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ON THE COLLAPSING OF CALABI-YAU MANIFOLDS AND
KAHLER-RICCI FLOWS

YANG LI AND VALENTINO TOSATTI

ABSTRACT. We study the collapsing of Calabi-Yau metrics and of Ké&hler-
Ricci flows on fiber spaces where the base is smooth. We identify the collapsed
Gromov-Hausdorff limit of the K&hler-Ricci flow when the divisorial part of
the discriminant locus has simple normal crossings. In either setting, we also
obtain an explicit bound for the real codimension 2 Hausdorff measure of the
Cheeger-Colding singular set, and identify a sufficient condition from birational
geometry to understand the metric behavior of the limiting metric on the base.

1. INTRODUCTION

In this paper we study the collapsing behavior of Ricci-flat Kéhler metrics on
Calabi-Yau manifolds, and of long-time solutions of the K&hler-Ricci flow. We first
describe in detail these two setups, which have been much studied recently, and
state the main open problems that we are interested in.

1.1. Calabi-Yau. M™ is a projective Calabi-Yau manifold with Kj; = Oy, with
a trivialization Q of Kjs, equipped with a holomorphic line bundle £ which is
semiample and with Iitaka dimension n := x(L£) that satisfies 0 < n < m. Then
there is some ¢ sufficiently divisible such that the linear system |[¢£| defines a fiber
space structure f : M — N (surjective holomorphic map with connected fibers)
onto a normal projective variety N™ with 0 < n < m. Let D C N denote the closed
subvariety given by the union of the singularities of N together with the critical
values of f on N™& and write S = f~(D) and D = DM U D® where DM is
the union of all codimension 1 irreducible components of D and dim D® < n -2
The fibers M, = f~*(y) for y € N\D are Calabi-Yau (m — n)-folds. We will also
denote by N° = N\D, M° = M\S.

Given a Kéhler metric wy on N (in the sense of analytic spaces [48] if N is not
smooth) and a Ricci-flat Kahler metric wps on M, we are interested in the behavior
of the Ricci-flat metrics w(t) on M cohomologous to f*wy + e twy,t > 0, in the
limit as ¢ — co. To identify the limit, one solves [51] [55] the complex Monge-Ampere
equation on N°

(1) (o + 100" = (A
M

where Wean 1= wy + 100 is a Kihler metric on N° and ¢ € C°(N) (for continuity,
see [13 17, [30]). After earlier work in [55} [26] [60L 35 [36], it was very recently shown
in [37] that w(t) = f*wean in CL2(M®, gar).
In [53] it was proved that the metric completion (Z, dz) of (N, wean) is a compact
metric space and that (M,w(t)) — (Z,dz) in the Gromov-Hausdorff topology (see
1
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also [27], [62] for earlier results in this direction). The following questions, raised in
[56, 57, 58], 27], remain open in general:

Conjecture 1.1. In the Calabi- Yaou setup, the Gromov-Hausdorff limit is homeo-
morphic to N. Furthermore, Z\N° has real Hausdorff codimension at least 2 inside

(Z,dz).

The homeomorphism statement was proved in [53] when N is smooth, and the
full conjecture is known when N is a curve [27], or when M is hyperkéhler [62], or
when N is smooth and D™) has simple normal crossings [25].

We remark that the choice of path f*[wy]+ e *[wn] in cohomology originates in
[29], and is quite analogous to what happens in the Kahler-Ricci flow setup below.
Choosing a different path that approaches f*[wy] in general results in a different
behavior [20] §4.4.4], and the existing estimates mostly break down.

1.2. Kahler-Ricci flow. M™ is a compact Kahler manifold with K, semiample
and with Kodaira dimension n = (M) that satisfies 0 <n <m. Let f: M — N
be the litaka fibration of M, which is the fiber space determined by the linear
system |[£K ;| with ¢ sufficiently divisible, and N™ is a normal projective variety.
Define D, N°, M° as in Setup [[LT] and again the fibers M,y € N°, are Calabi-
Yau (m — n)-folds. Let wy = %WF3|N so that f*wy is a smooth semipositive
representative of ¢1 (K ).

Given a Kéhler metric wys on M, consider the normalized Kéahler-Ricci flow on
M

%w(t) = —Ric(w(t)) —w(t), w(0)=w.

The flow exists for all t > 0 (see e.g. [59]), and we are interested in the behavior as
t — 0o. Observe that the metric w(t) is cohomologous to (1 —e™) f*wy + e fway.

In order to identify the limit of the flow, we fix a basis {s;} of H(M, (K )
which defines the map f, and obtain a smooth positive volume form M on M by

m2
M = <(—1)[2 > s /\s_i>
On then solves [51I] the complex Monge-Ampere equation on N°

(1.2) (wn +1i000)™ = e? f (M),

where Wean 1= wn + 100 is a Kdhler metric on N° and ¢ € C°(N). After earlier
work in [51] 22] 60, B5) 21], it was recently shown in [I2] that w(t) — f*wcan in
Ce.(M°) ast — oo, for any 0 < a < 1.

Furthermore, in [38] it is shown that diam(M,w(t)) < C, for all ¢ > 0, and [53]
shows that the metric completion (Z,dz) of (N°,wean) is a compact metric space,

which is homeomorphic to N when this is smooth.

2

Conjecture 1.2. In the Kahler-Ricci flow setup, (M,w(t)) — (Z,dz) in the
Gromov-Hausdorff topology. Furthermore, Z is homeomorphic to N and Z\N°
has real Hausdorff codimension at least 2 inside (Z,dyz).

The Gromov-Hausdorff convergence is known when N is a curve and the generic
fibers of f are tori [53].
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1.3. Our results. We can now state our results. In either the Calabi-Yau setup
[[Tor the Kéhler-Ricci flow setup [[L2] assume that N is smooth and let (Z,dz) be
the metric completion of (N°, wean). Thanks to [53] this is a compact metric space
homeomorphic to N, and in the Calabi-Yau setup [[.T] it is the Gromov-Hausdorff
limit of (M,w(t)) as t — oo.

Let S C Z be the singular set in the sense of Cheeger-Colding [8], namely the
set of all € Z such that there is some tangent cone to (Z,dz) at x which is not
isometric to R?". We always have S C Z\N°, but this inclusion is strict in general
(see Remark 2.2). Our first result, proved in section 2] is an explicit Hausdorff
measure bound for S:

Theorem 1.3. In either the Calabi-Yau setup [I1 or the Kdihler-Ricci flow setup
[L.2, assume that N is smooth and [wy] € H*(N,Q), and let H*"~2 be the real
(2n — 2)-dimensional Hausdorff measure of the limit metric dz on N. Then the
Cheeger-Colding singular set S satisfies

(1.3) H2(S) < C /D Wi

where C,, is a dimensional constant.

This estimate would be expected if the Hausdorff measure could indeed be com-
puted cohomologically, as in the case when the limiting metric dz is smooth. How-
ever, even the best pointwise estimate (4] below cannot by itself imply this mea-
sure bound, and one needs instead to appeal to the deep work of Liu-Székelyhidi
[47) on Gromov-Hausdorff noncollapsed limits of polarized K&hler manifolds with
Ricci bounded below. The idea is to use standard approximations w; of wean and
study the singularities of the closed positive current Ric on N which is the weak
limit of the Ricci curvature of w;. The results in [47] characterize S as the set of
points in N where the limiting Ricci curvature current has positive Lelong number.
At almost all points z € S the tangent cone is R?"~2 x Co(x), where Cy(,) denotes
the standard conical metric in C with cone angle 270(z) at 0. We are able to
relate 6(z) to the Lelong number of the limiting Ricci current at z, which can be
estimated thanks to the asymptotics of the volume form w7, proved in [28], and
we then estimate the Hausdorff measure using the scalar curvature integral.

Our next result deals with the general case when N is allowed to be singular.
We let 7 : N — N be a resolution of singularities with N smooth and 7—(D) =:
E = U, E; a simple normal crossings divisor. In [62] the second-named author and
Zhang conjectured that we can find such a resolution such that on N \E we have
the estimate

C
(1.4) T Wean < C <1 — Zlog |3i|hi> Weones

where s; is a defining section of E;, h; is a Hermitian metric on O(E;), and weone
is a Kahler metric on N \E with conical singularities along F with cone angles
27;(0 < «; < 1) along F; (we are assuming here without loss that |s;|p, < 1
on N, so that the multiplying factor on the RHS of ([C4) is bounded away from
zero). Building upon [27], it was proved in [62] that the estimate ([4]) would
imply the Hausdorff dimension bound in Conjecture [T in full generality (this was
slightly relaxed in [7] to allow for arbitrary small extra poles along E on the RHS
of (L4)). The conjectured estimate (L4) was proved in [27] when dim N = 1, in
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[62] when M is hyperkiihler, and in [28] when N is smooth and D) has simple
normal crossings, but it remains open in general. Our next result identifies an
algebro-geometric condition which is sufficient to prove (4], and which comes
from the canonical bundle formula in birational geometry: roughly speaking, to
any resolution 7 : N — N as above (together with a resolution of the pullback of
f: M — N over N), we associate a Q-divisor =5 on N, which is functorial in the
sense that passing to a higher model gives the pullback divisor. In section [3 we
then show:

Theorem 1.4. In either the Calabi- Yau setup in[IL1] or the Kdhler-Ricci flow setup
in L2 the conjectured estimate (L)) holds provided that there exists a resolution
m: N — N as above such that Zg is m-ample.

To prove this result, we refine the arguments in [28] and identify a key divisor
E 5 on the resolution N with the property that whenever = 5 is m-ample then the
desired estimate (I4]) can be shown to hold. We then describe Z g explicitly using
the canonical bundle formula and the recent results of Kim [40].

Our last result, proved in section @, settles the Gromov-Hausdorff convergence
in Conjecture under a log smoothness assumption:

Theorem 1.5. Assume the Kdhler-Ricci flow setup [L3, and suppose that N is
smooth and DY) is a simple normal crossings divisor. Then (M, w(t)) has converges
in the Gromov-Hausdorff topology to the metric completion of (N°,wean), which by
[53] is homeomorphic to N.

This is the first time that this conjectural Gromov-Hausdorff convergence is
proved for base spaces N of dimension greater than 1 (as mentioned earlier, it was
only previously known under the stringent assuptions that N is a curve and the
generic fibers of f are tori [53]), and our assumptions that N is smooth and D) is
snc can be thought of as generic, since for example they are Zariski open in families.
One major difference between our result and those in [53] is that when N is a curve
then D is a discrete set, and in this case it follows from [27] that a small tubular
neighborhood of D has very small wea,-diameter (which is used in [53]), while this
is clearly false when N is higher-dimensional. To prove our result, we make use of
the fact proved in [53] that (N°, wean) is “almost-convex”, and the bulk of our work
lies in establishing an analogous statement for (M°,w(t)), uniformly in ¢. This in
turn requires new ideas, combining results of Perelman [49] with estimate (4] to
analyze the behavior of L£-geodesics which have endpoints away from S = f~1(D)
but which may venture quite close to S.

1.4. Acknowledgments. This research was conducted during the period when the
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was partially supported by NSF grants DMS-1903147 and DMS-2231783, and part
of this work was carried out during his visit to the Department of Mathematics
and the Center for Mathematical Sciences and Applications at Harvard University,
which he would like to thank for the hospitality. The second-named author would
like to thank Henri Guenancia, Dano Kim and Yuguang Zhang for discussions. We
are also grateful to the referee for useful comments.
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2. HAUSDORFF MEASURE BOUND FOR THE SINGULAR SET

In this section we prove Theorem Throughout this section we assume that
N is smooth and furthermore that [wy] € H?(N,Q) (this is automatic in the
Kéhler-Ricci flow setup). By the Kodaira embedding theorem, this means that
[wn] = ¢1(L) where L — N is an ample line bundle, which is needed to apply the
results of [47].

2.1. The approximation procedure. For ease of notation, in the Calabi-Yau
setup [L.I] we denote by

wn
_ dxR
J, MYt
so that in both setups [[.1] and we can write the Monge-Ampere equations (L))
and ([L2) on N° = N\D as

(2.2) (wy 4 i09p)™ = e f (M),

where A = 0 in the Calabi-Yau setup and A = 1 in the Kahler-Ricci flow setup.

As shown in [28, Prop.3.1], wean extends to a smooth Kihler metric across D),
so without loss we may assume that D = D) is a divisor (not necessarily with
simple normal crossings).

Recall from the introduction that we have defined (Z,dz) to be the metric com-
pletion of (N°, wean), which by [53] is a compact metric space homeomorphic to N
(using here that N is smooth).

We then define a smooth positive function F on N° by

fxM)
Wi

which as shown in [51] (see also [55], [59, Prop.5.9]) satisfies

(2.4) Awy + Ric(wy) —i09log F = wwp = 0,

where wwp is a semipositive form of Weil-Petersson type. As shown e.g. in [28]
Lemma 4.1] we have

(2.5) F>=01,

on N°, so by Grauert-Remmert [25], —log F extends to a quasi-psh function on
N, still denoted by —log F, which satisfies (Z4]) weakly on N, and in general it
may have values —oo along D. Also, as shown in [51, Proposition 3.2] (see also [19]
Lemma 2.1], [I8, Proposition 4]) there is p > 1 such that F € LP(N,w}).

We can then apply Demailly’s regularization [I14] Theorem 9.1] and obtain a
sequence of smooth functions v; on IV which decrease pointwise to —log F as j —
oo, and satisfy v; < C for all j and

(2.6) Awy + Ric(wy) +i00v; > —Cuwy,

for all j. The lower bound here cannot be taken arbitrarily small in general because
—log F can have positive Lelong number at points in D. Furthermore, as the
construction of v; shows, we have v; — —log F smoothly on every given compact
subset of N°.

By Yau’s Theorem [63] (and also Aubin [2] when A = 1) we can find Ké&hler
metrics w; = wy + i0dp; on N which satisfy

(2.7) Wi = (wn +109¢p;)" = ;eI

(2.1) M

(2.3)

:‘F7
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where

c;=1, ifa=1,

L TS )

C, = —/—m—mm——
J —vi, n
Jyeiwg

and by construction we have

/Ne*vija/waz:/Nf*w):/MM,

which is strictly positive when A = 1 and equals f N Wrn when A = 0, so that in
particular ¢; — 1 as j — co. When A = 0 we also normalize ¢; by supy ¢; = 0.
When A = 1 we can apply the maximum principle to get

sup ¢; < supv; < C,
N N

independent of j. Also, in this case we have w! < P~ ¥i7% w7} and integrating

J
this gives

n
¢SUPN P > N >C'>o.
Jyew
We thus conclude that when A = 1 we have |supy ¢,| < C independent of j. Then,
for A =0, 1, since as we said fN FPwy < C for some p > 1, it follows that

(2.8) cf/ ePOPi )y <
N
for all j, and so Kolodziej [43] gives us
(2.9) sup |¢;| < C,
N

for all j. When A = 0 we have that cje™ — F in L'(N,w?%), and so Kolodziej’s
stability theorem [44] gives us that

(2.10) loj = @lle(ny = 0,
where ¢ is as in ([2:2). For A = 1 we can still conclude that
(2.11) le; = ellLr(vwr) — 0,

by arguing as in [6, Theorem 4.5].
The following proposition is contained in [23] Lemma 2.2] and [53, Prop. 2.3],
but we include the proof for convenience:

Proposition 2.1. The approzimating metrics w; on N satisfy

(2.12) Ric(w;) = —Cuwy,

(2.13) diam(N,w;) < C,

(2.14) Vol,, By, (z,7) > C~'r?",

forall0 <r <1,z € N and j. The distance functions dg, defined by (N,w;) satisfy
(2.15) dg, (p:q) < Cdgy (P, 9)",

for some C,a0 > 0 and for all p,q € N,j > 0. We also have w; — wcan locally
smoothly on N°, and (N,w;) — (Z,dz) in the Gromov-Hausdorff topology.



COLLAPSING CALABI-YAU MANIFOLDS AND KAHLER-RICCI FLOWS 7

Proof. From (Z7) and (Z8) we get

(2.16) Ric(w;) = Ric(wn) + i00v; — Xiddyp; > —Cwn — Iw;,
so to prove (2.12)) it suffices to show that
(217) Wy 2 C_le.

This follows from the usual Schwarz Lemma argument: the Chern-Lu inequality
gives

(a5 Ric(eo; a9, = 956 (R(n)) ) > ~Ctr o=,

Ay logtry,wy >
try,wN

using (ZI4), and so taking A large enough but uniform we have
Ay, (logtrijN - Acpj) > try,wy — C,
and so the maximum principle and (2.9]) give
tro,wy < C,

which proves (217]).
Next, applying [23, Theorem 1.1] directly proves ([2I3)), and then Bishop-Gromov

volume comparison gives us (ZI4). The Holder estimate (ZI3) for the distance
function of (V,w;) follows from Kolodziej’s uniform Hélder bound [45]

¢l 2o (v wy) < C,

for some « > 0, together with the first-named author’s argument in [46, Theorem
4.1] that deduces 2.I5) from this.

To prove locally smooth convergence, observe that for every given K € N° we
have in particular that sup K(cje’\ﬁ"f_”f) < Ck for all j, and combining this with
@) and I7) we see that on K we have

—1
Cr wy <wj < Crwy,

for all j, and by now standard local higher order estimates for (27)) (on a slightly
larger open set) give us uniform estimates ||w;||cr(k wy) < Cr k for all j, k. Thanks
to (2.10) and ([2.I1)), this gives that ¢; — ¢ smoothly on K, and so wj — wean locally
smoothly on N°.

Lastly, the Gromov-Hausdorff convergence of (N,w;) to (Z,dz) follows by com-
bining the arguments in [53] Proof of Prop.2.3 Step 3] and [53, Proof of Prop.2.2
(3)) 0

2.2. The measure bound (L3]). In this section we still have as standing assump-
tion that N is smooth. Define & C Z as the singular set in the sense of Cheeger-
Colding [8], namely the set of all x € Z such that there is some tangent cone at x
which is not isometric to R2", and for 0 < k < 2n let S* be the set of all z € Z such
that no tangent cone at z splits off an R¥*1 factor. Then, thanks to Proposition
21 by [8] we have S = §?"~2 and dimy S* < k. In particular, if we define

Y= 8\827173 — 5-277,72\8271737

then for every point x € ¥ there is some tangent cone at = which splits off R2"~2,
and dimy (S\X) < 2n — 3. Furthermore, thanks to [9] up to removing a subset of X
with zero 2n—2 dimensional Hausdorff measure (which we will do without changing
notation), the tangent cone at any z € X is unique and isometric to R?"~2 x Co(a)s
where 0 < 0(x) < 27 denotes the cone angle at x. The function 6(z) can be
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Vol B(z,r)

onn’I"Q" I

interpreted as the monotone limit of the volume ratio at z, 6(z) = lim, o
whence it is upper-semicontinuous.

As in [8], for any £ > 0 we define R. as the set of all points € Z such that the
Gromov-Hausdorff distance between B(z,r) and the r-ball in R?" is less than er
for all sufficiently small > 0. Then their complements

(2.18) Se = Z\Re,

are closed subsets and S = |J,.( S-.

Recall in [53, Prop. 2.3] it is shown the inclusion N° < N extends to a home-
omorphism F : Z — N, which maps bijectively Z\¢(N°) onto D C N (here
¢ : N° < Z is the canonical inclusion). We will use F to identify Z with N,
suppressing F' from the notation, so for example dz will be a distance function on
N, etc. It is important to note that the Hausdorff measures and dimensions that
we will use on N are those of dz (and not those of a smooth metric on N), unless
otherwise specified.

Remark 2.2. Since wcan is a smooth Kéhler metric on N° and w; — wean locally
smoothly there, it follows that S C D. This inclusion is strict in general, as can be
seen for example in the case when f: M — N is an elliptic fibration of K3 surfaces
with 24 singular fibers of type I, which is the setup considered by Gross-Wilson
[29]: in this case D is a finite set of points in N =2 P! and from their work it follows
that the metric wean has tangent cone C at all points of D (indeed, wean has an
explicit asymptotic behavior at points in D, see e.g. [34, Table 1]), so in this case
S is empty even though the metric is not smooth at the points in D. This was
extended in [27] to arbitrary elliptically fibered K3 surfaces, and the tangent cone
of wean at any point p € D can be precisely determined from the Kodaira type of
the singular fiber f~1(p), see [34, Table 1] (in particular, the tangent cone is C if
and only if the singular fiber is of type I,,b > 0).

Thanks to [47, Proposition 4.1], there is a weak limit Ric of Ric(w,), which is
a closed (1,1)-current on N, smooth on N°, which locally differs from a positive
current by 00 of a continuous function, hence its Lelong numbers are well-defined.
They also show that S is equal to the set of points x € N where v(Ric,z) > 0.
By [47, Theorem 4.1] this is an at most countable union of closed analytic subsets
of N, contained in the discriminant locus D, and so in particular the number of
divisorial components of S is finite. Passing to the limit in (212]) on N° shows that

(2.19) Ric > —Cwecap,
holds pointwise on N° and weakly on all of N.
On the other hand, differentiating [2.7) gives
(2.20) Ric(w;) = Ric(wy) +i00(v; — Apj),
where ¢; — ¢ uniformly on N and v; decreases pointwise to —log F, and thus
from the construction in [47] we see that we have
(2.21) Ric = Ric(wy) — i09(\p + log F),

as currents on N, where recall that ¢ € CO(N) N C>(N°).

We write D = |J, D; for the decomposition into irreducible components (which
are divisors, since as mentioned earlier we are assuming without loss that D = D),
as Wean extends smoothly across D) by [28, Prop.3.1]), and consider a composition



COLLAPSING CALABI-YAU MANIFOLDS AND KAHLER-RICCI FLOWS 9

of smooth blowups 7 : N — N such that £ = 7~ (D) has simple normal crossings.
Write D for the proper transform of D and E = 7~ 1(D) = D U F where F is
m-exceptional. Then 7* Ric has a Siu decomposition [50]

(2.22) m* Ric = Y v(Ric, D;) Z *Ric, F})[F,] + Ricem,
where v(Ric, D;) = v(r* Ric, D;) and v(n* Ric, F}) are the generic Lelong numbers

(which may be zero), and Ricem is a closed (1,1)-current on N, smooth on N\E,
which satisfies

(223) f{f\igsrn 2 _Cﬂ-*wcanu

weakly on N, and whose generic Lelong number along the D;’s and F;’s vanish. In
fact we can say a lot more:

Lemma 2.3. For any © € E there is a neighborhood U of x in N and a constant
Cy so that on U we can write

Ricem = 1004,
where 1 satisfies
(2.24) ~ Cy log(— log dgy (2, E)) < () < Cu,
for all z € U\E.
Proof. From (221)) we have
7* Ric = 7* Ric(wy) — i00(A\1* ¢ + log 7 F),

and since p € CO°(N) N C*>(N°®), it suffices to understand the singularities of 7*F
along F.
This is a consequence of results proved in [28] (generalizing earlier results in [27]
when n = 1) as follows. Define J, > 0 by
Wy = Jrwl
Choosing defining sections sp , s, and metrics hp , hp, for the line bundles corre-

sponding to the irreducible components of D and F, we have that J;, is comparable
to [; |sFJ|,2£f with b; € N5 (recall that N is smooth). Then [28, Theorems 2.3,
J

7.1 and Lemma 4.1] (also [40, Rmk 1.6]) give on N\E
[T, lsr iy I1; Ise iy
IT, s 2(1 ¥i) gJﬂ'ﬂ-*}—gcn | 2(1 V)(
Dl % SDZ %
where ; € R and 0 <; < 1, and we must also have b; > B;. Thus
1 . —logdy (-, E ¢
707) sy STFSC ( 70,7) o) 20
H_j s, | IL |Sf’i|h1§i Hj |57, | IT; |Sﬁi|h5i

which shows that we can take ¥ equal to the sum of a 1oca1 continuous function
plus

-1 —lOgd ('aE))Cv

9N

—log |7 fH |sFJ|2(b i =B3) H Isp, i(_lf'“)

J

and it satisfies (2.24)) as claimed. O
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Next, recall that wc,, has continuous potentials on N, hence the Bedford-Taylor
products wi, ;2 < j < n, are well-defined closed positive (j,j)-currents on N by
5], whose cohomology class agrees with [w’] by [16, Corollary 9.3]. Also, since the
unbounded locus of the local potentials of Ric +Cweay is contained in D, which has
gn-Hausdorff dimension at most 2n — 2, the wedge product

(Ric +Cwean) A wit L

can

is a well-defined positive Borel measure on N by [16, Theorem 2.5], whose total
mass equals

/ (Ric(wn) + Cwy) Awit,
N

again by [16, Corollary 9.3]. Furthermore, from (2.20), (221I), and since ¢; — ¢
uniformly and v; decreases to —log F, [16, Proposition 2.9] shows that

(2.25) (Ric(w;) + Cw;) A w;-I_l — (Ric +Cwean) AWt

can
weakly as measures on V.

The pullbacks currents 7* Ric and m*wcan are defined in the usual way (pulling
back 99-potentials), the measure 7*(Ric +Cwean) A (T*Wean )" ! on N is defined as
above using [16, Theorem 2.5], and since 7 is a modification one easily checks that
we have

(2.26) T (1 (Ric +Cwean) A (T wean)" 1) = (Ric +Clcan) A wiy'-
Using ([2.22), on N we have
7% (Ric +Cwean) A (7T*wcan)7h1
= Z (Ric, D;)[D;] A (T Wean)" L + Z * Ric, F)[B] A (7" Wean)™ ™

(2.27)
+ (RlCSm + Cn* wcan) A (7T wcan)nil

=" v(Ric, D)) [Di] A (7" Wean)" ™" + (RiCom + CT* wWean) A (7" Wean)"

because each term [F] A (T*wean)” ! vanishes as F; is m-exceptional.

Let now U, C N be the r-neighborhood of D with respect to wy. We then have
the following claim:

Lemma 2.4. For any continuous nonnegative function h on N we have

. : n—1 __ . . n—1

ll_r% " h(Ric +Cwean) A wiay = Z v(Ric, D;) / i hwio .

f’roof. Let U, = 7 Y(U,) (a shrinking family of open neighborhoods of E) and
h = 7*h, then using (Z21) we have

o = lim ha* (Ric +Cwean) A (T Wean )"

r—0 U, r—0 U,

lim [ A(Ric+Cwean) A wi !

= Z (Ric, D;) / hr*w ?anl + lim B(ﬁsm + Cm*wean) A (T*wean)" !
> r—0 U,

= v(Ric, D;) / hwh~1 4 lim h(Ricem + CT*wean) A (T wWean)" 1,
Z =0 J7,.
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and so, since his continuous, it suffices to show that (ﬁizsm—FCﬂ'*wca YA(T* Wean )L

puts no mass on E. Since wea, has continuous potentials and ﬁ%sm has local
potentials with at worst log-log singularities (by Lemma [Z3)), this is then a well-
known fact:A/let 0 be a smooth form on N cohomologous to f{\igsm + C7™*Wean,
and write Ricgy + CT*wWean = 0 + i00u > 0 where by Lemma the function
u satisfies the bounds in ([224)). As a consequence of Demailly’s regularization
[15] Corollary 6.4], the cohomology class [] is thus nef, and so for any ¢ > 0 we
can find a smooth function ¢, such that 6 + cwg + i00¢. is a Kahler metric on
N. Since T*wean has continuous potentials, it follows from Bedford-Taylor [5] that
wi N\ (w*wc.(m)"—l puts no mass on E. Thus, to prove our claim it suffices to show
that (0 + ewg +i00u) A (T*wean)™ ! puts no mass on E, and this follows e.g. from
[31, Theorem 1.3] since u — . belongs to E'(N, 0+ cw g +i0yp.) as it has at worst
log-log singularities, e.g. by [32, Proposition 2.3]. O

The following Proposition uses similar ideas as in [47, Prop. 5.1]:
Proposition 2.5. For any continuous nonnegative function h on N,
(2.28) / B2 — 0(2))dH" 2 < Cu 3 u(Ric, Dy) / hu =1,

b p D;

Proof. Given a small € > 0, we consider the closed subset S; C S defined in (28]
and let ¥, = S:\&8*" 3 (and again remove a further subset of vanishing H*"~2 so
that tangent cones at all points of ¥, are unique). Given also a small § > 0, it
suffices to prove

/ h(2m — 0(x))dH>" > < Co Y v(Ric, D) / hwli! + C6,
i Di

where C' does not depend on ¢, § but is allowed to depend on h, as taking the limit
0 — 0 and ¢ — 0 gives the claim. Given an arbitrarily small » depending on J,
since S; \ ¥¢ has Hausdorff codimension at least 3, we can take a cover with

(2.29) S:\%. C UB(yi,rg), ZT?”*Q <46, <,

€

where here and for the rest of this section, B(z,r) denotes the dz-geodesic ball
centered at x with radius r, while B;(z,r) will denote the wj-geodesic ball, and
U;,» will be the r-neighborhood of D with respect to w;. Since S, is compact, so is
the closed subset K = S \ U; B(y;,7}).

For every « € K, by semicontinuity we can find a small ball B(x,r,) with r,, < r
such that

2 —0(y) < 2m — 0(x))(1 — ), for ally € B(x,10ry).

Choosing r,. sufficiently small, we can make the rescaled ball ' B(z,r,,) arbitrarily
close to the tangent cone at z in the Gromov-Hausdorff sense. Using [47, Prop.
3.3], for j sufficiently large depending on x,

/ R(wj)w—j > way 221 — 0(x))(1 — &) (nry)?" "2, for all L <n < 10.
Bj(z,nre) 10

n!

whence

wh

/ R(wj)—]' > wop_o(1—28)(nry)?" "2 sup (27 —0).
Bj(z,nrs) n: B(x,107y)
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By compactness, we can cover K with finitely many such balls B(z;,r;) with r; =
Tz;, s0 that the inequalities hold for j large enough independent of x; € K. Taking
a Vitali subcover, we may further assume that B(x;,7;/3) are mutually disjoint, so
for large enough j we have Bj(xz;,r;/4) mutually disjoint. Using also the continuity
of h, for r sufficiently small depending on ¢ (and on k), and j large enough,

T 2n—2
zi:wgn,zu — 30) (Z) 5w h(2m — 0)
w

< h(R(w;) + nC)—-
Z/B(/) (R(wy) +n0) 2

n—l
J

< /UM h(Ric(wj) + Cw;) A 1)

n—1
g/ h(Ric +Cwean) A

w
can 6.

-1

using (225)). Combining this with [229)), and take the limit » — 0 using Lemma

2.4 gives

n—1
2—-2n 2n—2 : : Wean
4 /E h(2m — 0(x))dH < }1—% " hRicA (-1 +C4
- Rie, Dy) [ h-em 4
_;V( 1C, Z) D, (n_ 1)| + )
as required. (I

Recall that the singular set satisfies
S ={z € N | v(Ric,z) >0} C D,
is an at most countable union of closed analytic subvarieties of N. Write & =
Uy Dir U S>2 where |J,, Dy is the (finite) union of divisorial components of S
(which are necessarily also divisorial components of D, so equal to a subset of the

D;’s, which we have indexed by 4’ for clarity) and S>5 is an at most countable union
of closed irreducible analytic subvarieties of IV of complex codimension at least 2.

Lemma 2.6. If W C S is an at most countable union of closed irreducible analytic
subvarieties of N of complex codimension at least 2, then

HPHW) =0,
where as usual H is the Hausdorff measure of dz.

Proof. 1t suffices to show that H?*"~2(V) = 0 for any irreducible component V'
of W, and we can also implicitly remove S2"~3 since it has vanishing Hausdorff
measure, so that we can pretend that V' C . Let h. > 0 be a family of smooth
cutoff functions, with h. supported in By, (V,2¢) and h. = 1 on B, (V,¢), and
applying Proposition gives

/ (2 — O(z))dH?" 2 < / he(2m — 0(2))dH*" 2 < C, Zu(Ric,Di) / hewn 1
\% ) P

i

< C, ) v(Ric, D; / wio b0,
; ( ) By (V,2¢) ¢
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as € = 0. This shows that
/ (27 — 0(x))dH*" "% =0,
v
but since 6(z) < 27 for all x € %, this gives H*"~2(V) = 0. O

Proposition 2.7. Let x € ¥ be a point with tangent cone R?"~2 x Co(z)- Then
the Lelong number of Ric at x is at most 2w — 0(x).

We believe that the Lelong number of Ric at z is actually equal to 2w — 6(z),
but this does not seem to follow from our arguments below.

Proof. We will write § = (). By assumption, the rescaled balls r~B(z,r/4)
converge in the pointed Gromov-Hausdorff sense to the tangent cone C7, .1..zn7 L X
(Cp)z, as r — 0. The metric on the tangent cone is written as
n—1
9o = Y Izl + 2] Oz
i=1
Using [47, Prop 3.2], we can find holomorphic coordinates ws, ..., w, (depending
on r) on r~'B(x,r!/?) converging to z1,...,2, as r — 0. We can regard w; also as
holomorphic coordinates for the smooth approximating metrics w;, because as we
know the Gromov-Hausdorff limit Z is homeomorphic to N.
Given any small 6 > 0, our goal is to show the Lelong number of Ric at x €
r~'B(z,7'/?) is at most 27 — § + J. By the monotonicity of the Lelong number, it
suffices that for » < 1,

1

S Ric +Cwean) A wint < 21 — 0 + 6,
WQn_g(TL - 1)' /Z ‘wi‘2<1( ) €

where wer = @ Yoiy dw; A dw;. Since Ric(wj) — Ric,w; — wean weakly, and
Ric(w;) + Cw; > 0, this reduces to showing for j > 1 depending on 4,7,

1

(2.30) P T

L il Cup) ni <2045
w;|2<

As in [47], we use the Cheng-Yau gradient estimate [10] for the holomorphic func-
tions z;,i = 1,--- ,n, which on {3 Jw;|? < 1} gives

(2.31) wen < Cr2w;.

Using (2.31]) together with the Bishop volume comparison inequality Vol B;(z, 10r)
Cr?" (for all 0 < r < 1), we can bound

-1 2-2 2
/ wj A Wi §C/ r ”w}l§0r,
> wi2<1 Bj(x,107)

Thus, to establish (Z30), it suffices to show that as r — 0 and j — oo fast enough
(depending on r),
1

2.32 —————lim Ric(w;) Awgn b = 21 — 6.
( ) w2n72(n_ 1)| S w2 <1 ( J) C

We know r~2g; converge in the pointed Gromov-Hausdorff sense to C"~! x Cy,
and the coordinates w; converge to z;. Write s; = dwi A --- A dw, and s =
dzy N\ -+ Ndzy, SO

Ric(w;j) = v—190log |sj|§j, Ric(geo) = \/—18510g|s|§m.

<
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From the proof of [47, Prop 3.3],
lim |log|s;]g, —log|slg.. |(r?w;)" = 0.
E |wi|2<10
Using again ([2.37]),

i | 1051y, — og |sly. [t = 0.
Jw;|2<10

Given any smooth cutoff function h(zi,...,z2,), we can regard it as a function of
W1, ..., W,. Thus
1
———— lim hRic(w;) Awlt
w2n,2(n - 1)' S wi)2<1 ( ]) ¢
1 _
=  _lim log |s;|2 v/=100h A wi, !
wap—2(n —1)! T w2 <1 g
1 _
7/ log |52 V—100h Aw !
Waon Q(Tl—l)! S Jwil2<1 e
1

/ hv/— 8810g|| Awlit
> |wi|?<1

 wop_a(n —1)!
_ 22— 0 / B!
wan—2(n = D! s> jwpctin=o <
We let h approach the characteristic function on {3} |w;|? < 1} to obtain ([2.32) as
required. O

Proof of Theorem[L.3. For each fixed ¢/, let hy > 0 be a family of smooth cut-
off functions supported in By, (Diys,2¢) and he = 1 on By, (Dy,€), and applying
Proposition gives

(2.33)
/i/(27r — f(2))dH? < /Ehg(27r _ 9(z))dH2 2 < Cn;’/(RiCaDi)/ hew?'=

<G, Z v(Ric, D;) / wi L
» B

an (Dir,26)ND;

and since the RHS converges to C,v(Ric, Dy/) fD wilas e — 0, this gives

can

(2.34) / (27 — 0(2))dH>" < Co(Ric, Dy) / WL,

il il

for all 7. But recall that

Y= (U D; U 822> \S2n73.

Let Dy be points z of the irreducible component D; where v(Ric, z) = v(Ric, Dy/),
so by Siu [B0] we know that D;/\Dj is an at most countable union of closed irre-
ducible analytic subvarieties of N of complex codimension at least 2. Lemma
shows that H?"~2(S>2) = H?*"2(D;\Dg) = 0. Thus

(2.35) HP2(E) < MDY,
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and

(2.36) /D

On the other hand, Proposition 2.7 gives for each ¢’

(27 — O(x))dH*" 2 = / (27 — 0(x))dH*" 2.

o
Di,

il

(2.37) /D (2 — O(x))dH?" "2 > v(Ric, Dy )H?""2(D5),

o
il

and combining (234), [2:36]) and ([Z37) we deduce that for each i’

e A
D

il il

and with (235 we finally deduce that
1" 2(D) < CnZ/ wi ' < cn/ wi !,
i i D

where D is regarded as a reduced divisor. ([

3. COLLAPSING AND THE CANONICAL BUNDLE FORMULA

3.1. Volume form asymptotics. We now discuss the estimate (Id]). We again
work in the unified setting (2:2), where A = 0 in the Calabi-Yau setup and A =1
in the Kéahler-Ricci flow setup.

It was shown in [28] that estimate (L4 holds if N is smooth and D is a simple
normal crossings divisor. We thus assume that this is not the case, and let 7 :
N — N be a sequence of blowups with smooth centers such that N is smooth and
E = 771(D) is a divisor with simple normal crossings. Following the construction
in the proof of [28, Theorem 2.3], we consider a resolution of singularities M —
M xy N (birational onto the main component of the target space) and obtain the
commutative diagram

p

M~ —s>MxyN—>M

b

N———>N

where M™ is smooth. Since M is also smooth, we can write Ky ~p"Ky + D
where D is an effective p-exceptional divisor, which can be assumed to have simple
normal crossings support. The volume form M = p*M on M is smooth and in
general has zeros along D. If we define ¢ = n*¢ € CO(N) N C>(N\E), then on
N\E we have
Tk = LM = 7 (X £. (M),

and the asymptotic behavior of the volume form 7*w?, = was obtained in [28, The-
orems 2.3 and 7.1] using Hodge theory (and in [40] with a different method, which
also extends to the case when the morphism f is Kéhler but not projective, see [40,

Rmk 1.6]): on N\E we have

d
p p H
_ 20, 2,
(31) C ! H |Sj|hfjw?onc < 7T-*(“)gan < C H |Sj hfj <1 - ZlOg |Sl|hz> w?onc’
J=1 j=1 i=1
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where 8; € Qso, and where weone is a Kéhler metric with conical singularities
along the FE;’s with cone angles 27y;, 0 < 7; < 1, which we will take of the form
Weone = Wy + 1001, where

(3.2) n=C" Y sy,

for some C' > 0 sufficiently large. In particular we have
c! wl C
< <

2(1—v;) :;(:Enc = 2(1=vyi)
Hi |si hi N H’L i R

28,
H = H'S] h]‘]7
J

and define a smooth function 1 on N\ E by

Let us write

2(1—y4
g Tt [T [sili ™

3.3 -
(3.3) e’\ﬁ"ij’\if

)

which depends on the choice of Hermitian metrics h;, and which by BI)) and the
boundedness of ¢ satisfies
d
h1> .

3.2. The canonical bundle formula. The exponents 5;,v; in (BI) can be de-
termined by applying the canonical bundle formula in birational geometry [T} [21]
24, [39], 40 [42], 21] to the map f. Following the notation in [40], we define divisors
R=-Don M and M= —-K N on N, so that we have the equality as Q-divisors

n
(3.4) cl<y<C <1 =) logls;
=1

KM-l-R:f*(KN—I—m).

We also define B = 7= (D) € N, and note that R + f*B has snc support, and
f(SuppR) C B (so in particular R is vertical, with the terminology of [40]). It then
follows that f satisfies the conditions in [40}, Definition 4.3], and thus thanks to [40,
(16)], [42] Theorem 8.3.7] there is a well-defined Q-divisor BR on N supported on

B, the boundary part of the canonical bundle formula for f, which satisfies
R+ f*(B — Bp) < red(f*B),
and is the smallest such divisor. Writing

(3.5) BR = Zaif?i,

it follows from [40, (16)] that a; € (—o0,1).

Then M is a volume form on M with “poles along R” in the terminology of [40]
(i.e. zeros along D = —R), so [40, Corollary 1.3] applies (beware that there is a
typo in [40, (4)], and the exponents a; there should be replaced by —a;) and shows
that

7-‘ﬁk(")gan = e)«ﬂf* (M)a
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on N\FE satisfies

1H|Sz|h2a1¢< ca.n OH|SZ| 2al

(using again the boundedness of ) where s; is a defining section of O(B;), the
coefficients a; are given by (1) and ¢ is as in (F4). Comparing this with (3]
shows that the exponents 5; in (B.I)) are just equal to —a; for those a; < 0, and the
exponents (1 — ;) in I are equal to a; for those a; > 0.

Given thus Hermitian metrics h; on O(B;) (which we will choose precisely later),
we define ¢ as in (B3) by

wean 11 Iszl2‘“

AGyn
MWl

1/):

so that on N\F
i001og(1/1)) = Ric(m*wWean) — Ric(wg) + Z a;Rp, + At*i00yp

= 1 wwp — AT Wean — Ric(wy) + Z a; Ry, + Am*i00p
= m*wwp — A\ wy — Ric(wy) + Z a; Rp,
—Am*wy — Ric(wg) + Zathﬂ

since wwp > 0 on N°. Observe that all terms on the last line of (0] are smooth
forms on all of N, and the term El a; Ry, is cohomologous to Bj.

3.3. Vanishing orders. In this section we will use repeatedly the notion of a
Kéhler metric wy on a singular (reduced, irreducible) compact complex analytic
space N, as in [48], see also [4, Chapter XII.3]. This has the property that if
m: N — N is a resolution of singularities then m*wy is a smooth semipositive
(1,1)-form on N. Furthermore, the resolution N can be chosen to be a Kéhler
manifold and if wg is any fixed Kahler metric on N then

*,,N
WY

n

“N
is a smooth semipositive function on N which vanishes precisely along the excep-
tional locus Exc(m). We may assume without loss that Exc(m) = (J,, Fi is a simple
normal crossings divisor, and we can find real numbers b, € R+ such that the ratio

T Wiy
2by
Hk |8Fk |hp w v
is a smooth strictly positive function on N (for any smooth Hermitian metrics hp,

on O(Fy)). By Yau's Theorem [63] we can pick our reference Kéhler metric wy
such that we have
H |8Fk |2bk

(3.7)
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Observe that the coefficients by are unchanged if we replace wy by another Kahler
metric on NNV, since the pullbacks of these metrics to N are uniformly equivalent:
indeed, given two Kéhler metrics wy,wy on N, given any € N we can find an
openset U 3 z in N and embeddings ¢ : U < CN,/ : U — CY" and smooth strictly
psh functions ¢, ¢’ defined in some neighborhoods of the images «(U),:'(U’) such
that wy |y = 1*i00¢, Wy |v = *i00¢’. Then [4, Lemma XI.1.3.2] shows that, up
to shrinking our neighborhoods, we may assume that the embeddings ¢ and ¢/ are
equal, and then it is clear that i00p and i0dy’ are locally uniformly equivalent,
and pulling back via ¢ and 7 shows that 7*wx and 7*w/; are uniformly equivalent,
proving the claim. We can thus define a m-exceptional R-divisor on N

Iyn = Zbka,
%

which does not depend on the choice of wy. When N is smooth, we have that
Iy IN = Ky /N but this equality does not hold in general (say when N is Q-
Gorenstein so that Ky is Q-Cartier) since the discrepancies of 7 can be negative

while the vanishing orders by, are always positive).
If

NSNS N
is a higher model, then fixing a Kéhler metric wg on N we have

A ok
T WY . <ﬂ'*w%> s w;\lf
I7WN _ &

w wn
N N
and so

(3.8) Tyn =TTy w+ Ky/x

3.4. A functorial divisor. We then define a Q-divisor on N by

(1]

N= BR+IJ\7/N'

If we are now given a higher model 7 : N — N, and construct f : M — N as
above, then we have (see e.g. [40, Lemma 4.10])

(3.9) BR:A*BR—}QWN,

and combining (B.8) and ([B.9) we obtain the functorial relation

(3.10) EN = BR +IJ\7/N = ﬁ'*BR — KN/N +7%*IJ\7/N + KN/N = ﬁ'*EN.

3.5. Collapsing. Having introduced the divisor =5, we now come to the proof of
Theorem [[.4] which we restate here:

Theorem 3.1. Suppose that there is a resolution 7 : N — N _as above such that
Ey is m-ample. Then the conjectured estimate (L4) holds on N\E.

Proof. We start the proof by using the method of [28]. From B4, log(1/v) is
bounded above near E, so by Grauert-Remmert [25] it extends to a global quasi-
psh function on N which satisfies (B8] in the weak sense. Thanks to (34, the
extension has vanishing Lelong numbers, so we can approximate it using Demailly’s
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regularization theorem [I4] by a decreasing sequence of smooth functions u; with
arbitrarily small loss of positivity, i.e.

(3.11) i00u; > —Am*wyn — Ric(wg) + Zath

on all of N. We use this to obtain a partial regularization of m*wecan, which we
denote by w; = m*wy + %wﬁ +i00¢;. These are Kéhler metrics on N\ E solving

n

N

I1, Isi2a:”

with the normalization supy ¢; = 0 if A = 0, and where ¢; = 1 for A = 1, while for
A = 0 the constant c; is defined by integrating the equation, and satisfies ¢; — 1 as
j — oo. This equation is solved via a standard approximation procedure (see e.g.
[28, §5]), and we obtain ¢; which is smooth on N\ E and continuous on N, and as
in Section [2l we have the properties that w; — T*wcan locally smoothly on N\E,
and

(3.12) wi = cjeNPiTud

sup || < C,
N

and [|o; — 7@ 1 ony — 0. Crucially, it is also shown in [28, Proposition 5.1]
W >

that for each j there is a constant C; such that on N\E we have

(3.13) trwenews < O,

so these partial regularizations are not worse than conical (the proof in [28, Propo-
sition 5.1] is written with A = 0, but it extends immediately to the case A = 1).
Also, differentiating (8:I12) and using [B.I1]), we see that on N\ FE we have

Ric(w;) = —Xidd¢; + i0du; + Ric(wy) Zath

(3.14) A
—Awj + AT WN + Wy — AT Wy — =Wy = —AWj — —Weone-
J J J

Our goal is then to show there are C, A > 0 such that on N\E we have

(3.15) s < Ce™ A%,

holds for all j sufficiently large, since then passing to the limit in j this gives
e ™ Wean < CP,

on N\ E, which is our desired estimate (LZ).
First, following [33] we define ¥ = C')", |si|if , for some small p > 0 and large

C > 0, which can be chosen so that on N \E the curvature of weone satisfies
(3.16) Rim(weone) = —(Cweone + i00¥) @ 1d,
see [33, (4.3)].
To prove [BI5) we apply the maximum principle to
Q =logtry,, . w; +n¥ + Auj; — A*(p; —n/7) + Abn + 610g lsg|?,

where A is large (to be determined), b > 0 is small and 0 < & < ; , n was defined in
B2), and j will be taken larger than A (once the value of A is fixed). The terms
nW+ Au;— A2 (p; —n/7) + Abn are all bounded on N (with bounds independent of j
except for u;), while the term log tr,,,.w; is bounded above on N\ F (depending on
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j) by (BI3). Since the term € log|sg|? goes to —oo on E, the quantity @ achieves a
global maximum on N \E. All the following computations are at an arbitrary point
of N\E.

First, from [28] (5.17)] we have

t Ri ;
Ay, (log try,,, .wj +n¥) = —Ctry,Weone — rw”“e—lc(%)

b
tlescome Wi

while differentiating (B12) gives

Ay uj = Ay, pj + try,; Ric(w;) — try,; Ric(wg) + try, <Z a; Rp, )
. A .
= M — Ay, T wn — ;trijﬂ, + try,; Ric(w;) — try,; Ric(wy) + try, Z a;Rp,

. C .
= An — Atry,, T wy — Ftrijconc + try, Ric(w;) — try, Ric(wgy) + trw, <Z a; Rp, ) ,

and as in [28, (5.20)] we observe that

tr"-’come Ric(w]) :
_ —trwconewj + trwj RlC(Wj)

truenn. (Ric(w;) + Eweone + Aw;j C
=" (Riclwy) + 7 teone s + try, <Ric(wa‘)+ 7Wconc+/\‘*’j>

tr"-’come OJ]

c
Tocone (jwcone +\wj)  C
— — 1w, Weone — An

Sl eeome Wy

2 _Ttrw]‘ Wecone — /\nv

using that Ric(w;) + %wconc + Aw; > 0 by I4), so the quantity in the second line
is nonnegative. Therefore, using again (314,

(3.17)
Ay, (log try,,, .wj +n¥ + Auy)

C CA
— (C + —_) T, Weone — AN+ AAn — AXtr,, m*wN — ——1try,; Weone
J J
+ (A — 1)try, Ric(w;) — Atry, Ric(wy) + Atr,,, (Z a;Rp, )

— (C + %> trw; Weone — AMT,, T wN — Atry,, Ric(wy) + Atry, <Z a; Rp, )
J

and taking 99 log of ([B) on N\E gives

(3.18) Ric(wy) = 7* Ric(wn) ZkaFk

To bound the term 7* Ric(wy) we use the following lemma:
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Lemma 3.2. There is a constant C' such that on N we have

Ric(wN) § Cﬂ'*wN — ZkaFk'
k

Proof. Tn (3I8) the terms Ric(wyg), Y, bR, and m*wy are smooth on all of N,
so it suffices to show that on N° we have

Ric(wy) < Cwy.

This is of course clear if N is smooth, while for singular N recall that by definition
we can cover N by open subsets U; with embeddings U; < B C CV as analytic
subsets of the unit ball in Fuclidean space, and on each U; the metric wy equals
the restriction of some Kéahler metric on B. Since bisectional curvature decreases
in submanifolds, on U; N N*™& D U; N N° we have that the bisectional curvature of
wy is bounded above, and hence so is its Ricci curvature. [l

Inserting B.I8) and (319) in (BI7) then gives

CA
Ay, (logtry,,, wj +n¥ + Auj) > — (C’ + —) tro,; Weone — CAtry,, T Wi
J

— An + At (Z beRp, + Y aiRhi> ,
k i

where the term ), by Rp, + >, a; Ry, is the curvature of a Hermitian metric on
our divisor Z.
By assumption = is m-ample, and so we can choose the metrics hp,, h; so that

— ~

Oy = Ao wn + Z brRp, + Z a;Rp,
& i

is a Kéhler metric on N for some (in fact all) Ay sufficiently large. We also choose
A in the quantity @ so that A > 2A,.
Using ([B.20) we can then compute

A
A,,Q > — <C + CT) tTw,; Weone — CAtry,, T wi + Atry, < E brRF, + E aiRhi>
k i

1 _
— A\n + Aztrwj (ﬂ'*wN + —,wconc> + Abtrwj 100n — A%n — etry,; RE
J

CA
>—C+ —) trw,; Weone + Atrwj buRp, + a; Ry, | — AXn
(0+5 (v 3
A2 A2

AR C
+ 7‘5% Trwn + Ttrijcone + Abtr,,;i00n — A%n — 7trijcone

2> —Ctry,Weone + Atry,, (Aoﬂ'*wN + Z bpRp, + Z a; Ry, + bi@(%) — Aln — A?n,
k i

assuming without loss that A is large so that A; > C'A and also that j > A. Then
we choose b > 0 small so that w5 + biagn = Weome 18 a conical Kahler metric with
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Weone = CWeone for some ¢ > 0, so that
Atry,, (Aow*wN + Z biRp, + Z a;Rp, + bi@@n) > Actry;Weone,
k i

and finally we can choose A sufficiently large so that
Actry;Weone = (C + 1)try,, Weone,
and so we obtain
ijQ 2 trwj Wecone — O
Therefore at a maximum of @ (which is not on F) we have
try,; Weone S C,

and so also
tryeonew; < CHe ",
hence
log try,,..wj + Au; < ClogH + (A — 1)u; < C,

and so also @ < C, which must hold everywhere on N \E. The constants do not
depend on ¢, so we can let € — 0 and this gives

oy < Ce 7,

which is (B15). O

4. COLLAPSING OF THE KAHLER-RICCI FLOW

In this section we give the proof of Theorem The setup was described in
detail in section in the Introduction, and we will not repeat it here.

4.1. Review of some recent results. We first collect some recent results from
the literature that will be used in the course of our proof.
First, by [60, Theorem 1.2] we have that

(41) w(t) — f*wcanv

in C .(M®), while [52] shows that the scalar curvature of w(t) is uniformly bounded,
ie.

(4.2) sup |R(w(t))| < C,
M

for all ¢ > 0, and also that the volume form of w(t) satisfies
(4.3) Cle(M=mtym L w(t)™ < Ce™(M—mtm

on M x [0,00), as well as the “parabolic Schwarz Lemma” estimate [52, Proposition
2.2] (and also [61], (3.5)] for the case when N is singular)

(4.4) w(t) = C ' frun,

on M x [0, 00).
Next, using the results in [3], in [38, Theorem 1.1] it was very recently proved
that

(4.5) diam(M, g(t)) < C,
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uniformly for all ¢ > 0. Also, in [38, Corollary 1.1] it is shown that there is a
uniform C such that for all z € M,0 < r < diam(M, g(t)),t > 0 we have

VOlg(t) Bg(t) (ZE, T) <

~

(46) O—le—(m—n)t < = e—(m—n)t'

We also have information about the collapsed limit space (N°, wean). Thanks to
our assumptions that N is smooth and D) has simple normal crossings, we can
apply [28, Theorem 1.4] which gives us that

A
hi> Wcone)

holds on N \D(l), where weone is a Kahler metric with conical singularities along
DO = \U; Di. Also, in [28, Prop.3.1] it is shown that wcan extends to a smooth
Kshler metric across D), so without loss we may assume that D = D) is a simple
normal crossings divisor.

If we denote by dcan the associated distance function on N°, then it is shown in
[28, Theorem 6.1] (using [62] (2.7)]) and also in [53], Proposition 2.2] that (N°, dcan)
has finite diameter, and so its metric completion (Z,dz) is a compact metric space
which by [53] Proposition 2.3] is homeomorphic to N (here we use that N is
smooth). Also, [53] Proposition 2.2] shows that for every p,q € N° and 6 > 0
there is a path v in N° joining p and ¢ with

(4.8) Ly (1) < dz(p,q) +6.

We can call this the “almost convexity” of (N°,dcan) inside its metric completion.

There is also a more localized version of this almost convexity. Let us introduce
the following notation: for any € > 0 let U. C N be the e-neighborhood of D
with respect to the fixed metric wy on NV, and let U, = f~Y(U.) € M. Then in
[63, Proposition 2.2] it is shown that given any §,e’ > 0 sufficiently small, there is
0 < € < €' such that for every p’, ¢’ € N\U, there is a path v in N\U; joining p’
and ¢’ such that (£38) holds. But thanks to the upper bound in (1) it follows that
for every p € N\U. there is p’ € N\U,., which can be joined to p by a path which
is contained in N\U, and with gcan-length at most 6. Concatenating this path, the
path v, and the analogous path joining ¢ and ¢’ insider N\U. we conclude that
given § > 0 there is € > 0 such that for every p,q € N\U; there is a path v in
N\U. joining them such that (48] holds. We will call this the almost-convexity of
(N\U¢, dcan)-

It is also possible to avoid using ([@7) as follows: using (ZI3) and passing to
the limit on N\U. shows that dcan has a local Holder bound there (with respect
to gn), and we conclude the localized almost convexity statement since the gn-
distance from p to U, is O(e’).

I
(4.7) C Weone < Wean < C (1 =) logls;
=1

4.2. Reduction of Theorem to Proposition 4.1l

Proof of Theorem[13. From the volume form bound (€3] we see that for any given
d > 0 there are ¢ = ¢(§) < 6,7 > 0 such that for all ¢ > T we have

Vol(U., w(t))

Vol(M,w(t))

We can also assume that € is small enough so that the above-mentioned almost-
convexity property of N\U. holds, and we fix this value of £(§) for the rest of the

(4.9)
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proof. Also, in all of the following, 5’ > 0 will be a positive number that depends
on ¢ and satisfies 6'(6) — 0 as 6 — 0, which may change from line to line.

Claim 1. For every p € U, we have
(4.10) dz(p,0U.) < ¢'.

Recall here that (Z,dz) denotes the metric completion of (N°, d¢an). Claim 1
follows easily from the upper bound for weay, in [@7), however we can also argue in a
different way without using (7)), as follows. We employ the family of metrics w; in
Proposition2.Ilthat regularize wean and have the property that (N, w;) — (Z,dz) in
the Gromov-Hausdorff sense. Thanks to Cheeger-Colding’s extension of Colding’s
volume convergence theorem [8, Theorem 5.9], the volume noncollapsing bound in
(214) implies that there is C' such that for all z € Z and 0 < r < diam(Z, dz) we
have

(4.11) H? (B (z,7)) > Cr*",

where here H?" denotes the 2n-dimensional Hausdorff measure. By definition we
have an isometric embedding ¢ : (N°,dcan) < (Z,dz) and it is shown in [62, p.758]
that

(4.12) H?™(Z\t(N°)) = 0.

On the other hand, on N° the renormalized limit measure v is proportional to w(,,

by [62, p.758], and since this is proportional to e¥ f,(M) with ¢ bounded, it follows
that
(4.13) / Wl < C/ wip <4,

UA\D

UE
and so if we identify U, with its image in Z under the homeomorphism N = 7| it
follows from (£12) and (£I3) that
(4.14) H(UL) <6,
and Claim 1 follows from ([{IT]) and (@I4).

Claim 2. We have
dcu((Z,dz), (N\Us,dcan)) < &', where §'(§) — 0 as § — 0.

We emphasize that here (N\Ug, dcan) denotes the restriction of the metric deay, from
N° to the subset N\U.. However, by the almost-convexity property of N\U;, this
differs from the distance induced by the metric wea, on N\U. by at most §, so these
two distances on N\U, can be safely interchanged in our arguments.

To prove Claim 2 we use Claim 1 that allows us to define a map F': Z =2 N —
N\U. (in general discontinuous) which is the identity on N\U. and inside U, it
maps p to a point ¢ € AU, with dz(p,q) < & (which is not unique, but we just
choose any one of them). Let G : N\U. - N = Z denote the inclusion. It is
elementary to check that F' and G are a 30’-GH approximation, using the almost
convexity property (£8) and the fact that replacing p by ¢ only distorts the dz-
distance function by ¢’. For the reader’s convenience we spell out the details, since
a similar argument will also be used later: we need to show the following properties

(4.15) dz (2, G(F(2)) <&, z€N,
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(4.16) dean(y, F(G(y))) < 8, ye N\U¢,
(4.17) |dz(z,2") — dean(F(z), F(2'))| <38, z,2" € N,
(4.18) |dean(y,y') — dz(G(y), G(y))| < &', y,y' € N\U..

Estimate (LI5) is trivial when x € N\U., and follows from ([@I0) when z € U..
Estimate (£10)) is trivial. Next, given any z, 2’ € N\U, using (L8) we see that

(4.19) dz(z,2") < dean(v,2") < dg(x,2") + 6.

This immediately implies (@8], so it remains to check ([@IT), and for this we
consider three cases. First, if z,2’ € N\U, then ([@I7) follows from (@.IJ). Second,
suppose x € N\U., 2’ € U.. Then using the almost-convexity in ([@I0) we have

(4.20) dz(x',F(z") <&,
and using this and ([@I9) we obtain
dz(x,2') < dz(z,F(2')) + 8" = dz(F(2), F(2')) + 0" < dean(F(2), F(2')) + 0,
and also
dean(F (), F(2")) < dz(F(z), F(2')+6 < dz(z,2')+dz (2, F(2'))+8 < dz(x, 2")+28,

proving ([AI7) in this case. Thirdly, suppose x, 2’ € U, and use again (£I9) and

#20) to bound

2(z, F(x)) + dz (2, F(2')) + dz(F(z), F(2'))
72(F(z),F(z")) + 28" < dean(F(z), F(2")) + 24,
and

dean (F(z), F(2')) < dz(F(z), F(2')) + &'

z2(z, F(2)) +dz (2, F(2") + dz(z,2") + &' < dz(x,2") + 30,

completing the proof of ([AI7) and of Claim 2.

<d
<d

Next, recall from ([£1]) that away from S we have locally uniform convergence of
w(t) to f*wean. Since f: M° — N° is a C* fiber bundle it follows easily that, up
to making T' larger, we have

(4.21) dan ((N\Uz, wean), (M\Uz, w(t))) < 6,

forallt > T, see e.g. [59, Theorem 5.23]. But as a consequence of almost-convexity,
the distance function given by (N\Ue,wean) differs from (N\U., dcan) by at most
4, so we also have

(4.22) deu((N\Us, dean), (M\ﬁsa w(t))) < 29,
for all ¢ > T. Lastly, we have the following claim:

Claim 3. Up to making T larger, we have
dau((M\U.,w(t)), (M,w(t))) < ¢, where §(8) — 0 as § — 0,
forallt > T.

Combining Claims 2 and 3 with (£22) we conclude that
(Mvw(t)) - (Zv dZ)v
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in the Gromov-Hausdorff topology as ¢ — oo, which will complete the proof of
Theorem

The proof of Claim 3 relies heavily on the following statement, which can be
thought of as an almost-convexity of (M\U.,w(t)) inside (M, w(t)) uniformly in ¢ >
T. Denote by d; the distance function of (M, w(t)) and by d; the distance function
of (M\U.,w(t)), so that we trivially have d;(z,2’) < dy(z,2’) for all 2,2’ € M\U..
Then we have:

Proposition 4.1. Given § > 0 there are 6", T > 0, with §'(6) = 0 as § — 0, such
that for all x,a’ € M\U. and all t > T we have

(4.23) dy(z,2) < dy(w,2') < dy(z,2) + 6.

Indeed, assuming Proposition [4.1] the proof of Claim 3 is completely analogous
to the proof of Claim 2, and we briefly outline it. First, we have the analog of
Claim 1, namely that, up to enlarging T’ for all t > T and x € U, we have

(4.24) dy(z,00.) < &', where §'(5) = 0 as § — 0.

To see this we use the volume estimates (@3] and ([@6) which imply that for all
x € M,0 < r < diam(M,g(t)),t >0,

Vol(BY®) (z,7),w(t))
Vol(M,w(t))
and so ([£24) follows from this together with (43I
Using [@2), for each t > T we define a discontinuous map F, : M — M\U.
which is the identity on M\UE and inside U, it maps p to some point g € oU. with
di(p,q) < ¢0’. One defines then G : M\ﬁ5 — M to be the inclusion, and using
([#23) one checks exactly as in Claim 2 that F; and G give a 3§’-GH approximation
between (M, d;) and (M\U,, d;), thus proving Claim 3. The proof of Theorem L]
is thus reduced to proving Proposition [£.1}

—1..2n
=0,

4.3. Proof of Proposition.Il The only nontrivial inequality to prove is d; (xz,2') <
dy(z,2') + 0. For this, we first observe that given any p,q € M\U. we know from
the almost-convexity property of (N\Ug, dcan) that their images f(p), f(q) € N\U.
can be joined by a path v in N\U, with

Lgcan (7) < dcan(f(p)v f(Q)) + 6/.

Since f is a smooth fiber bundle over N\U,, we can easily find a path ¥ in M\UE
joining p and ¢ with f o4 = ~, see e.g. [59, Theorem 5.23]. Thanks to the uniform
convergence in ([{1]), and the fact that dean(f(p), f(g)) < C for some C independent
of p, q, we see that (up to increasing T') for all ¢ > T we have

dt(p7 q) < Lgt (’7) < Lf*gcan (’7) + 6’ = Lgcan (’7) + 5’ < dcan(f(p)7 f(q)) + 26/7
so to complete the proof of [@23)) we are left with proving the following:

Claim 4. Up to making 7" larger, we have

(425) dCal’l(f(p)7 f(Q)) < dt(p7 q) + 517
for all t > T and all p,q € M\U..
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We will sometimes tacitly replace ¢’ by C¢’, and without loss we may assume
that dean(f(p), f(¢)) = ¢'. The rough idea to prove Claim 4 is to first replace
the distance by a version of Perelman’s reduced distance, and then use a smearing
argument to show these two are roughly the same.

First, we shall reparametrize the flow. Let T be a given large time, whose precise
value will be determined at the end of the argument. Recall that our Kahler metrics
satisfy the Kahler-Ricci flow

5} :
aw(t) = —Ric(w(t)) —w(t), w(0)=wn.

If as usual we let g(t) denote their associated Riemannian metrics, then the Rie-
mannian metrics

1
g(s) = etiTg(t - T)v §= §(et7T - 1)7
solve the standard Ricci flow
0 1
— g J— el > = =T _
= 3(s) = —2Ric(3(s)), > s0= 5(e7T — 1),

with §(0) = g(T), and we can convert back from §(s) to g(t — T') by
g(s)

gt—T) = 1425 t =T +log(1l + 2s).
The scalar curvature bound ([4.2)) translates to
c
4.26 R(g < )
(4.26) sup |R(3(5))| < -

for all s > sg.
As in [49], we let 7 = —s, and letting g(7) be the metrics g(s) with parameter

s = —7, then these solve the backwards Ricci flow
0 _ . ~
Eg = 2Ric(g), 9’7-:0 = g(T).

We will work with 0 < 7 < 7 < 1, where the choice of 7 depends on 9, to be
specified. In particular, since 7 is small, it follows from ([@.I]) that g(7) is uniformly
close to f*gean On M\(NJ8 for0< <7

Following Perelman [49] §7] the £-length of a curve «(7) in spacetime is defined
by

Liy) = / VRR@() + 0720

The L-distance between two points in spacetime is the infimum of such, and given
p,q € M\U. following Perelman we will denote by L(q,7) the £-distance between
(p,7=0) and (q,7 = 7).

To start, using the almost-convexity of (N\Ue, dcan) we can join f(p) and f(q)
by a path v inside N\U, with length

Ly () <dcan(f(0), fq) + 0,

and let 4 be a lift to a path in M\UE joining p and q.
We then parametrize 7 by 7 € [0,7] so that [0;7|5(r) = # foral0<7<7T

T ’

where

A == / |87—'7|§(7-)d7- < dcan(f(p)7 f(q)) + 517
0
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using that §(7) is close to f*gean on M\U. for 0 < 7 < 7, and that dean (f(p), f(q)) <
C by the diameter bound for (N°, dcan). T hen using the scalar curvature bound
[#£26), we can estimate

L(g,7) / VA(R@() + 103 )dr < C78 + / VTI0AR dr
0

(MY

=CT
2\/_
_|_
2\/_
and we can absorb the term with 72 into the term with &' by choosing 7 < &', thus
obtaining

<CT2 (dean(f(p), f(a)) +0")?,

(1.27) L(0,7) < £37) € 5o (Wean(F(0), F(@) + CF')

The same is true if ¢ is replaced by any point ¢’ with f(q") € B9~ (f(q),d’).
We wish to show the almost matching lower bound

(4:28) L(67) > 5oy (dean (F0). £ (@) — OB

By the triangle inequality, and up to a small modification of 7 to 7(1 + O(d")), it
is enough to prove

(1.29) L 7) > ot Wean (T ) 1) — OF'Y

for some ¢’ with f(¢') € B%*(f(q),0"). The main enemy is that the L-geodesics
can go into the region U, where we do not have much control of the metric.

On any minimal L-geodesic v from (p,0) to (¢’,7), thanks to (L21) (applied
with ¢ replaced by ¢’) and the diameter bound for (N°,dcan) we see that
(4.30) L(y) = L(',7) < 72 (dean(F(0). f(¢) + C8)* < T2,

Fix a gean-ball B € N\U. centered at f(p) of some radius 7 > 0 (which depends
only on ¢), let B = f71(B), and let 0 < 7 < 7 be the first time when the curve
v exits B. Since §(7) is uniformly close to f*gean along y(7) for 0 < 7 < 7, using

E30) we have

7‘<C/ |a7'7|§(7')d7—
0
% /?/ﬁlavlz i) /?/i‘” |
; Vg(r) 0 VT
<or'i (C?’% + [ VT(R((7)) + |‘977|§<T>)d7>
0

1
2

i.e.
(4.31) 7> 077
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Perelman [49, §7.1] showed that
(4.32) T~ exp(=I(1))J(T)
is nonincreasing in 7 along an £-geodesic, where I(q,7) = #L(q, 7) is the reduced
length and J is the Jacobian of the L-exponential. Thanks to (Z30) we have

(4.33) (¢, 7 < <.

Thus, Perelman’s monotonicity together with (£31) and (£33) gives that for 7 <
7 < T we have
-

(4.34) J(7) > (_)mel(r)—l(?)J(F) S O lem

-
on M.

Consider the set T' of all the minimal £-geodesics from (p,0) to (¢/,7) with ¢’
such that f(¢') € B%(f(q),d"), and consider the subset E C [7',7] x M defined
by

E=|J{(ry(n) |7 <r<7}
yel’
Writing E. = EN ({7} x M) (viewed as a subset of M), the spacetime volume of

the region F is defined by
Vol(E) := / / w(r)"dr.
7 JE,

Let Lexp, , : T,M — M be the L-exponential map based at p with parameter 7.
Then E. = Lexp, .(F ) where F' C T,M is a 7-independent open subset, and up
to sets of measure zero Lexp,, , is a diffeomorphism between F' and E;, see the
discussion in [41] §17] or [11] §8]. Equipping T, M with the Euclidean metric g,(0),
and letting dv be its volume element, we can write

/E Ta(T)m: /F J(r)dv,

and thanks to ([@34), for all 0 < 7 < T we can estimate

/ J(T)dv > Cle % / J(T)dv = Cle % / w(™)™,
F F E=

but up to sets of measure zero, Fr equals f~1(B%=(f(q),d")), whose volume with
respect to w7t is at least C~1§?". Using the volume form bound (&3] we thus see
that

_c —(m—
?5/2716 (m n)T7

/ O(r)™ = C e
and using (£31]) we conclude that
(4.35) Vol(E) > O~ 7% §2ne—(m=—nT

Next, for 0 < n < 1, to be chosen later depending on ¢',7, and for 7 < 7 < 7,
we have using (£.3)

/ w(T)™ < O/ w(T)™ < C'e_(m_")T/ Wiy

U"7 U"7 ﬁ'ﬂ
< Gy =T,



30 YANG LI AND VALENTINO TOSATTI

where we used that the gps-volume of Un is at most Cn. Thus the subset of E given
by (7,7(7)) with v(7) € U, has spacetime volume bounded above by

Crne~(m=mT L Cnd'=2meC/TVol(E),

using (£30). In particular, on a typical minimal £-geodesic in T', the 7-time spent
inside U, is less than C7n¢'~2"eC/T. For each such L-geodesic v we split [0,7] into
the subset I defined by the property that 7 € I < (1) € Unv and its complement
J =[0,7]\I. Then we have

1] < Crné'~2meC/7,

and thanks to (£L3I)) we know that every 7 € I satisfies 7 > C~!7. The same
argument that we used to prove (£30) shows that

(4.36) L(y) < CF 3.
Splitting B
| 10ledr = [ 1oalgiordr + [ o2l5irar

we can then estimate using ([@26]), (£31) and (Z36)
(4.37)

/|877|g(7)d7 < C?ii/T%V)T'ﬂg(T)dT
I I %
cort ([ VAot 1
[ vriool

< OF aragay el (0?3 + / VT(R(g(r)) + |aw|§<f>>d7)
1

M

<crigtyned/ (o7t + o7
g C’néd’*"ecﬁ,

and combining this estimate with ([@4]) we see that the gy-distance traversed by
f() inside U, is bounded above by

(4.38) Cnz 8"l < 1P,

for small enough 7 and some fixed small positive exponent 5 < %

The issue now is how to use these bounds to estimate from above the gcan-length
of the curve f(v). Outside of U, we have that () is uniformly close to f*gean (up
to enlarging T', depending on our choice of 7, which itself was chosen depending
ultimately on 0), so we have

(4.30) /] 10150y > /J 107 ()| guundr — CF.

which will give us the desired bound for the gcan-length of the portion of f(v)
outside U, (i.e. when 7 € J). On the other hand, to estimate the the gean-length
of the portion of f() inside U, (i.e. when 7 € I), we employ the metric bounds
[ as follows.

Consider the following events: f(v) enters U, and reaches U, 5 before returning
to the boundary of U,;. On the one hand, by definition, the gny-distance traversed
during this whole event is at least 7, and on the other hand we have shown in (£.38)
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that it is also less than n?, the discussion is local: the event takes place in a local
coordinate chart exhibiting D as a simple normal crossings divisor. Let f(y(Tentry))
and f(7(7exit)) be the entry and exit points of one event, so that their gcan-distance
is at most
Texit
/ |a7'f(7)|gcan dT'
Tentry

By the explicit control (1) on gcan, we have that

A
m
(440) C_lwcone < Wean < C (1 - Zlog |Sz|h1> Weone-
=1

For simplicity suppose first that D has only one component, which in our local
chart is given by {z; = 0}. Then we can assume without loss that in this chart the
boundary of U, is given by {|z1| =7}, and in our chart (£40) reads

n n

1 ’Lle A dEl . A ’Lle A\ dEl . o
c W‘ledzj/\dgj < Wean < C (1 —log|z1]) W+Zldzj/\dzj
=2 =2
The entry and exit points are both on {|z1] = 7}, have gcan-distance at most

fTexit

Tentry

fore there exists another path joining these entry and exit points, which is con-

tained in the boundary of U, (in particular, it does not come into U, /3) and whose
T

Jeone-length is also at most C' fT e’:” |0+ f(¥)|geandT, and hence whose gean-length is
entry

Or F(7)|gean d7, and hence their geone-distance is at most C' times that. There-

bounded above by
C| 10g77|c/ |0:7[g(ryd-

entry

The general case when in our chart we see several components of D is dealt with
similarly. We perform this construction for all the events (which are disjoint). This
gives a replacement 7' of f(v), staying outside U, 5, agreeing with f(v) between
the events, and whose gean-length traversed in each event is at most C|logn|® times

the corresponding integral of |0;7|5(;y. Thus, using (@37), (@38 and @39),

dcan(f(p)7 f(q)) < Lgcan (’7’) < ‘/J |a7—f(/y)|gcand7— + Cl log n|c /[ |8T,7|§(T)d/r
(4.41) < / |0:73(ryd7 + C8' + C|log n|“n’
J

< / |(97—’7|§(7-)d7'+ C(Slu
0

choosing 7 small enough. Since « here is a minimal £-geodesic from (p,0) to (¢',7),
arguing as before we see that

(VB

(4.42)
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and so from ([@A41) and (@4J) (again we can absorb the term with 73 ) we get

L 7) > ot Wean (T () 1) — OF'Y

as desired, for some ¢ with f(¢') € B9 (f(q),0"), which establishes (£.28) and
(#29). As explained above, up to small modification to 7 this implies that the
same statement ([29) holds for all ¢’ with f(¢’) € B%=»(f(q),d’).

The main difference between this statement and Claim 4 is that we wish to
compute distance with respect to a fixed time metric, rather than evolving metrics.
Again following [49] we consider L(q',7) = 2¢/7L(¢',7). As 7 — 0%, the function L
tends to dg(o)(p,¢')? (see [11, Lemma 7.47]), and according to [49, (7.15)] we have

9 _

Recall that [@28)) gives

(4.44) L(¢',7) 2 (dean(f (0), f(a)) — C3')?,
for ¢’ with f(q") € B9%»(f(q),d"), and [@27) gives
(4.45) L(q,7) < C,

foral0 <7< T

Let x be a smooth (time-independent) cutoff function on N supported in B9<= (g, d")
and equal to 1 on B9%==(q,4’/2), and denote by the same symbol its pullback to M
via f. Then by (£4) we have

(4.46) sup | Ay x| < C6'3,
M

for 0 < 7 < 7. Integrating the 7-time evolution of [, xL(-,7)@™ (7) with respect
to 7 € [0, 7] we obtain

/ XL (-, 0)@™ (0)
M

:/MXL // Aoy x@™ dT—Q//XL (7))

and employing (£.3)), (£.26)), (£.45) and ([.46) we can bound

ISR}

(r)™dr,

/ E(, T)Ag(T)X(:)m(T) 2 —06/72/ (:)m(T)
M f1(Bocan(g,8"))
> _06/—26—(m—n)T/ wﬁ
=1 (BYcan(q,8"))

> _Cef(mfn)T5/2n72,

and similarly
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and so, using also (£44),
[ xtoamo)
M

> / XL(-,7)a™(7) — Cro/?n =2 (m—nIT
M

2 (dean(f(p), f(2)) — 05’)2/ XO™ (T) = CFan 2 (T

M
> ((dean ((0), (q)) — CF')? — C76'~2) /M X (7),

where in the last line we used that [,, x@ (7)™ > C~1§"*"e~(m="T which again
comes from (3)). By choosing 7 < C~16"® we can ignore the term with 7§’ ~2.

Now, integrating the 7-time evolution of [, , x&™(7) with respect to 7 € [0,7]
we obtain

/ Xo™(7) —/ X@™(0) :2/ XR(G(r))a(r)"dr > —C78' 2= (m=mT
M M 0
and so

/M V(- 0)&™ (0)

> (dean(f(p), f(a)) = C3")? /M X@™(0) — CF§ e~ (T,

(4.47)

Now using C° metric convergence in the regular region, the g(T')-distance be-
tween ¢ and ¢’ is bounded by C4’ in the support of x, so

/M XL (- 0)a™ (0)
(4.48) - /M a0y (2 )20 (0) = /M Ny ()™ (0)

< (dyer (pr ) + CF')’ /M X&™(0).

Combining (47) and [@A48) and dividing by [, x@™(0) > C~1§"?me=(m="T gives
(dg(T) (pa Q) =+ 05/)2 z (dcan(f(p)v f(Q)) - 05/)2 - 0?5,,%,27

and taking 7 < C 162"t we obtain

(449) dg(T) (Pa Q) = dcan(f(p)7 f(q)) - 06/

This fixes our choice of 7, and hence of 1, which finally also fixes how large T" has
to be. In summary, we have shown that ([@49) holds for sufficiently large T, and
this finally concludes the proof of Claim 4, and hence of Proposition [£.1] O

Remark 4.2. There is only one point in the proof of Theorem where it was
essential to use estimate (7)) (which is where we use the assumption that N is
smooth and D is snc), which is to prove (@41]). In the proof of [@41]) we had to deal
with the rather artificial possibility that the minimal £-geodesic v there wanders in
and out of the neighborhood Un /2 an unbounded number of times (what we called
“events” in the proof). Here we want to remark that if one can find such 7 such
that the number of events is bounded above by a uniform constant A, then one
can prove ([E4I) (and hence Theorem [L5) dropping the snc assumption on D).
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Indeed, for each event as above, we can estimate the d..,-distance between the
entry point P := f(7(Tentry)) and the exit point @ := f(7(7exit)) by using that on
N\U, 2

dean (P, Q) < Cdyy (P, Q)%

for some uniform « > 0, by passing (218 to the limit. Since

A (P.Q)< [ o)y

Tentry

we see that we can join P and @ with a path whose gcan length is at most

(e

([ iortelar) <c [0l

Tentry Tentry

and using this path to replace the portion of f(v) with Tentry < 7 < Texit, and
repeating this for all the A events, we obtain a new path + joining f(p) and f(q)

for which we have

A Texit,i
Lu@) < [0 gtr +€ 3| [ 0ldr
J i=1

Tentry,i

< / |0-7|5(rydT + C&' + C A= (/ |377|.a<r)d7)
7 1

< / 0;7]5(rydT + C8' + CA'~n>P
0

< / |8~,-"y|§(7-)d7' + O(SI,
0
by choosing 7 sufficiently small, which proves (£41)).
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