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Abstract— Ideally, de-trapping transients in semiconduc-
tors originate from discrete energy levels, and the emission
profile follows a pure exponential decay; however, it has
been widely shown that this rarely happens in real devices,
for which capture and emission processes have a strongly
stretched exponential shape. Conventional methodologies
for capture/emission time constants mapping (CET maps)
are based on the double derivative (DD) or bivariate Gaus-
sian (BG) approximation, which may lead to inaccuracies
in the presence of complex defect distributions. In this
article, we introduce a new methodology, based on the
double inverse Laplace transform, to extract the accurate
capture-emission time (CET) map of these defects. The
proposed approach is compared with the conventional
approximated solutions, thus giving insight into whether
the error introduced by the simplified approaches can be
considered negligible or not. First, to ensure full control of
the input parameters, the analysis is carried out on custom-
generated functions with different stretching parameters.
Then, the developed methodology is used to extract, for
the first time, the full capture/emission time map from a
power GaN high-electron mobility transistor (HEMT) sub-
jected to positive bias instability (PBI) test. The proposed
approach is universal and can be adopted by a wide variety
of electronic devices in the presence of charge-trapping
processes.
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I. INTRODUCTION

THE ability to understand, predict, and control the impact
of native defects, unintentional contaminants, and dopant

impurities assumes great importance when developing new
technologies based on innovative materials.

The most common defect characterization technique is
deep-level transient spectroscopy (DLTS) [1], [2], [3]. Among
the many DLTS techniques, capacitance C-DLTS is based on
the automatic acquisition and analysis of capacitance transients
on diode structures [4].

Unfortunately, for complex structures such as GaN high-
electron mobility transistors (HEMTs), it is difficult to obtain
meaningful experimental results based on the analysis of
junction capacitance, unless specific test structures are used.

For this reason, other parameters such as threshold voltage
and ON-resistance are typically analyzed to detect the pres-
ence of trapped charge in the devices: a common technique
is drain current transient spectroscopy (DCTS), which can
explore the capture and emission kinetics of a trap center
from the microseconds to the thousands of seconds time
scale [5], [6], [7].

Ideally, the trapping phenomena originate from defects with
discrete energy levels, and the DCT profile behaves as a
pure exponential decay function (e−t/τ ). However, it has been
shown that this rarely happens in real HEMTs, where more
complex defect distributions and/or surface states can play a
significant role [8], [9], [10], [11], [12]: transients are strongly
stretched (e−(t/τ)β ) due to the fact that defects are distributed
in energy and/or in space.

The extraction of the time-constant distribution profile has
been a long-standing problem for the trap analysis of GaN-
based HEMTs [13], [14], [15], [16]. Several approximated
approaches have been proposed, including a simple derivative
or a multiple exponential fit of the DCTs [17]. In a recent
work [18], we demonstrated that a correct extraction of
the time-constant distribution of relaxation kinetics can be
reconducted to a 1-D mathematical inversion problem whose
generalized function can be written in the form of a first-kind
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Freehold Integral equation

f (t) =

k∑
i=1

Ai · exp
(

−
t
τi

)
=

∫
∞

0
g(τ ) · k(t, τ )dτ (1)

where the kernel k(t, τ ) is the pure exponential decay func-
tion [19], [20], [21]. Hence, an accurate (not approximated)
g(τ ) extraction was obtained by solving the inverse Laplace
transform, starting from the experimental transients

g(ν) = L−1
{ f (t)}. (2)

On top of this, we demonstrated that the trap states prop-
erties can be univocally described, starting from the extracted
time-constant distributions at different temperatures.

Nevertheless, an even more intriguing problem arises when
not only the emission, but also the capture time evolution
is considered, to model how a device behaves after a given
stress time, and after a given recovery time. Solving this
2-D problem allows to evaluate the device instability, given
a certain operating duty cycle and frequency, thus providing
relevant information to circuit designers.

Within this framework, the capture-emission time (CET)
map has been proposed by Grasser et al. [22], [23], [24] as a
powerful method to visualize the time-constant distribution of
single and multiple defects to study BTI in power MOSFETs.

Under the assumption that the occupancy state of a trap
can be approximated to a step function, the proposed model
describes the charge exchange of independent defects in agree-
ment with a bivariate Gaussian (BG) distribution.

This article aims to give further advancement to this
methodology by extending our findings on inverse Laplace
transform [18] to a 2-D domain. The main advantage of
our approach lies in the fact that the occupancy state of
a trap is not approximated to a step function. Therefore,
the real-time constant distribution can be extracted. The pro-
posed methodology, namely, Double i-Laplace (DiL), is then
compared with the conventional double derivative (DD) and
the BG map extraction, thus giving insight into whether the
error introduced by these two simplified inversions can be
considered negligible or not.

Finally, the developed mathematical framework is used,
for the first time, to study threshold voltage instability of
normally-OFF power HEMTs submitted to electrical stress.
Remarkably, by comparing the time-constant distribution with
the iso-frequency and iso-duty-cycle loci, the trajectory of the
device instability under different operating conditions can be
predicted.

II. ONE-DIMENSIONAL INVERSION WITH DIFFERENT
STRETCHING PARAMETERS

Before diving into the 2-D domain, it is useful to build a
quantitative insight into the time-constant distribution extrac-
tion in the 1-D domain.

Referring to (1), a generally accepted method to solve this
problem is to simplify it by assuming that the capture and
emission kinetics of a single process can be approximated to

a step function [25]

f (t) =

∫
∞

0
g(τ ) · H(t − τ)dτ =

∫
∞

t
g(τ )dτ . (3)

Therefore, the approximated time-constant distribution g(τ ) of
a given transient f (t) can be calculated as the derivative of
f (t). For noisy and/or truncated experimental data, the time
constant profile can be further approximated to a Gaussian
distribution. Critically, to the best of the authors’ knowledge,
a proper comparison between these two methods and the real-
time constant distribution has never been investigated in detail.

An early attempt has been proposed by Bisi et al. [17], in
which, following the approach of Joh and Del Alamo [13],
a realistic time-constant distribution was extracted by brute
force fitting with 100 pure exponential decays. Alternatively,
as we demonstrated in [18], the inversion problem can be
approached mathematically, thus drastically decreasing the
number of fitting parameters.

To properly compare derivative, Gaussian, and inverse
Laplace extraction, the f (t) function is custom generated as
a stretched exponential decay centered in τ0 = 1 s; this
ensures full control of the input parameters. Similar consid-
erations can be extended to the experimental data, whether
they are threshold voltage shift (1VTH) and/or dynamic
ON-resistance (RON).

Fig. 1 shows the result of the comparison at various values
of the stretching factor β. The three distributions are shown
with different colors and are presented normalized to their
maximum value, to allow an easier visualization and under-
standing of the difference in shape between them. It should be
noted that, since f (t) is custom generated, the Gaussian distri-
bution is simply obtained by fitting the derivative distribution
(no need for optimization).

A qualitative explanation of the shape of the spectra can be
given as follows. The abscissa of the peak value represents
the time constant of the main component of the distribution,
i.e., of the individual defect of the defect distribution which is
present in the highest equivalent concentration. The area below
the curve is proportional to the concentration of electrically
active defects causing the experimental transient. An interested
reader can find more information in [18].

From a quantitative analysis, a difference in the dominant
time constant (τpk), and distribution profile (g(τ )), can be
distinguished. To quantify the robustness of the approximated
extractions, the error in the dominant time constant has been
calculated as

εpk,G/D =
τpk,G/D − τpk,L

τpk,L
(4)

where τpk,L and τpk,G/D are obtained from the i-Laplace, and
the Gaussian/derivative method, respectively. Furthermore, the
absolute error in the distribution profile has been calculated as

εG/D =

∫
∞

0

∣∣gG/D(τ ) − gL(τ )
∣∣dτ∫

∞

0

(∣∣gG/D(τ )
∣∣+ |gL(τ )|

)
dτ

(5)

where gL(τ ) and gG/D(τ ) correspond to the i-Laplace, and
the Gaussian/derivative method, respectively. The result of this
comparison is shown in Fig. 2(a) and (b). In particular: 1) the
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Fig. 1. Time-constant distribution extraction in the 1-D domain from a custom generated stretched exponential decay with varying stretching
parameters. Different colors are used to compare the different profiles obtained with different inversion methods, i.e., derivative, Gaussian
approximation, and inverse Laplace. The i-Laplace method is used as a reference for a realistic τi distribution.

Fig. 2. Error introduced by the derivative and Gaussian extraction to
estimate. (a) Dominant time constant. (b) Distribution profile.

higher the β (i.e., the more ideal the exponential), the lower
the error to calculate the dominant time constant; and 2) the
higher the β, the higher the difference between the distribution
profiles.

Also, it can be understood that the assumption that the
derivative profile can be approximated to a Gaussian profile is
very strong (given the symmetry of the Gaussian distribution).
This may lead to overestimating the time-constant distribution
for τi > τ0, and underestimate it for τi < τ0.

The analysis carried out in this section can be extended to
the 2-D case. In the next section the different methodologies,
namely, DiL, DD, and BG will be compared for the first
time.

In the literature, additional time-constant spectrum extrac-
tion methods are reported, based on the Bayesian deconvolu-
tion [26]. Since the methods based on Bayesian deconvolution
are applied to the derivative of the experimental transient,
they share the same issues with the derivative method. As
can be noticed in Fig. 2 in [27], the extracted time-constant
spectrum is cleaner than the derivative one but still incor-
rect, since it should be composed only of three Dirac’s
delta.

III. TWO-DIMENSIONAL INVERSION WITH DIFFERENT
STRETCHING PARAMETERS

The basic idea of the CET map is to study the interactions
between capture and emission processes by monitoring the
recovery kinetics of the device as a function of stress time.
Experimentally, the data can be obtained from a matrix of
DCT or VTH transient measurements. Physically, assuming
a collection of independent defects with a distribution of
exponential capture and emission times, the total kinetics can
be obtained by summing up the contribution of all defects

f (tc, te) =

m∑
i=1

n∑
j=1

Ai j · exp
(

−
te
τi

)
·

(
1 − exp

(
−

tc
τ j

))
.

(6)

Mathematically, (6) belongs to a class of inverse ill-posed
problems, modeled by a first-kind Fredholm integral equation
having separable kernels

f (tc, te) =

∫∫
∞

0
g(τc, τe) · k1(tc, τc) · k2(te, τe)dτedτc (7)

where g(τc, τe) is the CET distribution (“the map”) with
dimension (V/s2), and k1(tc, τc), k2(te, τe) are the pure expo-
nential decay functions of the capture and emission process.
Within this description, the state of a single defect will be
dependent on the specific τc/τe ratio of the defect, and the
device stressing history.

To simplify the integration, Grasser et al. [25] suggested
approximating the trap state to the step function, thus giving
a very intuitive connection between f (te, tc) and g(τc, τe)

f (tc, te) =

∫ tc

0

∫
∞

tr
g(τc, τe)dτedτc. (8)

In other words, this means that the DD of f (tc, te) approx-
imates g(τc, τe). Since the experimental window may not
be able to capture the device’s full kinetics, the additional
assumption that the 2-D profile is the tail of a Gaussian
distribution is made. Therefore, g(τc, τe) is fit with a BG
function.
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Fig. 3. Time-constant distribution extraction in the 2-D domain. (a) From a custom-generated function, (b) first inversion is performed in the
emission, and (c) then capture direction.

Fig. 4. Contour plot of the extracted time-constant distribution by means of DD (red), BG (blue), and DiL (black) methods at various βc = βe. Only
the lateral cuts at 10% and 99.9% of the normalized distributions are shown thus highligting the difference in the profile peak and width.

However, as discussed for the 1-D case, these approx-
imations can lead to an over/underestimation of the τc/τe

components. To correctly extract the g(τc, τe) CET map we
propose to extend the Euler numerical inversion in [18] to
the 2-D domain. Again, to ensure full control of the input
parameters, the comparison between the different analytical
procedures is carried out on a custom-generated function
f (te, tc)

f (tc, te) = Z0 + A0 ·

(
1 − exp

(
−

tc
τc0

)βc
)

· exp
(

−
te
τe0

)βe

(9)

where Z0 = 2, A0 = 1, and for the sake of simplicity,
τc0 = τe0 = 1 s, βc = βe = 0.6. The surface and

contour plots of the custom matrix are reported in Fig. 3(a).
Then, as shown in Fig. 3(b) and (c), the double inversion is
performed in the emission first and capture direction. We note
here that, contrary to the previously reported DD/Gaussian
approximations, Fig. 3(c) shows the real CET map of f (tc, te)
without any additional assumption. Note that the peak position
in Fig. 3 does not match the set time constant of the stretched
exponential function, as discussed in [18].

The comparison between the results obtained with DiL, DD,
and BG extraction is shown in Fig. 4 at various βc = βe,
together with the custom generated f (tc, te). Consistently with
the 1-D analysis, a difference in the peak and distribution
profile can be distinguished depending on the value of the
stretching parameter. The quality of the extraction can be
visualized by reconstructing f (tc, te) from the CET map, by
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Fig. 5. Comparison between generated f(te, tc) and reconstructed function, where the g(τc, τe) map is obtained by means of (a) DD, (b) BG, and
(c) DiL methods. As expected, only the DiL method can correctly reproduce the generated f(te, tc).

Fig. 6. Contour plot of the point-by-point error introduced by the BG (above) and DD (below) method (from dark red to bright yellow) superimposed
to DiL CET map (black) at various βc = βe. Consistently with the theory, the lower the β, the smaller the error introduced by the approximation of
the occupancy state to a step function.

using (6), where the Ai j components correspond to the profiles
in Fig. 4. The result of this calculation is shown in Fig. 5,
where both the capture and emission kinetics are shown after
reconstruction at βc = βe = 0.6. The plot shows both the
trapping and de-trapping kinetics. While the DiL map perfectly
follows f (tc, te), both the DD and BG maps introduce an
error. Similar to (5), the absolute error of the gBG/DD(τc, τe)

extraction can be calculated as

εBG/DD =

∫∫
∞

0

∣∣gBG/DD(τc, τe) − gDi L(τc, τe)
∣∣dτedτc∫∫

∞

0

∣∣gBG/DD(τc, τe)
∣∣+ |gDi L(τc, τe)|dτedτc

.

(10)

Fig. 6 shows the contour plot of the point-by-point error
introduced by the BG (above) and DD (below) method, in
a color coding from dark red (lower error) to bright yellow
(higher error) at various βc = βe. The error is superimposed
to the contour plot of the DiL CET map (black), for easier
evaluation of the position of the error maxima. The compar-
ison highlights regions in which the contribution of the time
constants is over/underestimated. The results bring new insight
into the accuracy of the CET map method.

For heavily stretched transients, the accuracy of the extrac-
tion is good; however, already at β = 0.6, a significant error
in the time-constant distribution is introduced. The closer the
exponential decay to the ideal case, the higher the error, and
the broader the distribution extracted by the approximated
methods (see also Fig. 4). In other words, a transient in
which both stretched and ideal transients coexist may lead to
a significant overestimation of the time-constant distribution.
Finally, at β = 1, the time-constant distribution should
correspond to the Dirac Delta function centered in (tc0, te0).

The method presented in this article is an extension in two
dimensions of the method presented in [18] and, as such, can
be used for the extraction of the time-constant spectra of more
than one trap distribution.

IV. TWO-DIMENSIONAL INVERSION TO STUDY
PBI IN POWER GAN HEMTS

The theoretical insight built in the previous sections
helped us understand the physical meaning of the CET map.
In addition, the precision of widely used approximation meth-
ods has been quantified both in the 1-D and 2-D domains.
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Fig. 7. Contour plot of the extracted time-constant distribution by means
of DD (red), BG (blue), and DiL (black) methods.

To conclude our study, the 2-D mathematical framework is
used to extract, for the first time, the real CET map from
a p-GaN power HEMT subjected to positive bias instabil-
ity (PBI). The devices under test are similar to the ones
presented in [28].

Smaller, faster, and more efficient than their counterpart Si-
based components, GaN-based power HEMTs are emerging
as excellent candidates for the next generation of power
electronics [29], [30], [31], [32], [33].

To date, issues related to threshold voltage instability during
BTI (bias temperature instability) are still under study. On the
nature of the VTH shift, several publications pointed out the
existence of many competing processes taking place when a
gate bias is applied [34], [35], [36], [37], [38], [39].

A typical approach to assess the device’s dynamic perfor-
mance is to perform VTH transient measurements. As shown
in [40], by repeating the VTH transient measurements with
increasing filling times it is possible to obtain a map of the
threshold voltage shift 1VTH(tc, te).

In our experiment, the device stability is assessed by
applying a positive stress bias (VG = 3 V) for different
stress times, up to tc = 50 s. The recovery phase is
monitored for te = 1000 s. Similar to the custom-generated
function case, the CET map can be built. Once again, the
DD, BG, and DiL methods are compared, together with the
1VTH(tc, te) experimental map, in Fig. 7. The approximated
extraction methods based on DD and BG lead to an absolute
error ≈ 50%.

A good method to evaluate the accuracy of the map is to
reconstruct the 1VTH(tc, te) starting from (6). The comparison
between simulation and experimental data is shown in Fig. 8.
Only the DiL method leads to an excellent fitting.

From Fig. 8, it can be seen that the PBI caused a positive
threshold voltage shift in the device under test, whose capture
process are orders of magnitude faster than the emission.
A physical interpretation of the observed instability can be
found in [41].

To conclude our analysis, the experimentally extracted time-
constant distribution gDiL(τc, τe) is shown together with the
iso-frequency and iso-duty-cycle loci. It should be mentioned
that, in real applications, a positive gate bias is applied during

Fig. 8. Comparison between experimentally measured ∆VTH(tc, te) and
reconstructed function.

Fig. 9. Cross-comparison between iso-frequencies, iso-duty-cycles,
and time-constant distribution in the ton/toff domain.

the on-phase. Therefore, the higher the duty cycle, the longer
the capture time

D =
ton

ton + toff
=

tc
tc + te

. (11)

The result of the comparison is shown in Fig. 9. The overall
behavior of the threshold voltage shift related to PBI at a
given duty cycle, depends on the balance between the capture
and emission time constants. The peak of the gDiL(τc, τe)

corresponds to the region of maximum capture/emission rate.
However, a positive threshold voltage shift will be observed

every time the capture processes will not be followed by a
sufficiently long emission phase. This condition is highlighted
in Fig. 9 with a red square.

As demonstrated in [42], the threshold voltage shift mapped
in Fig. 9 can be implemented in a compact model by means of
a physically consistent multi-RC network. In Fig. 10, a matrix
of simulations shows both the effect of the duty cycle and
frequency in determining the threshold voltage shift of the
device. Remarkably, the cumulative effect resulting from the
ton/toff ratio will take place even in the megahertz range.
The trajectory of the performance degradation is determined
by the duty cycle, while the amplitude of the capture and
emission processes per cycle is related to the commutation
frequency.
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Fig. 10. Matrix of simulations showing both the effect of duty-cycle and
frequency in the threshold voltage shift of the device. The frequency
defines the amplitude of the trapping/de-trapping kinetics, whereas the
duty cycle defines the trajectory of the cumulative shift.

These result highlights how, in circuit design, the choice
of frequency and duty cycle draws a trajectory that impacts
on the instability of a device, which depends on the balance
between trap capture/emission times.

V. CONCLUSION

Within this article, a novel methodology, for mapping the
capture and emission time constants of distributed defects in
a wide variety of electronic devices is presented, based on an
improved CET map extraction procedure.

Contrary to conventional CET map methods, the proposed
approach is based on real-time constant extraction, by means
of double inverse Laplace transform. First, to ensure full
control of the input parameters, the analysis is carried out on
custom-generated functions with different stretching parame-
ters. Then, the developed method is used to extract, for the
first time, the full capture/emission time map from a p-GaN
power HEMT subjected to PBI.

Finally, we show that a cross-comparison between the
iso-frequency, iso-duty-cycle, and the position of the time-
constant distribution in the ton/toff domain can give insight
into the degradation trajectory of the device at a given working
condition.
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