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T h e  e x p e r im e n ts  d e s c r ib e d  in  th i s  p a p e r  w e re  c a r r ie d  o u t  in  t h e  C a v e n d is h  

L a b o r a to r y .  T h e  w in d  tu n n e l  a n d  h o t-w ir e  e q u ip m e n t  w e re  a c q u i r e d  w i th  t h e  a id  

o f  a  g r a n t  f ro m  th e  A e r o n a u t ic a l  R e s e a r c h  C o u n c il.  D u r in g  t h e  c o u rs e  o f  t h e  w o rk  

o n e  o f  u s  (G .K .B .)  h e ld  a  S e n io r  S tu d e n t s h ip  g iv e n  b y  t h e  R o y a l  C o m m is s io n e rs  f o r  

t h e  E x h ib i t io n  o f  1851 .
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A  s e t  o f  c la s s i c a l  r e l a t iv i s t i c  e q u a t io n s  o f  m o t io n  o f  a n  e l e c t r o n  in  a n  e l e c t r o m a g n e t i c  f i e ld  i s  

p o s t u la t e d .  T h e s e  e q u a t io n s  a r e  f r e e  f r o m  ‘ r u n - a w a y ’ s o lu t io n s ,  a n d  g iv e  t h e  s a m e  r e s u l t s  a s  

t h e  M a x w e l l- L o r e n t z  t h e o r y  f o r  n o n - r e la t iv i s t i c  m o t i o n s  w h e n  t h e  e x t e r n a l  e l e c t r o m a g n e t i c  

f i e ld  d o e s  n o t  v a r y  t o o  r a p id ly .  F o r  t h e  s c a t t e r in g  o f  l i g h t  b y  a n  e l e c t r o n ,  t h e  s c a t t e r in g  c r o s s -  

s e c t i o n  i s  in d e p e n d e n t  o f  t h e  f r e q u e n c y  a n d  i s  a  u n iv e r s a l  c o n s t a n t .  T h i s  b r in g s  o u t  a  p o in t  o f  

d i f f e r e n c e  f r o m  t h e  L o r e n t z - D ir a c  e q u a t io n s  a c c o r d in g  t o  w h ic h  t h e  s c a t t e r i n g  c r o s s - s e c t io n  

v a r ie s  in v e r s e l y  a s  t h e  s q u a r e  o f  t h e  f r e q u e n c y  o f  t h e  in c id e n t  l ig h t ,  f o r  la r g e  f r e q u e n c ie s .  F o r  

t h e  m o t io n  o f  a n  e l e c t r o n  t o w a r d s  a  f ix e d  p r o t o n ,  t h e  e q u a t io n s  a l lo w  a  c o l l i s io n ,  u n l ik e  t h e  

L o r e n t z - D ir a c  e q u a t io n s  a c c o r d in g  t o  w h ic h  t h e  e l e c t r o n  i s  b r o u g h t  t o  r e s t  b e fo r e  i t  r e a c h e s  

t h e  p r o t o n .

1 . I n t r o d u c t i o n

T h e re  h a s  b e e n  in  r e c e n t  y e a r s  a  m a r k e d  r e v iv a l  o f  i n te r e s t  in  t h e  c la s s ic a l  th e o r ie s  

o f  p a r t ic le s .  A f te r  t h e  p io n e e r in g  w o rk  o f  A b r a h a m  a n d  L o r e n tz  in  th i s  fie ld  s o m e  

f o r ty  o r  f i f ty  y e a r s  a g o , c o m p a r a t iv e ly  l i t t l e  a t t e n t io n  w a s  p a id  u n t i l  v e r y  r e c e n t ly  

t o  t h e  d e v e lo p m e n t  o f  t h e  c la s s ic a l th e o r y ,  t h e  c e n tr e  o f  r e s e a rc h  in  th e o r e t ic a l  

p h y s ic s  b e in g  o c c u p ie d  b y  th e  r a p id ly  e x p a n d in g  fie ld  o f  t h e  q u a n tu m  th e o ry .  

H o w e v e r ,  t h e  v a r io u s  d if f ic u ltie s  t h a t  h a v e  n o w  a r is e n  in  q u a n tu m  e le c tro d y n a m ic s , 

p a r t ic u la r ly  t h a t  o f  in f in ite  s e lf -e n e rg ie s  o f  p o in t  p a r t ic le s ,  h a v e  le d  to  t h e  v ie w  

t h a t  so m e  o f  th e s e  d if f ic u ltie s  m a y  b e  o f  c la s s ic a l o rig in , a n d  t h a t  a  p ro m is in g  m e th o d  

Of a p p ro a c h  to  e l im in a te  th e s e  d if f ic u ltie s  w o u ld  b e  to  s tu d y  a n d  im p ro v e  t h e  

c la s s ic a l th e o r y  f ir s t ,  b e fo re  p a s s in g  o n  t o  t h e  q u a n tu m  th e o ry .

A  s u b s ta n t i a l  s te p  in  th i s  d ir e c t io n  w a s  m a d e  b y  D ira c  (1938) w h e n  h e  sh o w e d  

t h a t  t h e  in f in ite  s e lf -e n e rg y , a s c r ib e d  t o  t h e  p o in t  e le c tro n  b y  th e  M a x w e ll-L o re n tz
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c lass ica l th e o ry  o f  e le c tro m a g n e tis m , m a y  b e  s u b t r a c te d  o u t  in  a  L o re n tz  in v a r ia n t  

w a y . T h e  s u b tr a c t io n  p ro c e ss  le d  to  a  w e ll-d e fin e d  sch e m e  o f  e q u a t io n s  o f  m o tio n  

o f  a n  e le c tro n  in  a n  e le c tro m a g n e tic  fie ld . T h e se  e q u a t io n s  a re  c o n s is te n t  w ith  th e  

c o n se rv a tio n  law s a n d  w ith  th e  p r in c ip le  o f  sp e c ia l r e la t iv i ty .  T h e se  e q u a t io n s  in  

th e i r  n o n - re la t iv is t ic  a p p ro x im a tio n  w e re  fo u n d  to  b e  th e  s a m e  a s  th e  e q u a tio n s  

o b ta in e d  e a r lie r  b y  L o re n tz  (1909). L o re n tz  re g a rd e d  th e  e le c tro n  a s  a  s m a ll c h a rg e d  

sp h e re  o f  r a d iu s  r0 a n d  o b ta in e d  fo r  th e  fo rce  o n  th e  e le c tro n  d u e  to  i t s  o w n  fie ld  a n  

e x p re ss io n  in  th e  fo rm  o f  a  se r ies  in  a sc e n d in g  p o w e rs  o f  r0. T h e  f i r s t  te rm  o f  th e  se r ies  

is e2v / r 0, w h e re  e is th e  e le c tro n ic  c h a rg e  a n d  v  i t s  v e lo c ity ; d o ts  d e n o te  d if f e re n tia 

t io n  w ith  re s p e c t  to  th e  t im e , a n d  u n i ts  a re  ch o sen  so t h a t  th e  v e lo c i ty  o f  l ig h t  is 

u n i ty .  T h is  f ir s t  t e rm  d e sc rib e s  e le c tro m a g n e tic  in e r tia  a n d  m a y  b e  a d d e d  o n  to  a n y  

m e c h a n ic a l in e r t ia  th e  e le c tro n  m a y  h a v e , th e  tw o  to g e th e r  b e in g  th e n  r e p re s e n te d  

b y  m v  in  th e  e q u a tio n s  o f  m o tio n , w h e re  m  is th e  o b s e rv e d  m a ss  o f  th e  e le c tro n . 

T h e  se c o n d  te rm  o f  th e  se ries  is f  e2v  a n d  is in d e p e n d e n t  o f  th e  s h a p e  o f  th e  e le c tro n . 

I t  a c c o u n ts  fo r th e  loss o f  e n e rg y  b y  r a d ia t io n  a t  a  r a t e  §e2v 2. T h e  h ig h e r  te rm s  o f  

th e  se ries  d e p e n d  o n  th e  s t r u c tu r e  o f  th e  e le c tro n , a n d  b e in g  su cc e ss iv e ly  p ro p o r t io n a l  

to  rQ,r l , . . .  a re  r e g a rd e d  as  s m a ll s in ce  r0 is sm all. T h e  L o re n tz  e q u a t io n s  o f  m o tio n  

fo r  a n  e le c tro n  o f  m a ss  m  a n d  c h a rg e  e in  a n  e le c tro m a g n e tic  fie ld  d e sc r ib e d  b y  th e  

fie ld  v e c to rs  E  a n d  H  a re  th u s

w v  —f e 2v  =  e (E  + v  x  H ) . (1)

T h e se  e q u a t io n s  w e re  re d e r iv e d  b y  D ira c  b y  u s in g  a  p o in t  m o d e l fo r  th e  e le c tro n  

a n d  u s in g  th e  s u b tr a c t io n  p ro c e ss ; b u t  w h e re a s  L o r e n tz ’s m e th o d  o f  d e r iv a t io n  

m a k e s  th e m  n e c e s sa r ily  a p p ro x im a te , D ira c  h a s  su g g e s te d  t h a t  a c c o rd in g  to  h is  

d e r iv a t io n  th e r e  a re  h o p e s  t h a t  th e s e  e q u a t io n s  m a y  b e  e x a c t  w ith in  th e  l im its  o f  

th e  c lass ica l th e o ry .

C . J a y a r a t n a m  E l ie z e r

2 . S e l f -a c c e l e r a t i n g  m o t i o n s . P o s s i b l e  w a y s  o f  e l i m i n a t i n g  t h e m

A lth o u g h  th e  d if f ic u lty  o f  in f in ite  s e lf -e n e rg y  is s a t i s f a c to r i ly  a c c o u n te d  fo r  b y  

D ir a c ’s th e o ry  th e r e  a rise , h o w e v e r, o th e r  d iff icu ltie s . T h e  e q u a t io n s  o f  m o tio n  a re  

fo u n d  to  h a v e  s o lu tio n s  w h ic h  d o  n o t  c o rre sp o n d  to  m o tio n s  t h a t  a re  o b s e rv e d  

p h y s ic a lly . E q u a t io n  (1) in v o lv e s  v  a n d  th e  s o lu tio n  in v o lv e s  m o re  a r b i t r a r y  

c o n s ta n ts  th a n  a re  n e c e s s a ry  to  fix  th e  a c tu a l  m o tio n . T h u s  in  th e  a b se n c e  o f  a n y  

in c id e n t  fie ld  th e  m o tio n  is g iv e n  b y

m v -  §e2v  =  0, (2)

a n d  h e n c e  b y  v  =  A  +  B ea<, (3)

w h e re  a = 3m /2e2, a n d  A  a n d  B  a re  a r b i t r a r y  c o n s ta n t  v e c to rs . I f  B  is n o t  z e ro  th e  

e le c tro n  w o u ld  r a p id ly  b u ild  u p  a  v e lo c i ty  a n d  r a d ia te  e n e rg y  a t  a  r a p id  r a te .  S u c h  

a  m o tio n  h a s  n o t  b e e n  o b se rv e d . S im ila r  n o n -p h y s ic a l  so lu tio n s  e x is t  fo r  m o tio n  

in  o th e r  e le c tro m a g n e tic  fie ld s.

T h e re  see m  to  b e  th r e e  p o ssib le  w a y s  o f  a t te m p t in g  to  m e e t th is  d if f ic u lty :

(i) O n e  is to  su p p o se  t h a t  o u t  o f  th e  e n t i r e  fa m ily  o f  so lu tio n s  o f  th e  e q u a tio n s  

o f  m o tio n  o n e  s h o u ld  p ic k  o u t ,  b y  th e  u se  o f  so m e e x t r a  p h y s ic a l c o n d itio n , o n ly  th o s e
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w h ic h  a re  p h y s ic a lly  a llo w a b le . T h u s  fo r  th e  a b o v e  case  o f  th e  fre e  e le c tro n  th e  e x t r a  

c o n d it io n  is im p o s e d  t h a t  th e  a c c e le ra t io n  s h o u ld  b e  zero , a n d  th e  a llo w e d  s o lu tio n  

c o rre sp o n d s  to  u n ifo rm  m o tio n  in  a g re e m e n t  w ith  e x p e r im e n t  (D ira c  1938). T h is  

c o n d itio n  m a y  b e  s u i ta b ly  e x te n d e d  to  h o m o g e n e o u s  e le c tr ic  o r  m a g n e t ic  fie ld s  

(E lie z e r  & M a ilv a g a n a m  1945).

B u t  th e r e  a re  d iff ic u ltie s  in  th is  m e th o d  o f  e x c lu d in g  th e  n o n -p h y s ic a l  s o lu tio n s . 

T h e re  a re  so m e  p ro b le m s  fo r  w h ic h  th e r e  d o  n o t  seem  to  e x is t  a d e q u a te  p h y s ic a l  

so lu tio n s  a t  a ll . F o r  th e  e le c tro n  in  th e  h y d ro g e n  a to m  (E lie z e r 1943), o r  a n  e le c tro n  

in  th e  fie ld  o f  a  t h in  c h a rg e d  p la te  (E lie z e r  1945), a ll  th e  so lu tio n s  o f  th e  e q u a t io n s  

a p p e a r  to  h a v e  n o n -p h y s ic a l  c h a ra c te r is t ic s .  T h is  m a y  n o t  b e  a  se r io u s  d iff ic u lty  

s in ce  a d e q u a te  p h y s ic a l  so lu tio n s  m a y  e x is t  in  th e  c o rre sp o n d in g  q u a n tu m  th e o ry ,  

b u t  th e r e  w o u ld  th e n  b e  th e  d iff ic u lty  t h a t  th e  p ro c e d u re  o f  se le c tin g  so m e p a r t ic u la r  

s o lu tio n  o u t  o f  a  f a m ily  o f  so lu tio n s  d o es  n o t  f i t  in  w ith  th e  g e n e ra l p r in c ip le s  o f  

q u a n tu m  m e c h a n ic s  a s  a t  p r e s e n t  f o r m u la te d  (D ira c  1946). I t  m a y  n o t  b e  p o ssib le  

to  e x c lu d e  q u a n tu m  t r a n s i t io n s  b e tw e e n  th e  p h y s ic a l a n d  th e  n o n -p h y s ic a l m o tio n s .

(ii) A n o th e r  w a y  o f  e l im in a tin g  th i s  d if f ic u lty  o f  n o n -p h y s ic a l so lu tio n s  is to  

d e r iv e  e q u a t io n s  o f  m o tio n  w h ic h  d o  n o t  c o n ta in  h ig h e r  d e r iv a tiv e s  o f  v e lo c ity  

th a n  th e  f ir s t  d e r iv a t iv e  v . T h is  is p o ss ib le  i f  th e  fie ld  o f  a  m o v in g  e le c tro n  is t a k e n  

to  b e  th e  m e a n  o f  i t s  r e ta r d e d  a n d  a d v a n c e d  fie lds  (E lie ze r 1947). T h is  a s s u m p tio n  

le a d s  to  th e  u s u a l  e q u a t io n s  o f  m o tio n  w i th o u t  t h e  ra d ia t io n  d a m p in g  te rm s , b u t  

a c c o rd in g  to  th is  d e r iv a t io n  th e s e  e q u a tio n s  a re  c o n s is te n t  w ith  th e  c o n s e rv a tio n  

law s. A  p o ss ib le  o b je c t io n  to  th is  th e o ry  is t h a t  in  le a d in g  to  e q u a tio n s  w h ic h  d o  

n o t  c o n ta in  th e  d a m p in g  te rm s  i t  d o es  n o t  a c c o u n t  fo r  th e  e x p e r im e n ta lly  o b s e rv e d  

ra d ia t io n  lo ss o f  a n  e le c tro n . T h is  w o u ld  b e  a  se r io u s o b je c t io n  i f  i t  c a n  b e  c o n c lu s iv e ly  

sh o w n  t h a t  th e  e n e rg y  loss is a  c la ss ic a l e ffec t a n d  t h a t  i t  h o ld s  fo r  a  s in g le  e le c tro n . 

I t  m a y  b e  t h a t  o n ly  th e  m a n y -b o d y  p ro b le m  is e n c o u n te re d  in  n a tu r e  a n d  t h a t  th e  

o b s e rv e d  ra d ia t io n  d a m p in g  h a s  i ts  o rig in  in  th e  c o m p lic a te d  w a y  in  w h ic h  th e  

e le c tro n s  a re  a c te d  u p o n  b y  th e  r e ta r d e d  a n d  a d v a n c e d  fie lds  o f  th e  o th e r  e le c tro n s . 

W h e e le r  & F e y n m a n  (1945) h a v e  a t t e m p te d  to  b u ild  u p  a  th e o ry  o f  ra d ia t io n  in  

w h ic h  th e  fo rce  o f  r a d ia t io n  r e a c t io n  o n  a  p a r t ic le  is d u e  to  th e  fie ld  o f  th e  p a r t ic le s  

o f  th e  a b s o rb in g  m e d iu m  s u r ro u n d in g  i t ;  b u t  i t  d o es n o t  seem  c le a r w h e th e r  th is  

a t t e m p t  h a s  b e e n  su ccessfu l. A g a in , e v e n  i f  th e  o b s e rv e d  e ffec t a p p lie s  to  a  s in g le  

e le c tro n  th e  r a d ia t io n  loss m a y  p e rh a p s  b e  a c c o u n ta b le  b y  a  q u a n tu m  th e o ry  w h ic h  

ta k e s  o v e r  c lass ica l e q u a tio n s  w h ic h  d o  n o t  c o n ta in  th e  d a m p in g  te rm s . E v id e n c e  

o n  th e s e  q u e s tio n s  seem  to  m e  to  b e  in d e c is iv e .

(iii) A  th i r d  p o ssib le  a p p ro a c h  to  e lim in a te  th e  d ifficu lty  o f  s e lf -a c c e le ra tio n  is 

to  k e e p  th e  e x te n d e d  m o d e l o f  th e  e le c tro n . T h e  h ig h e r  te rm s  o f  th e  se ries  fo r  th e  

fo rce  o f  r a d ia t io n  r e a c t io n  sh o u ld  th e n  b e  ta k e n  in to  a c c o u n t. I n  a ll  a p p lic a tio n s  

o f  th e  L o re n tz  e q u a tio n s  th e s e  h ig h e r  te rm s  h a v e  b e e n  g e n e ra lly  a ss u m e d  to  b e  

sm all. B u t  fo r  th e  s e lf -a c c e le ra tin g  m o tio n s  d iscu ssed  a b o v e  th e s e  h ig h e r  te rm s  a re  

n o t  sm all. A c c o rd in g  to  th e  so lu tio n  (3), v , v , v , . . .  a re  see n  to  in c re ase  su cc ess iv e ly  

b y  a  f a c to r  a  so t h a t  v , v /a ,  v / a 2, . . .  a re  a ll o f  th e  sam e  o rd e r  (1 /a  b e in g  th e  o rd e r  o f  

th e  ra d iu s  o f  th e  e le c tro n ) .

I n  th is  p a p e r  I  in te n d  to  s tu d y  c e r ta in  e q u a tio n s  o f  m o tio n  w ith  th e  h ig h e r te rm s  

in c lu d e d . T h e se  h ig h e r  te rm s  d e p e n d  o n  th e  d is t r ib u t io n  o f  c h a rg e  o f  th e  e le c tro n ,

On the classical theory of particles 
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5 4 6

a n d  a  p a r t ic u la r  d is t r ib u t io n  w h ic h  w o u ld  le a d  to  s im p le  e q u a t io n s  o f  m o tio n  w ill 

b e  ta k e n . T h e se  e q u a tio n s  a re  e x p re s s e d  in  r e la t iv is t ic  fo rm  a n d  a re  ta k e n  a s  th e  

s ta r t in g  p o in t  fo r a  c lass ica l th e o ry  o f  e le c tro n s .

3. T h e  e q u a t i o n s  o p  m o t i o n

W e  c o n sid e r th e  m o tio n  o f  a n  e le c tro n  in  a n  e le c tro m a g n e tic  fie ld . T h e  L o re n tz -  

D ira c  e q u a tio n s  g iv e  rise  to  s e lf -a c c e le ra tin g  m o tio n s  w h e th e r  w e  u s e  th e  re la t iv is t ic  

fo rm  o f  t h e  e q u a tio n s  o r  th e i r  n o n - re la t iv is t ic  a p p ro x im a tio n . T h e re fo re  in  t r y in g  

to  e lim in a te  th e s e  d ifficu ltie s  i t  seem s  th e  r ig h t  p ro c e d u re  to  s t a r t  w i th  th e  s im p le r  

n o n - re la t iv is t ic  case . W e sh a ll  su p p o se  t h a t  th e  e le c tro n  s t a r t s  w i th  a n  in i t ia l  m o tio n  

in  w h ic h  th e  v e lo c ity , a c c e le ra tio n  a n d  th e  h ig h e r  d e r iv a t iv e s  o f  v e lo c i ty  a re  s m a ll  

so  t h a t  p ro d u c ts  o f  tw o  o r  m o re  o f  th e m  m a y  b e  n e g le c te d . T h e  c ru c ia l p o in t  is to  

h a v e  a  s y s te m  o f  e q u a tio n s  su c h  t h a t  fo r  a  p a r t ic le  m o v in g  u n d e r  n o  fo rc e s  a n d  w ith  

a n  in i t ia l  m o tio n  in  w h ic h  th p  v e lo c ity  a n d  i t s  d e r iv a t iv e s  a re  sm all, t h e  s o lu tio n  o f  

th e  e q u a tio n s  o f  m o tio n  d oes n o t  re q u ire  th e  p a r t ic le  to  w o rk  i t s e lf  u p  to  a  r a p id ly  

in c re a s in g  v e lo c i ty  a n d  so  c o n tr a d ic t  th e  c o n d itio n s  u n d e r  w h ic h  th e  e q u a tio n s  a re  

a s s u m e d  to  h o ld . I f  su c h  a  sch em e o f  e q u a tio n s  c o u ld  b e  fo u n d , th e n  i t  w o u ld  p ro v id e  

a  h o p e fu l s ta r t in g  p o in t  fo r  a  c o n s is te n t  th e o ry .

P a g e  (1918) h a s  in v e s t ig a te d  th e  fo rm  o f  th e  h ig h e r  o rd e r  te rm s  in  th e  e q u a t io n s  

o f  m o tio n . I f  th e  e le c tro n  is t a k e n  to  b e  a  c h a rg e d  s p h e re  o f  r a d iu s  r 0 a n d  to t a l  

c h a rg e  e, th e  c h a rg e  b e in g  co n fin ed  to  th e  s u rfa c e  o f  th e  sp h e re , th e n  th e  e q u a tio n s  

o f  m o tio n  o f  th e  e le c tro n  in  a n  e le c tr ic  fie ld  E  a re

C . J a y a r a t n a m  E l i e z e r

m t  V f  | 2eZ g  ( » . (» .> •* ■»
3 + 3 r 0n5 2( J) ( » + ! ) !

eE , (4)

w h e re  f (n) d e n o te s  th e  n th  d e r iv a t iv e  o f  th e  a c c e le ra t io n  f  w ith  r e s p e

a n d  m  is th e  su m  o f  th e  e le c tro n ’s m e c h a n ic a l m a ss  (if  a n y )  a n d  i t s  e le c tro m a g n e tic  

m a ss  §e2/ r 0. T h is  e q u a t io n  h a s  so m e  in te re s t in g  fe a tu re s , b u t  th e y  c au se  so m e  

c o m p lic a tio n s  a n d  th e y  w ill b e  d is c u sse d  in  a  l a te r  p a p e r .  I f  w e  c o n s id e r  o th e r  

d is t r ib u t io n s  o f  c h a rg e , th e  e q u a tio n s  o f  m o tio n  w ill th e n  h a v e  th e  fo rm

m i -  f  e2f  +  £  ( - 1  )n =  
n  =  2

w h e re  th e  c ’s a re  p o s itiv e  c o n s ta n ts  w h ic h  d e p e n d  o n  th e  ch o ice  o f  th e  c h a rg e  d is 

t r ib u t io n .  F o r  a  p o in t  e le c tro n  th e  c ’s a re  ze ro .

W e  ta k e  (fo r re a so n s  o f  s im p lic ity  w h ic h  w ill b e c o m e  a p p a r e n t  la te r )  a  m o d e l 

w h ic h  is s u c h  t h a t
cn =  m /an(n>  2), (6)

w h e re  a  =  3m /2e2 as  b e fo re . T h e  r a d iu s  o f  th e  e le c tro n  is o f  th e  o rd e r  1 /a . T h u s  w e 

ta k e  as  th e  e q u a tio n s  o f  m o tio n

m \ i - ifa >  +  l f (2)-  
|_ a  a 2 . (7 )

t h a t  is,
r  D  D*

1 ------ 1— g — •••
L a  a 2

D n 1
+  =  eE, (8)
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w h e re  D  — d/dt. T h e  n a tu r e  o f  th e  m o d e l c o rre s p o n d in g  to  th e s e  e q u a t io n s  is n o t  

d is c u s s e d  h e re , a s  s u c h  a  d is c u ss io n  w o u ld  b e  r a th e r  c o m p lic a te d , a n d  a lso  b e c a u s e  

w e  s h a ll  b e  lo o k in g  a t  th e s e  e q u a t io n s  f ro m  a  d if fe re n t  p o in t  o f  v ie w  la te r .  W e  h a v e  

to  a s s u m e  t h a t  th e  ch o ice  (6) g iv e s  a  c o n s is te n t  m o d e l.

T h e  se ries  o n  th e  le f t - h a n d  s id e  o f  (7) is  c o n v e rg e n t o n ly  w h e n  f (n) te n d s  to  z e ro  

a s  n  t e n d s  to  in f in ity . I t  is  th e n  e a s y  to  sh o w  t h a t  t h e  o n ly  s o lu t io n  o f  (7) s a t is fy in g  

th i s  r e q u ir e m e n t  is

m i  =

E q u a t io n  (7) a n d  i t s  s o lu tio n  (9) a re  v a l id  o n ly  w h e n  th e  e x te r n a l  fie ld  E  is s u c h  

t h a t  (D /a )n E - > 0  a s  n->co.

On the classical theory of particles 54

4. T h e  e n e r g y  e q u a t i o n

T h e  e n e rg y  e q u a t io n  m a y  b e  o b ta in e d  b y  ta k in g  th e  s c a la r  p ro d u c t  o f  (7) w i th  v , 

th u s  o b ta in in g

m |v . f - - v . f  +  . . .  +  ( — 1)M— v . f (w)+  . . .1  =  e E .v .  
l_ aan J

N o w

y  4 f ( 2 n - l )  =  _ [ v >  f ( 2 7 1 - 2 )  _  f  _ f ( 2 n - 3 )  +  +  (  _  1 ) n - 1  f  # f ( n - l ) ]  +  (  _  1  f ( w - l ) 2 ? ( H )

dt

y  _ f (2 n) = — [ v . f(2w-D -  f . f(2n-2) _|_ _  _|_ ( _  1 )n-lf(n-2) _ f(w) +  1( _  l)n  flw-l)*]_ (1
dt

T h e re fo re  e q u a t io n  (10) m a y  b e  w r i t te n

~ [ v  + |m v 2 +  m  £  f — '  * 2 * (“  1 )r ^ • v (2n- r~1>
ac L n = l l & r=0

+ i ( s 1( - i r ^ - ^ + « - i ) - H ) l - - " 2 (13>a  \r=  0 J  7 1 = 1  a

w h e re  V  is th e  p o te n t ia l  e n e rg y  o f  th e  e le c tro n  in  th e  fie ld  E . W r i t in g  

W  = V +  f  m v 2 +  m£ f — ^ V ( - l ) r v <r).v<2w- r- 1>
71=11 a U r=0

+  ^  ( V (  -  l ) r V<r). y(2n-r)+ | (  -  l ) n y ( n ) ^ J  , 

w e m a y  in te r p r e t  W  a s  th e  to t a l  e n e rg y  o f  th e  e le c tro n . T h e  f ir s t  te rm  g iv es  th e  

p o te n t ia l  e n e rg y , th e  se c o n d  te rm  th e  u s u a l  k in e tic  e n e rg y , a n d  th e  re m a in in g  te rm s  

c o rre sp o n d  to  e n e rg y  d u e  to  th e  a c c e le ra tio n  a n d  i ts  d e r iv a tiv e s . I f  0t, d e n o te s  th e  

r a te  o f  loss o f  e n e rg y , th e n

d W  00 1

(15)

T h e  f ir s t  t e rm  o f  th e  se ries  is r a /a v 2 =  §e2v 2, w h ic h  is th e  u s u a l e x p re ss io n  fo r  th e  

r a t e  o f  loss o f  e n e rg y  o f  a  p o in t  e le c tro n . T h e  re m a in in g  te rm s  a rise  b e c a u se  w e  a re  

u s in g  a  f in ite  m o d e l fo r th e  e le c tro n .
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5 4 8 C . J a y a r a t n a m  E l i e z e r

5. So m e  a pp l i c a t i o n s

(i) Free electron

F o r  a n  e le c tro n  in  th e  a b se n c e  o f  a n y  in c id e n t  fie ld , th e  e q u a t io n  o f  m o tio n  (9) 

g iv es  m v  =  0, a n d  h e n c e  v  is  a  c o n s ta n t .  T h e  s o lu tio n  th u s  c o rre sp o n d s  to  u n ifo rm  

m o tio n , a n d  th e r e  is n o  loss o f  e n e rg y  b y  r a d ia t io n .

(ii) Uniform  electric fie ld

F o r  a n  e le c tro n  in  a  u n ifo rm  e le c tr ic  fie ld  E 0, th e  e q u a t io n  o f  m o tio n  (9) g iv es

T h e  s o lu tio n  c o rre sp o n d s  to  th e  u s u a l  m o tio n  in  a  p a ra b o la ;  a n d  a c c o rd in g  to  (15) 

th e  r a t e  o f  loss o f  e n e rg y  is 0 t — f e4E § /m 2.

(iii) Scattering o f light

C o n s id e r th e  re c t i l in e a r  m o tio n  o f  a n  e le c tro n  in  t h e  fie ld  o f  a n  in c id e n t  b e a m  o f  

l ig h t  o f  f r e q u e n c y  v w h o se  e le c tr ic  fie ld  c o m p o n e n ts  a re

E x = <o0 cos vt, E y = E s =  0. (16)

W e  su p p o se  t h a t  <f0 is sm a ll  a n d  t h a t  th e  f re q u e n c y  is n o t  la rg e r  t h a n  a. T h e n  th e  

e le c tro n ’s v e lo c i ty  a n d  h ig h e r  d e r iv a tiv e s  a re  s m a ll e n o u g h  fo r  p ro d u c ts  o f  tw o  o r  

m o re  o f  th e m  to  b e  n eg lig ib le , a n d  th e  n t h  d e r iv a t iv e  o f  E  te n d s  to  ze ro  a s  n  te n d s  

to  in f in ity . T h e  e q u a t io n s  o f  m o tio n  (9) a re  th e n  a p p lic a b le . W e  o b ta in

m v  =  cos vt ~  e<°o ^ c o s ^  —“ s in  v t j ; (17)

t h a t  is, x  =  A  cos (v (18)

w h e re
a e * 0 / ,  - ..
A  = — 5 l l +  — ) , t a n  a, — -  (0<oc<h7r).

m  \  a2)  a
(19)

H e n c e x  =  — — c o s ( ^  +  a ) . (20)

T h e  e le c tro n  p e rfo rm s  a  v ib r a t io n  w ith  th e  sa m e  f r e q u e n c y  a s  t h e  in c id e n t  w a v e  

a n d  w ith  a  p h a s e  d iffe ren c e  n  + or.

vfin) = — ( — v2)n s in  (vt +  a ) , ?/2n+1) ( — v2)n v cos (vt +  a ) .

T h e  r a te  o f  lo ss o f  e n e rg y  a c c o rd in g  to  (15) is

0t
m A 2 ® jv 4n~4 An—2

co s2 (vt + cc )-  ^ Z a S i n 2 (vt + a )

H e n c e  th e  a v e ra g e  r a t e  o f  lo ss o f  e n e rg y  is

1
2 a  

l m i 2

s
n = l

1 j;4n—4 p4n—2\

)a 4w-4 a4n~2]

1 m A 2*

2 a  nt i ( 0

________ 1 1 e4<f 2

2 a  1 +  v2/a2 3 m 2

( 2 1 )

( 2 2 )

 D
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On the classical theory of particles 5 4 9

T h is  e x p re s s io n  fo r  &  is  th e  sa m e  a s  th e  c las s ic a l T h o m s o n  fo rm u la  fo r  th e  a v e ra g e  

r a t e  o f  e n e rg y  loss. I t  d iffe rs  f ro m  th e  c o rre sp o n d in g  e x p re s s io n  o b ta in e d  w h e n  o n e  

u se s  th e  L o re n tz -D ir a c  e q u a tio n s , a c c o rd in g  to  w h ic h  th e  r a t e  o f  e n e rg y  lo ss is

fo u n d  to  b e
(23)

3 r a 2( l  +

W e  h a v e  h e re  a  p o in t  o f  d if fe re n c e  b e tw e e n  th e  th e o r y  w e  a re  u s in g  in  th is  p a p e r  a n d  

th e  D ira c  c la ss ic a l th e o r y  o f  a  p o in t  e le c tro n . T h e  d iffe ren c e , h o w e v e r, is a t  m o s t  

b y  a  f a c to r  \  in  th e  ra n g e  o f  f re q u e n c ie s  w e  a re  c o n s id e r in g  h e re , n a m e ly , v ^ a .

(iv ) H arm onic  oscillator

S u p p o se  th e  b in d in g  fo rce  o f  th e  o s c il la to r  is T h e  e q u a t io n  o f  m o tio n  (9) g iv e s

m x  =  — ^1

t h a t  is , x -\— x+(i)2x — 0. 

T h e se  e q u a tio n s  a re  v a l id  o n ly  w h e n  co is  sm a ll,  a n d  th e n  

+  Z > s i n j w ( l - ^ * « j J ,  (25)

w h e re  C  a n d  D  a r e  a r b i t r a r y  c o n s ta n ts ,  sh o w in g  t h a t  th e  m o tio n  is  a p p ro x im a te ly  

p e r io d ic  w i th  th e  o s c il la tio n s  g ra d u a l ly  d y in g  o u t .  T h e  lif e tim e  o f  th e  o s c il la to r  a n d  

th e  lin e  b r e a d th  m a y  b e  c a lc u la te d  in  th e  u s u a l  w a y .

e—<y*//2a cos

!-(-£•)■)

(v) Scattering o f light by an  oscillator

C o n s id e r th e  re c t i l in e a r  m o tio n  o f  a n  o s c il la to r  w ith  b in d in g  fo rce  p la c e d

in  th e  fie ld  o f  a n  in c id e n t  b e a m  o f  l ig h t  w ith  e le c tr ic  fie ld  c o m p o n e n ts  g iv e n  b y  (16). 

T h e  e q u a t io n  o f  m o tio n  is

m x ( — mo)2x  +  e<f0 cos

o)2
t h a t  is, x-i—  x+<o2x  =  

a

w h e re  A  a n d  a  a re  a s  in  (19). Ig n o r in g  th e  c o m p le m e n ta ry  fu n c tio n  w h ic h  te n d s  to  

ze ro  e x p o n e n tia l ly  w ith  tim e , w e  ta k e  as  th e  so lu tio n

x  = B coa (v t + <x + /3),(27)

I ( (Ô V2] ̂
w h e re  B  = A  + } ,  W  =  ^ 5 <2 8 >

T h e  a v e ra g e  r a te  o f  e n e rg y  loss is th e n

St
1  mB

2 a ( l  +  y2/a 2) ’ 

as  in  (22). S u b s t i tu t in g  fo r  w e o b ta in

e4<£>4

3m2[(v2 — o)2)2 +  (o*v2/a2]

F ro m  (29) w e e as ily  d e r iv e  th e  d is p e rs io n  fo rm u la .

( 2 9 )
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5 5 0 C . J a y a r a t n a m  E l ie z e r

6 . H i g h e r  d e r i v a t i v e s  i n  D i r a c ’s  t h e o r y

T h e  h ig h e r  d e r iv a tiv e s  o f  v e lo c ity  m a y  a lso  b e  in tro d u c e d  in to  th e  e q u a tio n s  o f  

m o tio n  in  D ira c ’s th e o ry . I  h a v e  c o n sid e re d  in  a  p re v io u s  p a p e r  e q u a tio n s  o f  m o tio n  

c o n ta in in g  th e  se c o n d -o rd e r  d e r iv a tiv e s  o f  v e lo c ity  (E lie ze r 1946). W e  sh a ll  n o w  

p ro c e e d  to  in v e s t ig a te  th e  fo rm  o f  th e  e q u a tio n s  o f  m o tio n  c o n ta in in g  o th e r  h ig h e r  

d e r iv a tiv e s . I t  a p p e a rs  t h a t  o n ly  th e  e v e n  h ig h e r  d e r iv a tiv e s  o f  v e lo c ity  o c c u r  in  

th e  e q u a tio n s  o f  m o tio n . T h is  is b e c a u se  D ira c ’s th e o ry  u ses  a  p o in t  m o d e l o f  th e  

e le c tro n , a n d  th e re fo re  th e  r a t e  o f  e n e rg y  loss is g iv e n  b y  th e  u s u a l  e x p re s s io n  fo r  

th e  r a te  o f  e n e rg y  loss o f  a  p o in t  c h a rg e , w h ic h  in  th e  n o n - re la t iv is t ic  l im it  is §e2v 2. 

I f  o d d  d e r iv a tiv e s  o f  v e lo c i ty  a p p e a r  in  th e  e q u a tio n s  o f  m o tio n  th e y  w ill g iv e  rise  

to  ir re v e rs ib le  loss o f  e n e rg y  o f  th e  e le c tro n  in  a  w a y  n o t  c o n s is te n t  w ith  c o n s e rv a tio n  

re q u ire m e n ts  fo r  a  p o in t  e le c tro n .

W e s h a ll  f ir s t  c o n sid e r th e  r e la t iv is t ic  e q u a tio n s  o f  m o tio n . L e t  {fi =  0 ,1 ,2 ,3 )  

d e n o te  th e  s p a c e - tim e  c o -o rd in a te s  o f  th e  e le c t r o n ; d o ts  n o w  d e n o te  d if fe re n tia t io n  

w ith  re s p e c t to  th e  p ro p e r  t im e  s, a n d  v= T h e n  

^ = t ) 2 =  1 .  ( 3 0 )

T h e  e q u a tio n s  o f  m o tio n  o f  a n  e le c tro n  in  a n  e le c tro m a g n e tic  fie ld  d e sc r ib e d  b y  th e  

fie ld  q u a n t i t ie s  J „  is  +  «)•«;„) -  (31)

w h e re  B is a n  a r b i t r a r y  fu n c tio n  d e p e n d in g  o n  th e  p a r t ic le ’s v e lo c i ty  a n d  h ig h e r  

d e r iv a tiv e s , a n d  s a tis fy in g  th e  r e q u ire m e n ts

( » ,5 )  =  0 , (32)

a n d  (33)

m u s t  b e  a  p e r fe c t  d if fe re n tia l  w ith  re s p e c t  to  th e  p ro p e r  t im e  s (B h a b h a  1939). 

T h e  s c a la r  p ro d u c t  n o ta t io n

0 a,b) = aflbfl =  a ^ - a ^ - a ^ - a ^

is u se d . L e t  d e n o te  th e  n th  d e r iv a t iv e  o f  w ith  re s p e c t  to  th e  p ro p e r  t im e . W e  

so lv e  fo r Bby  a ss u m in g  i t  to  b e  e x p re ss ib le  a s  a  fu n c tio n  o f  th e  fo rm

+  ( 3 4 )

w h e re  B 0, B v  . . .  a re  s c a la r  q u a n t i t ie s  w h ic h  a re  in v a r ia n t  fu n c tio n s  o f  th e  v e lo c ity  

c o m p o n e n ts  a n d  a ll th e i r  d e r iv a tiv e s .  T h e  c o n d itio n  (32) g iv es

Bo +  (B i +  Bz) ( v >̂(2)) +  • • • +  

W e n o te  t h a t

1

 [(V, v ^ n~x)) — (vQ)v&n.-2)) -|_ . . .  +  ( _  1 )« -1  ( ^ n - D ^ n ) ) ]  -f- ^ ( — 1 )» ^ « )* > ( 3 6 )
as *

7

(v, v (2n+ 1)) =  —  [ ( v ,  v(2n)) — ( v (1), v®n~1'>) + . . .  +  ( — 1 (v(n~1\  ? /n + 1)) + 1 (  —
as
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On the classical theory of particles

T h e  c o n d it io n  (33) re q u ire s  t h a t

B x{vx v ^ - V p V ^ )  + . . .  +  +

m u s t  b e  a  p e r fe c t  d if fe re n tia l .  B u t

5 5 1

(38)

vx vf»- v f n) =  ^ [{vxv f 1- ^ - v f 1 ^ - . . . H - t - l ) ” ^  X)4 W)], (39)

vxv(*n+1) -  v ^ {l n+v> =  ^  [{vAfc(2n) -  v ^ v f *}-  . . .

+  ( -  1Y1- 1 (*4n -i> v f +1) -  vf>^ n+1)}] +  ( -  1 )n -  v f  v(An + i)}. (40)

O n  e x a m in in g  th e  c o n d it io n s  (35) a n d  (38) w e  see  t h a t  i f  w e  ch o o se  th e  s so t h a t

B 1 = B :i '2n+l 0, B 2, i? 4, . . . ,  B 2n, . . .  a re  c o n s ta n ts

th e n  (38) is  a u to m a t ic a l ly  s a tis f ie d , a n d  (35) g iv es

B 0 +  B 2{v, v®) +  . . .  +  B 2n(v, v(2n+1)) +  . . .  =  0. 

I n te g r a t in g ,  w e  o b ta in

(42)

m — Yi B 2n[(v, v(2n)) — (v(1), v(2n_1)) + . . .  +  ( — l ) w v{n+v>) ^( — 1 )nv(n)2], (43)
n = l

w h e re  m  is a n  a r b i t r a r y  c o n s ta n t  o f  in te g ra t io n .  T h e re fo re  w e ta k e

v, w(2n)) — ... +  ( — 1 )n(v(w-1), v{n+1)) +  1 v(n)2} . (44)
71=1

ch o ice  o f  B le a d s  to  th e  e q u a t io n s  o f  m o tio n

m vtl - 1 e2(Vp +  v 2vf)  +  £  B 2n[v%n+1) -  (v, v(2w+1)) vjt -  {(v, v(2w)) -  .. .
71=1

+  ( -  1 )n(v^-V, }) +  £ (  -  1 V(w)2)  Vp\ = evafpa, ( 4 5 )

w h e re  th e  c o n s ta n ts  B 2, J54, . . .  a re  a r b i t r a r y .  T h e  c o n s ta n t  in w h ic h  a p p e a r s  h e re  a s  

a n  a r b i t r a r y  c o n s ta n t  m a y  b e  id e n tif ie d  w ith  th e  m a ss  o f  th e  e le c tro n .

S u p p o se  w e  n o w  c o n sid e r a  m o tio n  in  w h ic h  th e  e le c tro n ’s v e lo c ity  a n d  a ll i ts  

d e r iv a tiv e s  a re  sm all, so t h a t  p ro d u c ts  o f  tw o  o r  m o re  o f  th e m  m a y  b e  n e g le c te d . 

I f  v  n o w  d e n o te s  dz/d t, th e  e q u a tio n s  o f  m o tio n  o f  a n  e le c tro n  in  a n  e le c tr ic  

b e co m e
n \ r  n  * \ t  s i o \ r  si& io-rxxr

( 4 6 )

(47)

(48)

™ ^ - h ^  + B 2^ + . . .  + B 2nd̂ + . . .  = eE,

t h a t  is,

dt 3~ dt2 ' ~ 2 d t * ...... .............  dt2n+1

+  ci2D2 + cj4.Z)4 + ... + +
[-? -

d \
m —  =  eE ,

w h e re  D  = djdt, a — 3 ra/2e2 a n d  a2n — B 2nlm . 

T h e  series

1 ----- \-a2x 2 + a .x i + . ..  + a 2nx 2n +

h a s  a n  in v e rs e  fo r  su ffic ien tly  sm a ll v a lu e s  o f  x. S u p p o se  th e  in v e rs e  is

1 + -  +  c 2x 2 +  c3x 3+  . . .+ c rx r + . . . , (4 9 )
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w h e re  th e  c o n s ta n ts  c2, c3, . . .  a re  d e te rm in e d  in  te rm s  o f  o 2, a 4, . . . ,  t h a t  is, in  te rm s  

o f  th e  a r b i t r a r y  c o n s ta n ts  B 2, B 4, . . . .  T h e re fo re , a n a lo g o u s  to  (9) 

5 5 2  C . J a y a r a t n a m  E l ie z e r

m ^ =  ^1 +^- + c2D2+ . . .  + crD r + . . .^  e E .

I n  th e  p a r t ic u la r  case  o f  th e  L o re n tz -D i r a c  e q u a tio n s  o f  m o tio n , th e  c o n s ta n ts  

B 2, B 4, . . .  a re  a ll  zero , a n d  th e  e q u a tio n s  c o rre sp o n d in g  to  (50) a re  th e n

/  D  D 2
11 H——f— o +  . . .  H— — +  . . . )  eE . 
\  a  a 2

(51)

I f  a  fin i te  m o d e l o f  th e  e le c tro n  is u se d , a n d  th e  s a m e  p ro c e d u re  a s  in  th e  a b o v e  b e  

fo llow ed, w ith  a llo w an c e  m a d e  fo r  th e  v a r ia t io n  o f  th e  e x te r n a l  fie ld  w ith in  th e  

in te r io r  o f  th e  e le c tro n , th e n  a n a lo g o u s  to  (9) th e  e q u a tio n s  d e sc r ib in g  th e  m o tio n  o f  

th e  c e n tre  o f  in e r t ia  o f  th e  e le c tro n  m a y  b e  e x p e c te d  to  h a v e  th e  sa m e  fo rm  a s  (50). 

T h e  f ir s t  tw o  te rm s  o n  th e  r ig h t -h a n d  s id e , n a m e ly  e E  a n d  a _1eE , a re  in d e p e n d e n t  

o f  th e  s t r u c tu r e  o f  th e  e le c tro n , w h ile  th e  re m a in in g  te rm s  o f  th e  se r ies  a ll  d e p e n d  

o n  th e  c h a rg e  d is tr ib u tio n . I t  seem s th e re fo re  p la u s ib le  to  ta k e  th e  e q u a tio n s

(9)

a s  o f  sp e c ia l p h y s ic a l s ign ifican ce .

A n  in te re s t in g  p o in t  to  n o te  is t h a t  th e  fa m ilia r  p ro c e d u re  o f  so lv in g  th e  L o re n tz  

e q u a tio n s  (1) a p p ro x im a te ly  b y  f ir s t  n e g le c tin g  th e  te rm  §e2v  a lto g e th e r ,  a n d  th e n  

c a r ry in g  th e  s o lu tio n  to  a  h ig h e r  a p p ro x im a tio n  b y  re p la c in g  §e2v  b y  i t s  v a lu e  

a c c o rd in g  to  th e  f ir s t  a p p ro x im a te  s o lu tio n  le a d s  p re c is e ly  to  th e  e q u a tio n s  (9). 

F o r  i f  in  th e  f ir s t  a p p ro x im a tio n  m \  — eE , th e n  in  th e  se c o n d  a p p ro x im a tio n

m v  =  e E +  §e2v

I n  o u r  th e o ry , h o w e v er, w e  sh a ll b e  ta k in g  th e  e q u a tio n s  (9) a s  e x a c t  e q u a t io n s  

w ith in  c e r ta in  l im its .

7. R e l a t i v i s t i c  e q u a t i o n s

T h e  e q u a tio n s  o f  m o tio n  (9) h a v e  b e e n  d e r iv e d  fro m  th e  M a x w e ll-L o re n tz  th e o ry .  

A c c o rd in g  to  th is  d e r iv a t io n  th e s e  e q u a tio n s  a re  v a lid  o n ly  w h e n  th e  v e lo c i ty  a n d  

a ll  i ts  d e r iv a tiv e s  a re  s m a ll so  t h a t  p ro d u c ts  o f  tw o  o r  m o re  o f  th e m  m a y  b e  n e g le c te d , 

a n d  th e  e x te rn a l  fie ld  d o e s n o t  v a r y  to o  r a p id ly . N o w  w e  s h a ll  se e k  a  s e t  o f  s im p le  

re la t iv is t ic  e q u a tio n s  w h ic h  u n d e r  th e  a b o v e  c o n d itio n s  w o u ld  re d u c e  to  th e  e q u a 

t io n s  (9), a n d  w h ic h  w o u ld  b e  free  fro m  se lf -a c c e le ra tin g  m o tio n s . U s in g  th e  n o ta t io n  

o f  § 6, w e  see  t h a t  th e  e q u a tio n s

m vM = e v * /^  +  e-j~  K / y  - i f v P

s a ti s fy  th is  re q u ire m e n t.  O n  ta k in g  th e  s c a la r  p ro d u c t  o f  th e  e q u a t io n  (52) w ith  

vp w e  see  t h a t  b o th  s id es  g iv e  ze ro , o w in g  to  th e  c o n d it io n  =  1 a n d  th e  a n t i 

s y m m e try  o f f p(T. T h e  la s t  te rm  in  c u r ly  b r a c k e ts  in  (52) g iv es  th e  c o n tr ib u t io n  f ro m  

th e  r a d ia t io n  re a c tio n .
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5 5 3On the classical theory of particles

W e  s h a ll  n o w  p o s tu la te  a  c la ss ic a l th e o r y  in  w h ic h  th e  m o tio n  o f  a n  e le c tro n  in  

a  g iv e n  e le c tro m a g n e tic  fie ld  is d e s c r ib e d  e x a c t ly  b y  th e  e q u a t io n s  (52), th e s e  

e q u a t io n s  b e in g  n o w  lo o k e d  u p o n  a s  e x a c t  e q u a t io n s  o f  m o tio n  a p p lic a b le  u n d e r  

a l l  c o n d itio n s  w i th in  th e  l im its  o f  t h e  c la ss ic a l th e o ry .  I n  ta k in g  (52) a s  th e  e x a c t  

e q u a t io n s  o f  m o tio n , o n e  s h o u ld  e x p e c t  t h a t  fo r  h ig h  v e lo c itie s  a n d  r a p id ly  v a ry in g  

fie lds  th e r e  w o u ld  b e  d e p a r tu r e s  f ro m  th e  M a x w e ll-L o re n tz  th e o ry .  M a x w e ll’s 

e q u a t io n s  fo r  e m p ty  s p a c e  w ill b e  a s s u m e d  to  h o ld , t h a t  is,

^ f a p  p /i _  q

dxP dxP dxa

T h e  e n e rg y  e q u a t io n ,  o b ta in e d  f ro m  (52) w ith  =  0, is

(53)

m v0 -  e v 'fto  =  6-K / o J  -  v" 0 J  • ( 5 4 )

T h e  f ir s t  te rm  o n  th e  le f t -h a n d  s id e  g iv e s  th e  r a t e  o f  in c re a s e  o f  k in e tic  e n e rg y  a n d  

th e  se c o n d  te rm  th e  r a t e  o f  in c re a s e  o f  p o te n t ia l  e n e rg y . T h e  r ig h t - h a n d  s id e  g iv e s  

th e  r a t e  o f  c h a n g e  o f  th e  t o t a l  e n e rg y .

W e  s h a ll  c o n s id e r  so m e  a p p lic a tio n s  o f  th e  e q u a t io n s  (52). T h e  s o lu tio n  o f  th e  

e q u a tio n s  o f  m o tio n  c o n ta in s  th e  s a m e  n u m b e r  o f  a r b i t r a r y  c o n s ta n ts  o f  in te g ra t io n  

a s  in  th e  e le m e n ta ry  th e o ry  w h ic h  ig n o re s  r a d ia t io n  d a m p in g . T h e  e q u a t io n s  (52) 

d o  n o t  h a v e  s o lu tio n s  c o rre sp o n d in g  to  s e lf -a c c e le ra tin g  m o tio n s .

L e t  u s  in v e s t ig a te  th e  c ro s s -s e c tio n  fo r  th e  s c a t te r in g  o f  l ig h t  b y  a n  e le c tro n  o n  

th e  b a s is  o f  th e  e q u a t io n s  (52). L e t  u s  su p p o se  t h a t  t h e  a m p li tu d e  <f0 o f  th e  in c id e n t  

w a v e  o f  l ig h t  is so  sm a ll  t h a t  th e  v e lo c i ty  a c q u ire d  b y  th e  e le c tro n  is sm a ll  e n o u g h  

fo r  th e  n o n - r e la t iv is t ic  e q u a tio n s  to  b e  v a lid . T h e  m o tio n  is g iv e n  b y

m v  =  e<?J cos v t— ~ s in  vt 
\  a

w h ic h  is th e  sa m e  a s  (17) e x c e p t t h a t  th is  e q u a t io n  is n o w  s u p p o se d  to  b e  v a l id  fo r  

a l l  v a lu e s  o f  th e  f re q u e n c y  v, w h e re a s  p re v io u s ly  th e r e  w as  th e  r e s t r ic t io n  v ^ a .  

T h e  r a te  o f  e n e rg y  loss is fo u n d  to  b e

~ l y .  e . _ . . e ^ o / s i n i ^  c o s rA
M  =  — E v  =  — ( - < £ > s i n i 4 ) — 0 ------ + -------

a a  u m  \  v a  J

0 ,4 ^2  /  v \
— - — ^ ( s i n 2 r£ +  - s i n r i  cos . (55)

3 m 2 \  a )

H e n c e  th e  a v e ra g e  v a lu e  o f  3# o v e r  a  p e r io d  is

— \e xS ’ljm 2,

w h ic h  a g re es  w ith  th e  p re v io u s  re s u lt .  T h is  sh o w s t h a t  o n  th is  th e o ry  th e  to ta l  c ro ss- 

s e c tio n  fo r  th e  s c a t te r in g  o f  l ig h t  is  in d e p e n d e n t o f  th e  f re q u e n c y  a n d  is a  u n iv e rs a l 

c o n s ta n t .  T h is  sh o w s a  d if fe ren ce  fro m  th e  D ira c  th e o ry , w h e re  th e  r a t e  o f  e n e rg y  

loss is g iv e n  b y  (23) a n d  a c c o rd in g  to  w h ic h  th e  s c a t te r in g  c ro ss-se c tio n  v a r ie s  a s  

v~2 fo r la rg e  freq u e n c ies .
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S im ila r  c a lc u la tio n s  m a y  b e  m a d e  fo r th e  h a rm o n ic  o s c il la to r . T h e  e q u a tio n s  o f  

m o tio n  a re  th e  s a m e  a s  (24), w h ic h  fo r  a) < h a s  s o lu ti

th e  a u x i l ia ry  ro o ts  a re  r e a l  a n d  n e g a tiv e , a n d  th e  c o rre sp o n d in g  s o lu tio n  is  s u c h  t h a t  

th e  e le c tro n  r a p id ly  co m es to  r e s t  w i th o u t  o sc il la tin g . F o r  th e  s c a t te r in g  o f  l ig h t  b y  

th e  o s c il la to r  th e  a v e ra g e  r a t e  o f  e n e rg y  loss is fo u n d  to  b e  g iv e n  b y  th e  fo rm u la  

(29), now  su p p o se d  to  b e  v a lid  fo r  a ll  v a lu e s  o f  <w a n d  v. W h e n  th e  e x p re s s io n

v4/I ( v2—(j0 2)2+ (̂ ~ \  lies  b e tw e e n  0 a n d  1 fo r  a ll v a lu e s  o f  v, w h ile  i f  th e

' ' a ‘ I (  d)2\ i
e x p re ss io n  h a s  a  m a x im u m  v a lu e  4 a4/a>2(4a2 —w2) w h e n  v = a a ) l la 2 — —  \ . T h is

sh o w s t h a t  w h e n  o) is sm a ll  0 t h a s  a  la rg e  v a lu e  fo r  f re q u e n c ie s  n e a r  o>, g iv in g  a n  

e x a m p le  o f  re s o n a n c e  flu o resc en c e .

The hydrogen atom. A s a  f u r th e r  a p p l ic a t io n  o f  th e  re la t iv is t ic  e q u a t io n s  o f  m

w e s h a ll  c o n s id e r th e  r e c t i l in e a r  m o tio n  o f  a n  e le c tro n  to w a rd s  a  p r o to n  w h ic h  w e 

s h a ll  t a k e  to  b e  fix e d  b y  re g a rd in g  i t s  m a ss  a s  in f in ite ly  la rg e . I f  t, x  d e n o te  th e  t im e  

a n d  sp a c e  c o -o rd in a te s  o f  th e  e le c tro n  th e  e q u a t io n s  o f  m o tio n  g iv e

m x  = —e2(A  —— 1,  
\ x 2 a x3}

5 5 4  C . J a y a r a t n a m  E l ie z e r

w h e re  d o ts  d e n o te  th e  d if f e re n tia t io n  w ith  re s p e c t  to  t h e  p ro p e r  t im e  s. W r i t in g  

V  =  — x ,s u b s t i tu t in g  fo r t a n d  tr a n s fo rm in g  th e  in d e p e n d e n t  v a r ia b le  to  x, w e  o b ta in

_ 3 / l _  2 F \  

2a  \ x 2 +  a x3/
(1 + V 2)K (57)

I f  in i t ia l ly  th e  e le c tro n  is p ro je c te d  f ro m  a  p o in t  =  > 0  to w a rd s  th e  p ro to n ,  th e n

V  is p o s itiv e  a n d  h e n c e  d V /d x  is n e g a tiv e . T h e re fo re  V  in c re a se s  as  x  d e c re a se s . 

T h a t  is, th e  e le c tro n  a p p ro a c h e s  th e  p ro to n  w ith  in c re a s in g  sp e e d  a n d  e v e n tu a l ly  

co llides  w ith  i t  (u n lik e  th e  m o tio n  a s  g iv e n  b y  th e  L o re n tz -D i r a c  e q u a tio n s , a c c o rd in g  

to  w h ic h  th e  e le c tro n  is b ro u g h t  to  r e s t  b e fo re  i t  c o u ld  re a c h  th e  p ro to n ) .  A n  a p p ro x i

m a te  s o lu tio n  fo r  sm a ll v a lu e s  o f  x  is see n  to  b e

< 5 8 >

w h e re  C is  a  p o s it iv e  c o n s ta n t .  T h e  s o lu tio n  seem s  to  b e  in  a g re e m e n t w ith  th e  u s u a l  

re s u lts  o f  m e c h a n ic s .

T h e re  is a n o th e r  e q u a t io n  o f  m o tio n  w h ic h  o n e  m a y  ta k e  as  th e  s ta r t in g  p o in t  o f  

a  c lass ica l th e o ry , a n d  w h ic h  is s o m e w h a t s im p le r  th a n  th e  e q u a t io n  (52), n a m e ly ,

(59)

F o r  r e c t i l in e a r  m o tio n  in  a n  e le c tr ic  fie ld  (52) a n d  (59) a re  e q u iv a le n t .  B u t  in  o th e r  

cases  th e  e q u a t io n s  (59) le a d s  to  so m e  fu n d a m e n ta l  d iffe ren c es  f ro m  th e  M ax w e ll- 

L o re n tz  th e o ry — fo r e x a m p le , a n  e le c tro n  m o v in g  in  a  m a g n e t ic  fie ld  d o e s n o t  lose 

e n e rg y  b y  r a d ia t io n ,  a c c o rd in g  to  (59).
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8 . D i s c u s s i o n

T h e  e q u a t io n s  o f  m o tio n  (52) a re  s e e n  to  h a v e  m a n y  s a t i s f a c to r y  f e a tu r e s  w i th in  

t h e  l im its  o f  th e  c la s s ic a l th e o r y .  T h e y  a re  f re e  f ro m  s e lf -a c c e le ra tin g  m o tio n s . 

F o r  s m a ll  v e lo c itie s  a n d  fo r  fie ld s  w h ic h  d o  n o t  v a r y  r a p id ly ,  th e s e  e q u a t io n s  g iv e  

th e  s a m e  r e s u l ts  a s  t h e  M a x w e ll-L o re n tz  th e o r y ;  a n d  in  o th e r  cases  t h e y  a p p e a r  to  

g iv e  r e s u l ts  in  h a rm o n y  w i th  t h e  u s u a l  n o t io n s  o f  m e c h a n ic s . A  n u m b e r  o f  in te r e s t in g  

p o in ts  r e q u ir e  f u r th e r  in v e s t ig a t io n .  T h e  e x te n t  to  w h ic h  M a x w e ll’s e q u a t io n s  n e e d  

m o d if ic a tio n  to  b e  a p p lic a b le  w h e n  c h a rg e d  m a t t e r  is  p re s e n t ,  t h e  in te r a c t io n  o f  

tw o  m o v in g  e le c tro n s , th e  tw o -d im e n s io n a l  m o tio n  o f  th e  e le c tro n  in  t h e  h y d ro g e n  

a to m , t h e  p a s s a g e  to  t h e  q u a n tu m  th e o r y — a ll  th e s e  q u e s tio n s  r e q u ire  m u c h  d e ta i le d  

w o rk , a n d  i t  is h o p e d  to  d e a l  w i th  th e s e  in  a  l a te r  p a p e r .

I  r e c o rd  w i th  g r a t i tu d e  m y  th a n k s  to  P ro fe s s o r  P .  A . M . D i r a c  fo r  h e lp fu l  d is 

c u ss io n s , to  P ro fe s s o r  R .  E .  P e ie r ls  fo r  s u g g e s tio n s  o n  th e  w r i t in g  o f  th i s  p a p e r ,  a n d  

to  t h e  R o y a l  C o m m issio n e rs  fo r  th e  E x h ib i t io n  o f  1851 fo r  t h e  a w a rd  o f  a  s e n io r  

s tu d e n ts h ip .
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