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O n th e  C oefficient o f  V iscous T ra c tio n  a n d  its  R e la tio n  to th a t oj

V iscosity .

By F r e d . T. Tr o u t o n , F.R.S.

(Received February  12,— Read February 22, 1906.)

W hen  experim en ts  are  m ade on th e  viscous flow of p itch  and other 

substances of sim ila r charac ter, in  th e  form  of rods or cylinders, by the 

torsional m ethod,* i t  is found th a t  th e  ra te  of tu rn in g  u n d er torsion of these 

rods is n o t s tr ic tly  p ro p ortional to  th e  d riv ing  couple. Thus th e  ra te  of flow 

of th e  m a te ria l u n d er shearing  stress  canno t be in  sim ple p roportion  to  stress. 

I f  i t  is w ished to  in v estigate  th e  ex ac t law  connecting  th e  ra te  of flow w ith 

th e  shearing forces, by  m eans of th e  to rsional m ethod, a com plication is a t 

once m e t w ith , arising  from  th e  fac t th a t  th e  ra te  of flow in  a tw isting  rod is 

no t of th e  sam e value everyw here, b u t necessarily  varies from  no th ing  a t the 

cen tre  to  a m axim um  a t th e  surface of th e  rod.

W ith  th e  view  of developing a m ore su itab le  w ay of investigating  the 

phenom enon, tr ia ls  w ere m ade w ith  d ifferen t m ethods of observing the flow of 

such bodies, u n d e r conditions in  w hich th e  said  objection does no t apply. The 

re su lts  ob ta ined  in  these  w ays ex h ib it th e  sam e dep artu res  from  linearity  as 

was suggested by th e  re su lts  ob ta ined  by  th e  m ethod  of torsion.

The types of flow exam ined  w e re : (1) th e  flow produced in  a rod or 

cy linder of the  m a te ria l w hen u n d e r t r a c t io n ; (2) w hen u n d e r axial com­

pression ; (3) th e  flow of a freely  descending s tream  of th e  m a te r ia l; (4) the 

ra te  of bending  of a horizon ta l rod  or beam  of th e  m ate ria l under its  own 

w eight w hen supported  only  a t  th e  ends.

The la t te r  m ethod, how ever, suffers from  th e  sam e defect as the  torsional 

m ethod, nam ely, from  giving an  in teg ra l value th rough  a range from  zero up 

to  a certa in  lim it.

T ra c tio n  E x p e rim e n ts .

Rods or bars of th e  m a te ria l u n d e r exam ination  were suspended from one 

end, w hile to  the  o ther w eights w ere  a ttached . The rod was th u s  subjected 

to  a force w hich continuously  drew  i t  out. The ra te  of elongation per 

cen tim etre  leng th  of th e  rod could  th e n  be determ ined.

The rods for these experim ents were prepared  by th e  m ethod described in 

th e  paper a lready  re ferred  to. F o r th e  purpose of apply ing  the tractional 

forces th e  rod was th ickened  a t each end and  w orked in to  an  alm ost cubical 

block, as shown in  fig. 1, so as to  fit a m eta llic  box or receptacle open to one

*  ‘ P h il. M ag.,5 vol. 19, p. 347, 1904.
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On th e  Coefficient o f  Viscous , etc. 427

F ig . 1.

side, b y  w h ich  th e  ro d  co u ld  b e  h u n g  fro m  a  s u p p o r t  a t  th e  to p  a n d  a  w e ig h t 

a t ta c h e d  a t  th e  lo w er en d . T h e  o p e n in g  in  th e  b o x  fo r  th e  ro d  w as  s lo tte d  

o u t to  one  sid e  so a s  to  a d m it  th e  ro d  b e in g  s l id  in to  i ts  p lace .

I n  e s tim a tin g  th e  s tre s s  in  th e  ro d  

w e m u s t  ad d  to  th e  w e ig h t a t ta c h e d  to  

th e  lo w er h o o k  th e  w e ig h t o f th e  b o x  

a n d  of th e  p itc h  be low  th e  lo w er p o in t  

of o b se rv a tio n  o n  th e  rod . T h e  w e ig h t 

of th e  ro d  u n d e r  o b se rv a tio n  i ts e lf  

p ro d u ces  an  in c re a se  in  th e  s tre s s  fro m  

th e  lo w er e n d  u p w a rd s , i t s  a m o u n t  

h a lf  w ay  u p  is  o b v io u s ly  h a lf  t h a t  o f 

th e  ro d  b e tw e e n  th e  lo w e r a n d  u p p e r  

m a rk . F o r  c o rre sp o n d in g  p o in ts  ab o v e  

a n d  be low  th e  m id d le  th e  s tr e s s  is  in  

excess a n d  d e fe c t of th e  m e a n  v a lu e  

b y  e q u a l a m o u n ts , so th a t ,  a s s u m in g  

l in e a r i ty  fo r th e  flow, th e  c o rre c t io n  

w ill b e  h a lf  th e  w e ig h t of th e  p o r t io n  o f

th e  ro d  in  th e  o b se rv a tio n . T h e  r a te  of e lo n g a t io n  of th e  ro d  w as o b se rv ed  

b y  m e an s  of a  c a th e to m e te r .

I n  o b se rv a tio n s  w ith  c e r ta in  m a te r ia ls  s u c h  a s  s h o e m a k e r’s w a x  th e  p la n  

w as a d o p ted  of e x p e r im e n t in g  u n d e r  a  l iq u id  of th e  sam e  d e n s i ty  a s  th e  

m a te r ia l  i ts e lf  fo r th e  p u rp o s e  of e l im in a t in g  th e  s tre s s  d u e  to  i t s  o w n  w e ig h t, 

w h ich  w as m u c h  to o  g re a t  to  a d m it  o f a c c u ra te  o b se rv a tio n s  b e in g  o th e rw is e  

m ad e  o n  th e  r a te  of flow.

T h e  lo w er en d  of th e  ro d , in  s u c h  cases, w as  m a d e  fa s t  w h ile  th e  t r a c t iv e  

w e ig h t w as a p p lie d  a t  th e  to p  b y  m e a n s  of a  co rd  a n d  p u lle y . T h e  ro d s  w e re  

th u s  d ra w n  u p w a rd s . T h is  w as  d o n e  in  o rd e r  to  b e  a b le  th e  m o re  e a s ily  to  

su rro u n d  th e  ro d  w i th  a  l iq u id ,  h a v in g  th e  sam e  d e n s i ty  as  i t s  m a te r ia l ,  

a n d  th u s  to  e lim in a te  th e  a c tio n  of th e  ro d ’s o w n  w e ig h t. F o r  h o ld in g  th e  

liq u id  a  w id e  v e r t ic a l  tu b e  w as f i t te d  to  th e  a p p a r a tu s  a n d  s u rro u n d e d  th e  ro d  

u n d e r  e x a m in a tio n .

S o lu tio n s  of s a l t  in  w a te r  w e re  u se d  fo r  th e  liq u id s .

R e s u lts  o f  T r a c t io n  E x p e r im e n ts .— T h e  r e s u l ts  o b ta in e d  w ith  p i tc h  a n d  o th e r  

su b s ta n c e s  sh o w ed  t h a t  th e  t im e  r a te  of e lo n g a tio n  p e r  c e n t im e tr e  of a  ro d  

u n d e r  te n s io n  is  a p p ro x im a te ly  p ro p o r t io n a l  to  th e  fo rce  of t r a c t io n  p e r

sq u a re  c e n tim e tre  cross se c tio n  o r — w h e re  F  is  th e  fo rce  a p p lie d , A
j a x

th e  a re a  of th e  cross sec tio n , v  th e  v e lo c ity  a t  a n y  p o in t  x  o n  th e  ro d , a n d  \
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a constan t for any  given m ateria l. T his we shall te rm  th e  coefficient of 

viscous traction  of th e  m ateria l.

The values found for X  for a  few of th e  substances ex

Prof. F. T. Trouton. Coefficient o f Viscous [Feb. 12,

given to show th e  order of th e  coefficient.

F o r an  o rd in ary  v a rie ty  of p itch  a t  15° C.............  4*3 x  1010

F o r th e  sam e w ith  a s lig h t ad m ix tu re  of t a r .......  6*7 x  109

F o r shoem aker’s w ax a t  15° C .................................  5*9 x  106

I n i t ia l  JRcde o f  F low .— T he observations m ade on th e  ra te  of flow of rods of 

these  substances show th a t  i t  is fas te r im m ediate ly  a fte r  th e  application of 

th e  force th a n  afterw ards.

A s an  exam ple, th e  fo llow ing tab le  is g iven, in  w hich th e  elongation is in 

a rb itra ry  u n its  an d  th e  tim e  is in  m in u te s  and  seconds to  th e  nearest five 

seconds. These observations are  p lo tted  in  fig. 2.

F ig . 2.

30 40

Tim e in m in s.

T able I.

SI ...
1 °-

1. 2. 3. 8. 9. 10. 11. 13. 14. 21.

t ...... 0 2 ' 0" 4' 25" 6' 60" 22' 0 " 24' 55" 28' 0 " 31' 35" 39' 0" 42' 40" 69' 0"
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I t  w ill be  seen  th a t  th e  in i t ia l  r a te  of flow  is  f a s te r  th a n  th e  f in a l ra te . 

T h is  is  s im ila r  to  w h a t w as o b se rv e d  in  th e  case  o f  th e  v isco u s  flow  of ro d s  

u n d e r  to rs io n .*  I t  w as a lso  n o tic e d  t h a t  th e r e  w as a  slow  p a r t ia l  m o v e m e n t 

to w a rd s  re c o v e ry  o n  re m o v a l o f th e  fo rce  of t r a c t io n , w h ic h  g ra d u a l ly  fe ll  to  

zero  w ith  tim e , j u s t  a s  h a d  b e e n  p re v io u s ly  o b se rv e d  in  th e  case  of to rs io n a l  

forces.

D e p a r tu r e  f r o m  L i n e a r i t y  w i th  V a r ia t io n  o f  T r a c t iv e  F o rce .— E x p e r im e n ts  

m ad e  w ith  d iffe ren t v a lu e s  of th e  t r a c t iv e  fo rce  sh o w  th a t  th e  r a te  o f  flow  is  

n o t s t r ic t ly  p ro p o r tio n a l  to  th e  fo rce . T h e  re s u l ts  o f d e te rm in a tio n s  m a d e  

w ith  a  v a r ie ty  o f p itc h  g iv e n  in  T a b le  I I  a n d  sh o w n  in  fig. 3 a re  ty p ic a l.

1906.1 Traction an d  its  R ela tion  to tha t o f  Viscosity. 429

T a b le  I I .

Force. 70. 140. 240. 340. 440.

K ate  o£ elongation  ... 2 0 6*4 14 20 26

F ig . 3.

<6 io

o IOO 200 300 400

Force in g rc tm s.

T h e  o rd in a te s  r e p re s e n t  r a te  o f e lo n g a tio n , w h ile  th e  abscissae r e p r e s e n t  th e  

fo rce  a p p lie d  to  th e  ro d  in  g ra m m e s . I t  w ill  b e  see n  fro m  th e  c u rv e  t h a t  

e x c e p t n e a r  th e  o rig in  th e  la w  is  l in e a r . F o r  fo rces  ab o v e  a  c e r ta in  v a lu e  th e  

r a te  of flow  m a y  be  e x p re sse d  as  T — T 0 =  X d v /d x .  T h e  r a te  o f  e lo n g a tio n

*  * P h il .  M a g .,’ vo l. 19, p. 347, 1904.
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430

taken  for the  curve was in  every case th a t obtain ing after the in itia l stage 

had been passed.

The P a th s  o f  F low  o f  the P artic les in  a  D ra w n-o u t R od .— The mode of flow of 

the particles of a rod while being draw n out is of in terest. W ith  the view of 

experim entally  ascertaining if the particles ly ing in  a cross section moved out 

sym m etrically on th inn ing  tak ing  place, th a t is to say, if  half of the particles, 

scattered uniform ly throughout a cross section, are le ft relatively  behind, rods 

were prepared of m aterials having approxim ately  the same coefticient of viscous 

traction, b u t of different colours. Two different coloured rods were united 

end to end and then  drawn out, the  surface of demarcation being carefully 

watched.

Eods of different coloured glass were tried  for th is purpose and, provided 

they are approxim ately of the same fusibility, answ ered well. Compound 

rods thus made were warmed and drawn out and the surface where they 

joined observed. This always rem ained a p lane; though sometimes i t  

did no t rem ain  a cross section. No tendency was noticed for the central 

portion to flow a t a different ra te  to the  peripheral parts. The flow shows 

itse lf to be quite sym m etrical along the axis, as one would na tu ra lly  expect. 

Sim ilar results were obtained w ith shoem aker’s wax. In  th is case the  

coloration of one end was effected by the addition of a small quan tity  of 

vermilion. On slicing the draw n-out rod, the line of demarcation could 

be seen.

A x ia l  Compression o f  Cylinders.

Experim ents on the ra te  of axial contraction of cylinders under axial 

compression gave results corresponding w ith  those obtained for the traction 

of rods, as detailed above. T hat is to s a y :— (1) The rate  of contraction on first 

application if  the stress is a little  faster than  th a t finally reached (see fig. 4 );

(2) there is a slow movem ent towards recovery on removal of the s tre ss ; and

(3) the final ra te  of flow increases a t a uniform  ra te  w ith the increase in  the 

applied stress w hen the la tte r  is above a certain  lim iting value.

In  the  case of traction, the length of the rod or cylinder can be large 

compared w ith its  diam eter, in  most cases i t  was between 20 and 30 times 

the  diameter, b u t for compression on account of buckling, it  is well for 

the length to be no t more than  about three tim es the diam eter of the cylinder.

The stress was applied by placing weights on a p late which ju s t covered 

the top of the  cylinder, which stood vertically . The rate of depression of the 

cylinder was observed by means of a cathetom eter. The coefficients obtained 

from experim ents on compression made in  th is way were found to be about 

the same in  m agnitude as those obtained from traction. For instance, with

Prof. F. T. Trouton. Coefficient of Viscous [Feb. 12,
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a certain  specimen of a ra th e r soft p itch , the com pressional coefficient was 

found to be 7 -6 x 109, while the  coefficient for trac tion  of the  same m aterial 

wTas found to be 6*7 x 109.

F ig . 4.

1906.] T r a c tio n  a n d  i t s  R e la t io n  to th a t o f  V isco s ity . 431

F low  o f  a  S trea m  D escending u n d e r  its  ow n W eight.

The stream  of the  m ateria l u nder exam ination  was obtained by allow ing i t  

to flow through  a circu lar hole in  th e  bottom  of a w ide tin  vessel. A fte r 

a steady state  is reached, th e  outline of th e  s tream  is of the  character shown 

in fig. 5. The stream  gradually  tapers  dow n to  a very fine thread, w hich 

breaks off in te rm itten tly  from  its  low er end.

A t any point d is tan t x  from th e  top le t v be th e  dow nw ard velocity  o

m aterial, th en  the  tim e-rate  of elongation per cen tim etre  of the  m ateria l a t 

th is point is d v /d x .  The trac tiv e  force is due to the  mass M  of th e  colum n 

below th is point. L et the cross section be we have then, provided th e

M g y
velocity is sm all, M  g — \7 ry 2d o /d x .  Thus we m ay w rite  A, =  — w^ ere

p  is the volume of m aterial (7 ry2v )supplied per second, and d y /d x

of the tangen t to the surface a t the po in t of the  colum n where 2 is the  

diam eter.

Tangent M ethod o f  D e term in in g  A.— A n optical m ethod can be adopted for 

determ ining the slope of the surface of the falling colum n a t a definite point. 

A beam  of ligh t from a horizontal s lit and lens is allowed to fall on the
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432

colum n and is reflected in to  a telescope which is pointed upwards to receive 

it. The tangen t of half the  angle betw een the incident and reflected beams 

is  evidently  the slope of the surface neglecting curvature.

Prof. F. T. Trouton. Coefficient o f Viscous [Feb. 12,

Fig . 5.

The value of M  can be got by  cu tting  off the column a t the point in 

question, collecting and weighing. The value of M  varies, i t  is true, according 

as the colum n breaks off a t its  lower end or otherwise, b u t only to a negligible 

ex ten t.

The value found for the  coefficient of viscous traction by th is method for 

a  m ix ture of p itch  and ta r  in  the ratio  of 7 to  1 was l 'T x lO 8; and for 

a m ix ture of the  same m aterials in  the ra tio  of 3 to  1 about 9*3 x  105. These 

are about the  same values as obtained by  the  other methods.

Investiga tion  o f  Shape o f  a  S trea m  Descending unde r  its own W eight.—To 

determ ine th e  shape of the  colum n we have the following considerations. A t 

any point we have seen th a t the force of traction is

F  =  \ A  d(

where A  is the  area of the  cross section, so th a t v A  — const. Also

s  ®

when p is the  density of the m aterial.
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1906.] T r a c t io n  a n d  i ts  R e la tio n  to th a t  o f  V isc o s ity . 433

If  the rate of fall is sm all, the  acceleration  te rm  m ay be neglected, and

we get

Substitu te for v  from the  re la tion  v A p  =  M i, w here M i is the  mass of 

m aterial falling per seco n d ; and su b stitu te  7 for A. Then, a fte r differentia­

ting and arranging, we have

__ A%\2___ 1 / k 2 =  0
y 3 dx2 y4 \d x

IjOG
.where K 2=  2\M i / g p 27r. The general solution of th is  equation is s in h g .

W hen b is very sm all i t  rep resen ts a long filam ent, such as in  the  p resen t case. 

The lim iting  solution w hen 5 =  0 is K . This la st expression was

found, as described below, to fit experim ental data  w ith  sufficient accuracy.

In  order to experim entally  exam ine the  question, m ix tu res of p itch  and ta r  

were made sufficiently th ick  or g lu tinous for th e  flow to be slow enough to 

enable th e  acceleration te rm  to be neglected. The cu rv a tu re  assum ed by th e  

descending colum n was experim entally  determ ined  by  observing the  diam eter 

of the colum n a t various heights. This was done in  some cases by m eans of a 

cathetom eter, in  o thers by casting the shadow of th e  colum n from a distant- 

source of lig h t on a long vertical sheet of paper placed close to th e  colum n, 

and then  trac ing  ou t th e  shadow w ith  pencil.

The cathetom eter telescope had  a scale in  th e  eye-piece, w ith  w hich th e  

horizontal b read th  of th e  colum n a t th e  different heigh ts was observed 

according as th e  telescope was raised to various positions along the  colum n. 

From  these readings, in  conjunction w ith  th e  height readings, th e  curve m ade 

by th e  p itch  in  falling could be p lo tted . I t  was th en  found possible to  fit. 

an equilateral hyperbola to it.

The following tab le  (p. 434) gives th e  resu lts  obtained w ith  ra th e r a th ick  

m ix ture. The first colum n gives the  heigh t in  c en tim etres ; th e  second one 

half the observed d ia m e te r ; the  th ird  colum n gives the  calculated value of 

the  radius derived from th e  form ula y  (x +  m )  =  K .

The values of the  constan ts used were K  =  1*85 and m  — 1*8. This last is 

the  height above th e  bottom  of the  vessel a t  which the horizontal asym ptote 

is situated.

The divisions of the  scale of the  eye-piece corresponded to 0’03 cm. This 

was subdivided by eye, so th a t the  agreem ent is quite w ith in  the  lim its to 

be expected. There was some difficulty a t tim es in  reading the  diam eter, 

especially tow ards the  lower end, as th e  hanging colum n would sometimes 

sway slightly  about, even though i t  was placed inside a ta ll glass case w ith
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fro n t to  sh e lte r i t  from  draugh ts. This was due in  large m easure to the effect 

of the  end b reak ing  off.

434 Prof. F. T. Trouton. Coefficient o f Viscous [Feb. 12,

Table I I I .

X. y  obs. 1 y  calc. DifE. X. y  obs. J y  calc. DifE. 1

0 1 *035 1 -027 -0 -0 0 8 8 0-190 0-188 -0 -0 0 2
! 0-5 0-790 0-804 + 0 -014 9 0-165 0 -171 + 0-006

1 • 0-635 0 -660 + 0 -025 10 0 '155 0 -156 + 0-001
; i*5 0-550 0-560 +  0 -oio 12 0-135 0-134 -0 -0 0 1
; 2 0-475 0-460 - 0  015 15 0  - n o ’ 0 -104 -0 -0 0 6

2 5 0*430 0 -430 0 20 0-090 0 -089 -0 -0 0 1
3 0-370 0 -385 + 0-015 30 0 065 0-058 -0 -0 0 7
3*5 0-340 0 -349 + 0-009 40 0-045 0-044 -0 -0 0 1
4 0-315 0-318 + 0-003 50 0-030 0-035 + 0-005
4-5 0-290 0-293 + 0-003 66-5 0 -020 0-027 +  0-007
5 0-255 0-271 +  0-016 88 0-020 0-020 0
6 0-225 0-237 +  0-012 92 -5 0 015 0-019 +  0-004
7 0-200 0-210 + 0-010

T h e  V a lu e  o f  X fo u n d  by F a llin g  C o lum n M ethod

co n stan t in  x y  =  K  th e  coefficient of viscous trac tio n  m ay be 

T hus

X =  f g w  K 2/2 M i.

Taking as found above K  =  T 85 p  — 1*32 and  M i =  0-0000950, we get 

X =  9 -6 x  107. T his was a t a  m ean  tem p era tu re  of 16° C. A  rod made 

from  th e  sam e m ix tu re  of ta r  and  p itch  gave for X by  the  trac tion  m ethod 

the  value X =  7'8 x  107 a t  17°‘5 C. A n o ther rod from  th e  sam e m ix tu re  gave 

13 x 107 a t  14° C. T he agreem ent w ill be considered sufficiently good to 

Confirm th e  th eo ry  w hen th e  character of th e  m ateria l is remembered. 

U nfo rtu n a te ly , though  v ery  convenien t for m aking m aterials of any  desired 

viscosity, these  m ix tu res  suffer from  th e  disadvantage th a t  when they  are 

h ea ted  for th e  m anufactu re  of th e  te s t  rods th ey  lose some of th e ir  more 

vo latile  co n stituen ts , becom ing m ore viscous in  consequence.

M o difica tion  In tro d u c ed  by In e r t ia .— The m odification from  the  hyperbolic 

form , w hich th e  falling  stream  of m ate ria l undergoes w hen i t  is no t so viscous 

.as to  ren d er th e  in e rtia  te rm  negligible, m ay be appreciated  by noting th a t 

w hen  th e  shape is hyperbolic th e  acceleration  varies as the th ird  power of the 

h e ig h t fallen, so th a t  though a t  first th e  in e rtia  term  m ay be quite negligible, 

i t  m ay a t  low er po in ts  become im p o rtan t and  sensibly reduce the  traction 

■effect. I n  th is  w ay th e  contour a t  lower po in ts assumes less of the  hyper­

bolic and  approxim ates more tow ards th e  cylindrical shape.

I n  th e  lim it w here viscosity is negligible th e  shape may be taken  as given 

approx im ately  by  x f  =  K , provided we ignore the tendency to  break up into
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dro p s d u e  to  su rfa ce  ten s io n . C o m p a rin g  th e  tw o  cases, say  fo r p o in ts  X \ a n d  

a*2, w h ere  x 2 —  2%i, w e h a v e  fo r  th e  n o n - in e r t ia  case  =  0*5yi, fo r  th e  

non-v iscous case y 2 =  0 '8 4 y i. W h e r e  b o th  cau se s  a c t, som e in te r

sh ap e  w ill be  a ssu m e d  b y  th e  fa llin g  m a te r ia l .  D e sc e n d in g  c o lu m n s  of 

v iscous liq u id s , su c h  as  th e  f a m il ia r  o n e  of h o n e y  fa llin g  fro m  a  spoon, fo rm  

in s tan ces  o f th is .

1906.] Traction an d  its  R ela tion  to that o f  Viscosity.

S a g g in g  o f  a  H o r i z o n ta l  B e a m .

I f  a  ro d  of p i tc h  is  la id  a c ro ss  b e tw e e n  tw o  h o r iz o n ta l  s u p p o r ts  i t  w ill be  

found  to  c o n tin u o u s ly  sag  d o w n w ard s . T h e  r a t e  a t  w h ic h  th is  o ccu rs  v a r ie s  

With th e  c o n s is te n cy  of th e  m a te r ia l .

To find  h o w  th e  r a te  of s a g g in g  d e p e n d s  o n  th e  co effic ien t o f v isco u s 

tra c tio n , w e c an  re so lv e  th e  s tre s se s  in  th e  m a te r ia l  a t  a n y  c ro ss  s e c tio n  

a f te r  th e  m a n n e r  u s u a l  in  th e  cases  o f  s tre s s e d  b eam s. T h is  g iv e s  com - 

p ress io n a l fo rces ab o v e  a n d  t r a c t iv e  fo rce  b e lo w  a  c e r ta in  p o in t  in  a n y  c ross 

sec tion . T a k in g  th is  a s  b e in g  a t  th e  c e n t r a l  h o r iz o n ta l  l in e  of th e  

cross sec tio n , w e h a v e  fo r  th e  m o m e n t of th e  fo rce  a b o u t th is  l in e

i'd v \  

d x ) n
y . b .  dy, w h e re is  th e  r a te  p e r  u n i t  le n g th  of th e

e lo n g atio n , o r  th e  c o n tra c t io n  a s  th e  case  m a y  be, a t  a n y  p o in t  situated  

a t  d is tan ces  y  f ro m  th e  c e n t r a l  lin e , a n d  w h e re  b is  th e  b re a d th  th e re .

T his v a lu e  fo r  M  m a y  b e  a p p ro x im a te ly  e x p re sse d  in  te rm s  of th e  ra te  

a t  w h ich  a  p la n e  in  th e  m a te r ia l  a t  th e  p o in t  ro ta te s  a t  th e  m o m e n t w h e n

i t  is a t  r ig h t  an g le s  to  th e  a x is  ; t h u s  ) == ^  f x ’ w^ e re  03 *s ^ i s  r a te  of

ro ta t io n  a t  a n y  c ro ss  sec tio n , so t h a t  M  =  \ I
d x

N o w  u ,the r a te  o f sa g g in g  a t  th e  c e n tre , is  g iv e n  b y  =  'S f fx h c o ;

an d , re c o lle c tin g  t h a t  M  =  \ g m  ( x  — — J , w h e re  m  is  th e  m ass  of th e  ro d

b e tw ee n  th e  s u p p o r ts  a n d  L  i ts  le n g th , w e  g e t, a f te r  a r ra n g in g  a n d  in te ­

g ra tin g ,

5
f k !  ------  ------------ v __________

3 8 4  *

w h ere  I  is  th e  m o m e n t o f in e r t ia  o f th e  c ross se c tio n  of th e  ro d .

O ne o f th e  m e th o d s  e m p lo y e d  to  t e s t  th is  fo rm u la  w as to  c o m p are  th e  r a te  

of sag g in g  of ro d s  o f d if fe re n t le n g th s , a l l  o th e r  q u a n t i t ie s  in v o lv e d  b e in g  

u n a lte re d . A  ro d  of p i tc h  o f c irc u la r  cross s e c tio n  w as la id  b e tw e e n  tw o  

su p p o r ts  w h ic h  c o u ld  be  p la c e d  a t  v a r io u s  d is ta n c e s  a p a r t ,  a n d  th e  tim e  

of sag g ing  th ro u g h  th e  sam e  d is ta n c e  in  e ac h  case  o b serv ed . I n  a l l  cases th e
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in itia l ra te  of sagging was n o t included  in  th e  m easurem ents. To allow this 

to  be done the  rod was m ade w ith  a cam ber an d  th e  observations only  begun 

ju s t  before a tta in in g  th e  s tra ig h t position.

I t  w ill be seen on com paring rods of d ifferent length , if  T represen ts the 

tim e taken , a t  any  given span L, to  sag th rough  th e  s tan d ard  distance, that 

TL4 =  const. The follow ing tab le  gives in  th e  first colum n th e  tem perature 

a t th e  tim e of th e  experim en t, in  th e  second colum n th e  span, in  the  third 

th e  tim e tak en  to  fa ll th rough  a s tan d ard  distance, and  in  the  fourth  the 

value found for th is  co n stan t in  each case.

436 Prof. F. T. Trouton. Coefficient o f Viscous [Feb. 12,

Table IY .

°c. L. T. TL4.

15° 83 14 -6 1 -7 x 107
15 30 18*5 1-5
15 27 30-4 1 -6
15 24 47*0 1-6
18 21 66-2 1 *3
18 18 125 -0 1-3

The la s t tw o experim en ts  w ere m ade on a d ifferent day from  th e  others, 

and  w ere m ade a t  a  s lig h tly  h igher tem p era tu re . This m ay in  p a r t  account 

for th e  sm aller value found for th e  constan t. The curve obtained by p lo tting  

L against T is show n in  fig. 6.

Fig . 6.
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Deflocbion of Viscous Beam.
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The I n i t ia l  H ate o f  Sagging .— A s in  o ther eases previously  dealt w ith, 

so in  the  case of sagging beams, th e  in itia l ra te  of flow is g reater th an  

subsequently. The following table, obtained from  experim ents w ith  a certa in  

variety  of pitch , illu s tra tes  th is. In  th e  first colum n are given th e  d istances 

fallen from  zero by th e  cen tra l p o in t of a rod or beam  of p itch . In  the  

second colum n th e  tim e taken  to  each point. The curve obtained by  p lo tting  

these is shown in  fig. 7.

Fig . 7.

1906.] Traction and its Relation to that o f Viscosity. 437

120 160 ;

Time in secs.

Table V.

h.......... 0 0. 0-3. 0-5. 0*6. 0-7 0-8. 0-9. 1 -o.

t .......... 0 55 110 145 180 215
1

250
1

290

The dim ensions of th is  rod, w hich was circular, were as fo llow s: leng th  

betw een supports L  =  25, m ean rad ius E  =  0*47, m ass betw een supports 

m  =  21*7, final ra te  of sagging U  =  0 ‘00285 average. This gives, using above 

formula, X =  3'96 x  1010. T he sam e rod gave by th e  trac tion  m ethod 

3-90 x  1010.

A  num ber of o ther m ix tu res of p itch  and ta r  of varying proportions were 

experim ented with. These gave approxim ately  the  same value for the  

coefficient of viscous traction  as th a t found by e ither the  falling colum n 

method or by th e  d irect trac tion  m ethod.

Some of the  m ix tures of p itch  and ta r  were too soft to  deal w ith  as a 

beam in air, so th ey  were experim ented w ith  under w ater or under strong 

brine. In  th is way th e  dow nw ard bending m om ent could be very greatly  

reduced, or, if  desired, could be even changed in  sign, when, of course, the  

VOL. l x x v ii.—a . 2 I
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ends of th e  beam  had  to  be held  down. A  p a rticu la r m ix ture  whose density 

was 1*185 gave th e  value \  =  3*01 x  105 w hen operated under water. 

The value previously  found for i t  by  th e  falling  colum n m ethod was 

=  4*3 x  105. T he velocity  in  th is  case was perhaps too g reat to  neglect 

th e  in e rtia  te rm  in  th e  falling  colum n m ethod, and  m ay account for the 

h igher value of th e  coefficient ob ta ined  by  it.

Connection between the Coefficient o f  V iscous T ra c tio n  a n d  the Coefficient

o f  V iscosity.

I t  is obvious th a t  th e re  m u st be an  in tim a te  re la tion  betw een the 

coefficient of viscous tra c tio n  an d  th e  coefficient of viscosity as ordinarily 

defined. T he trac tio n a l force applied  to  a  rod m ay be resolved, as is usual 

in  questions of e lastic ity , in to  tw o equal shears, w hich are s itua ted  a t righ t 

angles to  each o th er an d  a t 45° to  th e  d irec tion  of traction , along w ith  a 

un iform  force of d ila ta tion . The value  of e ith e r shearing stress, and also 

of th e  d ila ta tion  stress, is in  each case o n e-th ird  of th a t  of the  tractive 

stress.

I n  th e  first in stance on th e  app lication  of th e  trac tiv e  force, th e  resolved 

effects p roduced corresponding to  these  resolved stresses w ill consist of a 

d ila ta tio n  and  of shearing  stra in . I t  can on ly  be to  the  flow resu lting  from 

th e  la tte r  th a t  th e  continued  elongation of th e  rod is due. N othing sim ilar 

can tak e  place in  th e  case of th e  stress  of d ila tation , w hich only  can have an 

in itia l effect.

The continued app lication  of each shear w ill produce a corresponding flow, 

given in  each case by S =  /x<j>, w here S is th e  shearing

of viscosity, and  (f> th e  ra te  of change of d irection of any line in  th e  m aterial 

in  th e  p lane of th e  shear as i t  passes th rough  th e  direction norm al to the 

shearing  stress. The resu ltin g  flow in  th e  direction of th e  axis is obtained 

by adding th e  resolved com ponents of th e  tw o flows in  th a t  d irection ; so 

th a t  resolving th e  tw o effects, adding th e  com ponents, and reducing the 

ax ial elongation to  th a t  (e) p e r u n it  leng th , we find th a t

Since T =  Xe,and S =  -̂  T, w here T is th e  trac tive  force p er sq

centim etre, we get fx =  -j \ ,  so th a t  th e

th ird  of th e  coefficient of viscous traction .*

* I n  term s of th e  m ore u sual analysis of viscous flow, w ith  constan t stress-m odulus, the 

a rg u m en t w ould tak e  th e  follow ing form  :—C onsider a  viscous cy linder undergoing 

elongation a t  ra te  e ; if i ts  m ateria l is b u t very  s lig h tly  compressible, i t  m ust a t  the  same 

tim e undergo  contraction  a t  ra te  \ e  in  a ll tran sv e rse  directions. I f  ft  rep resen t the 

viscosity of th e  m ateria l, th is  ra te  of elongation im plies a  longitud inal tension of in tensity  

2/xe, and  sim ilarly  th e re  is transverse  tension  of in ten sity  — 2/jl . he. These tractions

438 Prof. F. T. Trouton. Coefficient o f Viscous [Feb. 12,
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I n  o rd e r to  c o m p are  th e  coeffic ien t o f v isco u s tr a c t io n  w ith  th a t  o f v isco s ity  

fo r th e  sam e m a te r ia l , tw o  d is t in c t  p la n s  w e re  a d o p ted . O ne w as to  se le c t a  

m a te r ia l  su ffic ien tly  v iscous to  a llo w  th e  coeffic ien t of v isco s ity  to  b e  d e te r ­

m in ed  b y  m e an s  of th e  to rs io n  of a  ro d  m ad e  o f  i t ,*  a n d  a lso  w h ic h  a llo w ed  

th e  coeffic ien t o f v isco u s t r a c t io n  to  b e  fo u n d  b y  d ire c tly  d ra w in g  o u t th e  ro d , 

o r by  th e  m e th o d  o f  th e  sag g in g  h o r iz o n ta l  beam . T h e  seco n d  p la n  w as to  

select a  m a te r ia l  su ff ic ie n tly  flu id  to  a d m it  o f th e  coeffic ien t of v isco s ity  b e in g  

d e te rm in e d  b y  th e  r a te  of flow  th ro u g h  a  tu b e  u n d e r  a  p re s su re  h ead , w h ile  

a t  th e  sam e t im e  n o t  so f lu id  b u t  t h a t  th e  co effic ien t of v isco u s t r a c t io n  co u ld  

be o b served  b y  th e  m e th o d  o f th e  sag g in g  b e am  o r b y  th e  m e th o d  of th e  

co lum n  d e sc e n d in g  u n d e r  i t s  o w n  w e ig h t.

T he  fo llow ing  a re  th e  r e s u l ts  o b ta in e d  fo r  th e  v a lu e  o f X a n d  ya in  th e  case  

of sev era l m a te r ia ls  of w id e  ra n g e  in  th e  v a lu e  of th e  c o n s ta n ts . I t  w ill  be  

seen  th a t  th e  v a lu e  of X is, g e n e ra lly  sp e a k in g , in  f a ir  a g re e m e n t w ith  th re e  

tim es th e  v a lu e  of ya, th e  v isco s ity .

A  v a r ie ty  of p i tc h  w h ich  g av e  b y  th e  t r a c t io n  m e th o d  X =  4*3 x  1 0 10 w as 

fo u n d  b y  th e  to rs io n  m e th o d  to  h a v e  a  v is c o s ity  ya == 1*4 x  1010. A n o th e r  

v a rie ty  of p i tc h  g av e  X =  3*6 x  1 0 10 b y  th e  t r a c t io n  m e th o d  a n d  X =s 3*3 x  1010 

b y  th e  sag g in g  b e a m  m e th o d , w h ile  th e  v is c o s ity  w as  fo u n d  to  b e  =  1*0 x  1010 

b y  th e  to rs io n  m e th o d .

A  m a te r ia l  m a d e  b y  a d d in g  a  l i t t l e  t a r  to  p i tc h  g av e  b y  th e  t r a c t io n  

m eth o d  X =  12*9 x  1 0 9 a n d  ya =  4*2 x  1 0 9 b y  th e  to rs io n  m e th o d . A  s im ila r  

m a te ria l c o n ta in in g  a  l i t t l e  m o re  t a r  g av e  X =  6*7 x  1 0 9 b y  th e  t r a c t io n  m e th o d  

an d  =  2*2 x  1 0 9 b y  th e  to rs io n  m e th o d .

A  sp ec im en  of s h o e m a k e r’s w a x  g a v e  X =  5*9 x  106 b y  th e  tr a c t io n  m e th o d  

an d  ya =  2*0 x  106 b y  th e  to rs io n  m e th o d .

F o r  m a k in g  a  c o m p a r iso n  b y  th e  tu b e  m e th o d  a  m ix tu r e  o f p i tc h  a n d  t a r  of 

a b o u t th r e e  to  one  w as u sed . T h is  p a sse d  su ffic ie n tly  f re e ly  th ro u g h  a  tu b e  

to  e n ab le  th e  co effic ien t o f v is c o s ity  to  b e  d e te rm in e d . T h is  w as fo u n d  to  be 

ya =. 2*6 x  105, w h ile  th e  co effic ien t of v isco u s  t r a c t io n  w as  fo u n d  b y  th e  

sagg ing  b e a m  m e th o d  to  b e  == 7*6 x  105. A n o th e r  m ix tu re  of so m ew h a t 

s im ila r  p ro p o r tio n s , b u t  b e t te r  f il te re d , g av e  ya =  2*8 x  1 0 5 b y  th e  tu b e  

m e th o d  a n d  X =  9*3 x  1 0 5 b y  th e  d e sc e n d in g  co lu m n  m e th o d .

1906.] Traction and its  R elation to that o f  Viscosity. 439

a c tin g  o n  th e  su rfa ce s  o f th e  c y lin d e r  a m o u n t in  a ll  to  a  u n ifo rm  h y d ro s ta t ic  p re s su re  

to g e th e r  w ith  a  lo n g itu d in a l  te n s io n  of in te n s i ty  O f th e se  th e  p re s su re  is  e n t ire ly

n e u tra lis e d  b y  th e  re a c tio n  a r is in g  f ro m  th e  s l ig h t  co m p ress io n  o f th e  m a te r ia ls  w h ic h  i t  

p ro d u ces ; w h ile  th e  lo n g itu d in a l  te n s io n , h a y in g  a n  in te n s ity -c o e ff ic ie n t 3/a, a lo n e  re m a in s  

to  o p e ra te  in  o th e r  w ay s, a s  in  th e  te x t .

*  * P h il .  M ag .,’ vo l. 19, p. 347, 1904.
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These results are collected in  Table V I, where i t  w ill be seen th a t the 

coefficient of viscous trac tion  X is roughly  th ree  tim es th a t of viscosity.

Table VI.

A. fl. X//i. A.

4 -3V 1010 1 • 4 x 1010 3*07 6 -7 x 109 2 *2x 109 3-04
3 -6 x 1010 1 1 -0 x 1010 | 3-60 5 -9 x 10® 2 *0 x 106 2-95
3 *3 x 1010 J 3-30 9 *3 x 105 2 -8 x 105 3*25

12 -9 x 10*> 4 *2 x 109 3*07 7 -6 x 105 2 *6 x 105 2*91

The V ertica l T em p era tu re  G ra d ien ts  on the W est Coast o f  

S co tla n d  a n d  a t O xshott, S u rrey .

By W . H . D i n e s , F .R S .

(Received November 10,—Read December 7, 1905.)

In  a paper by D r. Shaw and th e  au thor read before the Royal Society on 

M ay 14, 1903,* an account of an  investigation into  the  conditions of the  

upper a ir over the  sea in  the  neighbourhood of Crinan, on the W est Coast 

of Scotland, was given. Since th a t tim e two fresh series of observations in  

th e  same locality  have been obtained, th e  results of which are now sub­

m itted. In  each case observations of tem perature  and hum idity  were made 

by self-recording instrum ents sen t up by m eans of one or more kites, which 

were flown from  th e  deck of a steam  vessel.

Expenses.

The expense has been m et by a g ran t of £200 made by the Governm ent 

G ran t Committee, a g ran t of £50  made by the B ritish  Association a t the  

Southport M eeting, and of £ 4 0  a t the Cam bridge M eetin g ; and also by an 

anonymous contribution of £25 by a Fellow of the Royal Meteorological 

Society. These gran ts have no t been used entirely  for the observations at 

Crinan, b u t have afforded the m eans of carrying on experim ental work a t  

O x sh o tt; by them , too, apparatus for a separate investigation carried out by 

M r. G. Simpson on the N orth  Sea has been provided.! For the observations 

a t Crinan in  1903 a tug  was hired, and the Lords Commissioners of the

* ‘ P hil. Trans.,’ A , vol. 202, pp. 123— 141.

t  ‘ M et. Soc. Q uart. Jo u rn .,’ vol. 32, No. 137, pp. 15—25.
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