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ON THE COALESCENCE TIME
OF REVERSIBLE RANDOM WALKS

ROBERTO IMBUZEIRO OLIVEIRA

ABSTRACT. Consider a system of coalescing random walks where each individ-
ual performs a random walk over a finite graph G or (more generally) evolves
according to some reversible Markov chain generator (). Let C be the first
time at which all walkers have coalesced into a single cluster. C is closely
related to the consensus time of the voter model for this G or Q.

We prove that the expected value of C' is at most a constant multiple of the
largest hitting time of an element in the state space. This solves a problem
posed by Aldous and Fill and gives sharp bounds in many examples, including
all vertex-transitive graphs. We also obtain results on the expected time until
only k > 2 clusters remain. Our proof tools include a new exponential in-
equality for the meeting time of a reversible Markov chain and a deterministic
trajectory, which we believe to be of independent interest.

1. INTRODUCTION

Consider a system of continuous-time random walks on a finite connected graph
G, with a walker starting from each vertex of G. Let the walkers evolve inde-
pendently, except that any two that occupy the same vertex of G at a given time
coalesce into one (this is made precise in Section B2l).

As time goes by, larger and larger coalesced clusters emerge, until at a certain
random time C only one cluster remains. The question we address here is: how
large can C' be in terms of other parameters of G? This is a natural question which
has implications for the so-called voter model on G, discussed in Section [[.1] below.

It is instructive to consider what happens in the simple case of G = K,,, the
complete graph on n vertices. An explicit calculation [2, Chapter 14, Sec. 3.3]
shows that, for large n,

cC &z
(1.1) — = Z ———, with {Z;},>1 i.i.d. exponential r.v.’s with mean 1.
n o =i(i+1)

In particular, E[C] ~ n as n — +o0o. What is remarkable about this is that any
two of the walkers will take an expected time ~ n/2 to meet and coalesce. The
fact that we are dealing with an unbounded number of particles only increases the
expected time by a constant factor.
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It is natural to ask what happens in more general graphs. This is closely related
to the following problem, which was posed by Aldous and Fill in the mid-nineties.

Problem 1.1 (Open Problem 13, Chapter 14 of [2]). Prove that there exists a
universal constant K > 0 such that, for any graph G, the expected value of C
satisfies

E[C] < K Ti,

irrespective of initial conditions, where Tﬁt is the maximum expected hitting time
of a vertex in G.

To see how this relates to our previous discussion, let TS, ., denote the maximum

expected meeting time of two walkers over G. If G is vertex-transitive, Proposition
5in [2, Chapter 14] implies TS, = TS, /2. Therefore, if Problem 1.1 has a positive
solution, all vertex-transitive graphs are like K,, in that E [C] is at most a universal
constant factor away from TS, ... A similar conclusion holds for other families of
graphs where TS, = © (TS,) (e.g. all regular graphs with T, = O (n), where
n is the number of vertices in G). For more general graphs it is still true that
TS... < TE,, as proven in the aforementioned proposition (see also [1]), and the

problem may be viewed as a strengthening of this fact.

Remark 1.2. Tt is nottrue that E[C] < K TS, or TG, < K TS, with K universal.
For instance, in n-vertex star graphs, one can show that TS.., = © (1), E[C] =

O (Inn) and TE, = O (n) as n — +oo0.

To the best of our knowledge, Problem 1.1 has remained open up to now. The
best known bound of this sort has an extra In|V| factor; see Proposition 11 in [2
Chapter 14]. Our main goal in this paper is to give a solution to Problem 1.1 in
the more general setting of reversible Markov chains.

Assume that @ is the generator of a reversible, irreducible, continuous-time
Markov chain over a finite set V. Given v € V, let H, be the hitting time of v, i.e.
the first time at which a trajectory of @ hits v. We define the following parameter
of the chain:

(1.2) Tgt = may E., [H,] = largest expected hitting time for Q.

Define a system of coalescing random walks as in the case of graphs, with the
difference that each walker now evolves over V according to ). The following
Theorem solves Problem 1.1.

Theorem 1.3. There exists a universal constant K > 0 such that, with QQ as above,
for any n € N\{0} and for any (™ = (z(1),...,z(n)) € V",

E,m [C] < KTS,.
Remark 1.4. Here (™) is an initial condition with n arbitrary. In particular, there
may be more or less than one walker at each site v € V at the beginning of the

process. Allowing for arbitrary initial conditions is convenient for our proofs but
does not really change the results.

We also prove a stronger result. Let Cy denote the first time at which there
are at most k clusters of coalesced walkers (k > 1). Notice that C; = C with this
definition.
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Theorem 1.5. There exists a universal constant K1 > 0 such that, in the same
setting as Theorem [[3]

TC
Vk € N\{O}u Em(") [Ck] <K ( ]lgnt + Tglx) ’

where T, is the mizing time of Q (see Section 22 for a definition).

mix

The dependence on k in this theorem is essentially best possible, as E ) [Ck] ~
Ty /k; for large complete graphs. The case k = 1 gives back Theorem [[L3] as
TI?HX < CTQ for some universal ¢ > 0 [2, Chapter 4]. We will nevertheless prove
Theorem D:{I first and then show how its proof can be modified to obtain Theo-
rem
One justification for proving this second result is that it is helpful in approxi-
mating the distribution of C. We are in the process of writing a paper where we

show that, if @ is transitive and 9. < T}?it, then

mix

law of —— NZ
t =1

h1

, as for K,, (cf. (T1)).

In particular, E[C] ~ Tf?it This was previously known only for discrete tori Z¢
with L > 1 in d > 2 dimensions, due to Cox’s paper I An important step in
both our proof and Cox’s argument is that E [Cy] < Thlt if k> 1. Cox proves this
in [4, Section 4] via a simple renormalization argument which is very specific for
discrete tori, whereas we use Theorem for the same purpose.

1.1. Application to the voter model. We now sketch the connection between
our results and the voter model [6l 2] on a graph G (this could be generalized to
an arbitrary generator ), but we will not do this here). The state of the process
at a given time t is a function

n:V(G)— O,

where V(QG) is the vertex set of G and O is a fixed set of possible opinions. The
evolution of the process is as follows. Each vertex v € V(G) “wakes up” at rate
1. When that happens at a time ¢ > 0, v chooses one of its neighbors w uniformly
at random and updates its value of n;(v) to w’s opinion 7;_(w); all other opinions
stay the same.

A classical duality result (see e.g. [6, Chapter 5] or [2, Chapter 14]) relates the
state of the process at a given time to a system of coalescing random walks on G
moving backwards in time. In particular, the consensus time for the voter model —
i.e. the least time at which all vertices of G have the same opinion — is dominated
by the coalescence time C' from the initial state with all vertices occupied. This
implies the following corollary of Theorem [[33l

Corollary 1.6. There exists a universal constant K > 0 such that, for any graph
G and any set O, the expected value of the consensus time of the voter model deﬁned
in terms of G and O, started from an arbitrary initial state, is bounded by K T, .

ITransitivity can be dropped at the cost of making stronger assumptions on Q and using a
different normalization factor.
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Proposition 5 in [2, Chapter 14] shows that the corollary is tight up to the value
of K for vertex-transitive G, at least when the initial conditions are iid uniform
over {—1,+1} (say); we omit the details.

1.2. Main proof ideas. Let us give an outline of the (elementary) proof of The-
orem [[L3} the proof of Theorem is quite similar. For clarity, we first present an
oversimplified account and then explain how one can avoid the oversimplifications.

We consider n walkers (X;(a)):>o evolving according to @, labeled with numbers
a =1,...,n and respective initial states (!, ..., z(™. Instead of having walkers
coalesce, we will assume that at any given time each walker is either alive or dead.
All walkers are alive in the beginning, and walker #a is killed at the first time ¢
when an alive walker with label b < a satisfies X;(a) = X;(b) (this is made precise
in Section B3)). The number of walkers that are alive at time ¢ in this process is
precisely the number of clusters in the coalescing random walks process, and C' is
the first time at which only walker #1 is still alive. This implies that

P(C>t) < Z]P’(a alive at time ¢).
a=2
We now make the following oversimplification:

Oversimplification #1: walker #a dies at the first time when
Xt(a) = X;(b) for some b < a.

The reason why this is an oversimplification is that a walker #b may have died
before meeting walker #a. We ignore this for the moment and write

P (a alive at time t) <P (h {M0 <s <t Xs(a) # Xs(b)}> .

b=1
In order to simplify the RHS, we notice that the trajectories (X¢(u))¢>o of walkers
#u, 1 < u < a, are independent realizations of . Conditioning on X;(a) = hs,
s > 0, makes the events in the RHS independent, and we deduce that

1
P (a alive at time ¢ | (X.(a))ss0 = (he)ss0) < [[P (V0 < s <t, Xy(b) # hs).
1

)
|

S
I

We now make another oversimplification.

Oversimplification #2: (X,(b));>¢ is started from the stationary
distribution for all b.

This allows us to use the following lemma, which we believe to be new (and of
independent interest).

Lemma 1.7 (Meeting Time Lemma; proven in Section B2). Let (X;)i>0 be a
realization of Q starting from the stationary distribution w. Then there exist v € V
and a quasistationary distribution q, for V\{v} such that for any deterministic

path h € D([0, +00), V), we have

Yt >0, P (V0 < s <t, X, # hy) < Pq, (H, > ) = exp <_1E;[H]) '
qo v

Remark 1.8. The proof of Lemma [[7] shows that we may take v € h([0,+c0)).
This is a well-known result if h = v [2, Chapter 3, Section 6.5]. An application of
this lemma to so-called cat-and-mouse games is sketched in the final section.
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Notice that Eq, [H,] < T}?it, so:
_ (a=1)t
P (a alive at time ¢ | (X,(i))s>0 = (hs)s>0) <e T .
This shows that

_(a—1)t

n
P(C>t)<Y e ™.
a=2

If one takes t = (In2 + c)ThQit, the RHS becomes

P (C’ > (In2+ C)Tgt) < Z gratle=(a—le < g—e
a=2

and this gives E[C] < (In2 + 1)T§it.

Of course, this is not a proof of Theorem [[.3] because of the oversimplifications.
Our way out of this is to introduce a process where at any given time there is a
list of allowed killings. At any time t there will be a set A; so that walker #b may
kill walker #a at time ¢ only if b < a and (b,a) € A; (cf. Section [B4]). The salient
characteristics of this process are:

1. For any choice of A = (A;);>0, the set of alive walkers in the process
defined via A dominates the corresponding set in the process without A
(see Proposition [37]).

2. A judicious choice of A will ensure that for each a there will be a large
enough time interval where a large number of walkers will be available to
kill walker #a. Moreover, many of those walkers will be stationary.

Item 1 allows us to consider the process with a list of allowed killings instead
of the original process in order to obtain upper bounds. Item 2 will mean that we
may apply the Meeting Time Lemma to at least some of the walkers with indices
b < a, in some time intervals. These two ingredients will allow us to “fix” the
oversimplified proof just presented.

1.3. Organization. The remainder of the paper is organized as follows. Section
introduces our notation and recalls some basic concepts. Section Bl defines the
main processes we consider in the paper. Section Ml presents the proofs of the two
theorems, and Section [l presents the proof of Lemma [[.7l Some final comments
are presented in the last section.

2. PRELIMINARIES

In what follows we recall some basic material while also fixing notation.

2.1. Basic notation. N is the set of non-negative integers. Given n € N\{0}, we
set [n] ={1,2,...,n}.

We will often speak of universal constants. These are numbers that are indepen-
dent of any other object or parameter under consideration, be it a Markov chain,
the initial state of a process under consideration or anything else.

The cardinality of a finite set S is denoted by |S|, and 2° represents the power
set of S (i.e. the set whose elements are the subsets of S). The set of all probability
measures over S will be denoted by M;(S). R® denotes the space of all functions
f: S = R, or equivalently of all (column) vectors with entries indexed by S. Linear
operators acting on R® correspond to matrices with rows and columns indexed by
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2114 ROBERTO IMBUZEIRO OLIVEIRA

the elements of S. If A is some matrix of this sort, ||A|op is the operator norm of
A. Tf A is symmetric, we let Apin(A), Amax(A) denote the minimum and maximum
eigenvalues of A (respectively).

Given a finite set F # ), a function w : [0,+00) — F is said to be cadlag if
there exist tg = 0 < t1 < tg < --- < t, < --- 7 400 with w constant over each
interval [t;—1,%;). D([0,+00), F) is the set of all such cadlag functions, with the
o-field generated by the projections “w +— w(t)” (¢ > 0).

2.2. Markov chain basics. Let V be a finite, non-empty set. A matrix @ (with
rows and columns labelled by V) which acts on RV in the following way:

Q:f()eRY = Y q(,2)(f() — f(x)), withg(-,~) >0,

z€V,x#-

defines a unique continuous-time Markov chain on V. More precisely, there exists a
unique family of measures {P, },ev over D([0, +00), V) (with the o-field generated
by finite-dimensional projections) such that, letting

X :w € D(0,+0), V) = Xy(w) =w(t) eV

and F; = o(X; : s <t), we have P, (Xg =) =1 and
(2.1)
P, (X;1s =y | Fs) = the entry of e~*% labelled by (X;,y) (t,s > 0,y € V).

(@ is said to be the generator of the Markov chain and the numbers ¢(z,y) (z,y € V,
x # y) are the transition rates. We let E,, [-] denote expectation with respect to P,.
We also define
Pu= Y w@)P,, (ne€M(V))
z€V
which we interpret in the customary way as describing the law of the chain given by
Q from a random initial state with law p. E, [] is the corresponding expectation
symbol.

We will always assume that @ is irreducible, meaning that for all A C V with
A, V\A # 0 there exist a € A and b € V\A with ¢(a,b) # 0. In this case there
exists a unique probability measure m € M;(V) which is stationary in the sense
that P (X; = -) = w(+) for all £ > 0. Moreover, we have that

Vo,y €V, lim Py (X =y) = m(y).
The mizing time of () measures the speed of this convergence:

T«

mix

=i >0 : — < .
1nf{t >0:VxeV, max P, (X € S) —n(9)] < 1/4}

Finally, we will also assume that @ is reversible with respect to m, which means
that w(z)q(x,y) = 7(y)q(y, x) for all distinct =,y € V. This is the same as requiring
that the matrix IT'/2 Q II-'/2 is symmetric, where II is diagonal and has the values
7(v), v € V on the diagonal.

3. PROCESSES WITH MULTIPLE RANDOM WALKS

Here we define the main processes that we will be concerned with, all of which
involve n random walkers for some integer n € N\{0,1}. We will assume that Q
and {P,}.cv are as defined in Section
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3.1. Independent random walks. We first define a process made out of n in-
dependent realizations of the Markov chain with generator ). More specifically,
given

2™ = (2(1),2(2),...,2(n) € V",
we let P n) denote the distribution on D([0, +00), V™) corresponding to n indepen-
dent trajectories of @,

(3.1) (X )iz0 = (Xi(a) : a € [n])is0,

with each (X;(a))s>o started from z(a). That is, the joint law of {(X¢(a))t>0}acm
is the product measure
Pm(l) X Pz(2) X X Pz(n)

Notice that our notation P, does not refer explicitly to the fact that this is a
process on V™, as opposed to the process over V defined in the previous subsection.
This distinction should be clear from context and from the fact that we write all
(") € V" with an “(n)” superscript. The independent random walks process is also
a Markov chain: for 2™ = (2(1),...,2(n)) and y™ = (y(1),...,y(n)) distinct,
the transition rate from z(™ to y™ is

q(x (i), y(i)) if 2(i) # y(i) and

(3.2) M@, y") = z(j) = y(j) for all j € [n]\{i},
0 otherwise.

3.2. Coalescing random walks. For our purposes, it is convenient to define this
process, denoted by

(Cof™)iz0 = (Corla) : a € [n])izo,

as a deterministic function of the independent random walks process. The idea is
that once a walker meets another walker with smaller index, it starts following the
trajectory of the latter. That is, consider a realization of Py as in (BI)). First
define

Coy(1) = X4(1) (t>0).
Given a € [n]\{1}, assume inductively that (Co.(b));>0 has been defined for 1 <
b < a. Since @ is irreducible, there a.s. is a first time 7, at which X;(a) = Co(b)
for some b € [a — 1]. More precisely, define
To =inf{t >0 : 31 <b<a, X¢(a) = Co:(b)}
and
B, =min{b € [a—1] : X, (a) = X, ()},
and then set:

X¢(a), 0<t< Ty,

Coi(a) = { Cou(Ba), t> 1, for each t > 0.

One can show that the law of (Coin))tzo is invariant under permutations of the
x(7). We also define the set
(3.3) Sy ={v eV : 3Jacn], Cola) =v}

as the set of occupied sites in this process. Our definition of (S;);>¢ coincides with
the more traditional coalescing random walks process defined in e.g. [4]. We also
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set
Cr=inf{t >0 : |S;| <k} (ke N\{0})
and C = (.
Remark 3.1. We note that this process makes sense even if (™) contains repeats,

i.e. if there exist ¢ # j with z(z) = z(j).

3.3. Random walks with killings. Let 9 € V be a “coffin state”. We define a
new process

(V{")iz0 = (Yi(a) = a € [n])izo.
The new idea is that a walker with index a will be killed by a walker of index b < a
occupying the same site. More precisely, we first define

Yi(1) = X(1) (¢ 0).
Given a € [n]\{1}, assume inductively that (Y;(b));>0 has been defined for 1 < b <
a. Define
T =inf{t >0 : 31 <b<a, X,(a) =Y (b)}
and set

_ Xt(a), O§t<7'a,
Yi(a) = { . t> 1 for each ¢ > 0.

Although our new definition of 7, may look different from the previous one, it is
easy to show that the two definitions coincide and that in fact:

Proposition 3.2 (Proof omitted). Let Sy be as B3). Then for allt >0,
S ={veV:3acn],Yi(v)=a}
and
Sl = {a € [n] : Yi(a) # 0}
Therefore, for all k € N\{0},
Pooy (Ck > 1) =Pyon (ISt] 2 k+ 1) =Ppony ({a € [n] : Yi(a) # 0} 2k +1).
Remark 3.3. As in Remark B.1], we may allow (™), where (i) = x(j) for some pair

1 # j. Notice, however, that Yo(n) # (") in this case.

3.4. Random walks with a list of allowed killings. Now assume that we have
a deterministic cadlag trajectory:

At >0 A €2,

We define yet another process,
(Y7 ™)iz0 = (¥4 (a) : a € [n])i0,
where a walker with index a may be killed by a walker with index b only if they
occupy the same site at some time t and (b, a) € A;. Intuitively, this means that b
is allowed to kill @ only at times ¢ with (b,a) € A,.
For a formal definition, we first set

YA = X(1) (t20).
Given a € [n]\{1}, assume inductively that (Y;4(b));>0 has been defined for 1 <
b < a. Define

rA=inf{t>0:31<b<a, (ba) € A and X,(a) = Y;A(b)}
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and set

< A
YtA(a) = { g:t(a)’ S;;“‘f, Ta» for each t > 0.

The following proposition shows that the process with a list of allowed killings can

be used to upper bound E ) [C].

Proposition 3.4. Define
St ={¥*a) : a €]}

For any choice of A as above and of initial state ™), one can couple (Si)¢>o and
(SA)i>0 such that (almost surely) S, C S{* for all t > 0. In particular, for all
k € N\{0},

P, (Ck > t) =P, (|St| >k + 1) <P,y (|S{5A| >k+ 1) .

We omit the proof of this rather intuitive proposition. The key idea here is this:
suppose we do not kill a walker a at a given time tg. The only way this could make
Sy “smaller” is if X;(a) were to meet a walker X;(c) with ¢ > a at some later time
t > to. But if this happens, we may pretend that X;(a) follows the trajectory of
X;(c) for s > t. This follows from the Markov property coupled with the fact that
Xi(a) = Xi(c). This shows that in fact S; does not become smaller.

Remark 3.5. Similar to Remark B3] we note that we may allow (™ with (i) = 2(5)
for some pair i # 7, but then (Yi4)™ # (™),

4. PROOFS OF THE MAIN THEOREMS

We prove Theorems and in this section. for simplicity, we first focus
on the proof of Theorem and then show how it can be modified to prove the
second theorem. We will take the notation and definitions in Sections and [3] for
granted.

4.1. Preliminaries for the proof of Theorem 1.3. We first note that Theo-
rem [[3] follows from a seemingly different statement.

Proposition 4.1. Let ¢,y > 0 be given universal constants. Suppose we can show
that there exists some choice of A = (At)i>0 as in Section B4 and of 0 < ty <
c (Tgix + Tfﬁt) with
vn € N\{0}, V2™ € V", P ) (IS > 2) <1—1.
Then
vn € N\{0}, V2™ € V", E ) [C] < KTE,,

where K > 0 is universal.

Proof. Given s > 0, denote

(4.1) E(s)={C>s}={|Ss] =2} = U {Ta > s}
a€[n]\{1}

Combining the assumption of the proposition with Proposition [3.4] gives

(4.2) Vn € N\{1}, V2™ € V", B, (E(to)) < Py (IS >2) <1—17.
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We now consider E(¢ty), where £ > 1 is an integer. Let (©4)s>0 denote the time-

shift operators for the independent random walks process and let (fs(n))gzo denote
the filtration generated by this process:

Py (B(kto)) < Py ( (€ —1)te) N (U{Taoeg Do >t0}>>

a=2

A

= P (B = Dt)) N0, (B(to))

(E((f—1)ty) € .7:((;_)1),50) < Epm [HE((Z Dto) Pt (@(_gl_l)to (E(to)) | ‘7:((;—)1)1&0)} ’
(Markov property) = E_ @) |:HE £—1)to) X<(")1> (E(tO))}a
Y e
(inequality @2)) < E,m [Ipe—1)) (1 —7)]

= P (E((C —1)to)) (1=,

(induction on £) < (1 —~)%

Recalling the definition of E(s), we deduce that

¢ TC +T
Vn € N1}, Yo € V", By [C1 € 3(1=2)'t0 = 2 < w
LEN

The proposition follows from this because T gix <cT }?it for some universal ¢y > 0
[2, Chapter 3] and both ¢ and ~ are universal. O

4.2. Construction of A.

Notational convention 4.2. From now on, we fix some (™ and write P instead
of ]P)a:(n) .

We will now design a specific trajectory A = (A;)¢>0 which will allow for a simple

analysis of S{. Let m € N be the smallest non-negative number with n < > 2°.
Define sets

Ay = {1},
[ﬁj?’] \ rZ?] (1<j<m-1),
and A,, = [n]\ li: 21'1 .

We will consider different epochs, numbered backwards in time. It is convenient to
have the following notation:

A

tm = 2T9. |
@y = P o
i = tip1+nb)2* I TE, j=m—-1,m—-2,...,0.

(1) Epoch #o0 is the time interval [0,t,,). We set At = () for all ¢ in this
interval, i.e. no killings are allowed up to time 2TmIX
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(2) Epochs #m through #1 correspond to time intervals I, = [t;,t;—1) as j
decreases from m to 1. For each such j we set

A EAj_l X U Aj, t e Ij.
p=J

That is, the only killings allowed are between walkers with labels in A;_;
and A, with p > j.
(3) Epoch #0 corresponds to the time interval

Iy = [to, +00)

(the remaining time), where we set A; = [n]?.
We note for later convenience that
(4.4) to < 2T+ (n5) 3 2" T, < o (T + i)

Jj=0

with ¢ > 0 universal, since Zj 277 < +0o0. We will use this in our application of
Proposition BTl

4.3. Abundance of good walkers. We have the following simple proposition
about the epoch #oo. Intuitively, it says that, at the end of this epoch, a posi-
tive proportion of the random walkers are “good”, in that they have converged to
stationarity.

Proposition 4.3. One can construct a (random) subset R C [n] such that:

(1) Ris HEZ)—measumble, where H,E:? is the sigma-field generated by (Xs(”))sgtm
and by some additional independent random variable U .

(2) Each r € [n] belongs to R with probability 1/4, independently of all other
r’ € [n].

(3) Conditionally on R and on (X, (i))ien)\r, the vector (X;

m m

coordinates, each with distribution .

(r))rer has iid

Proof. Consider a single a € [n]. Since @ is reversible, Lemma 7 in [2, Chapter 4]
shows that

VYa € [n], VveV : P (XQTQ_ (a) = v) > 71'511))'

In other words, for each a there exists some v, € M7(V) such that
1 3
P(Xpp0 () =) = {7() + S walo)
Since the random variables (X, (a))ae[n are independent, we may assume that
they sampled as follows:
(1) Let (I(a))ae[n)\a,, be iid with P(I(a) =1) =1—P(I(a) =0) = 1/4.
(2) For each a with I(a) = 1, let X;, (a) be a sample from =, independent of
everything else.
(3) For each b with I(b) = 0, let X;, (b) be a sample from 14, independent of
everything else.

One may check that R = {a € [n]\A,, : I(a) = 1} has the desired properties. O

The next proposition means that, with positive probability, there is a constant
proportion of good walkers within each A; with i <m — 1.
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Proposition 4.4. Let G be the event

m—1
G= [({IRNA;]|>2}.

i=0
Then P (G) > « > 0, where

+oo

a= H(l - 6_21.77) >0

=0

18 universal.

Proof. Let Bin(m, z) denote a binomial random variable with parameters m and x
so that

P (Bin(m,z) = k) = (?)zk(l —z)™ " (ke [m]u{0}).
The random variables |R N 4;|, 0 < i < m — 1, are independent, and each has the
law of Bin(2%,1/4):
P (RN A;] <27%) =P (Bin(2',1/4) < E [Bin(2',1/4)] —2'7%).
Chernoff bounds [3] Appendix A.1] imply that

(21 3)2

P(RNA|<273) <e oot =e 2 .
‘We deduce that

m—1
P(G) > [] P(Bin(2,1/4) > 2"%) > a.

i=0
The positivity of a follows from 0 < =2 < 1 for all ¢ and > e 2 <400, O
4.4. The probability of being alive. Let E(a,t) denote the event

E(a,t) = {Y(a) # 8} = {r* > t}.
Notice that
(4.5) {171 = 2} ¢ | E(a,1).
a=2

We now estimate the conditional probability of E(a,t) given G.
Proposition 4.5. Let a € A; for some 1 < i <m. Then for all 1 < j <1,

P(E(a,t;) | G) <5 "
Proof. We will prove a stronger statement that for almost all Ry C [n] and h =

(ht)te[ti,tj)7

i—1 |[RgNAr|

(4.6) P (E(a,tj) | R= Ro,(Xe(a))iefti ;) = (Me)ieftiny)) <5 2rm; Tpred

This implies the proposition because the occurrence of G implies |[R N A,.| > 274
for all 1 < r < m — 1. To avoid notational clutter, we will fix Ry and h from now
on and will use the following shorthand: for any event U,

(4.7) HND(U) =P (U | R = Ry, (Xt(a))te[ti7t]) = (ht)te[tmj)) .
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To prove ([@0) we first observe that the event E(a,t;) satisfies:
Claim 4.6. Suppose b € A, with j <r < 4. Then
E(a,tj) C{Vt € [tr41,t), Xi(a) # X (D)}

Proof of the claim. If the event on the RHS does not hold, there exists a t €

[t,,t,—1) with X;(a) = X¢(b). We now argue that 72* < ¢ in this case. Indeed,
this follows from the definition of 7* and the following observations:

(1) X;(a) = Y;A(b): this follows from X,;(b) = Y;A(b), which is a consequence

of the fact that (¢, b) ¢ As for any ¢ < b and s <t, (i.e. b cannot be killed

before time ;).
(2) (b,a) € Ay: this follows from t € [tyy1,tr) = Irg1. O

The claim implies

B(Bat) < B () () 19 € ltrrtr ), Xila) £ X(0))

r=j beA,

i—1

N N (HE ity Xula) # X,(0)

r=j b€ A,NRq

IA
=l

Now recall from (7)) that P (-) is a conditional probability given R = Ry and the
trajectory of X;(a). Since a ¢ Uz;i A, Proposition 3] implies that

Under P (-), (X, (b) :be Ry N (U:;E Ar)) are iid with common law .

Since R is Hi:z)—measurable, the Markov property for the independent random walks
process leads to the following conclusion:

Under P (-), (Xy4e,,(b) : b€ Ry N (Ulr;i AT) )t>0 are iid realizations of P;.

‘We deduce that

P (E(a,t;)) = ]:[ II Be (vt € tren t), Xo# he),

r=j bERgNA,

i—1
(P, stationary) = H P, (Vt € [0,t, —tr11), Xi(b) # htthT)\RoﬂAr\ .
=J

We apply the Meeting Time Lemma (Lemma[[L7above) to each term in the product
and deduce that, for some choice of (v, q,) as in the lemma,

e o )

The proof of ([&G) finishes once we realize that ¢, — t,,1 = 247" (In 5)T1(:?it and
T > Eq, [Ho). O
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4.5. End of proof of Theorem 1.3. We now complete the proof of Theorem [[.3
By Proposition 1], it suffices to show that

Pooo (IS 22) <17

for some universal v > 0, with ¢y as in (@4). To see this, we will use [@H) and
recall our convention of omitting (™ from the notation (cf. Notational convention

[42):
P(IS3>2) = IP(O E(a,to)>,
a=2

(G as in Proposition @) < 1-P(G)+P (g N CJ E(a, t0)> )
a=2
(union bound) < 1-P(G)+ ip(g N E(a,to)),
a=2
L-P(G)+P(G)D > P(E(ato)]G),

i=1 a€A;

([n\{1} = Uiy 4i)

IA

+o00 i
; 2
(Proposition L3 + |4;] <27) < 1-P(G)+P(9)> (5) :
i=1

_ PO
3

Since P (G) > « for some universal o > 0 (cf. Proposition £4]), we deduce that
P (|ng‘| >2)<1—~vwithy= % universal.
This finishes the proof.

4.6. Proof of Theorem 1.5. We now present the modifications of the previous
proof that are necessary to prove Theorem We keep the definitions from previ-
ous subsections. We will also assume that k£ > 4 so that there exists some j € [m)]
with
h=2t1 —1=1+2+.. +2/ <k/2.
In fact, we will assume that j is the largest number satisfying this so that 2912 >
k/2. (The case of k < 4 follows from Theorem [[3] with an increase in the universal
constant if necessary. If m is too small to allow for this choice of j, we may increase
n —and thus m — at the cost of having more walkers in the beginning of the process.)
We first need an analogue of Proposition [£.1}

Proposition 4.7 (Proof omitted). Suppose that there exists a universal v > 0 such
that for all k as above, all n € N and all z(™ € V™,

(4.8) P, (|ng_‘| >k + 1) <1-n.

Then there exists a universal K1 > 0 with

TS
E,on [Ch] < Ko | =% + T3 ) -
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We omit the proof of this, which follows that of Proposition [£1] quite closely.
The key point is to notice that

11Q T
t
mix ta 2- - Thlt < 2r]‘_‘mlx C2 :

t; 72Tmlx+224 {(In5)TY, <279

with ¢1,ca > 1 universal (here we used 2772 > k/2).
We will now bound P (|S{?\ >k+ 1) in terms of h and k. Using Notational
convention 2] we first observe that, since h < k,

P(|ng.‘|2k+1) —P(Zﬂm,tjpkﬂ) <1P>< > HE(a7tj)>k—h+1>.
a=1

a=h+1

Now follow the long chain of inequalities in the previous subsection to deduce that

P(ISA1=k+1) < 1—IP’(Q)+]P’(Q)IP’<Z HE(a7tj)2k—h+1|g>,
a=h+1
(Maskov ineq) < 1-B(g) + B (g) emhirteieey 6],
m E Z:’; Za iHE(a,tj) ‘ g
(NP = Uy A) < 1-P(G)+P(9) | ”} ;11 L
P(E(a,t;) | G)
— 1-P ’
Z;Lla; k h+1
( B3+ [A;] < 27) (G)+P(9) 26
Prop. A1+ |4;| <2) < 1-P +P
i kRl
2J+1
= l—P(g)+P(Q)3(k_h+1),
@t =h+1) < 1—P(g)+P(g)3(kh_J;ll+1),
k2
(h<k/2) < 1-P@O)+P©) o
= 1-P@)+PO) 2
8
(k>4) < 1—E}P’(g).

To finish, we note that P (G) > o > 0 with a universal (Proposition [£.4]); hence we
may take v = 8a/15 in Proposition {1

5. ON THE MEETING TIME LEMMA

5.1. Preliminaries on quasistationary distributions. In this section we review
some facts about quasistationary distributions that will be needed in the proof of
Lemma [[7] We will use the definitions in Section throughout this section.
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Given any v € V, q, € M1(V) is a quasistationary distribution for V\{v} if
VbeV,qub) =Py, (Xy =b| H, > t).
All quasistationary distributions q, correspond to eigenvalues of the restriction
of IT'/2QII~1/2 to a subspace RY, of RV defined below. Here is the recipe.
(1) Consider the subspace

RY, = {uecRY : u(v) =0}
and let P_, : RY — RY, denote the standard projection onto RY, .
Qv = P II2QU 2P,

is a symmetric linear operator from RY, to itself with identical diagonal
entries and non-positive off-diagonal entries in the “obvious” basis for that
space, i.e. the one given by the canonical basis vectors ep, b € V\{v}.

(2) By Perron-Frobenius, each irreducible block of the matrix @, has a unique
eigenvector w, € RY, \{0} with non-negative entries which achieves the
smallest eigenvalue A(w, ) corresponding to that block.

(3) A simple calculation shows that the vector

B 1Y/ 24,
o= Ebev 7Tl/z(b)wv(b)
defines a probability distribution over V with
P, (X; = b, H, > t) = qf e P9 ve, = A, (b),

v

which in particular implies that q, is a quasistationary distribution associ-
ated with v. In particular, Eq, [H,] = 1/A(w,) > 0. Notice moreover that

q.»(v) = 0.
The following proposition — an immediate consequence of the third item above
— will be all we need.

Proposition 5.1. Let Q_, be defined as above and let AN(v) denote the smallest
eigenvalue of Q_,. Then there exists a quasistationary distribution q, for V\{v}
such that A(v) = 1/Eq, [H,| and

Py, (H, > t) = e 1,

Proof. This smallest eigenvalue is the smallest eigenvalue of some block of @), and
thus equals some w,,. The rest follows from item (3) and from summing the formula
for Pq, (Xy = b, H, > t) over b. O

5.2. Proof of the Meeting Time Lemma.

Proof of Lemma [L7. Fix n € N\{0}, A > 0. We note that

P, (VO < s < t, X, % hy) < Px (ﬁ{xm/n) £ h(z’t/n)})

H(l + (e~

i=1

(5.1)

>

<E,

3

- — 1)H{X<it/n>—h<it/n>})1 :
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For a given v € V| let D,, be the matrix with a 1 in position (v, v) and Os elsewhere.
A calculation reveals that the RHS above can be rewritten as

ADp it/
()" H exp (——) exp ( hGt/ L)) 1,
1<i<n "

where 1 is the all-ones vector, II = diag(m(v)),ev was introduced in Section BT
and the J]" symbol means that the order of the terms in the product is from left
to right. Since II commutes with all D,,, we can rewrite the above expression as

* 1/201-1/2 AD;
a2t I exp(_%>exp<_w> /21
n

n

The vector IT'/21 has norm |[[1'/21|> = 3~ 7(v) = 1. This implies that the above
expression is at most the operator norm of the product of matrices. It follows that

* 1/217—1/2 AD; s
P, (V0 <s<t, Xs#hs) < H exp (—w> exp (—M>

; n n
1<i<n
<i< op
Since the operator norm is submultiplicative, we obtain
(5.2) Pr(V0<s<t Xs#hs)
- ( tHl/QQH—l/Q) ( ADh(it/n))
H _HEPQUTVEN o (—2Pratm
Pl n n op
I/ 2QII—1/2 ADN\||"
< max ||exp (—4> exp (— )
veEV n n op

We now consider the terms of which we take the maximum in the RHS, for large
n € N. For a given v € V, we have

tult/2gu—1/2  _ aAp, tnl/2gu—1/24apD,
e n e n —e n

=0,

op

where the constant implicit in the O (n_2) term depends on A, ¢t and @, but not
on v. Letting n — 400 while keeping A fixed, we get

n
op>

_wnt/2u-1/24AD,
-

. _wml/2eu=t/2 AD,
(5.3) lim | max|le e n

n—4o0o \ veEV

(&

n
op)

He—tnl/zQH*I/z—ADv

= lim max
n—+oo \ veV

= max

veEV op '

Indeed, the last line follows from the self-adjointness of the exponential and from

the fact that || B¥|lop, = || B||k, for self-adjoint matrices B. We now use the positive-
definiteness of matrix exponentials, together with the spectral mapping property,
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to deduce that

Yo €V, ||67tH1/2QH_1/27ADv ||op _ )\max(eftl'll/QQH_l/QfADy)

— e Amin(HITV2QIT /24 AD,)

The last inequality and (5.2]), (B3) imply that

<s<t X < —  mi LG22 + AD,) ) .
Pr (V0 <s<t, Xy # hs) <exp ( pin Amin (tI1/2Q + )

We now make the following claim.

Claim 5.2. As A /S +oo,
Anlin(tH1/2QH_l/2 + ADU) — tAmin(va)a
where Q_, is defined as in Section [B.]]

This result is probably well known; for instance, it is a weaker variant of Lemma
3.1 in [B]. We will prove it below for completeness, but first we deduce from the
claim combined with Proposition [B.1] that:

P, (V0 <s<t, X # hs) <exp (—t mi\I]l )\min(QD)> = e_EquHvl =Py, (H, > 1),
IS

where q, is some quasistationary distribution associated with v. This shows that
the lemma follows from the claim.

We now prove the claim. Recall the definition of P_, in Section [£.I] and notice
that D, = I —P_,. In particular, D,w = 0 for all w € RYU and

Amin((IY2QII™Y2 + AD,) = inf W' ((IIV2QII~Y2 + AD,)

weRV, |w|=1

< inf  w'@IV2QUY2 + AD,)w

T weRY, lw|=1

—

(5.4) = inf  w((1/2QIIY?)w,

weRY , Jw|=1

(use P_yw=w) =t inf wh (P_,II2QIIY2P_ ) )w

wG]R\_’v, Jw|=1

= tAmin(Qfa)

To get an opposite inequality, we set A = tII*/2QII~'/2 for convenience. We first
show that there exists some ¢ > 0 such that for all large enough A > 0,

P Sp,

. vt —v —-v
(5.5) A+ AD, = P_,AP N

where for symmetric matrices By, By with the same size, By < By means that
By — By is positive semidefinite. To see this, we use P_,, + D, = I several times

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ON THE COALESCENCE TIME OF REVERSIBLE RANDOM WALKS 2127

and notice that for any z € RV,
zf (A+ ADy)x = P AP_,x + 2T D,AD,x + 221 (P_vAD,)x
+A(z'Dyz),

(Cauchy-Schwartz) > z/P_,AP_,x + ' ADU:E + | Dy <§ - ||A||0p)

—=2[|Allop [P—v|[| Dy,
t (p_UAP_U + Af”) x

+<¢Z|Dvx| 2||A||op|7>_vz|> ALy Pl
2

(assume A > 4||Allop)

Y

3

VA

cP_, ADU
2

x.

(set c = 4)|Allop) > af (PUAPU

This proves (E.5]), which implies that

—D
A + 5 v
Notice that the matrix on the RHS of (5.6]) has RV, as an invarant subspace, which
implies that all of its eigenvectors lie in RV or in its orthogonal complement. It is
easy to see that all vectors in the latter space are eigenvectors with eigenvalue A/2.

Therefore, for all large enough A the minimal eigenvalue corresponds to a vector
in RY,. We deduce that for all large A > 0,

c’P,U A

LA
(5.6) Aumin (A + ADy) > Amin (P_UAP_U P ) .

Amin (73 vAP_,

_ . i Py _ ‘ _c
min w (PUAPU A )w tAmin (Q—v) A

weRY |w|=1

because wiP_,AP_,w = tw'Q_,w for all w as above. Together with (5.4]) and
(B6), this shows that, when A > 0 is large enough,

tAmin(va) - % S )\min(tnl/2QH_1/2 + AD'U) é t)\min(va)a

and the claim follows when we let A 7 4o0. O

6. FINAL REMARKS

o Let Tmcct denote the maximum expected meeting time of two independent
realizations of Q. As noted in Remark it is not true in general that
E[C] < K, TY,., for some universal K5 > 0 and all Q. Can something
like this bound be proved for some interesting class of @7 A more modest
question is whether the constants in the two theorems can be improved.

e The Meeting Time Lemma (Lemma [[T7)) can be used in the study of a cat-
and-mouse game proposed in [2, Chapter 4, page 17]. Here a cat moves
according to a reversible Markov chain ). A mouse chooses its own tra-
jectory (hs)s>0 and an initial distribution for the cat. Aldous and Fill
asked if staying put at some special state gives an optimal strategy for
the mouse in terms of maximizing E [M], where M is the meeting time
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of cat and mouse. Lemma [[7] implies that this is approximately true if
9. < max, E. [H,]. In fact, some strategy where the mouse stays put

mix
nearly maximizes P (M > ¢) simultaneously for all ¢ > 0. We expect to
comment on this and related results in an upcoming note.
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