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On the Coefficient o f Heat Transfer from the Internal Surface of

Tube Walls.

B y  A l b e r t  E a g l e , B.Sc ., a n d  R . M. Fe r g u s o n , M.Sc ., M anchester

U n iv e rs ity .

(Com m unicated by  G. G. Stoney, F .R .S .— Received Septem ber 9, 1929.—Revised

Ja n u a ry  21, 1930.)

1. In troductory.

T h e p re se n t w ork  on  th e  tra n s fe r  of h e a t  fro m  a h e a te d  b ra ss  tu b e  to  w ate r 

flow ing th ro u g h  i t  w as u n d e r ta k e n  fo r th e  B rit is h  E lec trica l a n d  A ll ie d  

In d u s tr ie s  R ese arch  A sso c ia tio n  th o u g h  th e  e x p e rim en ta l m eth o d s  p ursu ed  

w ere le ft to  th e  d isc re tio n  of th e  ex p erim en te rs . Tw o im p o r ta n t in n o v a tio n s 

co m p ared  w ith  th e  m e th o d s  of p re v io u s  e x p er im en te rs  w ere : F ir s t , th e  d irect 

h e a tin g  of th e  tu b e  b y  a  low  te n sio n  a lte rn a t in g  c u r r e n t ; a n d  secondly, th e  

d iscard in g  of th e  use of th e rm o c o u p le s  to  o b ta in  th e  te m p e ra tu re  of th e  w ater, 

th is  b e ing  c a lc u la te d  for a n y  c ro ss-sec tio n  fro m  th e  a m o u n t of h e a t p u t  in to  

th e  w a te r  u p  to  t h a t  cross-section . T he  te m p e ra tu re  so ca lcu la ted  is w h a t an  

eng in eer a lw ays u n d e rs ta n d s  as  th e  te m p e ra tu re  of th e  w ate r . T he  only  o th er  

w ay  of g e tt in g  a  d efin ite  w a te r te m p e ra tu re  is to  ta k e  th e  te m p e ra tu re  a t  

p o in ts  in  th e  ax is— a q u ite  u n im p o r ta n t  te m p e ra tu re  in  p rac tice . N a tu ra lly  

th e  v a lu e  t h a t  is o b ta in e d  fo r th e  coefficient of h e a t  tra n s fe r  depends con

sid erab ly  on  w h a t is ta k e n  as  th e  w a te r te m p e ra tu re .

2. H istorical.

M an y e x p er im en ts  on  th e  tr a n s fe r  of h e a t  across  con denser tu b e s  h ave  been 

m a d e  w ith  th e  o u ts id e  of th e  tu b e  s te a m  h e a te d , th e  a m o u n t of h e a t tra n s fe r 

b e ing  o b ta in e d  fro m  th e  rise of te m p e ra tu re  of th e  w a te r flow ing th ro u g h  th e  

tu b e . N one of th is  w ork  h a s  a n y  scientific va lue , how ever, ex cep t in  th e  few 

cases w here th e  a c tu a l  te m p e ra tu re  of th e  tu b e  w as d ire c tly  o b ta in e d  b y  m eans 

of the rm o co u p les . H e re  a re  in c lu d ed  th e  ex p er im en ts  of W ebste r,*  C lem ent 

a n d  G arland ']' a n d  M cA dam s a n d  F ro s t .J  Also w o rth y  of m e n tio n  a re  some

* “ Som e exp er im en ts  in  th e  C ondensa tion  o f S team ,” ‘ In st. Engin eers and  Shipbuilders  

in  S co tland ,’ vo l. 57 (1913).

|  “ A  S tu d y  in  H ea t  T ransm ission ,” ‘ B u lle tin  N o . 40  U n iv ers ity  o f Illin o is ’ (1909).

% ‘ J . Ind . E n g . C hem .,’ vo l. 5, pp . 13-18 and  1101-1105 (1922).
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e ar ly  e x p e rim en ts  b y  S ta n to n *  in  w hich  th e  te m p e ra tu re  of th e  tu b e  w as 

o b ta in e d  fro m  its  in c rease  in  len g th .

W e b s te r’s e x p e rim e n ts  suffer fro m  th e  d isa d v a n ta g e , am o n g  o th e r  th in g s, 

t h a t  th e  difference of te m p e ra tu re  b e tw ee n  th e  tu b e  a n d  th e  w a te r  w as so 

g re a t (th e  s te a m  o u tsid e  th e  tu b e  b e in g  ab o v e  a tm o sp h e ric  p re ssu re  a n d  th e r e 

fo re  ab o v e  100° C.) th a t ,  in  v iew  of th e  g re a tly  v a ry in g  p ro p e rtie s  of w a te r  

o v er th e  ra n g e  fro m  20° C. to  100° C., h is re su lts  h a v e  c o m p a ra tiv e ly  l i t t le  

a p p lic a tio n  to  th e  p ro b le m s of m o d e rn  co n d en sers . C lem en t a n d  G a r la n d ’s 

e x p er im en ts  suffer fro m  th e  fa c t  t h a t  th e y  u sed  a n  iro n  tu b e  of a b o u t o n e -e ig h th  

of a n  in c h  (3 m m .) th ic k . T h erm o co u p le s  g av e  th e  te m p e ra tu re  of th e  o u t

side of th e  tu b e  w h ereas i t  w as th e  te m p e ra tu re  of th e  in s id e  su rface  w hich  w as 

re q u ire d  ; a n d  i t  h a s  b e en  p o in te d  o u t b y  M cA d am s a n d  F ro s t  t h a t  th e  u n 

c e r ta in ty  of th e  th e rm a l c o n d u c tiv ity  of th e  iro n  re n d e r  C lem en t a n d  G a rla n d ’s 

re su lts  u n c e r ta in  b y  a b o u t 50 p e r c e n t. M oreov er th e  in creas in g  film  of iro n  

o xide  w hich  m u s t d ev e lo p  w ith  u se  m u s t m a k e  re lia n ce  o n  th e ir  re su lts  

d ifficu lt.

P ro b a b ly  th e  m o s t a c c u ra te  e x p e r im e n ts  p u b lish e d  w h e n  th e  p re s e n t w o rk  

b e g an  w ere th o se  of M cA dam s a n d  F r o s t ; b u t  th e y  h a d  o n ly  o b ta in e d  th e  

coefficient of h e a t  tra n s fe r  fo r  c o m p a ra tiv e ly  iso la te d  cases, w h ereas, ow ing  to  

i ts  g re a t v a r ia tio n , a  sy s te m a tic  e x a m in a tio n  w as re q u ire d  co v erin g  a  w ide 

ra n g e  of w a te r  v eloc ities , w a te r  te m p e ra tu re s , tu b e  d ia m e te rs  a n d  h e a t  flow  

ra te s . O n ly  w h en  th is  h a s  b een  d o n e  c a n  a n y  u sefu l th e o re tic a l d e d u c tio n s  

be m a d e  fro m  th e  e x p e r im e n ta l re su lts . T h e e x p e rim e n ts  of S ta n to n  also  

co v ered  to o  lim ited  a ra n g e  ; m o reo v er S ta n to n ’s tu b e s  w ere to o  sh o r t to  g ive 

a c c u ra te  coefficients of h e a t  tra n s fe r  s ince i t  is n o t  t i l l  th e  w a te r  h a s  tra v e rs e d  

a  sufficien t le n g th  of th e  h e a te d  p o r tio n  of th e  tu b e , to  e s ta b lish  th e  lim itin g  

d is tr ib u tio n  of te m p e ra tu re  o v er th e  cross sec tio n , t h a t  a d efin ite  coefficient can  

b e  o b ta in e d . T h e p re se n t e x p e r im e n ta l v a lu es re fe r e n tire ly  to  th e se  lim itin g  

coefficients.

3. Range o f  C onditions covered by the ‘present E xperim ents.

T h e  p re se n t ex p e rim en ts  o n  co m m erc ia l b rass  tu b e s  co v ered  th e  d esired  

w ide ran g e  of co n d itio n s. T h e  w a te r  te m p e ra tu re  w as v a r ie d  fro m  a b o u t 

40° F . (5° C.) to  o v e r 140° F . (60° C.) ; th e  w a te r  v e lo c ity  fro m  1 ft . p e r second 

(30 cm . p er second) to  11 ft . p e r second (330 cm . p e r second) ; th e  o u ts id e  

tu b e  d ia m ete rs  fro m  |  in ch  to  1 |  in ch es (inside  d ia m e te rs  fro m  1-02  cm . to  

3 -5 6  cm .) ; w hile th e  h e a t  flow ra te s  v a rie d  fro m  4000 B rit is h  th e rm a l u n its

Heat Transfer from Internal Surface Walls. 5 41

* * P h il. T ran s .,’ v o l. 190, pp . 67 -88  (1897).
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5 4 2 A . E a g l e  a n d  R . M . F e r g u s o n .

p e r sq u are  fo o t p e r h o u r  to  20,000  B ritish  th e rm a l u n its  p er sq u are  foot per 

h o u r  (0 -3 0  to  1 -50  calories p er sq u are  c en tim etre  p e r second).

F o r  each  tu b e  th e  w a te r  v e lo c ity  w as a d ju s te d  as n e ar ly  as  possible to  th e  

d esired  ro u n d  figure of so m a n y  fee t p e r second, a n d  te s ts  w ere ta k e n  a t  various 

in le t w a te r  te m p e ra tu re s  a n d  ra te s  of h e a t  flow a t  th is  ve locity .

I n  th e  p re se n t e x p erim en ts  th e  e x p er im en ta l tu b e  w as cleaned a t  th e  com 

m e n cem en t of ev ery  m o rn in g ’s or a f te rn o o n ’s ex perim en ts , by d raw ing  a  w ash- 

le a th e r  p lu g  th ro u g h  it . O th er  e x p er im en te rs  do n o t seem  to  h a v e  sufficiently 

rea lised  th e  n e cessity  of th is  if a c c u ra te  coefficients a re  to  be o b ta in ed . The 

d ir t  rem o v ed  w as chiefly h y d ra te d  oxide  of iro n  fro m  th e  co nnecting  pipes an d  

w as especially  p ro n o u n c ed  a t  th e  h ig h e r w a te r te m p e ra tu re s .

4. Sym bols.

T h e follow ing sym bo ls  a re  used , a ll th e  q u a n tit ie s  being  in  C.G.S. u n its  :—

d — 2a — d ia m e te r of tu b e  ;

0 =  te m p e ra tu re  of flu id  (° C.) ;

AO =  th e  te m p e ra tu re  d ifference b e tw een  th e  inside  tu b e  surface an d  

th e  c a lc u la te d  m e an  te m p e ra tu re  of th e  fluid a t  th a t  cross 

s e c t io n ;

I I  =  h e a t  flow in  calories  p e r sq u are  c en tim etre  p er second of in te rn a l 

tu b e  su rface  ;

k o r EE H /A Q  =  coefficient of h e a t  tra n s fe r  ; 

k 0 — v a lu e  of k  w hen  H  =  0 ;

p =  d e n s ity  of flu id  ;

s =  specific h e a t  of flu id (a t c o n s ta n t p re ssu re  in  th e  case of a g a s ) ;

c =  th e rm a l c o n d u c tiv ity  of flu id ;

[jl =  v isco sity  of flu id  ;

v  — m ean  v e lo c ity  of flow ; 

vm EE pv — “ m ass v e lo c ity  ” ;

f  =  “ th e o re tic a l ” th ick n e ss  of v iscous flow film a t  tu b e  w a l l ;

<f>f =  a c tu a l th ic k n ess  of abo ve  film  ;

or ^  pis /c. T his m easu res  th e  d e p a r tu re  from  th e  id eal gaseous s ta te  

for th e rm a l co n d u c tiv ity , a n d  m ig h t a p p ro p ria te ly  be called 

th e  “ coefficient of liq u id ity  ” ;

x EE pvd/[i. T h is  is k n o w n  as  R e y n o ld s’ n um ber, an d  m ay 

a p p ro p ria te ly  be called  th e  “ coefficient of tu rb u len c e  ;

R  =  w all fric tio n  (in  d ynes p e r sq u are  cen tim etre ) a t  tu b e  surface 

causin g: th e  loss of h y d ro s ta tic  head .
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Heat Transfer from  Internal Surface of Tube Walls. 5 4 3

Z EE R jpv2 is a  fu n c tio n  of t  o n ly  w h ich  h as  b een  e x p e rim e n ta lly  

d e te rm in e d  b y  S ta n to n  a n d  P a n n e d .*  Z is so m etim es k n o w n  

as “  L ee s’ fu n c tio n ,” he  h a v in g  g iv en  a n  em p irica l fo rm u la  

for it.

5. D im en sion al E quation s.

T h e  c o n sid e ra tio n  of th e  d im en sio n s of th e  q u a n ti t ie s  in v o lv e d , show s t h a t  

if Q is th e  a m o u n t of h e a t  g a in ed  o r lo s t in  u n i t  tim e  b y  a  su rfa ce  of a n y  fixed  

sh ap e , a n d  of lin e a r d im en sio n s p ro p o r tio n a l to  l, w h en  a  flu id  of d e n s ity  p , 

specific h e a t  s, v is co s ity  jjl , a n d  th e rm a l c o n d u c tiv ity  c, flows p a s t  i t  w ith  a  

v e lo c ity  v  ; a n d  if th e  d ifference in  te m p e ra tu re  b e tw ee n  th e  su rface  a n d  a n y  

p o in t in  th e  flu id  (in  a n y  g iv en  d ire c tio n  a n d  a t  a  d is ta n c e  p ro p o r tio n a l to  l) 

is 0, th e n  Q is g iv en  b y

Q =  pVh? . F  {sQ/v2, [l s /c , p 

w h ere F  is a n y  fu n c tio n  of i ts  th re e  a rg u m e n ts . |

I f  we assu m e t h a t  th e  te m p e ra tu re  d ifference, 0, is in fin ites im a l i t  is o bv io u s 

t h a t  Q w ill b e in fin itesim a l a n d  t h a t  Q /0  w ill, in  th e  lim it, be  in d e p e n d e n t of 0. 

I n  th is  case Q c a n  o n ly  in v o lv e  0 th ro u g h  as  a  fa c to r . H en ce  we h a v e

lim it  Q/0Z2 =  pvs . F  {p, p 

A s th e  le f t-h a n d  side is p ro p o r tio n a l to  th e  h e a t  tra n s fe r  coefficient, w hile, 

fo r a  p ip e  of d ia m e te r  d  a t  p o in ts  to o  fa r, b o th  fro m  th e  e n tra n c e  a n d  th e  p o in t  

a t  w h ich th e  h e a tin g  b eg ins to  be  a ffec ted  b y  th e  in it ia l  irre g u la ri t ie s  d u e  to  

th e se  causes, no  lin e a r d im en sio n  is c o n ce rn e d  sav e  d, we g e t, on  re p la c in g  l b y  

d  in  (2) a n d  in v e rtin g  th e  fo rm u la  fo r co n venience,

P vs/Jc0 =  vms /k 0 =  F t ), (3)

w here  c  =  p,s/c, t  =  pvd/  p. a n d  v m =  is th e  m ass flow. E x p e rim e n ta ll

pv is th e  q u a n t i ty  W /A  t,where  W  is th e  w e ig h t flow ing p a s t  a  cross sec tio n  

a re a  A  in  th e  tim e  t. F o r  w ate r , we h a v e  te rm e d  vm th e  “ n o m in a l v e lo c ity .”  

E q u a tio n  (3) does n o t a c c u ra te ly  h o ld  fo r fin ite  ra te s  of h e a t  flow b ecau se  

som e o r a ll of th e  q u a n tit ie s  p, s, c a n d  p ch an g e  w ith  th e  te m p e ra tu re  ; a n d  

* * P h il. T ran s .,’ A , vo l. 214 , p . 199 (1914 ).

t  See  e.g. A . H . G ib son , “ T h e  M echan ica l P rop er ties  o f F lu id s ,” p. 180. T h is  fo rm u la , 

of course, en tire ly  n eg lec ts  a n y  tran sfer  o f h ea t  th rough  th e  flu id  b y  d irect rad ia tion , and  

so  is  n o t  app licab le  to  m o st  ga ses  w here th is  m a y  be a con sid erab le  fra c tion  o f th e  w ho le  

transfer. T he ex te rn a l pressure to  w h ich  th e  flu id  is  su b jec ted  is  a lso  a ssum ed  b y  th is  

form ula  to  h ave  no  e ffec t on  k. T h is  m u st p ra c tica lly  be so  for b o th  gases  and  ord in ary  

liqu id s, b u t n eed  n o t  be so  for liq u id s and  vapours n ear th e ir  cr itica l p o in t  where th e  m olecu lar  

com p lex ity  changes g rea tly  w ith  a change o f pressure.

VOL. CXXVII.— A. 2 N
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5 4 4 A . E a g l e  a n d  R . M . F e r g u s o n .

hence  to  g e t k  th e n  b y  (3) w o uld  n ecessita te  s u b s titu tin g  th e  va lues o

a n d  p fo r som e u n k n o w n  te m p e ra tu re  in te rm e d ia te  b e tw een  th a t  of th e  tu b e  

a n d  th e  liq u id .

B y  th e  p rinc ip le  of sm all v a r ia tio n s  a n d  th e  th e o ry  of d im ensions we get 

&h , th e  coefficient for a sm all b u t  n o t in fin itesim al, r a te  of h e a t flow, H , given

b y

w here th e  X’s a re  m ere  n u m e ric a l c o n s ta n ts  o r fu n c tio n s  of th e  dim ensionless 

q u a n tit ie s  a  a n d  x. I n  th e  case of m a n y  liq u id s  a n d  d p /d 0  a re  negligible.

6. Osborne Reynolds' Theory o f H eat Transfer and its  M odifications.

O sborne  R e y n o ld s ’ w ell-k no w n th e o ry  of h e a t  tra n s fe r,  fo u n d ed  on  th e  

s im ila ri ty  of th e  m a n n e r  in  w hich  tu rb u le n t  flu ids co n v ey  b o th  h e a t a n d  

m o m e n tu m , gives, if we ig nore th e  p resence  of a  v iscous flow film over th e  

su rface ,

v ms /k 0 =  Z - h  (5)

I f  a  v iscous film  of sm all th ic k n e ss  is su p p o se d  to  cov er th e  tu b e  w all a n d  th e  

w hole of th e  tu rb u le n t  core is su p p o sed  to  h a v e  th e  v e lo c ity  v  a n d  no  th e rm a l 

resis ta n c e , i t  is easily  fo u n d , b y  c a lc u la tin g  th e  th ic k n ess  of th e  film  from  th e  

v isco sity , w a ll f r ic tio n  a n d  tra n sv e rse  v e lo c ity  g ra d ie n t, th a t

vms /k 0 =  crZ-1 . (5a )

Gr. I .  T ay lo r*  allow ed  fo r th e  e x p e rim e n ta lly  d e m o n s tra te d  fa c t th a t  th e  

v e lo c ity  a t  th e  film b o u n d a ry  is o n ly  a  fra c tio n , say  f ,  of v, so th a t  th e  film 

th ic k n e ss  is o n ly  f  of th e  ab o v e  a m o u n t ; in  th is  case i t  can  be show n th a t

vmsjko =  (1 -  cf> +  

a n  eq u a tio n  firs t ex p lic itly  g iv en  b y  S ir T. E . S ta n to n f  th o u g h  he d eriv ed  i t  

from , a n d  i t  is im p lied  in , T a y lo r’s p a p e r  ju s t  c ite d  w hich  w as originally  p u b 

lish ed  p r io r to  S ta n to n ’s p a p e r. E q u a tio n  (6) m a y  co n v en ien tly  be called 

th e  T ay lo r fo rm u la  th o u g h  n e ith e r  S ta n to n  n o r T a y lo r specified th a t  th e  h e a t 

flow ra te  w as to  be in fin itesim al.

I t  is to  be  n o te d  th a t  w hen  a  =  1— a n d  i t  is n o t g re a tly  d ifferen t from  u n ity  

fo r m o s t gases a n d  v a p o u rs — th e  p resence o r th e  v iscous flow film is w ith o u t 

effect on  th e  th e rm a l resis tan ce  as (6) th e n  red u ces to  (5). B u t eq u a tio n  (6)

* ‘ T echn ica l R eport o f A dv iso ry  C omm ittee for A eronau tics ,’ vo l. 9, p . 423 (1917).

f  ‘ T echn ica l R eport o f A dv iso ry  C omm ittee for A eronau tics ,’ vo l. 8, p . 16 (1916).
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is in  s tro n g  c o n tra d ic tio n  to  w h a t th e  p re se n t re su lts  g ive w h en  e x tra p o la te d  

to  g  — 1. F o r  a — 1 i t  w ill b e  seen t h a t  th e  re su lts  in  T ab le  I  (p. 556) give

v^s /Icq — 1 -48 Z -1  w h en  log t  =  3*7
fa llin g  to

vms /k o =  1*04 Z""1 w h en  log x  =  oo ,

show ing a  v e ry  la rg e  d isc rep a n c y  a t  lowr v a lu es  of t  w hich  in d ic a te s  t h a t  w h en  

th e  tu rb u le n c e  is feeble th e  th e rm a l re s is ta n c e  of th e  flu id  is m u c h  la rg e r th a n  

is g iven  b y  R e y n o ld s ’ th e o ry .

N ow  S ta n to n  a n d  P a n n e ll’s re su lts  o n  th e  loss of h y d ro s ta tic  h e a d  show  th a t  

if th e  loss of h e a d  fo r  tu rb u le n t  flow  is e x tra p o la te d  p a s t  th e  u n s ta b le  a n d  

d is co n tin u o u s  reg ion , i t  w ill becom e id e n tic a l w ith  th e  loss of h e a d  fo r v iscou s 

flow  w h en  log x ~  3 -0 7 , i.e.,sa y  w h e n  x ~  1175. S ince Z _1 is th e  

v a ria b le  fa c to r  in  (6) in  th e  ex p re ssio n  fo r vms /k 0 i t  m a y  be  e x p e c te d  w ith  som e 

reaso n  th a t  th e  k0’s w h en  e x tra p o la te d , firs t to  a  =  1 a n d  th e n  to  low  v a lu e s 

of t , sh o u ld  ag ree w ith  th e  ca lcu la b le  re su lts  fo r p u re  v isco us flow  a t  a b o u t 

log  t  =  3 -07 . A lso 7c0 fo r v isco us flow  is c a lc u la te d  in  A p p e n d ix  A, as

vms /k 0 =  ll<y/6Z. (7)

A t a  =  l  th is  is vms /k 0=  1 -83 3 Z " 1. T h e  p re se n t re su lts  in d ic a te  a v e ry

sa tis fa c to ry  te n d in g  to  th is  v a lu e  a t  a b o u t  lo g  x =  3 -0 7 .

I t  is n o te w o rth y  t h a t  th o u g h  th e  p re s e n t re su lts  d iffer so m a rk e d ly  a t  low  

tu rb u le n c e  fro m  th e  T a y lo r e q u a tio n  (6) th e y  c lose ly  ag ree w ith  a general 

lin e a r fo rm u la  in  cr, say ,

vms lk 0 =  {a +  p (a — 1)} Z " 1, (8)

w here a. a n d  (3 a re  fu n c tio n s  of x on ly . I n  fa c t th is  e q u a tio n  co u ld

re p re se n t th e  whole of th e  p re se n t re su lts  co v erin g  fro m  3 -0  to  — 1 0 -6  

a n d  a ll v a lu es of x to  w ith in  1 |  p e r c en t. N e v e rth e le ss  th e  d e v ia tio n  of th e  

re su lts  fro m  (8) w as p e rfe c t ly  re g u la r a n d  sy s te m a tic  a n d  in  th e  m a n n e r  w hich 

th e o ry  in d ic a te d  w as to  be e x p ec ted . T a k in g  (8) to  re p re se n t th e  re su lts  w ith  

sufficien t accu racy , (7) show s t h a t  b o th  a  a n d  (3 m u s t becom e 11/6 fo r v iscous 

flow.

I t  is, of course, possib le  to  c a lc u la te  </> in  (6) so as to  m a k e  k 0 agree w ith  a n y  

e x p e rim en ta l k0, b u t  th e  </>'s so c a lc u la te d  a re  n o t  c o n s ta n ts  b u t  v a ry  w ith  b o th  

a  a n d  x.Now  if </> h as th e  p h y sica l m e an in g  a t t r ib u te d  to  it , i t  is a b su rd  to  

supp ose  i t  v a ries  w ith  a  since i t  o b v io u sly  h a s  n o th in g  to  do w ith  th e  th e rm a l 

c o n d u c tiv ity  w hich  is in v o lv e d  in  a  ; n o r c an  th e  h e a t  flow u p se t th e  v a lu e  of 

cj> for we a re o n ly  d ealing  w ith  infin itesim al ra te s  of h e a t  flow.

Since th e  th e rm a l resis tan ce  of th e  v iscous flow film  c a n n o t, a p p a re n tly ,

2 n  2
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5 4 6

be v e ry  d iffe ren t fro m  cf> tim es th e  v a lu e  in  (5a ),* i t  a p p ea rs  t h a t  th e  expression 

in  (5) c a n n o t be considered  as v a lid  for th e  core b u t  on ly  as  th e  va lue  to  w hich 

i ts  th e rm a l re sis tan ce  w ou ld  te n d  for v e ry  h ig h  ra te s  of tu rb u len c e . C om paring 

e q u a tio n s  (6) a n d  (8) fo r b o th  th e  film  a n d  th e  core we see th a t  [3 =  <£, an d  th a t  

th e  th e rm a l re sis ta n c e  of th e  core is (a  — (3)/(l — </>) tim es its  va lue  given by  

R ey n o ld s ’ th e o ry . A t r = 5 0 0 0  (i.e., log t  =  3-7) th is  ra tio  is (see T able I  

below ) (1 -48 3 —  0 -48 0) (1 —  0 -4 8 0 ) =  1 -9 3 ; a t  t  =  1,000,000 th is  ra tio

h a s  fa llen  to  1 -055 ; a n d  i t  is show n  in  § 14 t h a t  th e re  is evidence th a t  i t  is 

below  th is , a n d  p re su m a b ly , e x a c tly  u n ity .

I t  is easy  to  see on  th e o re tic a l g ro u n d s th a t  th e  th e rm a l resistance  of th e  

tu rb u le n t  core m u s t be co n sid erab ly  m o re  th a n  its  v a lu e  g iven  b y  R ey n o ld s ’ 

th e o ry  w hen th e  tu rb u le n c e  is feeble a n d  sluggish . I t  can  also be seen th a t  

in  th is  case th e  th e rm a l res is tan ce  m u s t d e p en d  a p p re c ia b ly  u p o n  th e  th e rm a l 

c o n d u c tiv ity  fo r co m ple te  te m p e ra tu re  e q u a l is a t io n ; t h a t  is th e  th e rm a l 

re sis ta n c e  of th e  core itse lf m u s t v a ry  (a t  le a s t w h en  t  is sm all) w ith  a. I t  

follows fro m  th is  t h a t  i t  is im p ossib le to  a p p o rtio n  th e  th e rm a l resis tan ces 

of th e  core a n d  film . S ince th e  res is tan ce  of th e  core will increase w ith  1 /c i t  

m u s t  in c rease  w ith  a . H en ce  th e  [3a te rm  in  (8) will re p re se n t p a r t  of th e  th e rm a l 

re s is ta n c e  of th e  core as  w ell as th e  res is tan ce  of th e  film. C onseq uently  <f>, 

th e  f ra c tio n a l th ic k n e ss  of th e  film , is less th a n  (3.

7. The Form ula A dopted .

As th e re  m u s t be, b e tw ee n  th e  film  a n d  th e  core a  region  whose m ean  

b e h av io u r is in te rm e d ia te  b e tw een  th e  b e h a v io u r of these , th e o ry  in d ica tes  

t h a t  vms /k 0 in s te a d  of b e in g  a  lin ear fu n c tio n  of a  sh ou ld  be a  co n tin u a lly  

in creasin g  fu n c tio n  of i t  w ith  a  g ra d ie n t c o n tin u o u s ly  decreasing  to  some 

a sy m p to tic  v a lu e, w hich  a sy m p to tic  v a lu e  w ould  give th e  va lue  of <f> for th e  

v iscous film . T his  v a r ia tio n  w ith  a  is e x a c tly  w h a t th e  p re sen t re su lts  in d icate, 

e x c e p t t h a t  in  th e  v a r ia tio n  w ith  a  (for a  c o n s ta n t t ) th e  c u rv a tu re  of th e  curves 

is so sm all fo r th e  ra n g e  of a  covered  (3 -0  to  10-6) th a t  no rate o f change in  

th e  r a te  of ch ang e  of slope co uld  be d e tec ted .

I t  follows th a t  th e  p re se n t ex p erim en ts  can  be e x ac tly  rep resen ted  by

vms/ko =  A ' +  B 'a  — Ca2, 

or, as  we p re fe r to  w rite  i t ,  b y

vms /k 0 =  A  +  B  (a — 1) — C (a — l ) 2

* T h e  e ffec t o f th e  cu rva tu re  o f  th e  tu b e  w a ll is  ea s ily  ca lcu la ted  (s in ce  f /d  =1/Zt ) 

and  w ill be found  to  be q u ite  sm all.

A . E a g l e  a n d  R .  M . F e r g u s o n .
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Heat Transfer from Internal Surface of Tube Walls. 5 4 7

w here A, B  a n d  C a re  p o s itiv e  fu n c tio n s  of r on ly . In se r tin g  Z -1  as  a  fa c to r  

in  th e  r ig h t-h a n d  side, we m a y  w rite

vms/Jc0 =  {a +  (3 (a  — 1) — y  (a  — l ) 2} Z " 1. (10)

T h e e x p er im en ta l re su lts  g av e  am p le  ju s tif ic a tio n  for in se r tin g  Z -1 as a  fa c to r, 

in  t h a t  a , (3 a n d  y  w ere a ll fo u n d  to  b e  c o n tin u o u s ly  d e creas in g  fu n c tio n s  of r 

a p p a re n tly  te n d in g  a sy m p to tic a lly  to  d e fin ite  lim it in g  v a lu es.

T ab les of A, B , C, a , (3, y  a n d  Z _1— th e  l a t te r  fro m  S ta n to n  a n d  P a n n e ll—  

are  g iven  below  (p. 556). I t  m a y  be  n o te d  t h a t  Z -1 is, a s  is easily  p ro v e d , 

e q u a l to  8N , w here  N  is th e  n u m b e r of d ia m e te rs  of le n g th  in  w hich  th e  loss of 

h y d ro s ta tic  h e a d  is e q u a l to  th e  v e lo c ity  h e ad . I t  sh o u ld  also  be n o te d  th a t  

fo rm u la  (10) h a s  o n ly  b een  a r r iv e d  a t  fo r th e  ra n g e  3 -0  <  a  <  10-6 , a n d  i t  

sh o u ld  n o t be u sed  w h en  a  is, say , > 1 5 .  T h e  q u a n t i ty  vms /k 0 is 

a lw ay s a n  in creas in g  fu n c tio n  of a  w h ereas  (10) g ives a  m a x im u m  v a lu e  w hen  

g  — 1 =  (3/2y— a v a lu e  in  th e  n e ig h b o u rh o o d  of 40 to  50.

A s p o in te d  o u t ab o v e , th e  re s is ta n c e  of b o th  th e  core a n d  th e  in te rm e d ia te  

la y e r m u s t in c rease  w ith  a, so th e  re s is ta n c e  of th e  film  is less th a n  th e  (3<t  te rm  in  

(1 0 ); in  fa c t, th e  [3 a p p e r ta in in g  to  th e  film  re s is ta n c e  p ro p e r  sh o u ld  be less th a n  

th e  m in im u m  slope g iv en  b y  a  +  (3 (a  — 1) — y  (a  — l ) 2 o v e r th e  e x p e r im e n ta l 

ran g e . T h is  slope is [3 — 20y w h en  a  — 1 =  10, w hich  is ro u g h ly  e q u a l to  

0 -2 5 .

F ro m  th e  p re se n t e x p e rim e n ts  n o ne  of th e  q u a n ti t ie s  A, B , C o r a , (3, y  

a p p e a r  to  b e s im ple a n a ly tic  fu n c tio n s  of x so t h a t  no  a t te m p t  is h e re  m a d e  to  

find  form ulae fo r th e m . A  se t of la rg e  scale  g ra p h s  w hich  c a n  eas ily  be c o n 

s tru c te d  fro m  th e  ta b u la te d  v a lu es  g iv en  below  is fa r  p re fe rab le  to  co m p lic a te d  

em p irica l form ulae.

A lth o u g h  th e  p re se n t e x p er im en ts  h a v e  b een  ex c lu siv e ly  confined to  w a te r, 

i t  w ill be seen  fro m  th e  ab o v e  a n a ly s is  t h a t  th e  fu n c tio n s  A, B, C a n d  a , (3, y  

m u s t b e th e  sam e for all flu ids, liq u id  a n d  gaseou s, ju s t  as  Z is th e  sam e fo r all 

fluids. T h e lim ita tio n s  on  th e se  re su lts , v iz ., t h a t  th e y  o n ly  a p p ly  to  a n  

in fin itesim al ra te  of h e a t  flow  a n d  a f te r  th e  in itia l  ir re g u la r ity  h as  d ie d  dow n, 

m u s t n o t be o verloo ked. Also, in  th e  case of gases, i t  m u s t be rem e m b ered  

th a t  th e  tra n s fe r  of h e a t  b y  d ire c t ra d ia tio n  m a y  be a n  a p p re c ia b le  fra c tio n  of 

th e  to ta l  a m o u n t.

8. D escription  o f A p p ara tu s.

A d iag ram  of th e  e x p er im en ta l tu b e  w ith  its  s a lie n t fitt in g s  is showm in  fig. 1. 

T he d im ensions th e re  g iv en  a p p ly  to  th e  f - in c h  tu b e , th o u g h  tu b e s  of n o m in a l 

o u ts id e  d ia m e te rs  of f  inch , § inch, 1 in ch  a n d  I f  inches a n d  of m ean  in te rn a l
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5 4 8 A . E a g l e  a n d  R . M . F e r g u s o n .

I n l e t  Th e r m o  -  C o u p l e .

Ex i t  Th e r m o - C o u p l e .

Ou t l e t  w a t e r  t o  

WEiq m w c Ta n k
l o  Ma n o me t e r

Me r c u r y  Th e r mo me t e r  

a n d  C o l d  J u n c t io n  o f

Th e r m o  -  C o u p l e s

Fig . 1.— D ia g ra m  of A p p a ra tu s .

d ia m e te rs  of a b o u t 1*025 cm ., 1*659 cm ., 2*29 cm ., a n d  3*56 cm ., respec

tiv e ly , w ere a ll em ploy ed .

A  le n g th  of 6 fee t 3 in ches of a  f - in c h  tu b e , w h ich  w as 15 fee t in  to ta l  len g th , 

w as h e a te d  e lec trica lly  b y  a  low  te n s io n  a lte rn a t in g  c u rre n t,  fed  in to  i t  b y  six 

co p p er s tra p s  of sec tion  I f  in ches X f  in c h  in  p ara llel*  a t  th e  h e a v y  b rass  lugs 

show n, w hich  w ere so ld ered  on  to  th e  tu b e . Tw o co p p er-co n s ta n ta n  th e rm o 

couples w ere so ldered  on  to  th e  tu b e  a t  1 3 f in ch es resp ec tiv e ly  from  th e  ends 

of th e  e lec trica lly  h e a te d  p o rtio n , care  b e in g ta k e n  th a t  th e  tw o  w ires em erge 

sep a ra te ly , b u t  n e a r  to g e th e r, fro m  a sm all b lob  of solder. To p re v e n t an y  

cooling of th e  th e rm o -ju n c tio n  th e  tw o  w ires w ere la id  dow n close to  th e  tu b e  

fo r a b o u t a n  in ch  a n d  in su la te d  fro m  i t  b y  a  th in  flake of m ica, a n d  th e  w ires 

a n d  th e  tu b e  a t  th is  p lace  w ere th e n  w rap p e d  ro u n d  w ith  asb estos  rope. Two 

g ro o ved  rin g s w ere also so ldered  to  th e  tu b e  a t  tw o  p o in ts  5 fee t 3 inches a p a r t 

w here fo u r sm all ho les h a d  b een  d rilled  th ro u g h  th e  tu b e  w all. These served  

to  d e te rm in e  th e  loss of h y d ro s ta tic  h e a d  ov er th e  in c lu d e d  p o rtio n  of th e  tu b e . 

Im m e d ia te ly  b ey o n d  th e  h e a te d  p o rtio n  th e  tu b e  p ro je c te d  in to  a w a te r box, 

also  show n. A  b ra ss  end -p iece  sh ap e d  so m ew h at like a  tobacco  pipe fit te d  

in to  th e  en d  of th e  f - in c h  tu b e  a n d  th e  “ bow l ” served to  co n ta in  th e  b u lb  of 

a  m e rc u ry  th e rm o m e te r, w hich  w as used  to  o b ta in  th e  te m p e ra tu re  of th e  o u tle t 

w a te r, to g e th e r  w ith  th e  “ cold ju n c tio n s ,” im m ersed  in  oil in  th in  glass tubes, 

of th e  tw o  th erm o co u p les  m e n tio n e d  above. A  th ird  th erm oco up le  w ith  its  

h o t  ju n c tio n  in  th is  bow l w as used  to  o b ta in  th e  te m p e ra tu re  rise of th e  w ater

* T w elv e  s tra p s in  paralle l w ere u sed  for th e  l^ -in ch  tu b e.
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Heat Transfer from Internal Surface o f Tube Walls. 5 4 9

a n d  so to  ch eck  th e  e lec trica l h e a t  su p p lied . W ith  th e  1 -inch  a n d  th e  l | - i n c h  

tu b e s  th is  “ to b a cc o  p ip e  ’ w as n o t  n e cessary , n o r w as i t  n ecessary  w ith  th e  

f - in c h  tu b e  a t  th e  h ig h e r ve loc ities , w h ile  i t  w as re q u ire d  in  a ll cases fo r th e  

|- in c h  tu b e .

T h e  w a te r  su p p ly  cam e fro m  a ta n k  (n o t show n) 18 fe e t a b o v e  th e  e x p e r i

m e n ta l tu b e . T h e w a te r  in  th is  t a n k  c o u ld  b e  h e a te d  b y  d ire c t s te a m  h e a tin g —  

th e  s te a m  issu ing  fro m  nozzles  a n d  m ix in g  w ith  th e  w a te r . A  m o to r  d riv e n  

s tir re r  w as also  p ro v id e d .

T h e v a lu e  of th e  e lec tric  c u r re n t  w as g iv en  b y  a  b u s -b a r  tr a n s fo rm e r  a n d  a n  

a m m e te r w hich  w ere c a lib ra te d  to g e th e r  a g a in s t  a  K e lv in  c u r re n t  b a lan c e  in  

th e  E le c tr ic a l S ta n d a rd s  D e p a r tm e n t  of th e  M an c h e ste r C ollege of T echno log y. 

T h e  e lec trica l re s is ta n c e  of th e  h e a te d  p o r tio n  w as o b ta in e d  b y  p re v io u s ly  

co m p arin g  o n  th e  p o te n tio m e te r  th e  d ro p  of p o te n t ia l  acro ss  th e  b ra s s  lugs 

w ith  t h a t  acro ss  a  s ta n d a rd  low  re s is ta n c e  of a b o u t  0 • 002 o h m  in  series  w ith  

i t  w h en  a  d ire c t  c u r re n t  p a sse d  th ro u g h  b o th . T h is  w as d o n e  w ith  w a te r  a t  

d iffe ren t te m p e ra tu re s  flow ing d o w n  th e  tu b e . T h e  e le c tr ic a l in p u t  w as 

ta k e n  as  g iv en  b y  C2R , th e  e rro r  d u e  to  th e  u n e q u a l d is tr ib u tio n  of c u r re n t  

o v e r th e  cross sec tio n  b e in g  u t te r ly  neg lig ib le . T h e  e x tre m e  c u rre n ts  em p lo y ed  

v a rie d  fro m  520 to  2750 a m p eres  fo r  th e  d iffe ren t tu b e s .

T h e  th i r d  th e rm o c o u p le  m e n tio n e d  a b o v e  h a d  its  cold  ju n c tio n  im m erse d  in  

oil in  a  th in  g lass tu b e , in se r te d  in to  th e  co n d en se r tu b e  a b o u t 2 fe e t be fore  th e  

co m m en cem en t of th e  h e a te d  p o rtio n . I t  se rv ed  to  ch ec k  th e  e le c trica l h e a t  

su p p lie d  ; a n d  th e  tw o  h e a ts  w ere fo u n d  to  be  in  q u ite  sa tis fa c to ry  ag re em e n t, 

b e ing  o fte n  w ith in  1 p e r cen t, a n d  n e a r ly  a lw a y s  w ith in  2 p e r ce n t. T h e  h e a t  

su p p lied  co u ld  b e d e te rm in e d  w ith  m u c h  g re a te r  consistent a cc u ra cy  e lec trica lly  

th a n  b y  th is  th e rm o co u p le , as  th e  a rra n g e m e n t a t  th e  in le t w a te r  ju n c tio n  w as 

n o t so s a tis fa c to ry  fo r g e ttin g  th e  te m p e ra tu re  of th e  w a te r  as  t h a t  a t  th e  o u tle t  

end , a n d  th e  d ia m e te r of th e  tu b e  b e in g  to o  sm all to  p e rm it th e  te m p e ra tu re  

b e in g  ta k e n  u p  a c c u ra te ly  b y  th e  th e rm o  ju n c tio n , so t h a t  i t  w as th e  C2R  

d e te rm in a tio n  of h e a t  w h ich  w as a lw ay s  u sed  in  re d u c in g  th e  re su lts . T h e  

ch eck serv ed , h ow ever, to  show  t h a t  th e re  w as no  reaso n  fo r d o u b tin g  th e  

acc u ra cy  of th e  e lec trica l h e a t  to  m o re  th a n  1 p e r cen t.

T h e tw o  th erm o c o u p le s  so ld ered  on  th e  tu b e  w ere c a lib ra te d  s itu  b y  ru n n in g  

w a te r a t  v a rio u s  te m p e ra tu re s  a n d  a  fa ir ly  h ig h  v e lo c ity  th ro u g h  th e  tu b e  a n d  

p lacin g  th e  “ co ld -ju n c tio n s ”  e ith e r  in  ice o r in  a  th e rm o s  flask  w h ich c o n ta in ed  

oil o r w a te r  h e a te d  to  a n y  d esired  te m p e ra tu re  u p  to  a b o u t 230° F . F ro m  

th ese  re su lts  a  g ra p h  w as c o n s tru c te d  show ing th e  “ th e rm o e le c tr ic  po w er ” 

p lo tte d  a g a in s t th e  m ean  te m p e ra tu re  of th e  ju n c tio n s  ov er a  ran g e  fro m  a b o u t
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40° F . to  190° F . The E .M .F . of th e  th erm o eo p u les  w as o b ta in e d  on a p o te n tio 

m e te r in  th e  u su a l w ay  w ith  a  W esto n  n o rm al cell em p loyed  to  ensure a  co n sta n t 

p o te n tia l  g ra d ie n t dow n th e  p o te n tio m e te r. T he  se n s itiv ity  w as a b o u t 10 cm. 

of w ire to  1° F .

T h e m e an  in te rn a l d ia m e te rs  of th e  tu b e s  w ere d e te rm in e d  b y  weighing 

th e m  e m p ty  a n d  fu ll of w a te r. T his re ad ily  g ave  th e  w eight of w ater per 

second co rresp o n d in g  to  a (nom inal) v e lo city  of 1 fo o t p er second.

T he m e an  w a te r te m p e ra tu re s  a t  th e  p ositio n s of th e  th erm o cou p les  were 

c a lc u la te d  fro m  th e  h e a t  p u t  in to  th e  w a te r u p  to  th o se  p ositio ns ; th a t  is, it  

w as ta k e n  to  rise lin early  a long  th e  tu b e . T he  te m p e ra tu re  d ro p  across th e  

tu b e  w all w as allow ed for, b u t  since th e  h e a t w as g e n era te d  th ro u g h o u t th e  

b u lk  of th e  m a te r ia l th is  d ro p  w as o n ly  h a lf w h a t i t  w ould  h av e  been  h a d  th e  

h e a t  b een su pp lied  fro m  o u tsid e  th e  tu b e . T h e loss of h e a t from  th e  e x te rn a l 

su rface  of th e  tu b e  w as d e te rm in e d  a n d  allow ed for, th o u g h  i t  w as n early  

neglig ible .

T h ree  h e a t flow ra te s  of a p p ro x im a te ly  4 0 0 0 ,1 2 ,0 0 0  a n d  20,000 B .T h .U . p er 

sq u are  fo o t p e r h o u r  w ere a d o p te d  as  th e  m o s t co n v en ien t (save in  th e  case 

of th e  1^-inch tu b e  w here th e  ra te s  h a d  to  be re d u c ed  to  4000, 8000 a n d  12,000 

o n  a cc o u n t of th e  la rg e  c u rre n ts  req u ired ). A s th e  b u s-b a r tra n sfo rm e r h a d  

tw o  w ind in gs w hich  co uld  be co n n ec ted  e ith e r in  series o r p aralle l, h e a t flows 

in  th e  ra tio  1 : 3 : 5  g ave  v e ry  co m p arab le  a m m e te r read in g s in  th e  ra tio  

2 : y/?>: \ / 5 .  I n  th e  case of th e  |- in c h  tu b e  th e  c u rre n t w as so sm all th a t  i t  

w as led  tw ice th ro u g h  th e  b u s -b a r tra n s fo rm e r.

T h e a lte rn a tin g  su p p ly  w as from  a se p a ra te  tu rb o -g e n e ra to r  a n d  th e  h e a tin g  

c u rre n t w as k e p t c o n s ta n t b y  c o n tin u o u s h a n d  re g u la tio n  of a liq u id  rh e o s ta t 

in  th e  p rim ary , c irc u it of th e  tra n s fo rm e r b y  a n  o bserv er w atch in g  th e  b u s-b ar 

a m m eter.

N o m in a l or “ m ass flow ” w a te r  ve loc ities  of 2, 3, 5, 8 a n d  som etim es 1 a n d  

11 fee t p er second w ere m o s tly  em ploy ed , a n d  w ere se t as  n e ar as possible 

b efo reh an d  till th e  r ig h t w eight-flow  in  5 m in u te s  w as o b ta in ed . C orrection 

to  th ese  e x a c t ve lo cities  w as m a d e  ta k in g  to  v a ry  as  v°‘s . In le t w a te r 

te m p e ra tu re s  in  s tep s  of a b o u t 20° F . (or less) from  40-50 ° F . to  a b o u t 140-150° F . 

w ere ta k e n , th is  te m p e ra tu re , a n d  th e  w a te r v elocity , be ing  k e p t c o n s ta n t 

w hile th e  te s ts  a t  th e  th re e  h e a t  flow ra te s  w ere m ade .

To o b ta in  g re a te r acc u ra cy  in  th e  k ’s th e  th re e  v a lu e

tu re  difference b e tw een  th e  tu b e  a n d  th e  w ate r) w ere p lo tte d  ag a in s t th e  ra te  

of h e a t flow a n d  a sm o o th  cu rv e— a slig h tly  cu rv e d  p a ra b o la — w as d raw n 

th ro u g h  th e  o rig in  am o ng  th ese  th re e  p o in ts . T he AO’s used in  calcu lating

550 A . E a g l e  a n d  R . M . F e r g u s o n .
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Heat Transfer from  Internal Surface o f Tube Walls. 5 5 1

th e  k 's w ere tho se  ta k e n  fro m  th is  cu rv e . T h is  m e th o d  w as esp ec ia lly  v a lu ab le  

a t  th e  h ig her te m p e ra tu re s  w here  i t  w as d ifficu lt to  g e t te m p e ra tu re  d ifferences 

co rre c t to  th e  d esired  0 • 02 to  0 • 05° F .,  s ince i t  w as d ifficu lt to  k eep  th e  te m p e ra 

tu re  of th e  in le t w a te r  c o n s ta n t  to  a n y th in g  like  th is  w h en  i t  w as b e in g  p re 

h e a te d  b y  5 0 -1 0 0 ° F .

I t  is p e rh a p s  w o rth  w hile  p la c in g  on  reco rd  h e re  th e  fa c t t h a t  th e  p o te n tio 

m e te r u sed  w ith  th e  th e rm o c o u p le s  w as a  C a llen d a r a n d  G riffiths  b rid g e  w ith  

th e  co n n ec tio n s tra n s p o s e d  fo r p o te n tio m e te r  use. T h is  h a d  th e  effect of 

d o u b lin g  th e  v a lu e  of th e  coils in  te rm s  of a  c e n tim e tre  of w ire a n d  n e ce ssita te d  

th e  e lec trica l d e te rm in a tio n  of th e  “  e n d  c o rre c tio n  ” of th e  w ire. W ith  th e  

o rd in a ry  s tu d e n t’s m e tre -w ire  p o te n tio m e te r  firs t e m p lo y ed  v e ry  co n siderab le  

d ifficu lty  w as ex p er ien ce d  ow ing  to  th e  la rg e  k ic k s w h ich  th e  g a lv a n o m e te r gave  

on  m a k in g  a n d  b re a k in g  its  c irc u it  ow ing  to  th e  a l te rn a t in g  c u rre n t flow ing 

th ro u g h  th e  tu b e  to  w hich  th e  th e rm o c o u p le s  w ere so ld ered . W ith  th is  ex ce llen t 

in s tru m e n t th e se  d ifficulties, w h ich  th re a te n e d  to  m a k e  th e  use of a n  e lec trica lly  

h e a te d  tu b e  im p ossib le, d is a p p e a re d .

9. A  Sam ple  E xper im ent.

I n  o rd e r to  a llow  a  c r it ic a l e s tim a te  of th e  a c c u ra c y  w hich  th e  e x p e rim e n ta l 

m e th o d  p u rs u e d  is cap a b le  of, we su b jo in  h ere  p a r tic u la rs  of a  sam p le  e x p e ri

m e n t w ith  one of th e  f - in c h  tu b e s . T h e  e x p e r im e n t se lec ted  w as w ith  a  w a te r  

v e lo c ity  of 5 fee t p e r seco nd  a n d  a n  in le t wra te r  te m p e ra tu re  of a b o u t  87° F ., 

a n d  w as selec ted  b ecause, co rre sp o n d in g  to  fa ir ly  m e a n  co n d itio n s, i t  g ives a  

b e tte r  id ea  of th e  m a g n itu d e  of th e  te m p e ra tu re  rises  u su a lly  o b ta in e d  th a n  

ex tre m e  cases.

S a m p le  E x p e rim en ta l T e st  w ith  a  %-inch T u b e .— A  le n g th  o f 1 7 8 -8 0  in ch es  h e ld  a  w e ig h t  

o f 2 • 1475 lb s. o f w a te r  a t  61° F . g iv in g  a m ea n  in te rn a l d ia m e te r  o f 0 • 6513  in ch  (1 • 654  cm .),  

a n  in te rn a l h ea ted  area o f 1 -0 6 5 6  sq . f t . ,  a n d  a flow  o f  2 16  -4  lb s. in  5  m in u tes  fo r  a " n o m in a l  

v e lo c ity  ”  o f 5 fe e t  p er  secon d .

H e a t  flow . F ir st. S econ d . T h ird .

1. H e a tin g  cu rren t in  am peres .......................................... 840 1458 1876

2. W eig h t o f w a ter  in  5 m in u tes  (lb s .) ............................. 21 8 218 2 1 6 -5

3. T em p eratu re o f o u tle t  w a te r  ( ° F .) ................................. 8 8 -9 9 2 -6 9 6 -3

4 . T em p eratu re rise  o n  in le t  (or first) th e rm o co u p le  . . . 1 -8 7 5 -5 0 8 -9 0

5. T em p eratu re rise o n  o u tle t  (or seco n d ) th erm o co u p le 2 -9 1 8 -8 9 1 4 -3 7

6. T em p eratu re o f o u ts id e  o f tu b e  a t  in le t  t . c ................. 9 0 -7 7 9 8 -1 0 1 0 5 -2 0

7. T em p eratu re o f o u ts id e  o f tu b e  a t  o u tle t  t  .c .............. 9 1 -8 1 1 0 1 -4 9 1 1 0 -6 7

8. A llo w ed  drop  th ro u g h  tu b e  w a ll .................................. 0 -1 2 0 - 3 6 0 - 6 0

9. T em p eratu re o f in sid e  tu b e  su rface  a t  o u tle t  t .c .  . . . 9 1 -6 9 1 0 1 -1 3 1 1 0 -0 7

10. R esis ta n ce  o f h ea ted  p o rtio n  o f tu b e  in  m illi-o h m s 1 -9 1 3 1 -9 2 4 1 -9 3 4
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5 5 2 A . E a g l e  a n d  R . M . F e r g u s o n .

H e a t  flow . F ir s t . S eco n d . T h ird .
11. C2R  h ea t in  B .T h .U . p er  fo o t  p er hou r (1 w a tt  =

3*412  B .T h .U . per  hour) .......................................... 4 320 13,110 2 1 ,8 0 0
12. E x tr a  ex te rn a l h e a t  lo ss  d u e to  rise in  tu b e  tem p era -

tu re  w ith  e lec tr ic  h e a t  .............................................. 10 4 0 60
13. N e t  h ea t flo w  ra te  H  .......................................................

14. C a lcu la ted  w a ter  tem p era tu re  rise from  e lec tr ic  h ea t

4310 13,070 21 ,740

a n d  w a ter  w e ig h t ....................................................... 1 -7 5 5 -3 3 8 -9 1

15. W a ter  tem p era tu re  a t  o u tle t  t .c .  b e lo w  e x i t  w a ter

( =  0  • 18 o f a b o v e) ....................................................... 0 -3 3 0 -9 6 1 -6 0

16. W a ter  tem p era tu re  a t  o u tle t  t .c .  [ = ( 3 )  — (15 )] . . .

17. T em p eratu re  d ifferen ce b e tw e en  tu b e  a n d  w a te r  a t

8 8 -5 7 9 1 -6 4 9 4 -7 0

o u tle t  t .c .  [ =  (9 ) -  (16 )]  .......................................... 3 -1 2 9 -4 9 15 -3 7

18. A b o v e  tem p era tu re  d ifferen ce corrected  to  e x a c t

w a ter  v e lo c ity  ........................................................... 3 -1 4 9 -5 5 15 -3 7

19. T h e sa m e sm o o th ed  g ra p h ica lly  a g a in st  H  to  v a n ish

w ith  i t  [ =  A 0 ] ............................................................... 3 -1 9 9 -4 7 1 5 -4 0

20 . K  =  H  +  A 0 .................................................................... 1352 1380 1410

21 . K  co rrected  for co n ic a lity  o f tu b e  b y  ad d in g  0  • 83

p er ce n t, (see  b elo w ) ................................................... 1363 1391 1421

22 . W a ter  tem p era tu re  for a b o v e  [ =  (16) r e p e a ted ]....... 8 8 -6 9 1 -6 9 4 -7

K  e x tr a p o la te d  to  zero  ra te  o f h e a t  flow  g iv e s  K 0 — 1348 a t  8 7 -0 °  F . T h a t is  &0 =  

0 * 1825  ca lorie s per  sq u are cen tim etre  p er seco n d  per °C. a t  a  w a ter  tem p eratu re  o f 30*5° C. 

N o w  a for w a ter  a t  30*5° C. is  5*25  (see  T ab le  I I ,  b elo w , p. 559) w h ile  t  =  vmdj\L =  152*4  

X 1*654 0 * 0 0 7 9 2  =  3 1 ,8 3 0  =  lo g * 1 4*503 . N o w  T ab le  I , b elo w  (p. 556) u sin g  th e

v a lu es  o f A , B  a n d  C a t  lo g  t  =  4* 5 0 , g iv e s  vms /k 0 =  152*4/& 0 =  840 or k0 =  0*1815  ; 

w h ile  a t  lo g  t  =  4 * 5 0 3  T a b le  I  g iv e s  =  0 * 1 8 1 8  in  v e r y  sa t is fa c to ry  agreem en t w ith  th e  

a b o v e  v a lu e  e sp e c ia lly  a s th e  ta b le  w a s co n stru cted  lo n g  b efore th e  a b o v e  tu b e  w as b o u g h t ; 

a n d  i t  w a s  b o u g h t from  a d ifferen t m aker to  see, a m on g  o th er  th in g s, w h eth er  th e  sam e v a lu e  

o f k  co u ld  be o b ta in ed  from  d ifferen t m a k ers’ tu b es.

A  sou rce o f error d isco v ered  rath er la te  in  th e  w ork  w a s th e  co n ic a lity  of th e  in tern a l 

bore of th e  tu b es  m en tio n ed  in  ite m  (21). T h e o u ts id e  d ia m eters w ere rem ark ab ly  co n sta n t  

a n d  th e  sam e w a s  th erefore a ssu m ed  o f th e  in te rn a l bore. H o w ev er , te s t in g  th e  u n iform ity  

of p o te n tia l drops over  a m easu red  le n g th  sh ow ed  a v a r ia tio n  of resistan ce per u n it  len gth  

of from  2 \  t o  13 per cen t, for th e  d ifferen t tu b es. A s th is  resista n ce  varies in v erse ly  as  

th e  area  o f th e  m eta llic  cross se c tio n  i t  w a s p ossib le  to  find  th e  a c tu a l in tern a l d ia m eter  

a t a n y  p o in t  from  it s  m ea n  v a lu e . T h is  n ece ss ita ted  th ree  correctio n s to  th e  coeffic ients, 

k, (i) a correctio n  to  th e  h ea t  su p p lied  per u n it  len g th , (ii) a  correctio n  to  th e  area of th e  

in te r n a l su rface of th e  tu b e , a n d  (iii) a correction  to  th e  w a ter  v e lo c ity .*

* T here are certa in  o th er sm a ll errors w h ich  m u st be considered  : (1) The w ater w ill n o t  

rise a t  a u n iform  ra te  a lo n g  th e  tu b e  sin ce its  e lec tr ica l resistan ce is n o t co n sta n t, th e  o u tlet-  

en d  b ein g  w arm er th a n  th e  in le t  end . T h is  w as con sid ered  an d  th e  effect foun d  to  be 

n eg lig ib le  ; (2) ow in g  to  th e  h ea t flow  a lo n g  th e  tu b e in  th e  op p o site  d irectio n  to  th e  w ater  

v e lo c ity  som e of th e  h ea t w ill en ter  th e  w ater before th e  p o in t a t  w h ich  i t  w as generated . 

I f  l is th e  h ea ted  len g th , S  th e  area o f m eta llic  cross sec tio n , ch th e  th erm al co n d u ctiv ity  

of brass a n d  0%/ th e  d ifference o f tem p eratu re a lo n g  th e  tu b e, th e  lo n g itu d in a l h ea t flow
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Heat Transfer from  Internal Surface o f Tube Walls. 5 5 3

10. Method o f R educing the E xperim enta l Results.

The v a lu es of k  re co rd ed  in  th is  p a p e r  d e p e n d  e n tire ly  u p o n  th e  te m p e ra tu re s

g iv en  b y  th e  th e rm o c o u p le  n e a r  th e  o u tle t  e n d  of th e  tu b e  ; th e  o th e r  one w as 

chiefly  u sed  to  o b ta in  th e  m e a n  te m p e ra tu re  of th e  tu b e  u p o n  w h ich  i ts  resis

ta n c e  d e p en d ed . T h e  v a lu es of k, o b ta in e d  in  se ts  of th re e  as  described , w ere 

p lo tte d  a g a in s t th e  w a te r  te m p e ra tu re  a t  th e  p o s it io n  of th e  o u tle t-e n d  th e rm o 

couple a n d  w ere th e n  in te rp o la te d  a n d  e x tra p o la te d  to  g ive k  for th e  th re e  

e x a c t h e a t  flow  ra te s  of zero, 10 ,000  a n d  2 0 ,00 0  B .T h .U . p e r sq u a re  fo o t p e r

is  cbSQd/l so  t h a t  th e  h e a t  f low in g  in to  th e  w a te r  b e tw e e n  th e  o u t le t  en d  th erm o co u p le  

a n d  th e  en d  o f th e  h e a te d  p o r tio n  is  n o t  2 rat X 0-18Z  X H  (0-18Z  is  th e  d is ta n c e  o f th e  

th erm o co u p le  from  th e  en d ) b u t  is  le ss  th a n  th is  b y  T h e  ra tio  o f th e se  q u a n tit ie s

is  cbSQd/0• 36ratZ2H . In  C .G .S . u n its  th is  b eco m es 0d/18O,OOOH. A s 0(, is  rarely  o v er

10° C. a t  th e  h ig h e st  h e a t  flo w  r a te  w h e n  H  =  1 • 5  ca lo r ie s  p er  sq u a re  c e n tim etre  p er  

seco n d  th is  e ffec t is  c o m p le te ly  n eg lig ib le . (3 ) T h e  d iffe re n tia l  lo n g itu d in a l h e a t  flo w , 

d 2Q
cbS — 2 p er u n it  le n g th , b eco m es tra n sv er se  h e a t  f lo w  in to  th e  w a ter . A ssu m in g  a  p arab o lic

d istr ib u tio n  o f tem p era tu re  a lo n g  th e  tu b e  g iv e n  b y  0 =  4 0 ma — x ) / l2, su p erp o sed  on  a  

u n iform  tem p era tu re  g ra d ien t ( th is  g iv e s  a  m id -p o in t  tem p e ra tu r e  in  ex c ess  o f  th e  a r ith 

m e tic a l m ea n  o f th e  en d  tem p era tu res  b y  0 m) w e see  t h a t  th is  d ifferen tia l flo w  is  

per u n it  le n g th . T h is  b ea rs a  ra tio  o f 4c6S 0 m/rad 2H  to  th e  h ea t  flo w  in to  th e  w a te r  per  

u n it  le n g th . N u m e r ic a lly  th is  ra tio  is  0m/13O,OOOH a n d  so  is  u t te r ly  n eg lig ib le . (4) T h e  

su d d en  d rop  o f tu b e  tem p e ra tu r e  w h ic h  w o u ld  o ccu r a t  th e  p o in t  w h ere th e  h ea tin g  

ceases if  th e re  w ere n o  lo n g itu d in a l co n d u c tio n  o f h e a t  is  sm o o th e d  off b y  su ch  co n d u c tio n  

a n d  th e  e ffec t o f th is  w ill e x te n d  fo r  so m e le n g th  a lo n g  th e  tu b e . C a lcu la tio n  sh o w s t h a t  

for a  th in  w a lle d  tu b e  o f th ic k n ess  t  th e  re d u ctio n  o f th e  tu b e  tem p e ra tu r e  a t  a  d is ta n c e  

b efore th e  en d  o f th e  h e a te d  p o rtio n  is  a p p r o x im a te ly  |A 0  . e ~ “x w h ere n 2 =  k /te b. T a k in g  

cb =■ 0  ‘26 , t — 0 '  125 a n d  a  v e r y  lo w  v a lu e  o f  k  o f  0 - 0 5 0 — its  v a lu e  for  w a te r  a t  5° C. a n d  

2 fe e t  per seco n d — n  — 1 • 2 4 . S o  t h a t  a t  th e  p o s it io n  o f th e  o u tle t  th erm o co u p le , x  =  34  

cm ., th is  e ffec t is  in fin ites im a l. (5) A n o th e r  error is  d u e  to  th e  h e a t  flo w  in to  or from  th e  

cop p er s tra p s v ia  th e  lu gs. N e g le c t in g  th e  C2R  h e a t  g en era tio n  in  th e  co p p er  s tra p s th is  

error w a s  co m p en sa ted  fo r  b y  ta k in g  th e  th e rm o co u p le  rea d in g s o n  th e  p o te n tio m e te r  

w h en  th e  h ea tin g  cu rren t w a s  zero  a n d  u s in g  th e se  rea d in g s a s a  “ fa lse  ze ro .” T h is  

m eth o d  is  a lm o st  in e v ita b le  w h en  i t  is  req u ired  t o  d eterm in e  sm a ll tem p era tu re  d ifferen ces  

a ccu ra te ly  a t  tem p era tu res co n sid era b ly  a b o v e  room  tem p era tu re  b y  m ea n s o f th e r m o 

co u p les. O w in g  a lso  to  th is  m eth o d  o f w ork in g , th e  e x te r n a l h e a t  lo ss  to  be a llo w ed  for  

in  ite m  (12), a b o v e , is  n o t  th e  w h o le  h e a t  lo s t  b y  th e  o u ts id e  o f  th e  tu b e , b u t  o n ly  th e  e x tr a  

h ea t lo s t  b y  th e  rise in  tem p era tu re  o f th e  tu b e  d u r in g  h e a t  flow . (6) T h e rem a in in g  error, 

th e  flow  in to  th e  tu b e  o f th e  C2R  h e a t  g en er a ted  in  th e  cop p er  s tra p s, co u ld  re a d ily  be 

d etec te d  w ith  th e  largest o f th e  th ree  cu rren ts, b y  a  n o tic ea b le  creep  in  th e  th erm o co u p le  

read in gs in  th o se  ex p er im en ts , w here , o w in g  to  th e  co n d itio n s  n o t  b ein g  su ffic ien tly  s te a d y ,  

d e la y  w a s ex p er ien ced  in  g e tt in g  th e  read in gs. S u ch  ex p er im en ts  w ere rep ea ted  a n o th er  

tim e . W e d o  n o t  th in k  th a t  a n  error o f m ore th a n  on e or tw o  p a rts  in  a  th o u sa n d  cou ld  

h a v e arisen  in  th e  m a jo r ity  o f ex p er im en ts  from  th is  cau se .
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5 5 4 A . E a g l e  a n d  R . M . F e r g u s o n

h o u r ca lcu la ted  on  th e  a re a  of th e  in te rn a l surface  of th e  tu b e . T he sets  of 

p o in ts  for th ese  e x a c t h e a t flow ra te s  a t  d iffe ren t w a te r te m p e ra tu re s , b u t  th e  

sam e v eloc ity , w ere th e n  co n n ec ted  b y  sm o o th  curves. F ro m  these  curves 

v a lu es of k  a t  de fin ite  te m p e ra tu re s  w ere se lected  a t  th e  d ifferen t veloc

a n d  log k  w as p lo tte d  a g a in s t log vm. T hese cu rves w ere only  s ligh tly  curved  

lines of a  slope a p p ro x im a te ly  0 -7 7  to  0*81 a n d  en ab led  th e  s for th e  in te r 

m e d ia te  v elocities  (w hich w ere g en era lly  4, 6, 7, 9 a n d  10 fee t p er second) to  

be o b ta in e d .

H a v in g  d one th is  w ork  for th e  fo u r d ia m e te rs  of tu b e s, th e  velocities d iv ided 

b y  th e  &0’s a t  40° F . (w hich gives vms /k 0 since =  1 sensibly) were p lo tte d  on 

a  single d iag ram  a g a in s t vmd  fo r a ll th e  d iffe ren t velo cities  a n d  tu b e  d iam eters . 

S im ilar d ia g ra m s  w ere d ra w n  for each of th e  te m p e ra tu re s  60°, 80°, 100°, 120° 

a n d  140° F . B y  th e o ry  all th e  p o in ts  on  each  of th ese  d iag ram s  sh ou ld  lie 

o n  a  single cu rve . T h is  w as fo u n d  to  be so to  w ith in  I f  p e r cen t. ; some 

tu b e s  g iv ing  p o in ts  c o n sis te n tly  h ig h  a n d  som e c o n sis te n tly  low.*

T h e  s ix  m e an  cu rv es on  th e se  six  sh ee ts  w ere n e x t re p lo tte d  on  a single large 

sh ee t w ith  th e ir  abscissae d iv id ed  b y  th e  v isco sity  of w a te r for th e  te m p e ra tu re  

in  q u e stio n . T he  abscissa  w ere th e n  th e  t ’s . T h e q u a n ti ty  a — \xs/c was 

n e x t d e te rm in e d  for th e se  s ix  te m p e ra tu re s  u sin g  K a y e  a n d  H igg ins’ recen t

* S om e o f th is  s y s te m a tic  d e v ia t io n  b etw een  on e tu b e  a n d  an oth er  seem s from  la ter  

te s ts  to  be d u e to  th e  c o n ic a lity  o f th e  tu b e  : th e  th ree  k n ow n  effec ts o f co n ica lity  w ere  

a llo w ed  for a s a b o v e  ; b u t in  a  ch eck  te s t  in  w h ich  th e  sa m e tu b e  w a s  reversed  in  d irectio n , 

v a lu es  o f k  d iffer in g  b y  2 t o  3 p er cen t, w ere o b t a in e d ; th e  d ifference a p p a ren tly  b eing  

d u e to  n o th in g  sa v e  th e  reversa l. T h e v a lu es  o f k  w ere g rea ter for a  con verg in g  th a n  a  

d iv erg in g  tu b e . I t  is  d ifficu lt  to  e x p la in  th is . W e ca n  o n ly  su g g est th a t  vortic es o f a  

certa in  d ia m e te r  are form ed  in  th e  tu b e , a n d  w h en  m o v in g  a lo n g  a con verg in g  tu b e ten d  

to  cu t a w a y  th e  v isc o u s  film  m ore th a n  th e y  w o u ld  in  a  p a ra lle l tu b e  an d  th u s decrease  

th e  th erm a l resistan ce . B u t  e v e n  th is  su g g estio n  seem s fa n ta s t ic  co n sid erin g  th a t  th e  sem i

a n g le  o f th e  co n ic a l su rface w a s  o n ly  a b o u t 1 /4 0 ,0 0 0  o f a  rad ia n . P o ss ib ly  th e  slig h t  

ir regu la r it ies o n  th e  su rface  w ere su ch  t h a t  th e y  offered  le ss resistan ce to  w ater flow ing  

to w a rd s th e  la rger en d  th a n  to w a rd s th e  sm aller  e n d ; th is  w o u ld  m ake th e  v iscou s film  

th ick er  in  th e  form er ca se  ; a n d  th is  d irectio n  is , o f  course, th e  d irectio n  in  w h ich  th e  m a n 

dril w a s w ith d ra w n  from  th e  tu b e  a fte r  m a n u fa ctu re  ; it  wra s to  fa c ilita te  th is  w ithd ra w al 

th a t  th e  tu b es  w ere  m ad e co n ic a l. T h e k's for th e  l | - i n c

b u t th is  w a s th o u g h t to  be n a tu ra l a s w ith  th is  tu b e  i t  w a s im p ossib le  to  ta k e  th e  te sts  as  

m a n y  d ia m eters a w a y  from  th e  in it ia l d istu rb an ces a s  w ith  th e  o th er tu b es.

S om e tu b es from  a n o th er  m a n u fa ctu rer  w ere o b ta in ed  an d  te s te d  after  th e  ta b le  of  

resu lts in  T ab le  I  b elo w  w a s con stru cted . T h ese tu b es w ere fou n d  to  h a v e  co n sid erab ly  

less c o n ic a lity  th a n  th e  p rev iou s ones, an d  th e  v a lu es o f th e  h ea t tra n sfer coefficient ob ta in ed  

from  th e m  w ere in  v er y  sa t is fa c to ry  accord  w ith  th e  ta b le , as is seen  b y  th e  sam ple  exp er im en t  

g iv en  ab o v e w h ich  w a s from  on e o f th ese  la ter  tu b es.
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Heat Transfer from Internal Surface of Tube Walls. 5 5 5

v alues fo r th e  c o n d u c tiv ity  of w a te r ,*  in  th e  ab sen ce  of w hich  th e  th e rm a l 

c o n d u c tiv ity  of w a te r  co u ld  n o t  b e  co n sid e red  to  be  k n o w n  w ell en o u g h  to  

m ak e  th e  p re se n t a n a ly s is  re liab le . O rd in a te s  w ere n e x t d ra w n  fo r se lec ted  

v a lu es of x a n d  th e  v a lu es o f v^s /Jcq w ere r e p lo tte d  as  fu n c tio n s  of cr fo r th e se  

v a lu es of x. T h ese cu rves, as  p re v io u s ly  s ta te d , w ere fo u n d  to  be s lig h tly  

cu rv ed  p a ra b o la s  fo r w hich  th e  c o n s ta n ts  in  th e  e q u a tio n

vms/Jco =  A  +  B  (a  — 1) — C (a  — l ) 2 (11)

w ere v e ry  easily  fo u n d . T h ese  c o n s ta n ts  w ere  th e n  p lo tte d  a g a in s t th e  

co rresp o n d in g  v a lu e  of x w h e n  v e ry  s a tis fa c to ry  sm o o th  c u rv es  w ere o b ta in e d . 

I n  fa c t th e  v a lu es of k0 o b ta in e d  fro m  fo rm u la  (11) b y  u s in g  th e  sm o o th e d  

cu rv es fo r  A , B  a n d  C a g re ed  w ith  th e  v a lu e s  of th e  tw o  la rg e  sh ee ts  to  w ith in  

o n e -th ird  of 1 p e r ce n t, p ra c tic a lly  ev ery w h ere .

11. Table o f R esults.

T ab le  I ,  below , g ives th e  v a lu es as  a b o v e  d e te rm in e d  fo r A , B  a n d  C to g e th e r  

w ith  th e  v a lu es  of Z -1  fro m  S ta n to n  a n d  P a n n e ll, a n d  th e  v a lu es of a , (3 a n d  y  

defined b y  a  =  AZ, (3 =  B Z  a n d  y  =  CZ.

T o g e t re g u la r sm o o th e d  v a lu es  of Z fo r th is  a n a ly s is  th e  o rd in a te s  m id w a y  

b e tw ee n  th e  tw o  lim it in g  cu rv e s m a rk e d  N .P .L . o n  S ta n to n  a n d  P a n n e ll’s 

w ell-kn ow n d ia g ra m  (fig. 5 of th e ir  p a p e r)  w ere ta k e n  as  g iv ing  Z. A  fo rm u la  

to  re p re se n t th e se  o rd in a te s  h a s  b een  p re v io u s ly  p u b lish e d  b y  one of th e  

p re se n t w r ite rs .f

T h e ab o v e  seven  fu n c tio n s  a re  g iven  fo r re g u la r  in te rv a ls  of log  x t h a t  b e in g  

th e  m o s t c o n v e n ie n t v a ria b le  to  p lo t th e m  a g a in s t.  T h e  n e x t m o s t co n v en ie n t 

v a ria b le  is th e  v a lu es of w hich  a re  a lso  g iv en . Z w h en  p lo tte d  a g a in s t t - * 

is p ra c tic a lly  a  s tra ig h t line. I n  th e  le t te r  to  £ N a tu re  ’ a b o v e  re fe rre d  to , 

re a so n  is g iv en  fo r th in k in g  t h a t  a n y  c o rre c t ex p ressio n  fo r Z sh o u ld  be 

in te llig ib le, w hen  x is n e g a tiv e , w hich  i t  is w hen  Z is ex p ressed  in  ra tio n a l te rm s  

of x~K  T his follows since th e re  sh o u ld  be no  su d d en  d is c o n tin u ity  in  Z w hen 

th e  c u rv a tu re  of th e  tu b e  w all— w hich  is 2 /d — passes  th ro u g h  zero, i.e ., w h en  

p asse d  th ro u g h  zero. F o r  n e g a tiv e  v a lu es  of pv2Z re p re se n ts  th e  su rface  

fric tio n  w hen  a  v e ry  long  cy lin d er  of d ia m e te r  d  is d rag g ed  a x ia lly  th ro u g h

* ‘ R o y . S oc . P r o c .,’ A , vo l. 117, p . 4 5 9  (1 928). T h e v a lu es  o f a  ta k e n  for th e  s ix  tem p e ra 

tu res w ere 1 0 -6 0 , 7 -6 0 ,  5 -7 3 ,  4 -4 9 ,  3 -6 2  a n d  2 - 9 9  r e sp ec tiv e ly , th e  la s t  figure b ein g  for  

140° F .

t  ‘ N a tu re ,’ vo l. 123 , p . 14 (1928).
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5 5 6 A . E a g l e  a n d  R . M . F e r g u s o n .

w a te r w ith  a  v e lo c ity  v, w hich  is th u s  a  m a tte r  of considerable th eo re tic a l 

in te re s t.

T ab le  I .

log  T. A. B. 100 C. Z-K a. 0- | lOOy.

3 -6 0-0631 195 (1 -55 ) (0 -5 3 ) (0 -63 )
3 -7 0 -0 5 8 4 307 9 9 -5 123 207 1-483 0 -4 8 0 0 -5 9 s
3 -8 0-0541 311 97 124-5 220 1-414 0 -4 3 9 0 -5 6 ,
3 -9 0-0501 315 96 126 234 1-343 0-411 0 • 53,.
4 -0 0 -0 4 6 4 321 97-5 127-5 250 1-284 0 -3 9 0 0-51

4 1 0 -0 4 3 0 329 ' 99 129 266 1-237 0-3 7 2 0 -4 8 ,
4 -2 0 -0 3 9 8 341 1 0 1 -5 130-5 284 1-202 0 -3 5 8 0 -4 6
4 -3 0 -0 3 6 9 356 1 0 4 -5 132 303 1-175 0 -3 4 5 0-43=
4 -4 0 -0341 372 108 133 323 1-152 0 -3 3 3 0-41
4 -5 0 -0 3 1 6 390 H l- 5 134 344 1-133 0 -3 2 4 0 -3 9

4 -6 0 -0 2 9 3 409 116 1 3 5 -5 366 1-118 0 -3 1 6 0 -3 7
4 -7 0-0271 4 2 9 -5 120-5 137-5 388 1-105 0-311 0 -3 5 3
4 -8 0-0251 450 126 140 411 1-094 0 -3 0 7 0 -3 4
4 -9 0 -0 2 3 3 4 7 0 -5 132 143 434 1-084 0 -3 0 5 0 -3 3
5 -0 0 -0 2 1 5 4 9 1 -5 138-5 1 4 6 -5 457 1-075 0 -3 0 3 0 -3 2

5 -1 0 -0 1 9 9 5 12-j 145 150-5 480 1-069 0 -3 0 2 0 -3 1 5
5 -2 0 -0 1 8 5 535 151-5 155-5 503 1-064 0 -3 0 2 0-31
5 -3 0-0171 555 158 -5 160-5 524 1-060 0-3 0 1 0 • 3 0 5
5 -5 0 -0 1 4 7 565 (1 -053) (0 -3 0 1 ) (0 -30)
6 -0 0 -0 1 0 0 650 (1 -045) (0 -3 0 0 ) (0 -2 9 5)

G O 0 860 ? (1 -0 4 0 ) (0 -3 0 0 ) (0 -29 )

N u m b e rs  in  b ra c k e ts  a re  e x tra p o la te d .

T h e coefficients k0 a re  g iv en  fro m  th e  ab o v e  ta b le  b y  th e  formul

p v s jk 0 — A  +  B  

= .  (a  +  P (a  — 1) — y  — l ) 2} Z -1 .

V alues of a  fo r w a te r  a re  g iven  in  T ab le  I I ,  below , w hile a  curve  of log 1 /g  

o r  pd fo r w a te r (or o th e r fluid) is v e ry  co n v en ien t for e v a lu a tin g  log vmd /[i  

o r {\xfvm d } \  i.e.,

12. Coefficient o f H eat Transfer a t In fin ite  Velocity.

As p o in te d  o u t, th e  e q u a tio n  (6) req u ires  t h a t  vms /k 0 =  Z _1 w hen 1 

for all v alues of t . T h a t is, i t  req u ires  th a t  a  in  T ab le I  sh ou ld  be u n ity  th ro u g h 

o u t.  I t  is q u ite  possib le, a n d  ev en  likely, t h a t  th is  m a y  be so w hen t  =  co , 

for th e n , a n d  on ly  th e n , a re  th e  co n dition s necessary  to  m ake  R ey n old s' th e o ry  

e x a c tly  t ru e  co m p le te ly  satisfied . E x p e rim en ta lly  no values of less th a n  

3*0 w ere em p lo y ed  so t h a t  th e  v a lu es for 1 a re  a p u re  ex trap o la tio n . 

B u t i t  w as show n in  § 7 t h a t  th e  ra te  of decrease of vms/k 0 m u s t increase w ith
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Heat Transfer from  Internal Surface of Tube Walls. 5 5  7

in c reasin g  ra p id i ty  a s  a  d ecreases. T h u s  i t  is q u ite  lik e ly  t h a t  som e e x tra  

te rm  of th is  b e h av io u r sh o u ld  b e  a d d e d  to  (10) g iv ing , say , so m e th in g  like

vmsjko =  {<* +  P (<* — 1) — y  (cr — l ) 2 — 0 -0 4 a -2 } Z -1 . (12)

T his ex p ressio n  w o uld  th e n  sa tis fy  R e y n o ld s ’ th e o ry  a t  t  =  oo a n d  o v er th e  

ran g e  of th e  e x p er im en ts  w o u ld  in tro d u c e  a  d e v ia tio n  of less th a n  0 • 3 p e r ce n t.,  

w hich  is w ell w ith in  th e  e x p e r im e n ta l e rro rs . N o  p h y s ic a l o b je c t io n  c a n  be  

ra ised  a g a in s t th e  a -2  te rm  fo r  g iv in g  a n  in fin ite  v a lu e  w h e n  a  — 0 s ince a  

c a n n o t be m u c h  below  u n i ty  fo r  a n y  su b s ta n c e . W e m e n tio n  th is  p o in t 

chiefly  fo r th o se  w ho m a y  d esire  to  e x tra p o la te  o u r  re su lts  below  — 3 -0 .

13. Loss o f H ydrosta tic  H ead du ring  H eat T ransfer.

I t  w as one of th e  o rig in a l o b je c ts  of th is  re se a rc h  to  d e te rm in e  th e  loss of 

h y d ro s ta tic  h e a d  a t  th e  sam e tim e  a s  h e a t  tra n s fe r  w as ta k in g  p lace . F o r  

th is  p u rp o se  th e  loss of h e a d  o v e r a  le n g th  of a b o u t  fiv e -s ix th s  of th e  e le c tr ic a lly  

h e a te d  p o rtio n  of th e  tu b e  w as m e a su re d  o n  a  w a te r  m a n o m e te r  d u rin g  eac h  

h ea t-flo w  te s t .  T h ese d e te rm in a tio n s  g av e  th e  e x tre m e ly  s im ple  re su lt , in  

n e a r ly  a ll cases, t h a t  th e  loss of h e a d  d u rin g  h e a t  tra n s fe r  w as th e  sam e as 

if th e  w a te r  h a d  b e en  a t  th e  tube te m p e ra tu re  a n d  no  h e a t  tra n s fe r  w as ta k in g  

p lace . W h en  in le t w a te r  d o w n  to  a b o u t  40° F . co u ld  b e  o b ta in e d  i t  w as fo u n d  

t h a t  th e  law  w as s lig h tly  d iffe ren t fro m  th is , th e  loss of h e a d  th e n  b e in g  th e  

sam e as  if th e re  w as no  h e a t  flow  a n d  th e  w a te r  w as a t  i ts  ow n te m p e ra tu r e  

p lu s  a b o u t 90 p e r ce n t, of th e  d ifferen ce  of te m p e ra tu re  b e tw ee n  tu b e  a n d  

w a te r ; b u t  w ith  ris in g  te m p e ra tu re  th is  f ra c tio n  soon  b ecam e sen sib ly  100 

p e r cen t. I t  is sh o w n  in  A p p e n d ix  B  t h a t  fo r p u re ly  v isco us flow  th is  fra c tio n  

is th e o re tic a lly  6 /11 ~  5 4 -5  p e r cen t.

14. Coefficients at F in ite  R ates o f H eat F low.

W e h a v e  a lre a d y  g iven , in  § 5 ab o v e, th e  th e o re tic a l fo rm  of th e  ex p ress io n  

fo r th e  d ifference b e tw ee n  &h  a n d  Jc0 a t  a  h e a t  flow  r a te  H . A  co n cre te  a p p ro x i

m a te  ex p ressio n  m a y  b e  o b ta in e d  th e o re tic a lly  w h en  t  is large . I n  th is  case 

a  a n d  (3 a re  sensib ly  c o n s ta n ts  ; t h a t  is, th e y  w ill n o t  v a ry  w ith  th e  te m p e ra 

tu re , w hich  th e y  do g e n era lly  since t  v a ries  w ith  th e  te m p e ra tu re  th ro u g h  q . 

N eg lectin g th e  y  te rm  in  (10) as  b e in g  sm all co m p ared  w ith  th e  o th e r  tw o , we 

h av e

v ms /lc0 =  (a  — P 4~ P^) Z 1 ;

w here th e  a  — (3 te rm  a n d  th e  [3a te rm  re p re se n t th e  re sis ta n ce  of th e  core 

a n d  th e  film  re sp ec tiv e ly . N ow  we h a v e  ju s t  s ta te d  t h a t  Z is p ra c tic a lly
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5 5 8

u n a lte re d  b y  h e a t flow a t  th e  sam e tube te m p e ra tu re . H ence  for a fin ite ra te  

of h e a t flow w ith  a  g iv en  tu b e  te m p e ra tu re  we h a v e  m ere ly  to  ch an ge  [3a in to  

(3a w here a  re p re se n ts  th e  m ean  v a lu e  of a  th ro u g h  th e  film. B u t

A . E a g l e  a n d  R .  M . F e r g u s o n .

w here dO is th e  difference of te m p e ra tu re  acro ss  th e  film, a n d  th e  a  is th e  value 

of a  a t  th e  tu b e  w ell te m p e ra tu re . N ow  th e  d ifference of te m p e ra tu re  from  

tu b e  to  w a te r  is H  /&H ~  H  /Jc0,and th e  te m p e ra tu re  d iffe

is c le a rly  th e  fra c tio n  (3a/(a — p +  pa) of th is  a m o u n t. H en ce  we h av e

vms /kH j a  — (3 +  (3 ( a

w hence

& H '1 -  &0-1

V 1

_____ ______ H  d a \ \  y _ x t

2 ( a -  [ 3 +  p a)& o d 0 / J

_  / _ _ J 3 a _ _ \ 2 / J_  d o \  H

\a  — p +  p a / \2a
(13)

N ow  (k0 — &h )/&0 is sm all fo r o rd in a ry  ra te s  of h e a t  flow in  p rac tice , so th a t  

a n  a p p ro x im a te  e v a lu a tio n  of (13) w ill suffice. I t  is seen fro m  fig. 2 th a t

4 8  L ocT  5  0

F i g . 2 .— M u ltip ly in g  F a c to rs  an d  (a  — P )/p.

(a  — p )/p  is re m a rk a b ly  c o n s ta n t ov er a  w ide ran g e  ; from  t  =  13,000 to  

t  =  oo i t  o n ly  differs fro m  2 -4 5  b y  less th a n  4 p e r cen t. H ence  we have, 

a p p ro x im a te ly , for la rg e  v a lu es of r ,

Jch. &0
/ g \ 2 /  z i A  h

\2 -4 5  +  a /  * \ 2a dW
(14)

 D
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Heat Transfer from  Internal Surface o f Tube Walls. 5 5 9

T ab le  I I ,  below , show s th e  v a lu e  of a  a n d  —-- ^  fo r w a te r in  C en tig rade
2cr d \ j

u n its . T h e v a lu es of a  a re  re q u ire d  fo r use  in  c o n ju n c tio n  w ith  T ab le  I ; 

th e y  invo lv e a co nsid erab le  e x tra p o la tio n  of K a y e  a n d  H ig g in s’ lin e a r v a lu es 

of c, b u t  th e y  h a v e  b een  g iv en  to  160° C. b ecau se  v a lu es of a  for su ch  te m 

p e ra tu re s  a re  re q u ire d  fo r m o d e rn  fe ed -w ate r h e a te rs , fo r w h ich p u rp o se  

th ese  v a lu es of a  a re  a m p ly  a c c u ra te  eno u gh , as  w h en  a  ~  1 th e  p e rcen ta g e  

ch ang e in  kQ for a  1 p e r cen t, ch an g e  in  a  is o n ly  a b o u t o n e -th ird  of w h a t i t  is 

fo r cold w a te r  ; m oreov er, k 0 b e in g  so m u c h  g re a te r  fo r h o t  w ate r , th e  te m p e ra 

tu re  d ifferences cau sin g  th e  h e a t  flow  a re  so m u c h  less t h a t  th e  sam e a cc u ra cy

in  &0 is n o t  n eed ed . T he  v a lu e s  of — -  ^  w ere d e d u ce d  fro m  th e  v a lu es of
2(7 d \ j

a  b y  th e  fin ite  d ifferen ce  fo rm u la

D  =  A - | A 2 +  | A 3 -  . . . .

T ab le  I I .

° c . cr.
_  -  1000

(  °
q Id ' \2 - 4 5  +  1

0 12 -4 5 18-0 12-6
5 10-46 16-5 11-0

10 8 -9 3 1 5 - 15 9 -5
15 7 -7 3 1 3 -9 S 8 -0
20 6 -7 5 13-0 7 -0
25 5 -9 6 1 2 -05 6 -0
30 5 -3 0 l l - 2 5 5 -3

40 4 -2 9 9 -9 4 -0
50 3 -5 5 8 - 8 5 3-1
60 2 -9 9 8 -0 2 -4
70 2 -5 6 7 ’35 1 -9
80 2 -2 2 6 -7 5 1 -5
90 1 -9 5 6 -2 1-2

100 1-74 5 -7 1-0
110 1-56 5 -2 0 -8
120 1 -4 0 4 -8 0 -6
130 1-27 4 -3 0 -5
140 1-17 3 -9 0 -4
150 1-09 3 - 4 5 0 -3
160 1-02 3 - 0 5 0 -2

I t  m u s t be rem e m b ered  t h a t  kn  a n d  th e  co rresp o n d in g  k0 a re  a t  th e  sam e 

tube te m p e ra tu re  a n d  th a t  th e re fo re  A.H is a t  a  water  te m p e ra tu re  of H  

below  th e  w a te r te m p e ra tu re  of th e  co rresp o n d in g  k0.

A t th e  h ig h er v elocities  o r h ig her w a te r te m p e ra tu re s  th e  ab o v e  c a lc u la te d  

differences be tw een kti a n d  k0 ag reed  ex ce lle n tly  w ith  th e  e x p er im en ta l re su lts  

b u t  d e v ia te d  m a rk e d ly  a t  th e  low er te m p e ra tu re s  a n d  velocities.

VOL. c x x v i i .—a . 2 o
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5(50 A . E a g l e  a n d  R . M . F e r g u s o n .

H ow ever, on  co m p arin g  th e  a c tu a l (AH — A0)’s w ith  th e  va lues calcula ted  

for th e m  b y  (14), i t  w as fo u n d  t h a t  th e  ra tio s  b e tw een  th e m  (for vario us w ate r 

te m p e ra tu re s  a n d  velocities) w hen p lo tte d  a g a in s t r  a ll la y  on  th e  sam e curve 

for re su lts  on  th e  sam e tu b e . T his ra tio  w as ta k e n  as  a n  em p irica l m u ltip ly in g  

fac to r . D en o tin g  i t  b y  My, (14) m a y  be w ritte n  in  th e  rev ised  form ,

— &„ =  _  Ig \ 2 / — 1 da \  M 

H  \2 -4 5  +  a /  ' \  dW  f'
(15)

T ab le  I I ,  above, in  a d d it io n  to  g iv ing  v a lu es of
-  1 da  

2 a dd
for w ate r also gives

th e  sam e q u a n t i ty  m u ltip lie d  b y
,2 • 45 +  a /

w hile fig. 2 shows th e  m u ltip ly in g

fa c to rs  a rr iv e d  a t  fo r th e  fo u r tu b e s  of n o m in a l o u ts id e  d ia m ete rs  of \  inch, 

f  inch, 1 in c h  a n d  I f  in ches re sp ec tiv e ly . I n  a ll cases th e  m u ltip ly in g  fac tors  

d ecrease  to  th e ir  th e o re tic a l v a lu e  fo r u n ity  fo r v a lu es of t  above  60 to  70 

th o u sa n d .

F o r  cold w a te r  a t  low  ve lo cities  k0 — Ah  be

A’h  is c o m p ared  w ith  A0 fo r th e  same wa ter temperat

A’h — k0' (w hich is th e n  p ositiv e ) rem a in s of n e a r ly  th e  sam e m a g n itu d e .

T h e ab o v e  th e o ry  of th e  difference b e tw ee n  th e  Ah ’s a n d  th e  A0’s should  be

ap p licab le  to  a ll flu ids w hen  once th e  fu n c tio n  —  h as  been  d e te rm in e d  for

th a t  flu id . A n  e x cep tio n  m u s t be m a d e  in  th e  case of gases w here th e  change 

of d e n s ity  co n se q u e n t u p o n  a ch an ge  of te m p e ra tu re  is so g re a t th a t  en tire ly  

fresh  co n v ec tio n  c u rre n ts  m a y  be se t u p  b y  th is  cause alone. This m eans th a t

X do
th e  ab o v e  th e o ry  fa ils b ecau se  i t  does n o t ta k e  in to  co n sid era tio n  th e  —

te rm  in  (4).

15. The varia tion  o f k at the commencement o f heating.

A  cru d e  in v e stig a tio n , p e rh a p s  b e t te r  th a n  n o th in g , m a y  be m ad e as  follows 

in to  th is  difficult p ro b lem . T re a tin g  y  a n d  f / d  a s  negligible, a n d  id en tify in g  

(3 a n d  f ,  as a n  ap p ro x im a tio n , we w ill re p re se n t th e  te m p e ra tu re , 6, a t  a  

d is tan ce  r  fro m  th e  ax is  b y

0 =  t t a j r  & -  V ( i  -  » > 2)} <16>
a  — (3 +  fkr

w here 6t„ is th e  te m p e ra tu re  of th e  tu b e  w all, a n d  th e  te m p e ra tu re  a t  th e  axis 

h as  b een  ta k e n  as  zero. T his in te n tio n a lly  m ak es th e  te m p e ra tu re  g rad ien t 

in fin ite  a t  th e  w all to  agree w ith  th e  g ra d ie n t th ro u g h  th e  film, w hich m u s t be
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Heat Transfer from  Internal Surface of Tube Walls. 5 6 1

in fin ite  if i ts  th ic k n e ss  is neglig ib le . I t  a lso m ak es th e  te m p e ra tu re  d ro p  across  

th e  film  a n d  core in  th e  c o rre c t r a t io  (3cr : (a  — {i). N ow  i t  is easily  fo u n d  

th a t  th e  ab o v e  te m p e ra tu re  d is tr ib u tio n  n e ce ssita te s  a n  a m o u n t of h e a t  of a t  

le a s t e q u a l to

TC

3
az ps (

y~ — -f- [id

p e r u n it  le n g th  b e in g  p u t  in to  th e  w a te r  before  su ch  d is tr ib u tio n  is possib le. 

B u t th e  h e a t  p u t  in  p e r u n it  le n g th  p e r u n it  t im e  is 2t o/H w h ich  is a p p ro x im a te ly  

2nak0dw. S u b s ti tu tin g  pvsZfcx  — (3 +  (3a) fo r  we g e t a  (a  — (i)/6Zv as  th e  

tim e  re q u ire d  to  im p a r t  th is  h e a t. B u t  in  th is  tim e  th e  liq u id  flows a  d is ta n ce  

of (a  — [3)/12Z  d ia m e te rs  d o w n  th e  tu b e . A s Z ' 1 =  8N , w here N  is th e  n u m b e r 

of d ia m e te rs  in  w h ich  th e  loss of h e a d  is e q u a l to  th e  v e lo c ity  h e ad , th is  is 

t  (a  — P) N  ; or, ro u g h ly , since (a  — [3) is of th e  o rd e r of 0*7 to  0*9, say , |-N  

d ia m e te rs . I t  is fa ir ly  e v id e n t t h a t  th e  v a lu e  of w ill re a c h  i ts  lim it in g  v a lu e , 

ro u g h ly , e x p o n en tia lly , a n d  t h a t  in  tw o  or th re e  tim e s  th is  d is ta n c e  th e  in itia l  

e ffect w ill h a v e  beco m e in sen sib le .

As, fo r o rd in a ry  v elocities , N  v a rie s  b e tw e e n  a b o u t  2 5 -5 0  th is  c a lc u la tio n  is  

in  n o  w ay  in c o n s is te n t w ith  th e  e x p e r im e n t w h ich  g av e  v a lu es of k  a t  th e  firs t  

th e rm o c o u p le  of a n y th in g  u p  to  a b o u t 5 p e r  cen t, g re a te r  (w h en  co m p ared  

fo r th e  sam e w a te r  te m p e ra tu re )  th a n  th o se  g iv e n  by  th e  seco n d  coup le, w hile 

o ne  te s t  m a d e  w ith  th e  first, th e rm o c o u p le  o n ly  3 in c h es  fro m  th e  c o m m e n ce m e n t 

of h e a tin g  g av e  v a lu es  of k  a b o u t 50 p e r  c e n t, g re a te r .

I f, in s te a d  of g e n e ra tin g  h e a t a t  a  c o n s ta n t  r a te  a lo n g  th e  tu b e , th e  tu b e  h a d  

been  m a in ta in e d  (b y  a v a ria b le  h e a t  flow) a t  a constant temperature  a b o v e  th e  

w ater, w hich  is m o re  th e  c o n d it io n  in  a  s te a m  co n d en ser, th e  e ffect of th is  

“ e n tra n c e  effect ” w ill be to  cau se a n  extra  h e a t  flow in to  th e  w a te r  of th e  a m o u n t 

re q u ire d  to  p ro d u c e  th e  e q u il ib riu m  d is tr ib u tio n  of te m p e ra tu re  o v e r th e  

cross sec tion . T h u s  we see t h a t  th e  tu b e  w ill b e h av e  as  if i ts  le n g th  w ere so m e

w here a b o u t 4j- (ot — (i) N  o r |N  d ia m e te rs  lo n g er th a n  i t  a c tu a lly  is.

T h e ab o v e  in v e s tig a tio n  m a y  b e  e x te n d e d  to  d e te rm in e  ro u g h ly  th e  d ifference 

in  th e  v a lu e  of k  o b ta in e d  b y  ta k in g  th e  w a te r  te m p e ra tu re  as  its  a x ia l va lue  

a n d  th e  te m p e ra tu re  g iv en  b y  allow ing  th e  w a te r  a t  a n y  sec tio n  to  flow in to  

a vessel a n d  to  becom e th o ro u g h ly  m ix ed .

W e will ta k e  th e  v e lo c ity  u  a t  a  d is ta n c e  r  fro m  th e  ax is  to  be g iven  by

«  =  w0 {(3 +  (1 — P) V T I — (17)

w here w0 is th e  a x ia l v elocity . T h is  m ak es th e  v e lo c ity  a t  th e  b o u n d a ry  w ith  

th e  film a frac tio n  (i of th e  a x ia l ve locity , an d  agrees  a p p ro x im a te ly  w ith

2 o 2
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5 6 2

S ta n to n  a n d  P a n n e ll’s d e te rm in a tio n  of th e  ve lo c ity  d is trib u tio n . F ro m  (16) 

a n d  (17) we easily  find  th e  “ m ix in g  te m p e ra tu re  ”  over th e  cross sec tion  to  be

l  +  ft a  — ft a .
4 - j~ 2(3 ’ a  — (3 -f- (fo " ’

so th a t  th e  te m p e ra tu re  difference b e tw een  tu b e  a n d  w ater, in stead  of being 

0,,., is less b y  th e  ab o v e  a m o u n t. H en ce  ta k in g  th e  w a te r a t  its  ax ia l te m p e ra 

tu re  w ould  give sm alle r k ’s in  th e  ra tio

\ i  l  +  ft a  — ft 1 . ,

1 4  +  2(3 ' a  — (3 +  (3u/ ' '

If, say , ro u g h ly , a  =  1 • 3 a n d  (3 — 0 -4  th is  g ives a  ra tio  of 5 -f- 3or: 7 -f- 3cr 

(a p p ro x im a te ly ) m a k in g  a  d ifference of a b o u t 10 p e r cen t, w ith  w a te r a t  80° F . 

I t  m u s t  n o t b e  assu m ed  t h a t  w ith  co ld  w a te r  w h en  a is large  th is  ra tio  is n early  

u n ity  fo r th e  th ic k n e ss  of th e  v iscous flow  film  h as  b een  assum ed  negligible, 

a n d  th a t  i t  is on ly  so a t  h ig h  ve loc ities  w ith  cold w ate r. I t  is show n in  

A p p e n d ix  A  t h a t  fo r p u re ly  v iscous flow th e  ra tio  of th e  s g iv en  b y  th ese  

tw o  w ays of ta k in g  th e  w a te r  te m p e ra tu re  is 11 : 18.

T h e a u th o rs  desire to  th a n k  th e  a u th o ritie s  of th e  M anch ester College of 

T echnology, in  th e  E n g in eerin g  D e p a r tm e n t of w h ich th is  research  w as carried  

o u t ; th e y  also owe a  d e b t of g ra ti tu d e  to  D r. S to n ey  u n d e r whose k in d ly  

h e lp  a n d  su p erv is io n  th e  w o rk  w as com m enced.

Summary.

T h e p re se n t p a p e r  reco rds th e  d e te rm in a tio n  of th e  coefficient of h e a t tran sfe r, 

k, fro m  b ra ss  tu b e s  to  w a te r  flow ing th ro u g h  th e m , th e  tu b e s  being  d ire c tly  

h e a te d  b y  la rg e  a l te rn a tin g  c u rre n ts . N o defin ite  coefficient of h e a t tra n s fe r 

is o b ta in a b le  ti l l  th e  te m p e ra tu re  d is tr ib u tio n  o v e r th e  cross sec tion  has 

a t ta in e d  its  lim itin g  fo rm . T he  coefficient of course v aries w ith  w h a t th e  

w a te r te m p e ra tu re  a t  a n y  cross sec tio n  is considered  to  be. I n  these  experi

m e n ts  th is  te m p e ra tu re  is ta k e n  as  th e  m ix in g  te m p e ra tu re  of th e  w ate r flowing 

p a s t  th e  section .

I t  is show n t h a t  th e  lim itin g  coefficient is, a p a r t  from  a sim ple factor, a 

fu n c tio n  of R ey n o ld s ’ n u m b e r x EE p a n d  a  EE [xs/c (i.e., v isco sity  X 

specific h e a t  - f  th e rm a l c o n d u c tiv ity ) on ly . T he re su lts  for v ery  sm all ra te s  

of h e a t flow c an  be ex p ressed  in  th e  form

p v s/k0 =  A  +  B (a - 1) -  C (a -  l ) 2,

A . E a g l e  a n d  R .  M . F e r g u s o n .
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Heat Transfer from Internal Surface Tube Walls. 5 6 3

w here  A, B  a n d  C are  fu n c tio n s  of x  o n ly  g iv en  in  T ab le  I  on  p f 556. T h is  

ho lds  for a ll v a lu es of a  u p  to  a b o u t 15, a n d  for v a lu es of fro m  a b o u t 5000—  

w hich  is o n ly  2 |  tim es  th e  low er c r it ic a l v e lo c ity  a n d  is th e  low est a t  w hich  th e  

flow is s ta b le  en o u g h  to  o b ta in  re a d in g s— to  in f in ity .

A  th e o ry , ag ree in g  w ith  ex p e rim en ts , is g iv en  sho w ing  th e  d ifference b e tw een  

ko a n d  A'h , th e  coefficient a t  a  h e a t  flow  ra te  H , w h en  is la rg e  a n d  also  a  

sim p le  em p irica l ru le  fo r  th e  d ifferen ce  w h en  x  is n o t  so la rge .

A n a p p ro x im a te  e s tim a te  of th e  d is ta n c e  before  h se tt le s  d o w n  to  its  lim itin g  

v a lu e is a lso g iv en  w h ich  is n o t  in c o n s is te n t w ith  th e  e x p er im en ts .

App e n d i x  A.

Calculation of k0 for Viscous F low.

T h is  p ro b lem , th o u g h  i t  h a s  b een  so lv ed  before ,*  c o n ta in s  p o in ts  to  w h ich we 

w ish to  d ra w  a tte n tio n .

W h en  th e  te m p e ra tu re  d is tr ib u tio n  o v e r th e  cross sec tio n  h as  re a ch e d  its  

lim it in g  fo rm  we m u s t h a v e

9 =  9X + f

w here g  is th e  g ra d ie n t a lo n g  th e  d ire c tio n  of th e  ax is  of th e  tu b e . T h e  

v e lo c ity  u  a t  a n y  p o in t  is k n o w n  to  b e  g iv en  b y

u =  

w here v is th e  m ean  v e lo c ity .

T h e excess of h e a t  flow ing ra d ia lly  in to  a  th in  cy lin d er  of u n it  le n g th  a n d  of 

ra d ii  r  a n d  r +  dr  p e r u n i t  tim e  o v e r t h a t  flow ing o u t is c lea rly

\c 2 n r  I ? }
or l or  I

As th e  te m p e ra tu re  re m a in s s te a d y  th is  is e q u a l to  th e  h e a t  rem o v e d  b y  th e  

flow w h ich is

(27 z rd r )p ~

p e r u n it  tim e .

? 0
W ritin g  g  for a n d  su b s ti tu tin g  fo r u, we g e t o n  e q u a tin g ,

U ' x )

T he so lu tio n  of th is , calling  th e  a x ia l te m p e ra tu re  zero, is

q _  ^?VS(J /r?  _  j M  

c \ 4  16a2'

* See, e .g ., N u s s e lt ’s p aper c ite d  b elo w .
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5 6 4 A . E a g l e  a n d  I I .  M . F e r g u s o n .

T ins gives 3pvsga?/8cas th e  tem p e ra tu re  a t  th e  tu b e  w all a n d  as the

tem p e ra tu re  g ra d ie n t a t  th e  tu b e  w all. As th e  h e a t flow p er u n it  a rea  is c 

tim es th e  la t te r  q u a n t i ty  we g e t

h0 — 4c/3

on  ta k in g  th e  ax ia l te m p e ra tu re  of zero as  th e  w a te r te m p e ra tu re .

H ad we ta k e n  th e  s ta t ic  m ean  te m p e ra tu re  ov er th e  cross section, viz.,

- L  f ' M r i r  =  l  eSSE f 
TOT- J 0 24 c

as th e  te m p e ra tu re  of th e  w a te r, we sh o uld  h a v e  o b ta in e d

/•0 =  3c /d  ;

w hile if we ta k e  th e  k in e m a tic  m ean  o r “ m ix in g  te m p e ra tu re  ” g iven  b y

- 4 -  f & m O =
Tcazv  J 0 48

we g e t

=  2 4 c /l l a  ~  2 -1 8 2 c /a .*

I t  is in te re s tin g  to  ex p ress  th is  la s t  re su lt  in  th e  fo rm  0 eq u a l to  so m e

th in g  w ith  Z r 1 a s  a  fa c to r. W e h av e

p»rZ =  R  =  (i ( J 4  ;
r „

giv ing  Z =  4[i,/pm . B u t  we h a v e  fo u n d

p v s /k 0 =  1 la- pm /24c, 

w hence, e lim in a tin g  a, we g e t

vms/Jc()— I Irr/OZ ;

so t h a t  (10) will h o ld  in  th is  case also if we ta k e  y  =  0 a n d  a  — fi =  11/6. 

T h is  k n o w n  v a lu e  of a  a n d  for v iscous flow w as a useful gu ide in  d raw ing  

th e ir  g rap h s.

Appe n d i x  B.

Calculation o f (&h  — />'„) fo r  Viscous Flotv.

T his ca lcu la tio n , th o u g h  q u ite  e lem en ta ry , is long a n d  ted io u s so th a t  only  

th e  s tep  by  s tep  re su lts  a re  g iv en  here. W e w ill assum e th a t  dp/dO an d  ds/dd

* I t  sh o u ld  be s ta te d  t h a t  th is  resu lt  d oes n o t  agree w ith  th e  v a lu e  g iv e n  b y  N u sse lt  in  

‘ Z. Y er. D eu t. I n g .,’ v o l, 54 , p . 1156 (1910), w here a s th e  resu lt  o f a m ore elaborate  an aly sis,  

d u rin g  w h ich  he a lso  o b ta in s  th e  in it ia l in crease in  k0 before it  s e tt le s  dow n  to  it s  lim itin g  

v a lu e he g iv e s  k  =  2 -5 7 6 c /a  (p rob ab ly  m ean t for 18c/7«). There seem s, h ow ever , no 

d o u b t a b o u t th e  correctness  o f th e  p resen t re su lt.
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Heat Transfer from  Internal Surface Tube 5 6 5

are  neglig ible a n d  will d e n o te  dy./dQan d  dcjd i) by  p ' a n d  . W e w ill

t h a t  th e  te m p e ra tu re  a t  th e  ax is  is ta k e n  as  zero a n d  th a t  p. a n d  c re fe r to  th is  

te m p e ra tu re . W e w ill fu r th e r  su p p o se  t h a t  th e  v e lo c ity  is a d ju s te d  so t h a t  th e  

w all fr ic tio n  is exactly  th e  sam e as  w hen p. a n d  c a re  c o n s t a n t ; a n d  th a t  6 is 

th e  w all te m p e ra tu re  in  th is  la tter  case.

W ith  p. an d  e v a ria b le  we find  th a t  th e  w all te m p e ra tu re  becom es

0 ' =  0 | l
29 p/ 1 £ \  

\3 24  p.

w hile th e  te m p e ra tu re  g ra d ie n t a t  th e  tu b e  w all a n d  th e  h e a t  flow  p e r u n i t  a rea  

a re
f  f j  /

1 +  1  J i
\1 8

S0 6
c /

a n d 1 +  -  ^  6 
^  18 p.

tim e s  th e ir  p re v io u s  v a lu es re sp ec tiv e ly . W e also  find th e  to ta l  flow of liq u id  

th ro u g h  th e  tu b e  is

, 13 p /6

18 u

tim es  its  p re v io u s  v a lu e  ; th e  to ta l  h e a t  c a r r ie d  a w a y  b y  th e  liq u id  is

! _ ( »  e '  +  J » ^ e
V126 ji 105 c l

tim e s  i ts  fo rm er v a lu e  ; a n d  th e  k in e m a tic  or “  m ix in g  ” te m p e ra tu re  of th e  

liq u id  is

\2 1  ji 105

tim e s  i ts  fo rm er v a lu e  

tu b e  a n d  w a te r

th u s  m a k in g  th e  d ifference of te m p e ra tu re  b e tw een

/ _35_ p / _  106 c[\ Q 

\1 9 8  p, 165 c /

tim e s  its  fo rm er v a lu e . D iv id in g  th e  r a t io  in  w hich  th e  h e a t  flow h a s  been  

increased  b y  th is , we see th a t

h i l K  — i  +  ( — — +
'o o  p.

106 f .  

165 cl
0 .

B u t th is  is co m p arin g  th e  new  w ith  k0 fo r th e  sam e ax ia l w a te r  te m p e ra tu re  ; 

if i t  is c o m p ared  w ith  Jc0 for th e  sam e tu b e  te m p e ra tu re  (w hich  is g re a te r  in  

th e  ra tio  (c -j- o '6) : c)we g e t

t a l t * ~ 1 + d k i

59 c_/ \ 

165 c '
0 .
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5 6 6  Heat 'Transfer from Internal Surface oj Tube Walls. 

R em em bering  th a t  b y  A p p en d ix  A, =  H  -f- 110/18 we get

I f  &h  be co m p ared  w ith  k {) a t  th e  sam e k in e m a tic  w a te r te m p e ra tu re  i t  will be 

fo u n d  th a t

Since we h a v e  assu m ed  su ch  a  m ean  v e lo c ity  t h a t  th e  w all friction , a n d  

th e re fo re  th e  loss of h ead , is th e  sam e as  before ; a n d  fo r v iscous flow th e  loss 

of h e ad  is p ro p o rtio n a l to  th e  v e lo city , an d , as we h a v e  seen, th e  to ta l  flow is 

in c reased  in  th e  ra tio

i t  follows t h a t  fo r th e  same to ta l  flow th e  loss of h e ad  w ould  be increased  in 

th e  ra tio

B u t, as th e  loss of h e a d  is p ro p o rtio n a l to  th e  v iscosity , th is  is th e  sam e as if 

th e re  w ere no  h e a t  flow (so th a t  th e  te m p e ra tu re  w as c o n s ta n t th ro u g h o u t)  

a n d  th e  te m p e ra tu re  of th e  liq u id  w as 130/18. As 7 0/18  is th e  k in em atic  

te m p e ra tu re  of th e  liq u id , a n d  110/18 is th e  difference be tw een  th is  an d  th e  

tu b e  w all te m p e ra tu re , =  AO, say, i t  follows th a t  th e  loss of h ead  is th e  sam e 

as  if th e re  w as no  h e a t  flow a n d  th e  te m p e ra tu re  of th e  liq u id  w as 6 AO -f-11 ; 

t h a t  is, as if th e  a c tu a l k in e m a tic  w a te r  te m p e ra tu re  w as increased  b y  6/11 

of th e  d ifference b e tw een  th is  te m p e ra tu re  a n d  th e  tu b e  te m p e ra tu re  an d  no 

h e a t  tra n s fe r  w as ta k in g  p lace.

th a t  is

JcK — k0 =  (0 -347 fj[i  — 0 -5 85  c '/c) H .
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