ " F(y) W orr2opy3 (y)dy is a non-vanishing term.
Consider r > 0 with fB(I " FW) W oriacpyy (y)dy # 0. There is an integer

m > 2 for which B(z,r) N {2¥™ < |y| < 2ktm+1Y £ & and B(z,r) N
{2k+m+1 < |y‘ < 2k+m+2} = &. Since 2k+m _ 2k+1 <r < 2k+m+1 and
m > 2, we obtain %2k+m < r < 22Ft™_ With these preliminaries

[t =Y [ Fw)dy <
B(w.r) =5 J B(z,r)n{2k+ <|y|<2k+1+1}
< fly)dy <8 20FH=e) <
; /{2’““<y<2’““+1} ;
<S 22(1'7,—05) 2[k+(m—1)](n—a) _ S (n—a)
SO Stma) — 1 X =c(a,n)Sr )

The latter inequality immediately implies (4.3).
Proof of Lemma 5. First it is clear that for a fixed constant ¢ > 0:

lwa(NTaf) )2z < e(PL + Py + Py) forall f(-) € C°

with
P =1 wa() (Taf]lﬂy\gzk—l})(') ﬂEk(')‘ zpqa
keZ ‘
P = S we) (Taf16,) 01,0,
kez *
P = || S un) (Taf by ) 0 15,0

keZ

where Fj, and G, are defined as in the proof of Lemma 4. By the assumption
on Ta, the expressions (Taf]l{|'|§2k71})(')’ (Tafﬂ(;k)(~), (Tafﬂ{2k+2<‘|})()
are well defined.

As in the proof of Lemma 4, the estimate for P} will be obtained at once:

(To i1 1<20-1))(@) | < e(a,m) [l 7 {/

{ly|<|=[}

[f ()| dy} for each = € E.
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To get this inequality observe that |y| < 1|z| < |z| and i|z| < |z —y| for
r € B, and |y| < 2°~1. So using the standard estimate for the kernel K, we
have | K (z,y)| < clz — y|(®=™ < ¢/|2|(*~™). Since 2 does not belong to the

support of the function (fyyj<ox-13)(+), We obtain ’(Tsfll{|,|§2k71})(x)‘ <

Similarly, the estimate for Ps is a consequence of

(@)@ < el [

{lzI<lyl}
Indeed, |z| < 2|z| < |y| and 1|y| < |z —y|, for z € B} and 272 < |y|. So

|K (x,y)| < Clz —y|*=™) < C|y|*~™. On the other hand, since 2 does not
belong to the support of the function (f1l ox+2c)y3)(+), we have

[ ()lyl @™ dy} for all = € Ej.

T eean@| <O i@l ).
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