On the Classical d-Orthogonal Polynomials
Defined by Certain Generating Functions, Il

Y. Ben Cheikh* K. Douak

Abstract

This paper is a direct sequel to [5]. The present part deals with the problem
of finding all d-orthogonal polynomial sets generated by G(x,t) = e'W(xt).
The resulting polynomials reduce to Laguerre polynomials for d=1 and to
two-orthogonal polynomials associated with MacDonald functions for d=2,
recently considered by the authors [6] and by Van Assche and Yakubovich
[36]. Various properties for the obtained polynomials are singled out.

1 Introduction and preliminaries

During the two past decades, there has been increased interest in an extension of the
notion of orthogonal polynomials known as multiple orthogonal polynomials (see,
for instance, [3,10]). This notion, which is closely related to simultaneous Padé ap-
proximation, has many applications in various fields of mathematics as the number
theory and the special functions theory. However, only recently examples of multi-
ple orthogonal polynomials appeared in the literature. A convenient framework to
discuss such examples consists of considering a subclass of multiple orthogonal poly-
nomials known as d-orthogonal polynomials (see, for instance, [5,6,12-16, 27,36] ).
Our purpose in this work is to investigate some d-orthogonal polynomials defined by
specified generating functions. The resulting polynomials are natural extensions of
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certain classical orthogonal polynomials. Our previous paper [6] dealt with polyno-
mials generated by G[(d+1)zt—t¢"]. The present one is devoted to the polynomials
generated by G(z,t) = e"¥(zt) and defined by (1.7)-(1.8).

Next, we present some basic definitions which we need below.

Let P be the vector space of polynomials with coefficients in C and let P’ be its dual.
We denote by (u, f) the effect of the functional u € P’ on the polynomial f € P. Let
{P,}n>0 be a sequence of polynomials in P such that deg P,(x) = n for all n. The
corresponding monic polynomial sequence {]5”}”20 is given by P, = )\nﬁn, n >0,
where ), is the normalization coefficient and its dual sequence {uy,},>o is defined
by (un,ﬁm> = Onm » my,m > 0.

Definition 1.1: Let d be an arbitrary positive integer. The polynomial sequence
{P,}n>0 is called a d-orthogonal polynomial sequence (d-OPS) with respect to the
d-dimensional functional U = *(ug, - - - ,uq—1) if it fulfils [27,37]

(1.1)

(ug, PnPy) =0, m>dn+k ,n >0,
<uk7 PnPdn+/€> 7& 07 n > 07

for each integer k belonging to {0,1,...,d — 1}.

The orthogonality conditions (1.1) are equivalent to the fact that the sequence
{P, }n>0 satisfies a (d+ 1)-order recurrence relation [37] which we write in the monic
form as

~

Pm+d+1( ) (x_ﬁm—f—d ﬁ Z,Ym—i—d v m+d 1— V(x>7 m > 07 (12)

with the initial conditions
b(x)=1 ﬁ()—x—ﬁo and if d>2:

() = (@ — Bn1)Pas Z'Vd B L (1), 2<n<d, (1.3)

and the regularity conditions

72—}—17&07 nzo

When d = 1, the recurrence (1.2) with (1.3) is the well-known second-order recur-
rence relation

én—i—?( ) ( Bn—i—l) n+1( ) %H—lpn(x)’ n > 07
PQ(JZ'):L Pl( ):x—ﬁo

Let {Qn}n>0 be the sequence of the derivatives defined by Q,(z) = D,P,i1(z),
n > 0, where D, is the derivative operator d/dz. According to Hahn’s property
[20], if the sequence {Q,}n>0 is also d-orthogonal, the sequence {P,},>¢ is called
“classical 7 d-OPS.

The generalized hypergeometric functions are defined by (see, for instance, [26]

p.136):
+00 m
ai,....0Q (@1)m -+ (ap)m 2
F ) s Wp, — }:
P4 (bl,...,bq, Z) m—0 (bl>m(bq>m m!’




On the Classical d-Orthogonal Polynomials 593

where
e p and ¢ are positive integers or zero (interpreting an empty product as 1),
e 2 is a complex variable,
e (a),, is Pochhammer’s symbol given by:

if m =0,

1
= {a(a+1)"'(a+m—1) itm =1,2,3...,

e the numerator parameters ay, . . ., a, and the denominator parameters b1, . . ., b,
take on complex values provides that b; #0,—-1,-2,..;57=1,...,¢.
Thus, if a numerator parameter is a negative integer or zero, the ,F} series terminates
and we are led to a generalized hypergeometric polynomial of the type

-n,a,...,a
P,(x:ay,...,ap, 01,...,04) = pi1F, Y L
n(a ) » Ups ) ) Q> p+1+q ay 1 , Qg 1’

(1.4)

_Z”: ) '--(ap)mﬂj

T = (o + 1) (ag+ ) m!”

m=0
where a; # —1,-2,..; j = 1,...,q. The polynomial P, is of degree n. These
polynomials are generated by (cf.[7] p.947):

aty, ..., ap . _ = . . ﬁ
e’y Fy <a1+1 gt 1 xt) = nz;oPn(a:,al,...,ap,al,...,aq)n!, (1.5)

and satisfy the differential equation (cf. [29] p.75):

p q
(3: —nHO—l—aZ 1_[19—1—04] >y=0, (1.6)
j—

=

where 6§ = xdi.
XL

Now, let us consider the following Problem P: Find all d-orthogonal polynomial
sequences { Py}, -, generated by

> 1
e U(zt) = ), EPn(a:)t”, (1.7)
n=0 :
where -
= > e, ¢ # 0. (1.8)
n=0

Such characterization takes into account the fact that polynomial sets which are
obtainable from one another by a linear change of the variable are considered equiv-
alent.

Before proceeding to a discussion of the case d = 1, let’s recall some properties
satisfied by polynomials generated by (1.7):

Lemma 1.1 (cf. [6]): The following statements are equivalent:

1) The polynomials P,; n > 0; are generated by (1.7).

2) The polynomials P,; n > 0; are generated by

(1—1) F( vt > _ 5 Wup e (1.9)

1—t
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where
x

F(z) = > (Mncaz", cn #0. (1.10)
n=0
3) The sequence of polynomials R, (z) = 2" P, (%) is an Appell one, namely, gener-
ated by W(t)e".
4) The polynomials P,; n > 1; satisfy the differential-recurrence relation

zP/(z) = nP,(x)—nP,_1(x). (1.11)

5) The polynomials P, ; n > 0; possess a multiplication formula of the form

P = 3 (1) 09 R (112)

k=0

Some other interesting properties of the polynomials P, were given by Rainville (cf.
[28,29]).

Problem P, for d = 1, was set and treated under different aspects by many authors
who took as starting point for their characterizations one of the properties given by
Lemma 1.1. Indeed:

1) Feldheim [18] proved that the only orthogonal polynomials which satisfy the
multiplication formula (1.12) are those of Laguerre.

2) Toscano [33] proved that { P, (z)},>0 is an orthogonal polynomial set and {x”Pn (%)}

n>0
is an Appell if and only if {P,(z)},>0 is the Laguerre polynomial set.
3) Abdul-Halim and Al-Salam [1] proved that the only orthogonal polynomials of
the form (1.4) where the a’s and a’s are independent of x and n, are the Laguerre
polynomials (p =0, ¢ =1).
Also, this result may be deduced from Al-Salam-Chihara’s characterization of clas-
sical orthogonal polynomials (cf.[2]) and the identity (1.11).
We now state our main result:
Theorem 1.2: The polynomial sequence {{34},>q defined by
A .— plai,..,oq) — —n . 41 _ R -
(0d(xz) = 0 (x) =1Fy (ozl—i-l,...,ozd—l—l’ x), aj#—1,-2,...;j=1,....d.

(1.13)
is the only d-OPS generated by (1.7). Moreover, it is classical in Hahn’s sense.
At first, we prove the above theorem. Then, we establish the connection of the poly-

nomials £%4; n > 0; with other polynomial sets in the literature. After that, we state
some of their properties which generalize in a natural way the Laguerre polynomials
ones. These properties are: a differential equation of order d + 1, generating func-
tions defined by means of the hyper-Bessel functions, some differentiation formulas
and a Koshlyakov type formula involving the Meijer G-function.
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2 Proof of the main result

Starting point for the proof of Theorem 1.2 is the following fundamental lemma:
Lemma 2.1: Let P,; n > 0; be the polynomials generated by (1.7). The following
statements are equivalent:

1) {P.}n>0 is a d-OPS.

2) Each polynomial P, ; n=0,1,--- , satisfies a differential equation of the type
(x(@ _n)— 5(9)> — 0 g=s2 (2.1)
y - ) - dl" .

where S is a polynomial of degree d + 1 in 6 given by

dt1
S0) = > sk (0 —n)i, Sno # 0 and sp a1 # 0. (2.2)
k=0

Proof: The iteration of (1.11) leads to the relation (cf.[28] p.242):

(2.3)

where (T");, denotes
(T)e = (TYNT+1)---(T+k—1), (T) = 1.

This identity allows us to replace any condition, given by a recurrence relation linking
P, and P,_;; 0 < j <r, by another expressed by a differential equation satisfied by
P, where the differential operator is defined in terms of (6 —n);; 0 < j < r, and
vice versa. For the sake of simplicity we illustrate this method for the case d = 2,
see below at the end of this section.

Thus, the combination of (2.3) and (1.2) provides the equivalence: 1) <= 2).
Now, we return to our problem and prove the main result.

Proof of Theorem 1.2. Without loss of generality (use a change of variable if neces-
sary), the polynomial S(#) may be written as:

d
SO =0][0+w), aeC,j=1,....d (2.4)
j=1
By induction, we verify that the expression of the coeflicients s,, ¢ and s, 4+1 in terms
of the roots —a;; j =1,...,d; are given by
d
sno = n]](n+ao;) and spap1 = 1.
j=1
So, the conditions (2.2) are ensured if and only if a; # —1,—2.... In this case,
the polynomials P,, n = 0,1,--- | are solutions of the generalized hypergeometric
equation:

(:c(@—n) o] (9+aj>>y —0 (2.5)

J=1
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which, according to (1.6), means that P,; n > 0; are the polynomials ¢3¢; n > 0;
defined by (1.13).

Thus, if we consider as equivalent two polynomial sets which are obtainable from one
another by a linear change of the variable, we state that the polynomials (%¢; n > 0,
are the only d-OPS generated by (1.7).

Finally, in order to verify that these polynomials are classical in Hahn’s sense, let
us recall the identity (see [29] p.107) :

ay,...,ap . Hf:lai a1+17~"7a’p+1 .
D F (bl,...,b ,33') - Hg’:l bj qu(bl+17...7bq+1 A (26)

From (2.6) and (1.13), we deduce

ﬁ (j+1)D n+1(~”3> = —(n+1)5* (z), n >0, (2.7)

where dg+1 = (141, ..., ag+1). So the sequence {Dmfgﬁrl} o is also d-orthogonal,

which is the Hahn property [20].
On the other hand, from (1.13), it may be seen that 3¢ has the explicit formula

(% (x zn: ( ) &k n >0, (2.8)

where

S Gt O
Em = En(dy) = Hle(oéj eI m > 0. (2.9)

Also, if we denote by {éﬁ }n>0, the monic polynomials corresponding to {0da},5,
it is easily seen that (3¢ = £,0% Thus (2.7) gives D €n+1 = (n+ )09+t n > 0.
Now, we shall 1llustrate the possibility of deriving a (d+ 1)-order recurrence relation

satisfied by the polynomials /3¢ from the differential equation (2.5) and the identity
(2.3) for d = 2:
The polynomials

n

(P (z) = | F ( - ; x) , n>0
satisfy the differential equation:

(x(@ —n)— 00+ )0+ 5)) (@B (z) = 0.
Use the following relations, which one can easily verify,

0 = (0—n)+n,
62 (0 —n)y + (2n — 1)(0 — n) + n?,
6> = (0—n);3+3(n—1)(0—n)+ (3n —3n+1)(0 —n) +nd,
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to rewrite the last equation under the form
(n(a—i—n)(ﬁ—l—n) — [3712 —3n+1+(2n— 1)(044—5)—1—045—:17}(9—71)

n

+(3n—3+a+B)(0 —n)s+ (6 n>3>e<aﬂ>(x> _ o,
which, combined with (2.3), leads to the recurrence relation:

(a +n) (3 + )5 (z) - [3n2 —3n+1+2n—D(a+0)+af — x} fffﬁf)(x)
+(n—1)Bn—=3+a+B)"P(x) = (n—1)(n—2)(*(x) =0.

Notice that, this recurrence relation was also obtained by Rainville (cf. [29] p.243)
using Sister Celine’s technique.
Next, we give some properties of the polynomials (% n > 0.

3 Polynomials related to (%«

From (1.13), we deduce that the polynomial sequence {fﬁd} - is a special case of

the Brafman polynomials (cf. [8] p.186 ). Three particular cases are worthy of note:
1) For d =1, with &; = (a), @ > —1, we obtain
|
(@ () = " L@y , 3.1
R e 3.
where L™, n

> 0, are the classical Laguerre polynomials.
2) For d =2, dy =

(v, B), a, 8 # —1,—2,..., we have

PO+ )T +06) o (ap-2) 1
(Oé,ﬂ) — | 2 2 2
08P (z) n! T +n+0) x72 Jn (3: ),

where J(*?) are the Bateman functions (cf.[4] p.575).

These polynomials have been studied recently by the authors [6] and by Van Assche
and Yakubovich [36] in order to solve an open problem, formulated by Prudnikov
in [35], which consists of constructing orthogonal polynomials associated with the
weight function

po(z) =205 K, (2y/2), x>0,

where K, is the MacDonald function (modified Bessel function).

3) For dy(a) = (O‘T’Ll—l,...,o‘T”—l),a>—1, we have
! 1
¢%a(a) _ _ "  ga drd. d

where Z%(x, k);n > 0; are known in the literature as Konhauser polynomials, earlier
introduced by Toscano as follows (cf. [32] or [23]):

(a+ 1)n -n x\*
Zy(@, k) = ——— 1Fi| o atk ;<—> :
n! St Tk

In particular, Z%(x,1) = L{®)(x). The case k = 2 was encountered by Spencer and
Fano [30] in certain calculations involving the penetration of gamma rays through
matter.
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4 Generating functions

From (1.5), we deduce a generating function for the polynomials ¢4, n > 0, ex-
pressed by the hyper-Bessel function Jz, defined by (cf.[11] or [22] ):

z d+1
"7(04%0‘2 ==== ad)(z) - OFd (O[1+1’O[2+1,...,Oéd+1 , _<ﬁ> )

In fact, from (1.5) we have
¢ Tz ((d+1)(@t)TT) = Z (Ga(z (4.1)

When d = 1, we have the well-known generating function for Laguerre polynomials

(cf. [17] p.189)

Jo (2Vat) = ;ﬁw(l«)tn,

where J, is the Bessel function of the first kind of order v.
Another generating function for the polynomials ¢%¢; n > 0; may be derived from

the Chaundy identity (cf. [9] p.62) or from (1.9), that is,

A xt > ~ "
1—t)F, e % () — 1. (4.2
-0 F 0 e ) S X @ Ttl<1 (2

If A = a; + 1, this identity takes the form

— t
1 —¢) (at) p T
( ) 0+d-1 Oél—i-l,...,Oéi_l—l—lOéH_l—l—l Oéd—|—1’ 1—1¢

> t
Za,+1 )b (2)—, | < 1

When d = 1, we have the well-known generating function for Laguerre polynomials
(cf. [17] p.189)

1 xt 2 (a n
mexp(—l—_t> = Z Lg,b)(l')t , |t|< 1.

5 Connection between the polynomials (% and the d-OPS of
Hermite type

Recall that the d-OPS of Hermite type are at the same time d-orthogonal and
Appell polynomials [12]. The Gould-Hopper polynomials ¢¢™(x, h) ; n > 0; are
(apart from a linear transform) d-OPS of Hermite type. They are generated by the
following relation (cf.[19] p.58):

TL

exp(wt + ht?th) Z g (2, h) —' (5.1)
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and generalize the Hermite polynomials H,, ; n > 0. In fact, for d = 1, we have
92 (2z,—1) = Hy(z), n>0. (5.2)
The explicit form of these polynomials is (cf. [19] p.58 ):
[y n!

d+1 h) = he n—(d+1)s 5.3

s=0

which means that the sequence {gg“} N is d-symmetric, namely,
n

gg—’—l (wd-f-lxa h) - wd—f—lgg—’—l (l‘, h>7

where wgy1 = exp(2in/(d + 1)).
Let f be a complex function. Put

H[d+1 k](f d I 1 ngfff (W§+1x) )

where k is an integer such that 0 < k < d. Apply this operator to the two members
of the identity

(5.4)

n
nl

t
exp(—t) exp (—(d + 1)at) Z gd+1( (d+1)x 1) -

considered as functions of the variable x.
Using the fact that the sequence { d+1((d + 1Dz, —1)} N is d-symmetric and the
identities
d e Jd+1 ifm=0mod (d+1),
Li=0 Wit = {Q otherwise,
«d+Un+kﬂzmw+1W“WHﬁ0@%#%,

we obtain

d+1 ((d+ 1>xt>k - . d+1
tld+1)n+k

- Z g(dcz:—ll n—l—k( d+ 1)1‘,—1) ((d—l— 1)n—|—k)' (55)

exp(—

where A*(d + 1, k 4 1) abbreviates the set of the d parameters

k+1+j
d+1

;ij,l,...,d,j;«éd—k}. (5.6)

Now, combining (4.1) and (5.5) to obtain

((d+ D+ k). B}
gflcﬁl)n+k((d+1)xa—1) = (-1 ( TR ((d+1)z)* ¢%ar (21 for allm € N

(5.7)

where the components of the vector @4, + 1 are given by the set (5.6).
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Notice that for d = 1, the identity (5.7) is reduced to the well-known relation between
Hermite and Laguerre polynomials (cf.[31] p.102):

Hon(z) = (=1)" 22l LY 7 (22),
Hopy1(z) = (=1)" 227 pnlw L2 (22).

For d = 2, see the analogous result given in [6] Section 5.

6 Differentiation formulas and recurrence relations

Notations : lf dg = (a1, ..., a4, ..., aq), weput dg(i—) = (a1, ..., qi—1,;—1, g1, ..., Qq)
and | dy | = X4, .
Theorem 6.1 : The polynomials (3¢, n = 0,1,---, satisfy the following relations :
d
I (i + 1) D34 (2) = —n Gt (), (6.1)
i=1
d - n! ke
I (ci + 1) D3R (2) = (—1)* G5 (@), (6.2)
i=1 (n—k)!
x D% () = nl¥(z) — nt®,(z), (6.3)
d
w i (z) = [T (s + 1) (=654(x) + 62 (@) (6.4)
=1
D 0% (z) = o (— (%4 () + Ead(i_)(x)) ) (6.5)
{deD,+ | dg |} (9 (x Za £34(1) (6.6)
(n+ i) f3a(z) = nlyty(x) + (@)l (@), (6.7)
d
[dn+ | &g |] (G4(z) = dnl@ (z) + > (%) (), (6.8)
i=1
_ T ey (@ ) () = f (s — 1)) (1), (6.9)
[Timy (o + 1) i=1
d
(—Dm [T+ Oéj)) (%a(z) = ntd (z), n> 1. (6.10)
j=1

Proof : 1) (6.1) is the relation (2.7) obtained in Section 2.

2) The iteration of (6.1) leads to (6.2).

3) (6.3) may be deduced from (5.2) and Lemma 1.1.

4) If we combine (6.1) and (6.3), we obtain (6.4).

5) (6.5) may be deduced from (6.3) and the identity (13) p.82 in [29].

6) We derive (6.6) from (6.5).

7) (6.7) may be deduced from (1.13) and the identity (15) p.82 in [29]. Also, (6.7)
results from (6.3) and (6.5) by eliminating their common term x D, (% (z).
8) We derive (6.8) from (6.7).

9) We derive (6.9) from (6.1) and (6.6) by eliminating the derivative term.
10) If we combine (6.3) and (2.5), we obtain (6.10).
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7 A hierarchy of polynomials (%

We now obtain a representation of /3¢ in terms of integrals containing polynomials
I of least order (d' < d).

Recall that the inverse Laplace transform of a ,Fj, is given by (cf., for instance, [26]
p.60):

. r etioo .
wﬂ_lquH (al’ Y wz) = (ﬁ)/ eth_ﬂqu (al’ »Ap E) dt, (7.1)

ﬁaﬁl,..-,ﬁq, 271 —100 ﬁl,...,ﬁq’ t

where w is real, w # 0, R(G) > 0, ¢ > 0 and p < ¢g. From this, if we put p =
l,ao1=—mn,q=d—-1,06j=a0;+1;1<7<d-1,8=a4+1 and w=1,
and we use the definition (1.13), we obtain a representation of ¢3¢ in terms of an
integral containing the polynomials £3¢-1, that is

. I 1 c+i00 .
(Ga(y) = % /C_m etpeaT i (%) dt. (7.2)

The iteration of this identity to the polynomial £%4-1 leads to a representation of /94
in terms of (d — 1)-fold integral containing the Laguerre polynomials.

8 Koshlyakov formula

Recall that the Koshlyakov formula links two Laguerre polynomials of different
parameters, that is (cf. [24] or [25]):

'n+a+p+1)
F'(B)rin+a+1)

1
LO+0) (z) = / (1= )P L (@t)dt, a>-—1, B>0.
0

(8.1)
This identity may be used to define transmutation operators between two differential
operators of the same order.
Next, we generalize this identity to the polynomials (%4,
Let us recall (cf. [17] p.200)

ai,...,ap . o ['(p) v—1,p ai,...,0p
Py (V—i—,u,bZ,...,bqax)— B(,u,l/)[l’l oFy V,b2,...,bq’x , (8.2)

where

BEIG) = g [ 20— 2r e

The iteration of (8.2) leads to the following identity:

q q
ai,...,a () V1 ai,...,Q
F, TP ;x) = —_— VA F, TP ).
? q<V1+M17---qu+Nq ) Z:Hl (B(Mz‘ﬂ/z‘)> <2H1 1’1 ) (p q(’/l""”/q ))
(8.3)
The repeated integral operator possesses a single integral representation (cf. [21]):

v =1 g+, —1
1L ) ) = o Gl (t A )f(”f”dta for Ly i > 0;

f(x), for i =pp=--=p;=0,
(8.4)
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where

ar,...,H
Gmn 9 9 P
(o)
is Meijer’s G-function (see, for instance, [17] p.207). In particular, we have
+ 1 _
Gl (x| = —(1-2)f 2 8.5
8" 27) = gm0 85)
5 5 ppupntiel B (200 g oy
Ggg(t Mt oLm 2>: EERICTEE SR VR ’ RS
M2 0 Jfor t > 1.
(8.6)

Thus the identity (8.3) may be rewritten under the form

q
ai,...,a 11 (o + i +1)
F ) P . —
P q(al—i-ﬁl—l—l,...,aq—i—ﬁq—i—l’x) ( T(a; + 1)

i=1
1
o (Lo + 0B, a0+ By (o .
X/o qu<t g, ..., 0y PR\ o + ,...,ozq—i—l’xt dt (8.7)

from which, using (1.13), we deduce an integral relation connecting fg”ﬁd and (%
if Y4, 3 > 0, that is

L= d F(OJ + ﬁ + 1) 1
gozd-f—ﬂd — ? ? Gdo t
e = 1 =Fa J, e (

Qq-+—ﬁl,...,ad'+'ﬁd> (Ga(xt)dt. (8.8)

Ap,...,04

For d = 1, this identity is reduced to Koshlyakov’s formula (8.1) by virtue of (8.5)
and for d = 2, it’s equivalent to

g(a1+ﬂ1,a2+ﬂ2)(x> _ (g + 61+ D)l (ag + B2 + 1)
n - T(ay + DI (g + D)T(By + B2)

1 _
< | ta2(1_t)ﬂl+ﬂ2—12pl(gfi§; o B 1—t>£§f‘1’°‘2)(:ct)dt (8.9)

by virtue of (8.6) if 5 + B2 > 0. Next, we obtain an integral expression for the

polynomials ¢%¢ in terms of Gould-Hopper polynomials g(@t}l)n, n > 0. Put

e —d

Qa0 S \d+1Ud+1"7"d+1)
Replace in the integral relation (8.8), a4 by dqo — 1 and Ed by dq — (dgp — 1), to
obtain
(=D I, T + 1)

T d
((d+1)n)! <§+>1

1
x/ G (t
0

(i (x) =

ag,...,0 1
g —_dd> dr1yn ((d+ 1)(:ct)d+1,—1) dt, (8.10)
d+17 770 dtl
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since we have (cf., for instance, [26] p.12)

e (74) = Vi

For d = 1, we have, after a change of variable, the Uspensky representation (cf. [34]
p.604):

(—1)"T(n+a+1)
Vr2n) Do+ 1)

L9 (z) = / Hy, (\/E cos gp) sin®® @dp.
0
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