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1. Introduction. Lacunary trigonometric series are series in which the

terms that differ from zero are very sparse. Such series may be written in

the form

(1.1) ]Γ ak cos 2πτ(nkx-\-φk) (ak > 0, nk+ι >nk^l)

Then we write

i 1/2

(1.2) ( )

It is well known that the behaviour of Sm(x), as m—•» + °o? in many

respect resembles that of series of independent random variables (cf. [2]).

In fact, we proved the following

THEOREM [5]. Suppose {nk} and {ak} satisfy the conditions

(1. 3) nk+ι/nk > 1 + ck~a (c > 0 and 0 ^ Λ ^ 1/2),

(1. 4) Am -^ + oo α^rf am — o(Am??Γa), as ?n —> + oo ,

£/i£7z w^ A<277̂ , /or α/23/ set £ c [ 0 , 1] 0/ positive measure and any real

number ω,

(1.5)

This theorem was first proved by R. Salem and A. Zygmund for a = 0

and in this case they also remarked that (1.4) is necessary. From this

1) For any measurable set E, \E\ denotes its Lebesgue measure.
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theorem we can easily obtain, for any real number ω,

lim \x; xs[0, 1), £ {cos2τr(2*-l):r + cos27r(2* +1)x] ^ ωm1/2)
m-*°° fc=l >

/.I «ω/lv/~2~cos2^[

= (2τr)-1/2 / dx I e~ui/2du.
J θ J —oo

Further, in [1] P. Erdos has pointed out that to every positive constant c
there exists a sequence [nk] for which nk+1/nk > 1 + ck~1/2 and (1. 5) is not
true for ak = l and JE = [O, 1) (cf. Theorem 3 in §3). The above facts show
that for (1/5) the lacunarity condition of {nk} and the magnitude of ajAk

are closely related each other.

The purpose of the present note is to weaken the lacunarity condition
(1.3). To state our theorem we need the following definitions and notations:

I(m) = {k 2m < nk ^ 2m+1] , p{m) = max{& nk ^ 2m] ,

ί min {g g is a non-negative integer such that

q(m) = nk+1/nk ^ 1 + 2r° for all k € I(m)}9 if I(m) ±? 0 ,

( 0, if I(m) = 0 .

Therefore, if l{m)Φ 0, {p(mΛ-l) — p(m)} denotes the number of elements of
I(m) and if I{m)= 0, then p(

THEOREM 1. / / {nk} and {ak} satisfy the conditions

m 2

(1.6) A m ->+oo and Σ ( Σ as) = o{A\{m+1)), as m - > + o o ,
k=m-q(m) sel(k)

then (1.5) holds for any set Ed [0, 1] q/ positive measure and any real

number ω.

For the proof of the theorem we use the following lemma which is a
version of the central limit theorem for trigonometric series not necessarily
lacunary.

/ 1

LEMMA [4]. Let Tm(x) = Σck cos 2τr(kx+ctk) and Cm = ( ^

Rk(x) = T2k+i(x) - T2*(Λ:) and Dm = Q~>.Suppose
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Cm -* + oo, sup I Rm(x) I - o(Dm),

291

and

f
Jθ

OT-++00,

have, for any set 2£c[0, 1] 0/ positive measure and any real
number ω,

lim I [x * ^ E, Tm(x) ^ Cmω} | /1E\ = (2τr)-^ Γ ^ w 2 / 2 J W .
m^°° J-oo

2. Proof of Theorem 1. Let us put, for m = 1,2, ,

Then we have, by (1. 6),

(2.1)

and

m k

sup|Δm(;r)l =

(2.2) Σ

Σ Σ tt' I dx

as m-+oo.

On the other hand from the definitions of q(k) and I(k), we obtain, for
s € I(k), r, t € 7(i) and j ^ k-g(k)-2,

ns+1 -ns^ nr + nt

Thus if j^k-q(k)-2, then (Δftc) - ||Δt||ί) and (ΔJ(Λ;) - ||Δ,||I) are
orthogonal. Hence we have, by (2. 2),

(2. 3) dx=
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TO k Λ

=£ 2 Σ, Σ I
k=l j = k-q(k)-lJθ
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m k-q(k)-2 1

= o(Bm) , as

We have

Δi ΔJ

+

+ 2

q(k)2 1

Σ
/=1 Λ

- ||Δt||iχΔJ - ||ΔJI) dx

fc-g(/c)-3

TO fc-2

+ Σ Σ
Λ;=2 j = k-q(k

+ Δί+1)(ΔJ + Δ}+I) .

Then by (2.1) and (2. 2) the integrals of the first and the last terms of the
above formulas are o{B\ϊl), as m-^+oo 2 >. Further, if j ^ k—q(k) — 3, then
by the definition of q(k), Ak(x) Ak+1(x) and Aj(x)AJ+1(x) are orthogonal.
Hence, we have

(2. 4) ( (f; Δ*

From (2. 3) and (2. 4), we obtain

1 TO

(2.5) I

as

as

Considering (2.1) and (2. 5), we can apply the lemma in §1 to the series (1.1)
and this completes the proof.

3. Applications of Theorem 1. In this paragraph we apply Theorem 1
to some typical cases. We use the same notation as before.

THEOREM 2. If {nk} and {ak} satisfy the conditions

(3.1) nk+ι/nk ^ 1 + c log k/k (c log 2 ^ 1 ) ,

(3.2) and log pint) = o(Bl), as

2) It is easily seen that Bm/Bm+i-*l, as m —• + o o .
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then (1.5) holds for any set Ed [0, 1] of positive measure and any real

number ω.

PROOF. From the definition of ρ(m) if ρ(m + ΐ) > ρ(m) + l, then

ί?(ra + l ) - l

2 > np(m+1)/np{m)+i ^ IT (l + c log k/k)

^ 1 + {ρ(m + l) - ρ{m) - l]c log/>(

and we obtain

(3. 3) {p(m + l) - pirn)} ^ 1 + c l ^ ^ 1 | 1 ) = <Kp(m)), as m -* +

Further in this case it is seen that

(3.4) q(m)^ \\og{c logp(m + ϊ)/p(m + ϊ)}/log2\ + 1

< 1 °g/< m )- loglogj>(m) > for m > m0.log 2

Hence we have, by (3. 3) and (3. 4),

TO-l

p(m) - p(m-q(m)) = £

log />(m)}

M l o g ^ m L _ log logP{m)
log 2 clogp(m)

)}, for m>mQ.

The above relation implies that there exists a positive constant c0 such that

m> m0 implies that

log p{m — q{m)) > c0 log p(m) .

Therefore we have, for any j such that m^j^m — q(m) ,

(3. 5) ( Σ, am) log p(m) = o(5i), as m -> +oo .

(3.4) and (3. 5) imply (1. 6) and we can complete the proof.
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The following theorem shows that the validity of (1. 5) depends on the

numbers and the gaps of [nk] in (2m,2w+1] for ak = 1, k^ 1.

THEOREM 3. Let {nk} and {ak} satisfy the conditions:

(3. 6) [p(m + l) - P(m)}2/p(m) = o(l/logp(m)), as m-*+<*>

(3.7) nk+1/nk>l+k-s (s^O),

(3. 8) Am -> + oo and am = O(Amra"1/2) , as m - > + o o 3 ) ,

(1.5) holds for any set JSc[0, 1] of positive measure and any real

number ω.

PROOF. From (3. 7) and (3. 6) it is seen that

q(m) = O(log p{mΛ-Vj) — O(log p(?n)), as m —> -hoo .

Since (x/\og x)1/2 is an increasing function, we have by (3. 6),

p(tn-q(m)) = p(nι) - ^ {/<A + 1) - p{k)}
k=m-q(m)

> P(m) - q(m) {ρ(m)/\og ρ(m)}1/2 > p(m)/2 , for m > m0.

Therefore we have, by (3. 8) and the above relations,

Σ
Jfc=m-q(m)

= θlBl Σ, {p(k+ϊ)-p{W/p(k)
\ k=m-q(m)

= o [El Σ, l/log P(k)\ = o(Bl) , as m -> +00 .

Hence by Theorem 1 we can complete the proof.
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