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In this paper we develop a formalism for calculating the autocorrélation function of a dynamical variable 
in terms of a well-defined memory function. Guided by simple physical arguments, an ansatz is adopted for 
the functional form of the memory function. This ansatz asserts that the raemory of dynamical cohérence 
decays exponentially. It is f ound that : 

(a) Despite the monotonie exponential decay of the memory function, the autocorrélation function 
deduced can display négative régions in some circumstances and decay monotonically in other circumstances. 

(b) The form of the autocorrélation function deduced is identical with that obtained from two other very 
différent analyses, suggesting that the major properties of the function are of gênerai validity. 

(c) The computed linear momentum autocorrélation function and power spectrum for liquid Ar are in 
good agreement with the computer e.xperiments of Rahman. 

(d) The computed dipolar autocorrélation function reproduces ail the features of the experimentally 
determined autocorrélation function, though at présent insufficient data are available to provide a quantita-
tive test of the theory. 

(e) The ansatz used, although obviously not exact, is consistent with the theory of linear régression 
(Appendix B ) . 

I . I N T R O D U C T I O N 

DE S P I T E récent advances in t he theory of l inear 

t r an spo r t p h e n o m e n a in dense fluids,''^ re la t ively 
l i t t le is known a b o u t the au tocor reh i t ion func t ion of 
the l inear or angii lar m o m e n t u m . I n addi t ion , aside 

f r o m qua l i t a t ive a r g u m e n t s , l i t t le can be said of t he 

s t ruc tu re of t h e few au tocor ré la t ion func t ions which 
h a v e been de te rmined . ' ' * One of t h e m a j o r difficulties 

encountered in developing a theory of t he autocorré la-
t ion func t ion arises f r o m the f ac t t h a t the re seems to 

be, a t least a t p résen t , no s imple w a y of bypass ing the 
complex m a n y - b o d y d y n a m i c s in a realistic fashion. 
Now, Gray^'^ has shown how a s imple s ta t i s t ica l model , 

in which the d ivergence of t he center -of -mass flux in 
the équa t ion of con t inu i ty for t he pa i r dens i ty is 
replaced b y a re laxat ion t i m e t e r m , can lead to b o t h 

oscillatory and exponent ia l ly decay ing t ime dependence 
of the ( l inear) m o m e n t u m au tocor ré la t ion func t ion . 
Whi le i t is difficult to d é t e r m i n e the ful l set of impli-
cat ions of G r a y ' s hypothes i s , i t is a p p a r e n t t h a t s imple 
s ta t is t ical models m a y lead to va luab le insight in to t he 

behavior of molécules in a l iquid. I n th is p ap e r we 
examine a v e r y d i f f é r en t and m o r e gênerai s ta t is t ica l 
model t h a n t h a t considered b y G r a y . S t a r t ing f r o m a 
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gênerai fo rmula t ion of l inear n o n - M a r k o f f i a n response 

func t ions , we show t h a t a s imple a n s a t z re levan t to t he 
decay of the cohérence of molecular mo t ions leads to a 

f o r m for t he m o m e n t u m au tocor ré la t ion func t ion which 

is easily in te rp re ted . I t is f ound t h a t : 

(a) T h e a s sumpt ion t h a t the m e m o r y of cohérence 
decays exponent ia l ly leads to a n au tocor ré la t ion func-

t ion which can d isp lay néga t ive régions in some 
c i rcumstances a n d decay monoton ica l ly in o ther 

c i rcumstances . 
(b) T h e c o m p u t e d l i nea r -n iomen tum au tocor ré la t ion 

func t ion and power s p e c t r u m for l iquid Ar are in good 
ag reemen t wi lh t he c o m p u t e r exper iments of R a h m a n . ' 

(c) T h e c o m p u t e d d ipolar au tocor ré la t ion func t ion 

reproduces ail the f ea tu res of t he exper imenta l ly 
de te rmined au tocor ré la t ion funct ion,* t hough a t p r é sen t 

insufficient d a t a are avai lable to p rov ide a q u a n t i t a t i v e 

tes t of the theory . 
(d ) T h e ansa t z used, a l t hough obviously no t exact , 

is consis tent wi th t he r e q u i r e m e n t s of t he the rmo-
dynamics of irréversible processes^ a n d wi th s imple 
not ions a b o u t t he t ime dependence of in te rac t ions in 

dense fluid. 

I I . R E V I E W O F T H E C O H E R E N C E T I M E 

C O N C E P T ' 

T h e rôle of t he d y n a m i c a l cohérence t i m e in de te r -

min ing the r a t e of app roach to equi l ib r ium is clearly 

d isplayed in t he au tocor ré la t ion f u n c t i o n représen ta t ion 

of t he l inear t r an spo r t coefficients.*"'" If it is assumed 

' S. R. De Groot and P. Mazur, Non-Equilibrium Tliermody-
namics (North-HoUand Publ. Co., Amsterdam, 1962). 
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t h a t , for e x a m p l e , t h e m o m e n t u m a u t o c o r r é l a t i o n f u n c -

t ion d e c a y s as e x p ( — / / T , ) , t h e n t h e co r ré l a t ion t i m e TC 

( r e l axa t i on t i m e ) d é t e r m i n e s t h e d i f fu s ion coefficient . 

W h a t is n o t expl ic i t ly c lear , a n d is i ndeed on ly t h e 

s u b t l e end r e su i t of t h e i n t e r a c t i o n s in, and t i m e 

évo lu t i on of, t h e N coup led molécules , is h o w t h e 

cohé rence t i m e is r e l a t e d to t h e dé ta i l s of mo lecu l a r 

d y n a m i c s . W h i l e we c e r t a i n l y c a n n o t o f fe r a n y ana lys i s 

r e m o t e l y a p p r o a c h i n g comple t enes s , a f ew r e m a r k s 

p e r t i n e n t t o t h e r e l a t i o n s h i p s o u g h t m a y b e m a d e . " 

I t is, of course , j u s t a r e s t a t e m e n t of w h a t is well 

k n o w n , t o n o t e t h a t a s u b s y s t e m , in i n t e r a c t i o n w i t h a 

l a rge rése rvo i r , q u i c k l y d i s s ipâ t e s t h e e f ï ec t s of a 

d i s t u r b a n c e if t h e i n t e r a c t i o n s b e t w e e n t h e s u b s y s t e m 

a n d rése rvo i r a n d w i t h i n t h e rése rvo i r a r e such t h a t 

t h e d i s t u r b a n c e p r o p a g a t e s a w a y as f a s t o r f a s t e r t h a n 

t h e d i s t u r b a n c e is b u i l t u p in t h e s u b s y s t e m . W h a t is 

less o b v i o u s is h o w i m p o r t a n t t h e h i s t o r y of t h e évo lu -

t ion of t h e d i s t u r b a n c e is t o t h e i n s t a n t a n e o u s r a t e of 

d i s s ipa t ion , i.e., w h e t h e r t h e r a t e of d i s s ipa t ion shou ld 

b e M a r k o f f i a n or n o n - M a r k o f f i a n . I n gênera i , a 

M a r k o f f i a n d e s c r i p t i o n will b e va l i d o n l y if i t is pos-

s ible t o neg lec t e f f ec t s c r e a t e d w i t h i n t h e l i f e t ime of t h e 

d y n a m i c a l co r ré l a t ions . M o r e expl ic i t ly , t h e L iouv i l l e 

é q u a t i o n 

(a /ôO/<^^=î£<^y'^ ' (1) 

£ C « MYLiVi/m) � V y + F r V „ ] (2) 
i 

h a s t h e so lu t ion 

=G^^Kt,t')P^^{t'), (3) 

a n d i t is c lear t h a t G^^'(/, t') h a s t h e g r o u p p r o p e r t y 

G : ( « ( / , i " ) = G < « ( / , / " ) , ( 4 ) 

which def ines a M a r k o v process . I n t h e case of t h e fu l l 

iV-body System, t h e M a r k o v p rocess is t r iv ia l in t h e 

sensé t h a t t h e t r a n s i t i o n p r o b a b i l i t y fo r t h e m o t i o n of 

t h e p h a s e p o i n t is a d e l t a f u n c t i o n w i t h a r g u m e n t 

d e t e r m i n e d b y t h e iV-body d y n a m i c s . H o w e v e r , t h e 

t r a n s i t i o n p r o b a b i l i t y desc r ib ing t h e m o t i o n of a p h a s e 

p o i n t in a s u b s p a c e , fo r e x a m p l e , t h e p o i n t Fjv in t h e 

p h a s e space of a p a i r of molécules , is n o t d e t e r m i n e d 

solely b y t h e t w o - b o d y d y n a m i c s a n d is n o t a M a r k o v 

process . I f , h o w e v e r , t h e q u a n t i t y 

G( ' ')=y"<irAr-„G<« (5 ) 

( w h i c h is o b t a i n e d b y e x p a n d i n g t h e e x p o n e n t i a l 

o p e r a t o r G'^* in i t s de f in ing p o w e r séries a n d i n t e -

g r a t i n g t e r m b y t e r m w i t h a s u i t a b l e t e s t f u n c t i o n ) 

can b e w r i t t e n in t h e f o r m 

G ( " ) ( / - 0 ^ [ G < ' ' H r ) ] ' » , , . , (6) 

" The foUowing inlroductory remarks are bascd on a discussion 
by Fano (see Réf. 7). 

t h e n t h e p r o j e c t i o n G'"' de f ines a n approximately 

M a r k o f f i a n process . N o w , E q . (6) will on ly b e va l id , 

if a t ail, p r o v i d e d t h a t T,., t h e l i f e t i m e of t h e d y n a m i c a l 

co r r é l a t i ons bu i l d u p in t h e t i m e i n t e r v a l t—i", sa t i s f ies 

t h e i n e q u a h t y T^TC, w h e r e t—t"=mT. I t is j u s t b e c a u s e 

Tc is finite t h a t E q . (6) c a n r e p r e s e n t on ly a n app rox i -

m a t e l y M a r k o f f i a n process . I t is c lear t h a t t h e corré la-

t ions neg lec ted w h e n E q . (6) is a d o p t e d a r e t h o s e 

b u i l t u p in t h e i n t e r v a l TC j u s t p r i o r t o t". W h e t h e r or 

n o t t h e i r neg lec t i n t r o d u c e s negl ig ible e r ro r d é p e n d s 

on t h e p h e n o m e n o n u n d e r d iscuss ion . 

T h e r e a d e r shou ld n o t e t h a t a M a r k o f f i a n k i n e t i c 

é q u a t i o n l eads t o t h e s a m e t r a n s p o r t coeff icients a s 

o b t a i n e d f r o m t h e a u t o c o r r e l a t i o n - f u n c t i o n r e p r é s e n t a -

t ion, b e c a u s e of t h e imp l i c i t l ong t i m e i n t é g r a t i o n 

i nvo lved in t h e use of a s y m p t o t i c c ross sec t ions in t h e 

k i n e t i c é q u a t i o n . T h u s , fo r t h e c o m p u t a t i o n of l inear -

t r a n s p o r t coeff ic ients f r o m a k i n e t i c é q u a t i o n , i t is n o t 

n e c e s s a r y t o e x a m i n e t h e d y n a m i c a l b e h a v i o r of t h e 

System a t s h o r t t imes . O n t h e o t h e r h a n d , cons idé ra t i on 

of t h e s t r u c t u r e of t h e a u t o c o r r é l a t i o n f u n c t i o n of a 

d y n a m i c a l v a r i a b l e r equ i r e s j u s t s u c h a n e x a m i n a t i o n 

of t h e d y n a m i c s . W e see t h a t in o u r f o r m u l a t i o n of t h e 

p r o b l e m t h e ca l cu la t ion of t h e t i m e d e p e n d e n c e of t h e 

a u t o c o r r é l a t i o n f u n c t i o n fo r s h o r t t i m e s c a n n o t be 

ca r r i ed o u t us ing o n l y a s y m p t o t i c ( a n d M a r k o f f i a n ) 

cons idé ra t ions . 

I t is w o r t h w h i l e t o p r o b e a l i t t l e m o r e d e e p l y i n t o 

t h e w a y t h a t t h e p r o p e r t y expressed in E q . (6) is used 

to o b t a i n b o t h a k i n e t i c é q u a t i o n a n d a n a u t o c o r r e l a -

t i o n - f u n c t i o n r e p r é s e n t a t i o n . Cons ide r t h e d é r i v a t i o n 

of t h e s ingle t k i n e t i c é q u a t i o n f o r a d i l u t e gas . A 

p u r e l y f o r m a i r e p r é s e n t a t i o n of t h e t i m e d e p e n d e n c e of 

t h e s ingle t d i s t r i b u t i o n f u n c t i o n can b e g iven in t e r m s 

of t h e p r o p a g a t o r e.xp(î7£'^^) a c t i n g on t h e iV-body 

d i s t r i b u t i o n f u n c t i o n a t / = 0 , a n d a n i n t é g r a t i o n over 

t h e p h a s e s p a c e of iV—1 molécu les . T h e Sys tem of N 

molécu les m a y b e t h o u g h t of a s a s u b s y s t e m of one 

mo lécu le a n d a rése rvo i r of iV —1 molécu les , t o which 

c o r r e s p o n d s a d é c o m p o s i t i o n of St'-'^'' i n t o o p e r a t o r s fo r 

t h e s u b s y s t e m , t h e rése rvo i r , a n d t h e i r c o m p l è t e 

i n t e r a c t i o n . If t h e i n t e r a c t i o n o p e r a t o r is r e g a r d e d as 

a p e r t u r b a t i o n , a n d t h e f o r m a i r e p r é s e n t a t i o n of t h e 

s ingle t f u n c t i o n e x p a n d e d in a p e r t u r b a t i o n séries w i t h 

use of t h e in i t ia l c o n d i t i o n t h a t t h e ful l d i s t r i b u t i o n 

f u n c t i o n c a n b e w r i t t e n as t h e p r o d u c t / < " ( 0 ) / ' ^ ~ ' ' ( 0 ) , 

t h e n t h e r e s u l t i n g e x p a n s i o n m a y b e c o n v e r t e d t o a 

k i n e t i c é q u a t i o n as fol lows. T h e s t r u c t u r e of t h e pe r -

t u r b a t i o n sér ies i nvo lves m u l t i p l e t i m e i n t é g r a t i o n s 

over p r o d u c t s of t h e i n t e r a c t i o n r e p r é s e n t a t i o n of t h e 

p e r t u r b a t i o n o p e r a t o r . C o n s i d e r s o m e sma l l t i m e i n t e r -

v a l T, w i t h T chosen so t h a t T^T„ b u t also smal l e n o u g h 

t h a t t h e t e r m s in t h e p e r t u r b a t i o n séries i nvo lv ing 

m o r e t h a n t w o t i m e i n t é g r a t i o n s a r e smal l a n d m a y b e 

neg lec ted . P r o v i d e d t h a t T » T C a s a s s u m e d , t h e t i m e 

d e p e n d e n c e of t h e s ingle t d i s t r i b u t i o n f u n c t i o n a t l ong 

t i m e s m a y b e g e n e r a t e d f r o m t h e t r u n c a t e d p e r t u r b a -

t ion e x p a n s i o n b y r e p l a c i n g t h e a c t u a l iV-body dis t r i -
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bu t i on func t ion genera ted f r o m the init ial s t a t e wi th 

t he p roduc t f u n c t i o n / < " ( T ) / ' ^ " " (0) � W h e n this condi-
t ion is entered in to t h e i n t eg rand of t he p e r t u r b a t i o n 
expansion a n d the p rocédure repea ted chainwise, the 
r é s u l t a n t i s t he s a m e as the f u n c t i o n t h a t would 

be ob ta ined f r o m the in t ég ra t ion of a d i f ïe ren t ia l 
équa t ion on a t ime mesh of size T. T h u s , t he va r i a t ions 

of f{t) ob ta ined sa t i s fy a k ine t ic équa t ion where t he 
in te rva l r is t r ea t ed fo rma l ly as a d i f ïe rent ia l . T h e 
reader should no t e t h a t t he repea ted use of the p r o d u c t 

func t ion a t in te rva is of l eng th T is v e r y close to the 
phi losophy of t ime smooth ing , where a dynamica l even t 

occurr ing in an in te rva l r is t a k e n to be i ndependen t of 
prior dynamica l events.^ 

H o w do shor t t ime corréla t ions a p p e a r in the repré-

sen ta t ion of d iss ipat ive processes? W h e n T^TC, i t is to 

be expected t h a t the cohérence imposed b y the molecu-

lar dynamics is lost because of p ropaga t ion of the 

d i s tu rbance a w a y f r o m the source ( t h e dynamica l 
even t s tud ied) b y the coupl ing wi th t he su r round ing 

molécules. T h e n , t he ave rage of t he p r o d u c t s of opera-

tors in the p e r t u r b a t i o n ex-pansion described in the las t 
p a r a g r a p h is expected to app roach a p r o d u c t of the 
averages of the opera to rs . B y in t roduc t ion of c u m u l a n t s 

represent ing the d i f fé rence be tween an average of 

several opera to r s and the p r o d u c t of t he averages 
t aken ail possible ways , i t m a y be shown t h a t the 

pe r tu rba t i on expansion m a y be expressed in t e rms of 
the autocorré la t ion f u n c t i o n of t he cumulan t s . B u t , by 

définit ion, if CS>TC t h e c u m u l a n t s van i sh , a n d there fore 

in this représen ta t ion t he ef fec ts of sho r t - t ime corréla-

t ions in t he molecular d y n a m i c s are d isplayed. 

Since b o t h r ep résen ta t ions discussed can be ob ta ined 
f r o m p e r t u r b a t i o n theory , their connect ion is easily 
established in t he s a m e fo rmal i sm. T h e key po in t is 
t h a t t he c u m u l a n t s van i sh r ap id ly as t increases, so 

t h a t in tégra is over t he c u m u l a n t s rap id ly app roach 

their a s y m p t o t i c va lues a n d a re n o t sensi t ive t o t he 

précise va lue of t h e i ipper l imi t of in tégra t ion . U n d e r 

thèse c i rcumstances , the neglect of th i rd- a n d higher-

order c u m u l a n t t e r m s leads to a k ine t ic équa t ion in 

which the en t i re ef fec t of t he d iss ipa t ive in te rac t ion 

enters th rough in tégra is over t he pa i r c u m u l a n t func -
tion. T h u s , even t h o u g h the d iss ipat ion appea r s 

th rough the s t r u c t u r e of t he pai r c u m u l a n t , an a s y m p -
tot ic l imit m u s t be used to ob t a in a k ine t ic équa t ion . 
A m u c h m o r e gênerai a n d incisive analysis of t he 

re la t ionship be tween k ine t ic équa t ions a n d t h e au to -

cor re la t ion- funct ion r ep résen ta t ion h a s been given b y 

Resibois. '^ T h e preceding s imple a r g u m e n t s suffice to 

in t roduce the po in t s of in te res t to us. 
I t is indeed a r e m a r k a b l e resui t in m a n y ways , t h a t 

a Marko f f i an k ine t ic équa t ion leads to t h e s a m e l inear 

t r an spo r t coefficients as does t h e au tocor re la t ion-

func t ion représen ta t ion of t he t r a n s p o r t coefficients. 

Because of t he rôle p l ayed b y the cohérence t i m e in 
defining b o t h t he au tocor ré la t ion f u n c t i o n of a d y n a m -
ical var iab le and the cor responding k ine t ic équa t ion , 

we are encouraged to pose t h e following ques t ion : 
Given a fo rmai , b u t usable , déf ini t ion of d y n a m i c a l 

m e m o r y , w h a t do s imple phys ica l a r g u m e n t s a b o u t the 

n a t u r e of the dynamica l m e m o r y imp ly a b o u t the 

au tocorré la t ion func t ion? I n t he following sect ions we 
seek to answer th is ques t ion . 

m . E Q U A T I O N F O R T H E A U T O C O R R E L A T I O N 

F U N C T I O N " 

I n this section an équa t ion is der ived which describes 
t he t ime évolut ion of t he normal ized au tocor re la t ion-
func t ion ^{l) of t he phase f u n c t i o n Û { T f f ) . \f/{t) is 

defined b y 

m =Z^-^]dT^U{T^) e x p ( î 7 £ m ) U{T^) exp ( - ^ j - (7) 

where ZN is the canonical p a r t i t i o n f u n c t i o n for t he iV-molecule System, a n d £ < ^ \ H'-^\ a re the cor responding 
Liouvil le opera tor , a n d H a m i l t o n i a n func t ion , respect ively . T h e p h a s e f u n c t i o n U{Tif) is a s sumed to h a v e t he 
following proper t ies : 

( £ / ) = 0 , m = (8) 

where the b r a c k e t defines an average in t he canonical ensemble , 

r / — H(N)\ 

{a}=Z:,-^JdT^ a t x p i ç j ^ j . - - (9) 

If yp{l) is d i f ï e ren t i a t ed twice wi th respect to /, 

dp 
= Z ^ - i y ^ r ; v î / ( r ^ ) î £ < ^ ' e x p ( t 7 £ W ) ) p £ W C ^ ( r ; v ) ] e x p f - ^ j , (10) 

" P. Resibois, in N-Farlicle Pliysics, E. Meeron, Ed. (Gordon and Breach, N e w York, 1966). 
" R . Zwanzig, Lectures in Theoretical Pliysics (Interscience Publishers, Inc., N e w York, 1961), Vol. 3, pp. 106-141. 
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and t h e r igh t -hand side of this équa t ion in tegra ted by pa r t s , it is found t h a t 

(Pé(t) r 

= -Z^-^Jrfr^[î£Wf/(r;v)] e x p ( ^ « i W ) [ ^ £ W ) ^ / ( ^ ; v ) ] exp ( - ^ j 

where 

$ ( r ; v ) = î £ < ^ > c ^ ( r i ^ ) = î 7 ( r j v ) , 

since the t ime évolut ion of the phase func t ion UiVif) is described b y the relat ion 

{d/dt)U{Tff)=i£^'^^U{TN). 

Now, t h e opera to r exp(î7£^^') is t h e u n i t a r y t ime-

d i sp lacement opera to r which, when applied to an 

a r b i t r a r y phase func t ion , displaces it in t ime according 

to t h e canonical équa t ions of mot ion . T h u s , E q . (11) 

can be rewr i t ten , us ing the previous nota t ion , in the 

fo rm 

d V ( O M ^ = - < ï > ( o ) î / ( 0 ) . (14) 

E q u a t i o n (14) is to b e solved sub jec t to the init ial 
condi t ions 

^ ( 0 ) = 1 
and 

v^(0) = ( f / ( 0 ) î / ( 0 ) ) = 0. (15) 

T h e first of E q s . (15) is mere ly the second condit ion 
in E q . (8 ) , whereas the second of Eqs . (15) follows 
f rom considérat ions of pa r i ty . 

D e n o t i n g the Lap lace t r ans fo rm wi th respect to / of 

the func t ions \A(0 and <l>{t) = {Û{0) Û{t) ), respectively, 
b y ^ ( j ) and ^{s), wi th j t h e Lap lace var iable , E q . (14) 

is Lap lace t r ans fo rmed as 

s'^{s)-s = - m - (16) 

F r o m the following iden t i ty , for j ?^0 , 

( ^ ^ ( 5 ) -s)Hs) = [ 1 + ( 1 A ) {s-^is) - s m 4 { s ) - 1 ) , 

(17) 
and subs t i tu t ion of (16) i n to (17) yields 

- < ? ( S ) ^ ( 5 ) = [ 1 - ( 1 A ) < ? ( 5 ) ] ( 5 ^ ( 5 ) - 1 ) . ( 1 8 ) 

For va lues of s such t h a t 1 — ( l / i ) 0 ( j ) F^O, E q . (18) 

can be wr i t t en in the fo rm 

4{s)-\=^-l\-[\/sms)'ï-'4>{s)Hs), (19) 

and b y inversion, 

^ = - j ^ d r K { r m t - r ) , (20) 

where 
K ( 5 ) = [ l - ( l A ) < ? ( ^ ) ] - ' < ? ( 5 ) . ( 2 1 ) 

Consider , now, t h e f u n c t i o n ( i ) . T h i s func t ion m a y be 

wr i t t en in t e r m s of t h e résolvent opera to r ( 5 — î £ ' ^ ^ ) ~ ' , 

i.e., 

^ ( j ) = ( C / ( i - t £ ( ^ > ) - ' C / ) . (22) 

W e now define a p ro jec t ion opera to r (P on a well-

(11) 

(12) 

(13) 

behaved func t ion of the phase TN, G{TN), as follows: 

(PGiTj,) =Uir!f)U^^Jdr'^u{r'^)G{T'^), (23) 

where 

/ec '^ ' =ZN-' e x p ( - H m / k T ) . (24) 

N o t i n g t h a t , for the opera tors G. and (&, there exists 

the iden t i ty 

a - ' = ( B - ' + a - ' ( ( B - a ) ( B - ' , (25) 

we find t h a t 

0 ( j ) = ( { ) [ i - i ( l - ( P ) £ ( ^ > ] - W ) 

+ ( ï / [ 5 - i £ W ) 2 - i î ( P £ ( A ' ) [ i - î ( l - ( P ) £ W ] - i î 7 ) . (26) 

Now, exploit ing the définit ion of (P in E q . (23) and 

in tegra t ing b y pa r t s , 

î ( P £ W ) [ ^ - î ( l - ( P ) £ < w ] - > f / / ^ w 

= - t / / e < , < ^ ) ( î / [ i - î - ( l - ( P ) £ < ^ ' ] - ' f / ) - (27) 

Thus , f r o m Eqs . (26) and (27) , we find 

0(5 ) = < ï / [ l - î ( - 0 ' ) £ ' ^ T ' î 7 > 

- < î 7 ( i - î £ ( ' ' ' ) ) - W ) < f / [ s - i ( l - ( P ) £ < ^ T ' f / ) . (28) 

F u r t h e r m o r e , i t is easily recognized t h a t 

( ( 7 ( i - î £ ' ^ 0 - ' î 7 ) = ( l / i ) ( f 7 ( 5 - î £ < ^ ' ) - ' { / ) . (29) 

T h e subs t i tu t ion of (29) in to (28) , and of the l a t t e r 

resuit in to E q . (21) yields 

K ( 5 ) = ( i 7 [ i - î ( l - ( P ) £ W ] - ' î / ) , (30) 

which, b y inverse t r ans fo rmat ion , becomes 

A ' ( / ) = ( î 7 e x p [ i 7 ( l - ( P ) £ f « ] f 7 ) . (31) 

F r o m the s t ruc tu re of E q . (31) i t is clear t h a t the 
kernel K{t) is related to the m e m o r y , or dynamica l 
cohérence t ime, of the System, an in te rp ré ta t ion which 

is exploited la ter in this paper . 
I n a subséquen t pape r we shall show how E q . (30) 

m a y be used to generalize the l inear t r a j ec to ry hy-
pothèses first used b y H e l f a n d , " the reby pe rmi t t ing 

E, Helfand, Phys. F l u i d s 4 , ^81 (1961) . 
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ca l cu la t ion of t h e coef f ic ien ts of s h e a r v i s cos i ty a n d 

t h e n n a l c o n d u c t a n c e . 

I n th i s p a p e r w e a r e i n t e r e s t e d in a u t o c o r r é l a t i o n 

f u n c t i o n s of v e c t o r q u a n t i t i e s s u c h as ^ a ( 0 de f ined b y 

Mi)=W(0)'a{t)}. (32) 

T h e ana lys i s n e c e s s a r y c a n b e ca r r i ed t h r o u g h w i t h 

o n l y one m i n o r c h a n g e : t h e p r o j e c t i o n o p e r a t o r in t h i s 

case m u s t b e d e f i n e d b y i t s a c t i o n o n a n a r b i t r a r y 

we l l -behaved v e c t o r p o i n t f u n c t i o n of t h e p h a s e Ttf, 

s a y G ( r A r ) , 

(PG(rjv) = «/«.(^^ f(irVa(rV) � G ( r V ) . (33) 

T h è s e m o d i f i c a t i o n s a r e eas i ly i n t r o d u c e d i n t o t h e 

p r e c e d i n g ana lys i s . 

U s i n g a p r o j e c t i o n o p e r a t o r f o r m a l i s m , Z w a n z i g ' ' h a s 

de r ived a n é q u a t i o n de sc r i b ing t h e t i m e évo lu t i on of 

a u t o c o r r é l a t i o n f u n c t i o n s . T h e é q u a t i o n o b t a i n e d f r o m 

th i s v e r y é l é g a n t f o r m a l i s m is i den t i ca l w i t h E q . ( 2 0 ) , 

w i t h K{r) de f ined b y E q . ( 3 1 ) . B y a d i f f é r e n t p r o -

c é d u r e we h a v e o b t a i n e d E q . (20) w i t h K{s) de f ined 

b y E q . ( 2 1 ) . B y e x p l o i t a t i o n of Z w a n z i g ' s p r o j e c t i o n 

o p e r a t o r , E q . ( 2 3 ) , i t w a s poss ib le t o d e m o n s t r a t e t h e 

i d e n t i t y of o u r é q u a t i o n s w i t h his . W e feel t h a t t h e 

f o r m of K{s) p r e s e n t e d in E q . (21) is u s e f u l in gen-

e r a t i n g n e w a p p r o x i m a t i o n s , such as t h e l inear t r a -

j e c t o r y a p p r o x i m a t i o n d i scussed a b o v e . T h i s f o r m of 

K{s) h a s n o t b e e n p r e s e n t e d before . '* 

IV . A P P R O X I M A T E R E P R E S E N T A T I O N O F 

T H E M E M O R Y F U N C T I O N 

I n t h i s sec t ion w e s eek a r e p r é s e n t a t i o n of K{T) 

since, once t h i s f u n c t i o n is k n o w n , t h e a u t o c o r r é l a t i o n 

f u n c t i o n is d e t e r m i n e d b y so lu t i on of E q . (20) w i t h 

t h e b o u n d a r y c o n d i t i o n s i ^ ( 0 ) = l a n d ^ ( 0 ) = 0 . I t is 

u s e f u l t o beg in b y spec ia l iz ing t h e d iscuss ion t o t h e 

case of t h e n o r m a l i z e d v e l o c i t y a u t o c o r r é l a t i o n f u n c t i o n 

^„ U) = (vi- e x p ( î 7 £ ( « ) Vi)/(t<i2), (34) 

w h i c h is c o n n e c t e d t o E q . (7) b y s e t t i n g U=Vi( (» i^) )~* 

a n d w i t h t h e r equ i s i t e p r o j e c t i o n o p e r a t o r 

( P G ( r ^ ) = ( {v,'))-' v i / e q W jrfrVvi-G(r'^). (35) 

T h e n , s ince 

î £ W ' v i = F i / w , (36) 

t h e k e r n e l f u n c t i o n b e c o m e s 

, / , ( F i - F i ( 5 ) ) \ - ' ( F i - F i ( . ) ) 

w h e r e F i is t h e fo rce on M o l é c u l e 1. T h e v a l u e of ^ ( 0 ) 

" A f t e r this paper was submitted for publication, R. Zwanzig 
drew to our attention that he was aware of the form of K(s) 
given in Eq. (21), but that he had never reported it in a publica-
tion. (See Appendix C.) 

is easi ly d e t e r m i n e d f r o m t h e E i n s t e i n r e l a t i o n fo r t h e 

d i f f u s i o n coeff ic ient . F o r 

D= — \ dl^{() 

kT . /�°° 
= — h m / e x p ( — j / ) ^ ( < ) ( / / 

m , V o 

= ( ^ r / m ) > Â ( 0 ) , (38) 

w h e r e u p o n , us ing t h e L a p l a c e t r a n s f o r m of E q . ( 2 0 ) , 

4 { s ) = l - R { s m s ) , (39) 

i t is seen t h a t 

D = (kT/m) [ ^ ( 0 ) ] - i =kT/mfi. (40) 

T h u s R{0) is j u s t t h e t r a n s l a t i o n a l f r i c t i on coeff ic ient . 

N o t e t h a t t h e f r i c t i on coeff ic ient ^=^/m, w h e r e f is 

t h e f r i c t i on coeff ic ient o f t e n u s e d in o t h e r papers .^ A 

r e l a t i o n s h i p i n v o l v i n g K{0) a n d {dhl//dt^) t=o is easi ly 

o b t a i n e d w h e n i t is n o t i c e d t h a t 

K{0) = ( ( î £ W ) U ) 2 ) = {Fi^)/m^W), (41) 

a n d 

d^it)/dP=- ( F i . F i ( 0 )/m'W). (42) 

F ina l l y , i t c a n b e s h o w n t h a t t h e m e m o r y f u n c t i o n 

m u s t b e e v e n i n t h e t i m e a n d h a v e zé ro d e r i v a t i v e a t 

1=0 ( see A p p e n d i x A ) . 

T h e exac t r e l a t i ons g iven a b o v e a r e insuf f i c ien t t o 

u n i q u e l y d é t e r m i n e t h e f o r m of t h e k e r n e l f u n c t i o n , 

a n d w e p r o p o s e t o p r o c e e d b y i n t r o d u c i n g a two-

p a r a m e t e r t r ia l f u n c t i o n , K{a, y), w i t h t h e p a r a m e t e r s 

d e t e r m i n e d b y u s e of E q s . (40) a n d ( 4 2 ) . I t is now 

n e c e s s a r y to cons ide r t h e f u n c t i o n a l f o r m fo r t h e t r ia l 

ke rne l . 

C o n s i d e r t h e case of t h e d i l u t e gas . T h e p r o b a b i l i t y 

t h a t a mo lécu le will t r a v e l a d i s t a n c e R w i t h o u t 

u n d e r g o i n g collision is p r o p o r t i o n a l t o exp(—Jf?/X/) , 

w h e r e X/ is t h e m e a n f r e e p a t h . T h i s f o r m i n d i c a t e s 

t h a t t h e s é q u e n c e of coll is ions expe r i enced b y a mo lé -

cule f o r m s a Po i s son process , a n d , s ince each collision 

causes p a r t i a l loss of t h e p e r s i s t e n c e of m o m e n t u m , t h e 

m e m o r y of t h e in i t ia l m o m e n t u m d e c a y s as e x p ( — / / T C ) , 

w h e r e TC. is t h e m e a n t i m e b e t w e e n collisions. 

Cons ide r now t h e case of a d e n s e fluid. E a c h molé -

cule m a y b e i m a g i n e d t o b e s u r r o u n d e d b y a cage of 

o t h e r a t o m s . T h e cage is, of course , n o t s t a t i o n a r y , 

a n d in r e sponse t o fluctuations in t h e s u r r o u n d i n g 

m é d i u m u n d e r g o e s q u a s i r a n d o m a l t é r a t i o n s as a f u n c -

t ion of t i m e . A molécu le m o v i n g a w a y f r o m t h e c e n t e r 

of i t s cage i n t e r a c t s w i t h t h e m o v i n g wal l molécu les . 

A l t h o u g h a s t r o n g l y r épu l s ive e n c o u n t e r w i t h t h e wal l 

molécu les is l ike ly t o a l m o s t r eve r se t h e c e n t r a l p a r t i c l e 

m o m e n t u m , t h e f a c t t h a t t h e cage is fluctuating sug-

ges t s t h a t t h e s é q u e n c e of i n t e r a c t i o n s l ead ing t o loss 

of m e m o r y of t h e in i t ia l m o m e n t u m of t h e p a r t i c l e can 

b e a p p r o x i m a t e d as a Po i s son process . I n t h e R i c e -

A l l n a t t theory,^ success ive s t r o n g l y r épu l s ive b i n a r y 
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e n c o u n t e r s a r e t a k e n to b e i n d e p e n d e n t , a n d t h e 

p r é s e n t a r g u m e n t sugges t s t h a t t h e s o f t i n t e r a c t i o n s 

l ead ing t o d i s s ipa t ion of m o m e n t u m a r e suf î îc ien t ly 

close t o f o r m i n g a P o i s s o n p rocess t h a t a r e a s o n a b l e 

first a p p r o x i m a t i o n t o t h e m e m o r y f u n c t i o n is t h e 

e x p o n e n t i a l d e c a y e x p ( — a ^ . C lea r ly , t h i s f o r m h a s 

t h e p r o p e r régress ion p r o p e r t y , b u t is i n e x a c t s ince i t 

h a s finite s lope a t / = 0 . T h e r e a d e r s h o u l d n o t e t h a t a 

s imp le e x p o n e n t i a l m e m o r y f u n c t i o n is cons i s t en t w i t h 

t h e ve loc i ty a u t o c o r r é l a t i o n f u n c t i o n h a v i n g n é g a t i v e 

régions , a s is s h o w n s h o r t l y . W e e m p h a s i z e th i s p o i n t 

in a d v a n c e of d é m o n s t r a t i o n so £is t o c lear ly d i f ï e r e n -

t i a t e t h e t i m e d e p e n d e n c e of t h e m e m o r y f u n c t i o n 

f r o m t h e t i m e d e p e n d e n c e of t h e c o r r e s p o n d i n g a u t o -

co r ré l a t ion f u n c t i o n . O n e l a s t p o i n t : I f t h e t i m e 

s é q u e n c e of i n t e r a c t i o n s is a G a u s s i a n M a r k o v process , 

t h e n t h e co r r é l a t i on f u n c t i o n is, r igorous ly , exponen -

t ia l ly decay ing . '* I n a d d i t i o n , as s h o w n in A p p e n d i x B , 

t h e e x p o n e n t i a l m e m o r y f u n c t i o n is d e r i v a b l e f r o m 

l inear régress ion t h e o r y . ' 

W i t h t h e p r e c e d i n g a r g u m e n t s as m o t i v a t i o n , we 

a d o p t t h e t w o - p a r a m e t e r t r ia l k e r n e l 

Kia,y;t)=yexp(,-a\i\), (43) 

w h e r e \t\is r equ i r ed b y t h e p a r i t y of K{t). H o w e v e r , 

in ail t h a t foUows w e cons ide r o n l y t h e pos i t i ve t i m e 

axis, a n d t h e m o d u l u s b a r s on / a r e t h e r e f o r e d r o p p e d . 

T h e deg ree to wh ich (43) is a n a d é q u a t e a p p r o x i m a t i o n 

t o t h e t r u e m e m o r y f i m c t i o n can b e t e s t ed on ly a 

posteriori. 

T o o b t a i n t h e a u t o c o r r é l a t i o n f u n c t i o n , K{a,y; l) a s 

def ined in E q . (43) is L a p l a c e t r a n s f o r m e d , a n d t h e 

r e su i t is s u b s t i t u t e d i n t o E q . (39) t o g ive 

^ ( 5 ) = ( a + 5 ) / ( 5 - 5 + ) ( 5 - 5 _ ) , ( 4 4 ) 

5 ± = - è « { l = F [ l - ( 4 7 M ? l . (45) 

E q u a t i o n (44) is i n v e r t e d t o y ie ld 

= [ l / ( 5 + - ^ - ) ] [ 5 + e x p ( 5 _ 0 - s ^ e x p ( 5 + 0 ] - ( 4 6 ) 

T h i s r e su i t m a y b e t e s t e d a g a i n s t t h e " e x p é r i m e n t a l " 

d a t a of R a h m a n ^ a f t e r n u m e r i c a l é v a l u a t i o n of a a n d 7 . 

T h è s e p a r a m e t e r s a r e d e t e r m i n e d , a s i n d i c a t e d a b o v e : 

s u b s t i t u t i o n of t h e L a p l a c e t r a n s f o r m of E q . (43) i n t o 

(40) y ie lds 

^ = l i m ^ = ^ , (47) 

a n d f r o m E q s . ( 4 2 ) , ( 4 5 ) , a n d (46) i t is f o u n d t h a t 

w2(i'i2) 3,mkT 3m ' 

M. S. Barllett, Stocliastic Processes (Cambridge University 
Tress, London, 1955). 

V . A P P L I C A T I O N T O T H E A U T O C O R R E L A T I O N 

F U N C T I O N O F T H E L I N E A R M O M E N T U M 

R a h m a n , u s i n g a l a rge d ig i t a l c o m p u t e r , h a s so lved 

t h e é q u a t i o n s of m o t i o n fo r 864 a t o m s in a cub ica l b o x 

w i t h pe r iod ic b o u n d a r y cond i t i ons . T h e s t a t e of t h e 

Sys tem w a s chosen t o c o r r e s p o n d t o l iquid Ar a t 

r = 94 .4°K a n d p„ = 1.374 g c m - ^ T h e i n t e r a c t i o n 

b e t w e e n t h e a t o m s w a s desc r ibed b y t h e k n o w n A r - A r 

L e n n a r d - J o n e s p o t e n t i a l . " F r o m t h e so lu t ions o b t a i n e d , 

R a h m a n h a s ca l cu l a t ed t h e v e l o c i t y a u t o c o r r é l a t i o n 

f u n c t i o n , t h e p o w e r s p e c t r u m , t h e p a i r co r ré la t ion 

f u n c t i o n , t h e m e a n - s q u a r e d i s p l a c e m e n t of a n a t o m 

as a f u n c t i o n of t i m e , a n d t h e d i f f u s i o n coeff ic ient . Ail 

of thèse a r e of u s e in ou r cons idé r a t i ons . 

Us ing R a h m a n ' s d a t a , i t is f o u n d t h a t {ViW) = 

1 1 . 0 X 1 0 ' erg cm~2. T o check t h e i n t é g r a t i o n over t h e 

r ad i a l d i s t r i b u t i o n f u n c t i o n , w e n o t e t h a t f o r v e r y 

s h o r t t i m e s t h e t i m e d e r i v a t i v e of t h e a u t o c o r r é l a t i o n 

f u n c t i o n is, f r o m E q . ( 4 6 ) , 

= - « / ? / ; ^+K<1, i _ K < l . (49) 

T h u s , t h e v a l u e of dAp/dt f o r t s m a l l a lso p r o v i d e s a 

m e a s u r e of {V^V) [ s e e E q s . (47) a n d ( 4 8 ) ] . F r o m t h e 

d a t a p r e s e n t e d b y R a h m a n w e f ind t h a t (Vi^7) = 

1 1 . 0 X 1 0 ' e rg cm"2, in p e r f e c t a g r e e m e n t w i t h t h e 

d é t e r m i n a t i o n b y d i r ec t i n t é g r a t i o n . U s i n g Z' = 2 . 4 3 X 

10~^ cm^ sec~' , as c o m p u t e d , a n d t h e v a l u e of (Vi^F) 

q u o t e d , i t is f o u n d t h a t « = 8 . 0 6 X 1 0 ' ^ sec~ ' a n d oifi = 

6.5 XIO^^ sec~^. W i t h t h è s e v a l u e s of a a n d /S, t h e 

roo t s J± a r e complex , a n d 

^{t)= e x p ( - 4 . 0 3 < / T o ) 

X { COS[4.03V3(</TO) ] + 3 - i s i n [ 4 . 0 3 V 3 (//TO) ] j , 

r o = 1 0 - ' 2 s e c . (50) 

I n F ig . 1 t h e t heo re t i ca l a u t o c o r r é l a t i o n f u n c t i o n , 

E q . ( 5 0 ) , is p l o t t e d a long w i t h t h e M a r k o f f i a n app rox i -

m a t i o n , ^ ^ ( 0 = exp(—;8/ ) , a n d t h e " e x p é r i m e n t a l " 

d a t a of R a h m a n . As c a n b e seen, t h e q u a l i t a t i v e f ea -

t u r e s of t h e a u t o c o r r é l a t i o n f u n c t i o n a r e r e p r o d u c e d , 

b u t t h e t heo re t i ca l f u n c t i o n osci l lâ tes w i t h s o m e w h a t 

l a rge r a m p l i t u d e t h a n does t h e o b s e r v e d a u t o c o r r é l a -

t ion f u n c t i o n . I n d e e d , t h e a g r e e m e n t b e t w e e n t h e t w o 

f u n c t i o n s is q u i t e good u p t o ( / / r o )=^0 .3—0.4 , a n d i t is 

v e r y i m p o r t a n t t o n o t e t h a t t h e theore t i ca l f u n c t i o n 

co r rec t ly p r e d i c t s a n é g a t i v e rég ion fo r ^ ( 0 , de sp i t e 

t h e v e r y s i m p l e f o r m of t h e t r i a l m e m o r y f u n c t i o n . 

A s o m e w h a t d i f f é r e n t t e s t of t h e t h e o r y p r o p o s e d 

h e r e c a n b e m a d e b y c o m p a r i n g t h e t heo re t i ca l a n d 

o b s e r v e d n o r m a l i z e d p o w e r s p e c t r a , de f ined b y 

G{w) = /3 rdl^il) cos(a)/) . (SI ) 
� ' 0 

" Note, however, that the Lennard-Jones potential is not an adé-
quate représentation of the Ar-Ar interaction. For example, 
under the conditions descriptive of Rahman's calculation, the 
computed pressure and energy of vaporization are 51.2 atm and 
1335 cal mole"', respectively. The oljserved values are 160 atm 
and 1550 cal mole"'. 

file:///t/is
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FiG. 1. The linear momentum aulocorrelation function, ^ ( / ) , 
from Rahman's "experiment" (1) , the MarkofSan approximation 
(2) , and Eq. (50) , (3) . 

I t is easily seen t h a t 

G ( 0 ) = L 

and for our memory ansa tz 

G{<a)=^Rej dl exp( -iwl)4/{t) 
n 

( 5 2 ) 

With the values of the pa ramete r s a l ready cited, we 
find 

G{LO) = 0 . 4 2 0 / ( 0 . 4 2 0 - 6 . 5 X 1 0 - 2 V + 1 0 - ^ V ) . ( 5 3 ) 

In Fig. 2 is p lo t ted the theoret ical power spec t rum, 
Eq . (53) , along wi th the MarkofEan approximat ion 
[G^'ic^) =^/{w^-\-^)^ and the "expér imen ta l " d a t a of 
R a h m a n . Again, the agreement between theory and 
experiment is qu i te good, especially in the ma tch ing of 
the peak in G(co), which reaches a value of abou t 1.4. 

Before discussing the implicat ions of thèse results 
any fur ther , we examine ano the r applicat ion of the 
formal ism and the exponent ial memory ansatz . 

V I . A P P L I C A T I O N T O T H E S T U D Y O F 

N U C L E A R S P I N - L A T T I C E R E L A X A T I O N 

T h e relaxation of nuclear spins is de te rmined by the 
coupling of the spins to the rota t ional and translat ional 
motions of the molécules in the System. For Systems 
with nuclei of spin | , t he sp in - ro ta t ion interact ion for 
a linear molécule leads to an in teract ion Hami l ton ian 
of the form 

H=-cl-S, (54) 

where I and J are the angular m o m e n t a of the nuclear 
spin and molecular ro ta t ion , respectively, and c is the 

sp in- ro ta t ion coupling cons tan t . W h e n the interact ion 
described by E q . (54) is the only dissipative per tu r -
bat ion, the relaxation to equi l ibr ium is de termined by 
the t ime cons tan t Ti^"', 

1 2â r 
= ( 5 5 ) 

a fo rm similar to E q . (38) . 

An analysis similar to t h a t presented in Sec. IV is 
obviously per t inent . Consider the case of a d ia tomic 
molécule (or more generally a symmet r i c - top molécule) . 
W e assume the existence of a Langev in équat ion de-
scribing the rota t ional mot ion . I n wri t ing such an 

équat ion it is i m p o r t a n t to t ake advan tage of the 
s y m m e t r y of the molécule, for in gênerai the relation-
ship between, say, the t ime der iva t ive of the angular 
m o m e n t u m and the angular m o m e n t u m itself involves 
a tensor fr ict ion coefficient. Fo r a d ia tomic molécule 
(or symmetr ic - top molécule) i t is possible to choose 
the s y m m e t r y axis so as to diagonalize the fr ict ion 
coefficient tensor. W e seek to eva lua te 

MO = <J(0) -KO >/</^) = (1(0) -Jil) )/3IkT, (56) 

where / is the m o m e n t of iner t ia of the molécule. T h e 
calculation of ^ « ( 0 ieads to considérat ion of exactly 
the same set of équat ions as a l ready discussed in Sec. 
IV. In the case of ro ta t ional mot ion, t he équat ion 
équivalent to E q . (42) involves the autocorrélat ion of 
the torque on Molécule 1, Ni(<), 

d^R{i)/dP=-{Ni(,0) �Ni( / ) )/3IkT. (57) 

Using the définition of the m e a n torque act ing on 
Par t ic le 1, 

N i ( / ) = - f a c o i 2 ( / ) , ( 5 8 ) 

with fii the ro ta t ional f r ic t ion coefficient and W12 the 
relative angular diffusion velocity, i t is found f rom 
(57) t h a t 

LdhPnit) /dt':\t^ = - 2U/P. (59) 

For the case of the exponent ial memory , 

^72(0=7fiexp(-a;j/) , (60) 

E q . (59) leads to the condit ion 

7« = 2(fieV/^). (61) 

A second relation between the coefficients au and 7^ 
is needed; this relat ion is obta ined as foUows: ^B{t—T) 

is expanded abou t r in a Tay lo r séries and the resuit is 
subs t i tu ted in the rh s of the original équat ion (20). 
T h e exponential ansa tz is then in t roduced, and the 
équat ion is in tegra ted. I n w h a t immedia te ly follows 
we are interested in long t imes; then, since / » a / r ' , the 
l imits on the intégral can be extended to infinity and 

l'iG. 2. The power 
spectrum G (M) from 
Rahman's "experi -
ment" (1), theMark-
offian approximation 
(2) , and Eq. (53) , 
(3) . 
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one ob tains 

ww+-
dt OlR OtR" dt 

(62) 

Discarding t e rms of order iRla^ for « > 3 (T/J is of the 
order of and CLR is v e r y large) , this équat ion (a f te r 
rearranging the te rms) is identified wi th 

(63) i^R{t)=-2{UimB(t) 

to yield the second condi t ion 

KRII = hoLRlRl ( V - I R ) . ( 6 4 ) 

E q u a t i o n (63) is easily derived f rom the assumed 
Langevin équat ion for the rota t ional motion, once it 
is noted t h a t in an equil ibr ium ensemble the average 
torque on a molécule vanishes. 

T h e rota t ional f r ic t ion coefficient was evaluated 
following the procédure in t roduced in the R i c e -
Kirkwood small-s tep diffusion theory'^; i ts es t imated 
value was found to represent abou t 2 5 % to 3 0 % of the 
central p a r t of the coefficient (when the noncentra l 
p a r t of t he intermolecular potent ia l cont r ibutes for 
1 0 % - 1 5 % to the to ta l po ten t i a l ) . I t is now easy to 
obtain numerical values for the roots Sj^ and S-' ,̂ and 
thereby for ^R{() Qsee E q . (46)3- I n Fig. 3 is displayed 
a typical autocorréla t ion as obta ined f rom Eqs . (46) , 
(61) , and (64) ; the shape of the curve (for shor t 
t imes) as well as the order of magn i tude of the relaxa-
tion t ime is comparable wi th those f rom the auto-
corrélation calculated b y Steele, ' ' though no actual 
comparison can be m a d e be tween b o t h approaches, 
since Steele's is for free ro ta t ion (or nearly free 
ro ta to r s ) . 

V I I . A P P L I C A T I O N T O T H E S T U D Y O F 

D I P O L A R R E L A X A T I O N 

T h e line shape of ro ta t ional t ransi t ions in the 

inf rared spec t rum of a molécule is de termined by the 
r a t e of randomiza t ion of the molecular dipole momen t . 
Indeed , the line shape can be expressed direct ly in 
te rms of the dipolar autocorré la t ion function,^ so t h a t 
Fourier t r ans fo rmat ion of expér imental spectra pro-
vides a direct and easily applicable me thod of deter-
mining this funct ion . One of the remarkable results 
of such an analysis is the discovery tha t , in the gas 
phase a t low pressures, the autocorrélat ion func t ion 
has a négat ive por t ion, whereas a t high pressures the 
decay of the autocorréla t ion func t ion is monotonie. 

I t is the purpose of this section to account for the 
m a j o r fea tures of t he densi ty dependence of the dipole 

corrélation func t ion . 
Le t u be a un i t vec tor along the internuclear axis of 

a dipolar d ia tomic molécule. T h e normalized dipolar 
autocorrélat ion func t ion is 

^a( i ) = ( u ( 0 ) - u ( 0 ) , (65) 

r = t(kT/i) ' 

FIG. 3. The spin-relaxation autocorrélation function, ^«(Z*), 
from Eqs. (46), (58) , and (59) . 

which has the following proper t ies in the limit as i ^ O : 

( # z > / ' ^ < ) w = 0 , (66) 

{ ^ o l d f ) = - IkTII. (67) 

Using the exponent ial m e m o r y func t ion ,^ 

^ ^ f l ( 0 = 7 c e x p ( - a f l / ) , (68) 

and E q . (20) , Eqs . (67) and (68) lead to 

yD = 2kT/I. (69) 

T o obta in the roots in the t r ans fo rm we also require 

AD= r M t ) d t = M O ) , ( 7 0 ) 
�'o 

where, as before, 

!?i>(0 )=C^i>(0)]- ' . (71) 

W i t h some simple algebra we are now led to 

KD{0)=yD/aD = l/AD, 

aD=yDAD = 2ADkT/I, (72) 

and \f/D (t) assumes the fo rm 

M t ) = [ l / ( 5 + ^ - 5 _ « ) ] C 5 + « exp( i_^0 -sJ" exp (5+«0] , 

(73) 

5 ± « = - ( ^ D / f e r / / ) { l T C l - ( 2 / / ^ i , 2 y f e r ) ] } . ( 7 4 ) 

T h e avai lable expér imental d a t a for CO are dis-
played in Fig. 4. At présent , t hey are insufficient to 
pe rmi t t he exact dé te rmina t ion of AD- Nevertheless , it 

18 S. A. Rice and J. G. Kirkwood, J. Chem. Phys. 3 1 , 9 0 1 (1959). 
'» W. A. Steele, J. Chem. Phys. 38, 2411 (1963). 

°̂ The choice of memory function should be such that in the 
l i m i t as a—*0, the d y n a m i c a l behavior of the S y s t e m b e c o m e s that 
of the free p a r t i c l e . In the case of translational motion, the simple 
exponential form for K has this property. However, in the case 
of the dipolar corrélation function, in the zéro interaction limit 
the autocorrélation function oscillâtes. Thus, a better choice for K 

would be the free-rotation dipolar corrélation function raultiplicd 
by an exponential decay term. Since the analysis cannot lie carried 
through exactly for this choice of K, we have considered the simpler 
case that K is an exponential. The reader should note, however, 
that because of this choice of K our treatment of dipolar corréla-
tion is less satisfactory than our treatment of translational motion, 
and we do not recover simply the free-rotation behavior as o—»0. 
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FiG. 4. The dipole corrélation function, <PD{1*), from Gordon's 
calculation on carbon monoxide: pure liquid (1 ) ; pure gas just 
above the crilical point at 1520 atm (2) and 270 atm (3) , and 
with argon at room température at 850 atm (4) and 270 atm (5) ; 
(6) is a ty-pical curve as obtained from Eq. (73) . 

is clear t h a t E q s . (73) a n d (74) r e p r o d u c e t h e s t r i k ing 

d e p e n d e n c e of on t h e p ressure . F o r , w h e n AD is 

smal l , 5+^ a n d i _ ° a r e complex a n d 4'D{() h a s pos i t ive 

a n d n é g a t i v e po r t i ons , w h e r e a s w h e n is large, 5+-° 

a n d 5_-° a re reaJ, a n d ^ij( / ) d e c a y s mono ton i ca l l y . 

A q u a l i t a t i v e a r g u m e n t c a n b e b a s e d on t h e r e l a t ive 

insens i t iv i ty of t h e pos i t ions of t h e m i n i m a in i^oiO 

in Fig . 4. P r o v i d e d t h a t AD^ is sma l l r e l a t i ve to 2I/kT, 

E q s . (73) a n d (74) r e p r o d u c e th is behav io r . Phys ica l ly , 

i t c an be a r g u e d t h a t a t sufBcient ly high p ressu res t h e 

d ipole m o m e n t is r a n d o m i z e d w i th in one pe r iod of 

r o t a t i o n ; whereas , a t low p res su res t h e d ipo le m o m e n t 

is r a n d o m i z e d a f t e r m a n y r o t a t i o n a l pe r iods . Clear ly , 

t h e au toco r ré l a t i on f u n c t i o n ^poit) will osci l la te a t low 

pressures , whereas , i t r e m a i n s pos i t i ve a t h igh pressure . 

AD will t h e r e f o r e b e la rger a t h igh p ressure . T h i s is 

in q u a l i t a t i v e accord w i t h o b s e r v a t i o n . 

W e conc lude t h a t , a l t h o u g h a q u a n t i t a t i v e t es t can-

n o t p r e sen t ly b e m a d e , t h e exponen t i a l m e m o r y a n s a t z 

is cons i s t en t w i t h t h e ava i l ab le d ipo la r au toco r ré l a t i on 

func t ions . 

V I I I . D I S C U S S I O N 

I n th is p a p e r we h a v e d e m o n s t r a t e d t h a t i t is 

possible to o b t a i n a u t o c o r r é l a t i o n f u n c t i o n s fo r a 

v a r i e t y of p h e n o m e n a us ing a s imple a n s a t z , t h e 

exponen t i a l ly d e c a y i n g m e m o r y f u n c t i o n , w i th in t h e 

f r a m e w o r k of a n exac t n o n - M a r k o f h a n r e p r é s e n t a t i o n 

of t h e i n t eg rod i f ï e r en t i a l é q u a t i o n def in ing t h e a u t o -

cor ré la t ion f u n c t i o n . A l t h o u g h t h e choice of a n ex-

ponen t i a l l y d e c a y i n g m e m o r y f u n c t i o n c a n b e s o m e w h a t 

m o t i v a t e d b y cons idé ra t ion of t h e e f f ec t of as a ( nea r l y ) 

Poisson process , or b y cons idé ra t ion of t h e e f fec t of 

i n t e r ac t ions as a G a u s s i a n M a r k o v process fo r which 

t h e cor ré la t ion f u n c t i o n is a n exponen t i a l decay , i t 

m u s t b e recognized t h a t t h e success of t h e s imple 

t w o - p a r a m e t e r ke rne l K{a, y; t) in r ep roduc ing t h e 

obse rved a u t o c o r r é l a t i o n f u n c t i o n s is poss ib ly fo r t u i -

tous . A t p r é s e n t we can p r é s e n t n o rea l jus t i f i ca t ion 

fo r t h e choice of f u n c t i o n a l f o r m of K{a, y; t). 

P u t t i n g as ide t h e j u s t i f i ca t ion f o r t h e a n s a t z used , i t 

is i m p o r t a n t t o n o t e t h a t m a n y s u b t i e cha rac te r i s t i c s 

of t h e a u t o c o r r é l a t i o n f u n c t i o n s of dynamical v a r i a b l e s 

a r e s i m u l t a n e o u s l y cons i s t en t w i th one s imple f o r m fo r 

t h e m e m o r y f u n c t i o n . T h i s o b s e r v a t i o n sugges t s t h a t 

t h e form of t h e m e m o r y f u n c t i o n is a more gênera i 

cha rac t e r i s t i c of t h e dynamics of t h e System t h a n a re 

o the r r e p r é s e n t a t i o n s of dynamica l cohérence . I n d e e d , 

i t m i g h t b e poss ib le t o reformulate t h e r e p r é s e n t a t i o n 

of l inear t r a n s p o r t coefEcients t o t a k e a d v a n t a g e of 

th i s p a r t i c u l a r f e a t u r e of t h e m e m o r y - f u n c t i o n analys is . 

I t is ou r op in ion t h a t such a r e f o r m u l a t i o n w o t J d b e 

f r u i t f u l in sugges t ing new a p p r o x i m a t i o n s chemes wh ich 

m i g h t b e su i t ab l e fo r t h e desc r ip t i on of dense , strongly 

i n t e r ac t i ng Systems. 

T h e gênera i cha rac t e r i s t i c s of t h e t i m e d e p e n d e n c e 

of t h e au toco r r é l a t i on f u n c t i o n c a n b e e luc ida t ed b y 

examin ing t w o l imi t i ng cases. Cons ide r f i rs t t h e h igh -

d e n s i t y l imi t . Since a/8 is p r o p o r t i o n a l t o t h e m e a n -

s q u a r e fo rce a c t i n g on a molécule , which increases as 

t h e d e n s i t y increases , whi le /8 also increases as t h e 

d e n s i t y increases , (4 ;8/a) inc reases as t h e d e n s i t y in-

creases. R e f e r r i n g to E q . ( 4 5 ) , i t is seen t h a t t h e roo t s 

a re complex w h e n ( 4 ; 8 / a ) > l , w h e r e u p o n t h e a u t o -

cor ré la t ion f u n c t i o n d i s p l a y s a n é g a t i v e région which 

is m o r e p r o n o u n c e d t h e h ighe r t h e dens i t y . I n t h e low-

d e n s i t y l imi t b o t h fi a n d a t e n d t o zé ro in a f a s h i o n 

such t h a t /S/a t e n d s to zéro . R e f e r r i n g aga in to E q . 

( 45 ) , i t is seen t h a t t h e t i m e d e p e n d e n c e of t h e a u t o -

cor ré la t ion f u n c t i o n is n o w a s imple e x p o n e n t i a l decay . 

B o t h of thèse l imi t s a r e in a g r e e m e n t w i t h t h e ava i l ab le 

d a t a , as h a s been desc r ibed in Secs. V, V I , a n d V I I . 

I t is i n t e res t ing to e x a m i n e t h e m o m e n t u m a u t o -

cor ré la t ion f u n c t i o n in t h e h i g h - d e n s i t y l imi t f r o m still 

a n o t h e r p o i n t of v iew. If t h e n é g a t i v e région of t h e 

m o m e n t u m a u t o c o r r é l a t i o n f u n c t i o n is i n t e r p r e t e d as 

ind ica t ing t h a t , on t h e ave rage , a d i s p l a c e m e n t of a 

molécule t o w a r d s i t s n e a r n e i g h b o r s is fo l lowed b y a 

d i s p l a c e m e n t b a c k t o w a r d s t h e or iginal pos i t ion , t h e 

exponen t i a l m e m o r y a n s a t z c a n b e t e s t ed fo r i n t e r n a i 

cons i s tency w i t h a s imple mode l . L e t t h e a v e r a g e 

d i s t ance a molécu le w i t h g iven in i t ia l ve loc i t y t r ave l s 

be fo re i ts m o m e n t u m is r eve r sed b y i n t e r a c t i o n w i t h a 

n e a r ne ighbor b e ( A R i ) ' . N o w , t h e a v e r a g e ve loc i ty 

of a molécu le a t t i m e t, g iven t h a t t h e in i t ia l ve loc i ty 

is Vi (0 ) , is a p p r o x i m a t e l y V i ( 0 ) ^ ( / ) . T h e a v e r a g e dis-

p l a c e m e n t is t h e n 

( A R i ( / ) ) � = r < v i ( 0 )dt'= fv,{Q)Ht')dt'. (75) 
�'o �'o 

W e seek t h e v a l u e s of ( A R i ( / ) ) ' co r r e spond ing to a 

t u r n i n g p o i n t in t h e m o t i o n , i.e., w h e n (v i ( / ) ) = 0 . Such 

a t u r n i n g p o i n t occur s a t t h e t i m e /o def ined b y 

Hk) = 0 , (76) 
or . 

( A R i ( / o ) ) ' = / ' V i ( 0 ) ^ ( / ' ) « ^ / ' . (77) 
�'o 
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F o r t h e case t h a t Vi(0) is equa l to t h e r o o t - m e a n - s q u a r e 

veloci ty , co r re spond ing to t h e m o s t p r o b a b l e ini t ia l 

ve loci ty , i t is f o u n d t h a t (ARi) ' h a s t h e v a l u e 0.25 Â, 

cor responding t o an ave rage in t e rnuc lea r s épa ra t ion of 

3.67 Â. Since t h e n é g a t i v e région of t h e au tocor ré la t ion 

f u n c t i o n is i n t e r p r e t e d as ar is ing f r o m t h e (nea r ) 

reversai of m o m e n t u m resu l t ing f r o m t h e first in te r -

ac t ion exper ienced b y a molécule on leav ing the cen t ro-

s y m m e t r i c pos i t ion a t t h e cen te r of a shell of nea r 

ne ighbors , t h e ave rage i n t e rnuc l ea r s épa ra t i on for 

i n t e rac t ion o u g h t t o b e equal to t h e equi l ibr ium 

ave rage in t e rnuc lea r s épa ra t i on . F r o m t h e c o m p u t e d 

rad ia l d i s t r i bu t ion f u n c t i o n of R a h m a n , ' th is l a t t e r 

d i s t ance is 3.67 Â, d e m o n s t r a t i n g b o t h t h e in t e rna i 

cons is tency of th i s phys ica l i n t e r p r é t a t i o n a n d t h e 

accu racy of t h e exponen t i a l m e m o r y a n s a t z w i t h 

respect to r e p r o d u c t i o n of t h e first zéro of ^ ( / ) . 

F ina l ly , we n o t e t h a t M o r i " h a s p re sen ted a con-

t inued f r a c t i o n r e p r é s e n t a t i o n of t i m e corré la t ion func -

t ions. M o r i ' s f o r m a l i s m d i f fe rs f r o m , b u t is closely 

re la ted to, t h e gênera i ana lys i s of Sec. I I I of th is p a p e r . 

I n d e e d , M o r i finds t h a t , if t he con t inued f r ac t ion is 

t r u n c a t e d b y a s s u m i n g t h a t t h e L a p l a c e t r a n s f o r m of 

the au toco r r é l a t i on f u n c t i o n of t h e « t h - o r d e r r a n d o m 

force is i n d e p e n d e n t of t h e L a p l a c e va r i ab l e (see 

M o r i ' s p a p e r fo r t h e déf in i t ions of thèse t e r m s ) , t h e n 

the m o m e n t u m au toco r ré l a t i on f u n c t i o n is ident ica l 

w i th t h a t i nduced he re [ s ee A p p e n d i x B ; E q s . ( B 1 4 ) , 

( B 1 5 ) , a n d ( B 1 6 ) ] . Also, t h e d i f fe ren t i a l équa t i on fo r 

t h e l i n e a r - m o m e n t u m au toco r ré l a t i on f u n c t i o n , deduced 

wi th t h e use of t h e exponen t i a l m e m o r y ansa tz , is t h e 

s a m e as t h e d i f fe ren t i a l é q u a t i o n for t h e m o m e n t u m 

au toco r ré l a t i on f u n c t i o n deduced b y G r a y f r o m a 

mode l descr ibed in t h e in t roduct ion .^ T h e analys is 

p roposed he re is cons ide rab ly m o r e gênera i t h a n t h a t 

of G r a y , since t h e gênera i in tegrod i f fe ren t i a l é q u a t i o n 

for t h e au toco r r é l a t i on f u n c t i o n is exac t , a n d the re fo re 

cons i s ten t w i t h m a n y possible k ine t i c équa t ions . N e v e r -

theless, t h e d é d u c t i o n of t h e s a m e au tocor ré l a t ion f u n c -

t ion f r o m th ree v e r y d i f f é r en t po in t s of v iew suggests 

t h a t t h e f e a t u r e s d i sp layed a re r a t h e r gênera i cha rac -

ter is t ics of t h e l iquid p h a s e a n d n o t anomal ies of t h e 

a p p r o x i m a t i o n s used . 
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A P P E N D I X A: S O M E P R O P E R T I E S OF T H E 

M E M O R Y F U N C T I O N 

I n t h e m a i n t ex t we h a v e s t a t e d t h a t K{t) m u s t be 

an even f u n c t i o n of t a n d h a v e zéro de r iva t i ve a t / = 0 . 

T h i s is easi ly d e m o n s t r a t e d us ing t h e expanded f o r m 

of the p r o p a g a t o r , which conve r t s E q . (31) to 

^ ( 0 = î l - , ( ( î £ < ^ ' U ) � [ î ( l - ( P ) £ W ] ' ' ( j £ W ) U ) ). 

( A l ) 
Cons ider t h e t e r m ar is ing f r o m « = 1. T h i s is 

< ( î £ ( ^ ' U ) � [ » ( ! - ( ? ) (î£<^>U) ) 

= ( i £ ( w u ) . p £ < w ( i £ W)U) ] ) 

- ( ( î £ ( ^ ' U ) � [ î « ' £ w ( i £ ( ^ ' U ) ] ). (A2) 

B u t , b y reversa i of coord ina tes a n d m o m e n t a i t is 

seen t h a t 

< ( î£W )U) � [ î £ w ( i £ ( ^ ' U ) ] ) = 0, 

( ( j £ W ) U ) � p ( P £ W ( î £ ( ^ ) U ) ] ) 

= { ( î£W )U) � U ) (U � p £ t ^ ) ( î£(^>U) ] ) 

= - ( Û - U ) ( ( î £ < ^ ^ U ) � ( î £ W ) U ) > = 0, (A3) 

because ( U ' U ) = 0 . B y i t é ra t ion of thèse a r g u m e n t s i t 

can be s h o w n t h a t ail t e r m s ar is ing f r o m odd va lues 

of n in E q . ( A l ) van i sh , a n d the re fo re t h a t K{t) is a n 

even f u n c t i o n of t w i t h zéro slope a t t h e origin. 

A P P E N D I X B : A N ALTERNATIVE DERIVATION 

O F EQ. (20) 

E q u a t i o n (20) p l a y s such a f u n d a m e n t a l rôle in ou r 

analys is a n d is so deep ly connec ted wi th t h e n a t u r e of 

t h e au tocor ré l a t ion f u n c t i o n t h a t i t is wor thwhi l e to 

dé r ive i t f r o m l inear régression theo ry . I n t h e process 

of m a k i n g th i s dé r iva t ion , some f u r t h e r ins ight is 

o b t a i n e d in to t h e n a t u r e of t h e exponent ia l m e m o r y . 

Cons ider a System descr ibed b y t w o se ts of var iables . 

T h e se ts a re def ined as fol lows: a va r i ab le s a re def ined 

b y t h e condi t ion a ( p ) = a ( — p ) (even p a r i t y in the 

m o m e n t u m ) , whi le g va r i ab le s sa t i s fy t h e condi t ion 

~ 5 ( P ) = ? ( ~ P ) ( o d d p a r i t y in t h e m o m e n t u m ) . I n 

t e r m s of t h e a r g u m e n t s used in Sec. I V , t h e molecu la r 

ve loc i ty is a 5 va r i ab le , a n d t h e fo rce ac t i ng on a molé-

cule is an a va r iab le . L e t (� � � )"i>̂ » re fer to an ensemble 

ave rage condi t iona l on t h e ini t ia l va lues ao a n d ̂ o-
L i n e a r régression theory^ t h e n def ines t h e t i m e r a t e of 

c h a n g e of t h e a v e r a g e va lues of a a n d g va r iab les to be 

(d/dt) ( a ) ° ^ « = U - (X)«A-t-L„^. ( Y ) « A 

( ô / a O ( 5 ) ' ' ^ » = U - ( X ) ' ' ^ ' + L ^ ^ - ( Y ) ° ^ ( B l ) 

w h e r e t h e fo rce t e r m s X a n d Y a r e def ined b y 

X=dAS/da, 

" H. Mori, Progr. Theoret. Phys. 34, 399 (1965). Y=dAS/d§, (B2) 
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where 

A 5 = - è g : a a - § m : a 5 - è n : 5 a - è h : 5 3 , (B3) 

and g, h, m, n are the usua l mat r ices (dyadics) con-

s t ruc ted f r o m the der iva t ives of the en t ropy with 

respect to the var iables « and g. N o t i n g t h a t g and h 

are even on inversion of the sign of 5, while m and n 

are odd on inversion of t h e sign of g, the Onsager 

reciprocal relat ions are ob ta ined . T h e coefficients L.y 

t ake the form 

L^,= - ]-lim]^f[AVIIO/(MO, VO)P{HO, VQ | fi, v; t) 
k (-.0 ' JJ 

Xd^dvd^odve; y , v = a , 5, (B4) 

with P(MO, VO \ fi, V; l) t h e p robabi l i ty of f inding the 

System with var iab les y , v a t t ime /, given t h a t the 

values of thèse var iab les were iio, vo a t t ime zéro, 

while / ( v o , Vo) is t h e p robabi l i ty dens i ty of f inding the 

var iables to h a v e the va lues yo, vo a t t ime zéro. 

T o ob ta in the fo rm of the équa t ion for the velocity 
autocorréla t ion func t ion we t ake 

a = F i / w , 

I n the l imit as /—>0, A§= «ot, so t h a t 

(B5) 

l im(Ag)"oS«=ao/= fà^P{ao, 5o i «, ^iOdad^, (B6) 

i s to 

M/3=— ao3o/(o:o, §o)daod§o = 0, 

which leads to 

l-i3o = — j j «Otto/( «0, 5o)daod^o 

� � - - < a o « o ) = - g \ (B7) 

a f t e r appl icat ion of p a r i t y a rgumen t s . T h e reciprocal 

relation Us = — i-^a*^ allows us to wri te 

U = ( g ' 0 - ' = g - S (B8) 

where the superscr ip t t r indicates the t ranspose of the 

dyadic, and the second m e m b e r of E q . (B8) follows 

f r o m the fac t t h a t g is a symmet r i c dyadic . Since L„„?^0, 

the use of (X)"»^>= — g-(a)"»^» and (Y)"»*»= —h-

leads to 

{d/dt) <a)<'-^»= - U - g - ( a ) ° o ^ . - g - ' - h - ( 5 ) " ^ , 

(d/dt) {§y'^'= {a)-'<fi', (B9) 

f rom which, b y combina t ion of t h e two équat ions ( B 9 ) , 
i t is found t h a t 

(d^dP) ( 5 ) ° A = - L „ „ . g - (a /3 / ) <5)<'o».-g-i-h - (g)"»».. 

(BIO) 

Mul t ipHcat ion of E q . (BIO) b y go and in tégra t ion over 

the initial d i s t r ibu t ion of va lues of ao and go leads to 

an équa t ion for t h e au tocorré la t ion func t ion ̂ ff{t) = 

(5 (0 ) -gCO ) / ( /3 (0 ) ' ) . T h i s équa t ion is 

id'/dnMt) = -^a.:gLdMt)/dG-g-':hUi)- ( B l l ) 

E q u a t i o n ( B l l ) is ob ta ined f r o m E q . (20) when the 

m e m o r y func t ion is chosen to be an exponent ia l decay. 

T o show this, let X = L„a:g, 7 = g~ ' :h . T h e n , using the 

normal iza t ion condi t ion ^ ^ ( 0 ) = 1 , and tak ing the 

Laplace t r ans fo rm of ( B l l ) , it is found t h a t 

s%{s] -s+\\:4»{s)-i:i+yh{s) = 0 , (B12) 

the inverse t r ans fo rm of which, using the convolut ion 

theorem, is 

dt 
= - y f dr e x p { - \ T ) M t - T ) . ( B 1 3 ) 

Thus , the linear-regression analysis implies Eq . (20) 

wi th the spécial kernel K{T) =y expi—Xr), and with 

y and X (before called a) jus t the p a r a m e t e r s described 

in Sec. IV. 

APPENDIX C: CONNECTION W I T H T H E KUBO, 
YOKOTO, NAKAJIMA (KYN) DERIVATION^^ 

I t is in teres t ing to not ice the close connect ion be tween 

the analysis p resen ted in Sec. I I I and Appendix B and 

the rigorous version of t h e K Y N dér ivat ion by 
Zwanzig.^' T h e set of équa t ions (41) and (44) of 

Réf . 23 is équiva len t to the combina t ion of Eqs . (16) 

and (39) of this work, once i t is recognized t h a t the 
t r anspor t coefficients can be expressed in the fo rm 

L:h= rdle-"{ij{0)ij{t)), ( C l ) 

wi th 

and 
(C2) 

(C3) 

[w i th the variables, a , g, as defined in Appendix B, 

( B 5 ) , the t r anspor t coefficient would be f / w , i.e., t he 

diffusion coefficient in m o m e n t u m space ] . I n our 

no ta t ion , Zwanzig ' s resul t [ E q . (45) , Réf . 23^ reads 

L:h=Kis)-{lK{s)J/[,s+K{sn}, (C4) 

which is an exact équa t ion , wi th in the l imits of the 
f luc tua t ions régression assumpt ion , as appl ied to the 
non-Markof f i an t r an spo r t équa t ion . I t is t hen a m a t t e r 

of simple a lgebra to show t h a t E q . (C4) is équ iva len t 
to E q . (21) of Sec. I I I . 

R. Kubo, M. Yokota, and S. Nakajima, J. Phvs. Soc. Japan 
12, 1203 (1957). 

" R . Zwanzig, J. Chem. Phys. 40 , 2527 (1964) . 
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