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A method formally analogous to that developed by Bogoliubov, Tolmachev and Shirkov 

to investigate the collective excitations in superconductors is applied to even-even spherical 

nuclei in order to investigate the mechanism of the nuclear collective motion from the standpoint 

of particle excitations. Our theory leads, in principle, to the same results as those obtained 

by Belyaev. However, the method of description of the nuclear collective motion is quite 

different from that of Belyaev's paper in which the .. cranking model" of Inglis is employed, 

and the various physical parameters used by Belyaev can be derived uniquely from the 

"first" principle. Thus, in so far as the vibrational motion is concerned, the physical 

implication underlying the nuclear collective model proposed by Bohr and Mottelson is made 

clear. 

It is outside the 'scope of this paper to relate the effecti ve intet-particle interactions used 

in this paper with the nuclear forces known from the two nucleon problems. 

§ I. Introduction 

The main purpose of this paper is to investigate the mechanism of collective 

motion in even-even spherical nuclei from the standpoint of particle excitations. 

It is not our purpose to go into detailed quantitative calculations, but rather to 

develop the basic idea. The j-j coupling shell model is the starting point of our 

theory, and the pairing correlation between two nucleons is taken into account by 

means of the Bogoliubov transformation.3
) 

Our theory leads, in principle, to the same results as those obtained by 

Belyaev.4
) However, the method of description of the nuclear collective motion 

is quite different from that of Belyaev's paper4
) in which the "cranking model " 

of Inglis5
) is employed. It is attempted to propose a method which is more fun

damental than the" cranking model". The method is based on an extension of 

the theory of Sawada et al. 6
) of the plasma oscillation, and is formally analogous 

to the method developed by Bogoliubov, Tolmachev and Shirkov3
) to investigate 

the collective excitations in superconductors. 

To take into account the pairing correlation for which the" short range" 

part of the effective two-body interaction between particles plays an important role, 

the technique of the Bogoliubov transformation3
) used in the new theory of super-

* The basic idea which will be developed in this paper corresponds, in some sense, to the 

generalization of that proposed in our previous papers.I), 2) 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/2

4
/2

/3
3
1
/1

8
3
2
5
6
6
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



332 T. Marumori 

conductivity will be adopted, and the results of the application of the transforma

tion to even-even spherical nuclei will be recapitulated in § 2, § 3 and § 4 in a 

form especially suited for our purpose. * 
The fundamental idea and the physical basis of our method describing the nuclear 

collective vibrations will be developed in § 5, § 6 and § 7. In order to make clear 

that the essential idea of the theory of Sawada et al. 6
) can be applied to the 

finite size nuclear system, the explicit relationship of this idea with that of the 

"time-dependent self-consistent field method" underlying the "cranking model "5) 

will be established in § 5 and § 6, provided that the "long range" part of the 

. effective two-body interaction between particles plays an important role for the 

collective vibration of even-even spherical nuclei. Thus it will be shown in § 7 

that a method formally analogous to that developed by Bogoliubov, Tolmachev 

and Shirkov3
) to investigate the collective excitations in superconductors can describe 

the collective motion of even-even spherical nuclei. 

By using this method it will be shown in § 8 that there are two kinds of 

quadrupole vibration-modes for even-even spherical nuclei. To display these col

lective modes, the "method of auxiliary variables "7) will be employed in § 9. 

The relation between th~ collective variables thus obtained and the" deformation 

variables" used in the Bohr-Mottelson model8
) will be clarified in § 10. In § 11 

and § 12, the normal vibrations of even-even spherical nuclei will be discussed, 

and the inertial parameter and the surface tension parameter for the quadrupole vibra

tion will be uniquely determined. It will be shown that the results thus obtained 

are essentially equivalent to those obtained by Belyaev4
) and are in agreement with 

the observed trends. 

It is hoped that our approach will be helpful to clarify the concept of the 

nuclear collective motion and to give a further insight into the various aspects of 

the unified model. 

§ 2. The Bogoliubov transformation 

An application of the Bogoliubov transformation3
) in the new theory of super

conductivity to the nuclear system has been developed by Belyaev.4
) The close 

connection between the basic idea of this method and Racah's seniority concept 

in the j-j coupling shell model has also been discussed by many authors.9) In this 

and next sections, we shall recapitulate the results in a form especially suited for 

our purpose. 

Let us Gonsider a system of nucleons which are moving in a spherically sym

metrical self-consistent potential-well V and choose the wave functions of a nucleon 

in this well as the basic functions of the second quantization representation. If 

we adopt the j-j coupling shell model, such single-particle states are characterized 

* The reader who is familiar with the application of the Bogoliubov transformation to the 

nuclear system need not read § 2 cmd § 3 in full but the final results (3·14) and (3·15). 
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On the Collective Motion in Even-Even Spherical Nuclei 333 

by the quantum numbers (n, l, j, m). Hereafter we shall denote a set of the 

quantum numbers (n, l, j) by N. The Hamiltonian for the system of interacting 

nucleons is then 

H= ~ (NmITIN'm')atrnaN1mJ--!- ~ (NlmIN2m2IGIN/m/ N/m/) 
~ 2(~ 
N1ml 

(2·1) 

where EN is the single-particle energy in N-state and), is the well-known chemical 

potential. The sign of G and V is chosen to be positive for' an attractive inter

action and an attractive well respectively. 

Now it is convenient for our purpose to divide the effective two-body interaction 

G approximately into three parts: 

(2·2) 

where G(O) the part mainly contributing to the" pairing interaction ", Gel) the part 

mainly contributing to the spherically symmetrical self-consistent field, and G(2) is 

the one that is responsible for the collective vibrations. The possibility of such 

an approximate division of G will be discussed in § 3. Corresponding to (2·2), 

the Hamiltonian (2 ·1) may be divided as follows: 

H(O)= ~ {(EN-Il)a."IWI amml +(Nml VIN' m')} atmaNlmf 
Nm 
N'm' 

(2·3a) 

(2·3b) 

(2·3c) 

Following Belyaev's,4) let us introduce the new Fermi operators a Nm by the 

Bogoliubov transformation :3) 

aNm=UNmaNm + VNmat-'fn , 

where UNm and VNm are real numbers which obey the conditions 

f +VNv 
VNm= -VN-m= ( 

-VNv 

m>O 

m<O, 

(2·4) 

(2·5) 
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334 T. Marumori 

(2·6) 

After the transformation (2·4), the Hamiltonian HCO) has the following structure: 

HCO)= U+H2o +l-Iu +H', (2·7) 

where 

H' is a small perturbation term which will be neglected hereafter. .dN~ in (2·8) 

- (2 -10) is defined by 

L1N~= 2J (Nv N vIG cO)IMv1 Mv 1 )UNPl VNpI' (2 ·11) 
Nl ~l 

where 

-(N +v, N -vIG cO)I1\7;. +v1 , 1\7;. -VI)' 

The matrix elements (N V I VI N' v') in (2·8) have the form 

(2·12) 

(Nvl VIN' v')==(N +vl VIN' +v')a~~,=(N -vi VIN' -v')a~~,. (2 ·13) 

In deriving (2·8) - (2 ·10), we have made an approximation 

(Nv N'v'IG(O)IMv1 Mv1 )=(Nv N'vIG(O)INIVIMvl)a~~, 

~o for Nyf N', 

and used the relation 

(Nvl VIN'v')= ;S {(N +v, 1\7;. -v1 IGCI)IM -VI, N' +v') 
Nl ~l 

- (N + V, 1\7;. +v1 1G (1) I N' +v', 1\7;. + !.iI)} 'V~rl ~l' 

which means the definition of the self-consistent field V. 

§ 3. Ground- and excited-states of HCO) 

(2·14) 

(2·15) 

Let us determine the transformation coefficients UNrn and v Nm in (2·4) by the 

condition 

(cOlaN_~aN~HCO) Ico)= 0, 

where jeo) is the vacuum of the quasi-particles aNm., i.e. 

aNmlco)=O, (colatm=O. 

(3·1) 

(3·2) 

The vacuum state Ico) thus determined becomes the ground state of H(O) and cor-
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On the Collective Motion in Even-Even Spherical Nuclei 335 

responds to the "lowest seniority state" of even-even spherical nuclei. 

The condition (3·1) means that H 20 = 0, i.e. 

(EN-A) ·2UN"VN"-LlN"(U~"-v!'") =0. (3·3) 

Using (3·3), (2·6) and (2·11), we find the following equation for LIN": 

jN"=-~-:~,-@~r.:~~~j:r~'~jN'''' (3·4) 

A. Solutions of the equation for LIN" 

Eq. (3·4) has a trivial solution 

LlN"=O or UN"VN"=O, (3·5) 

which corresponds to the sharp Fermi surface. If C(O) is sufficiently weak, (3·5) 

is the only solution of (3·4). However, if G(O) satisfies the inequality 

_~~ ~-, _~~~~!Y~lg_~J~ J)1 ~~1 > > 1, (3 . 6) 

2 kJl I E 11'1 - AI 

then there exists also a non-trivial solution. 

Hereafter we shall make the following approximations: 

i) Since the most essential contribution to the sum in (3·4) is gIVen by 

the transitions between the states in the same shell,* we shall neglect the transi

tions between different shells, i.e. we shall assume 

<Nv NJ)IC (0) IN1J)1 N1J)1)::::::::" <NJ) NvlG (0) I NVI NJ)l) aNNl . (3·7) 

ii) To simplify the problem, we shall assume further that the inequality 

(3·6) under (3·7) may be fulfilled only for the outermost partially-filled shell (the 

No-shell) ,** and the trivial solution (3·5) is the only solution for the other shells. *** 

iii) In order that the non-trivial solution exists for the No-shell, the matrix 

elements <NoJ)oNovoIG(O)INoJ)o'Navo') (" pairing interaction") must have a same sign, 

because otherwise there will occur a cancellation. So we shall approximate the 

matrix element < Novo Novo IG(O) I Novo' Novo') by an average over the mo-states, i.e. 

(3·8) 

* As discussed by Belyaev,4) transitions between different shells lead simply to some renormali

zation of CCO). 

** Hereafter we shall denote the quantum numbers of the single-particle states in this outermost 

partially-filled shell by adding the suffix O. 

*** This assumption corresponds to that we are considering the spherical nuclei for which the 

level distances lEN-ENol satisfy the condition 

GNCO)QN-(fCO)Q(l-njQ) <2(EN-ENo) for EN>ENo, 

CNCO) QN+G<O) Q(l-njQ) <2(ENo-EN ) for EN < ENo. 

Here CN(O) is an average of <Nl/Nl/ICCO)INl/'Nl/') over the m-states and QN=(2j+l)j2. Gcof and 

Q are defined by (3·8) and (3·11) respectively, and n is the number of particles in the No-shell. For 

the nuclei for which such a condition is not satisfied, we must take into account that the inequality 

(3,6) under (3·7) may also be fulfilled for the shells near the No-shell. 
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336 T. Marumori 

Under these approximations the non-trivial solution, which exists only for 

the No-shell, is obtained by solving the equation 

and becomes 

where 

LlN
O
= {«(;CO)2 J22/4) - (ENo _ ).)2} If? 

J2= (2jo+ 1)/2. 

B. Elimination of the chemical potential ). 

(3·9) 

(3 ·10) 

(3·11) 

The chemical potential ). is determined through the following equation: 

(col ~ aX-07(tOaNorno/co)= ~ 2V~TOVO= :::8 {1- (ENo-).)/V/ (ENo-i.)2+L1iro} =n, 
'rno Vo Vo 

where n is the number of particles In the No-shell, and is given by 

).= ENo- (CCO) J212) (l-nIJ2). 

By the use of (3 ·13), ). can be eliminated from all final results. 

in which ). is eliminated are summarized as follows: 

j
(CCO)J212) {1_(I_n/g)2}lf2 for the No-shell. 

LlN =LlN= 
J} 0 for the shells other than the No-shell. 

UNrn=UN-rn=UN 

VNrn= -VN-rn= (+VN 
l-vN 

m>O 

m<O, 

{

(I-n/2.Q) If2 

UN= 0 

1 

VN=rtJ)'" 

for the No-shell. 

for the closed occupied shells. 

for the open unoccupied shells. 

for the No-shell. 

for the closed occupied shells. 

for the open unoccupied shells. 

C. Expression of HCO) and excited states 

With the aid of (3 ·14) and (3 ·15), HCO) becomes 

H CO)- U+ ,,"-' E + 
- L..J NltNmltNrn' 

f\lrn, 

(3·12) 

(3·13) 

The results 

(3·14) 

(3·15) 

(3·16) 

where U is given by (2·8) and means the energy of the ground state (the vacu

um state Ico» and . 

/---~--~--.--.--- -_""-C~-~--------·---~--·--··--··---- --------.---.. -.. ---

=V {EN- ENo + (C (0) J2/2) (l-n/ J2)} 2 +L1N2. (3·17) 
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On the Collective Motion in Even-Even Spherical Nuclei 337 

The excited states of H(O) are characterized by those with the quasi-particles. 

It is well known that the excited states of even-even nuclei contain an even number 

of quasi-particles, e.g., for the ground state the number of quasi-particles is zero 

(the vacuum state I co» and the first excited states are described in terms of two 

quasi-particles in the No-shell, etc. The number of quasi-particles in the No-shell 

is thus a generalized seniority number. 

§ 4. Phenomenological analysis of the two-body interaction G 

We now come to the stage to discuss the possibility of the division of G into 

(2·2). Recently discussions on this possibility ·were made· by many authors. 9
),IO) 

Here we shall follow Weisskopf's argument. IO
) 

Let us expand the two-body interaction G(Xb x 2) in spherical harmonics:* 

(4·1) 

There is a close connection between the above sum and the division in (2·2). 

The spherically symmetrical self-consistent field V is determined mainly by the 

L = 0 term in (4· 1) . This means that G(l) corresponds to the L = 0 term. On 

the other hand, the inequality (3·6) under the approximation (3·7) suggests that 

G(O) is mainly composed of the high harmonics in (4 ·1) .4) We may thus conclude 

that the L=O term corresponds to G(l) and the sum over L=l, 2 and 3 give 

rise to G(2) and the sum over L=4, 5, '" give rise to G(O). We may call G(l) and 

G(2) the" long range" part of G and call G(O) the" short range" part of G, though 

it is not really accurate. 

The L=l term is not really important, because its main contribution is only 

a displacement of the center of mass. The interesting terms composing G(2), thus, 

are those with L=2 and L=3. 

It is the main purpose of this paper to investigate how such terms bring 

about the quadrupole- and octupole-vibrations of spherical nuclei. In the following, 

our main attention will be paid especially on the L=2 term. Then, H(r{'s.) in 

(2·3c) becomes 

H (,·es.) __ 1 ~<N,. 71.1. IG(2)17I.T/. '71.11. ') + + 
- ~- L.J 1 ml.1 V2 m 2 .1 V2 m 2 .1 VI ml aN1 ?nl aN2 m2 aN<)-'m'2' aNI'?nI' 

2 (Nm) 

(4·2) 

where 

* For simplicity, we neglect the spin dependence of G. 
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338 T. Marumori 

1 j-(~~+I)~(2j/ +~) (~j2+1) (2j/ +1) 
(M~lg21~' M')==---

2L + 1 47r(2L + 1) 

X (jlj/-'-~---~-ILO) (j2j/~--~-ILO) (nllln2l2ICL ln/ l/n/ l/)I .. 
2 2 2 2 L=2 

(4·3) 

Here (nllln2l2IC},ln/ l/ 71/ l/) means the radial integral part of the L-th term in 

(4 ·1) and (jj'mm'/LM) denotes the Clebsch-Gordan coefficient. 

§ 5. Concept of nuclear collective lllotion 

and the time-dependent self-consistent field method 

In order to make clear the physical meaning of our method which will be 

developed in the next section, we shall, in this section, start from the general 

consideration of the nuclear collective motion. 

As is well known, the remarkable success of the nuclear shell model has 

suggested that the main part of the inter-nucleon interaction can be treated as a 

spherically symmetrical self-consistent field V. The essential point of the nuclear 

collective model is to assume that an additional self-consistent field may be ex

tracted from the remaining part of the interaction. Bohr and Mottelson,8) and 

Hill and Wheelerll) have suggested that such an additional self-consistent field is 

non-spherical and time-dependent, and have grasped the time-variation of the ad

ditional self-consistent field as the nuclear collective motion. 

Such a fundamental picture on the nuclear collective motion is directly formu

lated in the framework of the time-dependent self-consistent field method (the 

TDSCF-method). The discussions of the nuclear collective motion in the frame

work of the TDSCF-method were made by Nogami12
) and Ferrell 13) for the vibra

tional motion of closed shell nuclei and by Shono and Tanaka14
) for the rotational 

motion. In this section, we shall recapitulate the TDSCF-method in a form con

venient for later discussions. 

Let us consider the Hamiltonian (2· 3a) in the case of CCO) =0 : 

H=HCO)+Hcr(>~.) 

- ,---, + 1 ~ (N, N - /C(2)IN' 'N,'- ') + +-- 2----J ENaNmaN'm'--- 2.J lml 2Jn2 2 m2 1 ml aNlmlaN2m2aN2'rn2,aNl'Nl' 
Nm 2 (Nm,) 

(5·1) 

where the second term is given by (4·2). Here we omit the chemical potential 

I.. In the coordinate representation, (5 ·1) IS 

H=J ++ (x) ( 2~ p2_ Vex) ) +(x)dx 

--} J ++ (xl )++ (x2) {C2(rl r2) Y20(012)} +(X2)+(xl )dx l dx2,* (5 ·1') 

* The spin variable is assumed to be included in the coordinate x. 
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On the Collective Motion in Even-Even SjJherical Nuclei 339 

where ",(x) =~aNrn<pNrn(X) and <FNrn(X) are the single-particle wave functions in 
Nrn 

the spherically symmetrical self-consistent potential V. 

The time derivative of ",(x) is expressed by 

in,;y.(x) ==[",(x) , H]=H(p, x)",(x), (5·2) 

where 

H(PI, Xl) =_1_PI2_ V(XI) - r dX2P(X2, x 2 ) {G2(rl r2) Y2o(812)} 
2m J 

==_l_p;2._ V(xl ) - U(Xl)' (5.3) 
2m 

Here the density matrix operatorp (.r, x') is defined by 

p(x, x') =",+ (x')+(x) = ~ airrnaN'rn' PN'm,(X)cf/x,m(x') (5·4) 
Nm 
N'm' 

and the time derivative of p is given by 

inp==[H, p]. (5·5) 

The expectation value of p at time t is 

pet) =( ![t(t) Ipl 'F(t», (5·6) 

where I W(t» is a state vector of H at time t, (and is not that of H(O). Using 

(5·5) we have the equation of motion for p (t) : 

in--~I~~O_-=( 'F(t) I [H, p] I 'F(t». (5·7) 

If we make an approximation which is essential to the Hartree method: 

(W(t)I[H, p]I![t(t»~[('F(t)IHIW(t», pet)], 

we obtain the fundamental equation in the TDSCF-method: 

in _~f'~!L= [H (t), pet) J, 

where 

H(t) ==( 'F(t) IHI iF(t) )=~1~p2_ Vex) - U(x, t). 
2m ' 

(5·8) 

(5·9) 

(5·10) 

In the TDSCF-method, Eq. (5·9) is simplified through the following proce-

dures. 

i) P (t) is expanded in the form 

pet) =p(O)+p(I)(t). 

Here prO) is the unperturbed density matrix and is equivalent to 

p (0) = ( Co I p I co) 

(5·11) 

(5·12) 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/2

4
/2

/3
3
1
/1

8
3
2
5
6
6
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



340 T. Marumori 

where leo) is the ground state of H(°l, and pel) is the density matrix which should 

be rel~ted to the time dependent self-consistent field U(x, t) : 

(5·13) 

ii) The first order self-consistent perturbation theory is used, which means 

that the products of the type Up(l) are neglected. Under this approximation, 

Eq. (5·9) is linearized and becomes 

ill op(l)_ = [--"!~ p2 - V ()(1)J- [U ()(O)]. 

at 2m ' j 'j 

(5·14) 

The main problem of the TDSCF-method is, as is well known, to solve 

Eq. (5 ·14) and to find a characteristic frequency corresponding to the collective 

vibration. 

§ 6. Description of the nuclear collective vibration 

in the framework of second quantization 

In this section we shall develop a method describing the nuclear collective 

vibration in the framework of second quantization. The essential idea of this 

method is based on an extension of the theory of Sawada et al.6
) of the plasma 

oscillation, and has been suggested by many authors. 15
),16),17),1),2) 

Keeping a direct comparison with the TDSCF-method, we shall develop this 

idea in this section. In order to avoid unnecessary complications and to emphasize 

the physical implication of the method, we shall, however, illustrate here the 

fundamental idea by taking closed shell nuclei. The generalization of the method 

will be discussed in § 7. 

We shall, at first, begin with rewriting Eq. (5 ·14) in a form more suitable 

for our purpose. Noting that for closed shell nuclei 

(Nmlp(O)IN'm')=oNNfOmmf(}N, I 
(Nm IpCl) I N' m') = (l-(}N)(} Nf (Nm IpCl) IN' m') + (1-(}Nf )(}N( Nm IpCl) IN' m'),* 

(6·1) 

let us introduce the following quantities with a definite angular momentum 

(L~2, M) : 

_
C21£(NN!) = ~f (-1) +mf (jj' m-m'12M) (1-(}N)(}Nf<N~ m'/p(1)/Nm>,} 

(6·2) 
C2M(NN') = ~ (_l)-m

f 
(jj' m-m'12M) (l-(}N)(}Nf (Nmlp(l)IN' m'). 

mm' 

Here (NmlpIN'm') is gIven by 

* In the TDSCF-method such a presupposition on the matrix elements of p(1) is usually made, 

in order to solve Eq. (5 ·14) and to find a characteristic frequency corresponding to the collective 

vibration. 
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On the Collective Motion in Even-Even Spherical Nuclei 341 

(NmlpIN' m')= J ¢lrn(x)p(x, x')¢N'rn,(x'Ydxdx' 

and t} N is defined as follows: 

1
1 for the closed occupied shells. 

(}N= 0 
for the open unoccupied shells. 

(6·3) 

Using (6 ·1) , (6·2) and (5 ·13), we find, after some calculations, that 

Eq. (5 ·14) becomes 

. a -~~---7·· ·~··-:t--~-----T 
zn----C2M (NN) = (EN'-EN)C2"~I(NN) 

at 

+ ~ <NMlg2IN/ N')(I-t}N)t}NI {C;~~rNl~Nl') - (-I)MT;2_M(N~N/)}, 
N1 N1' 

where (MMlg2IM'M') is given by (4·3) and has the property 

(N1 Mlg2IM' M')=(M' N21g21M' M)=(MM'lg2IN2M'). 

(6·4) 

(6·5) 

The equation equivalent to (6·4) is also obtained in the framework of second 

quantization in the following way. 

i) We pick up the following particle-hole pair terms from H('·('f1·) in (5 ·1) : 

+B N1 a~'1 mI· (I-B NI ') aNI'mI'} {(I-tJ NJ af:v~rn'J· () Nz' aNz'rnz' +tJ N"af:v~rn,>· (1-0Nz ,) aN,,' rn2'} 

1 +2 . 

= -~-":8 2; (MN2 Ig2IM' M') {C2it(N1 M') - (_l)M C2- M (N1 N/)} 
2 M=-2 (N) 

X {C.lM(MM') - (_I)M CLM(N2M')} , 

where 

C2it(NN') = ~ (-1) -tm/ (jj' m-m'12M) (l-ON)tJN, af:vmaN'rn" 
?nrn' 

C2M (NN') =.~ (-1) -rn/ (jj' m-m'12M) (l-tJN)Blv" af:v'rn' aNrn. 
rnrn' 

(6·6) 

(6·7) 

ii) Commutation relations between C2Ji and C2M, are approximated by the 

Boson-like commutation relations 

[C2M (NIN/) , C2~'(MN/) J ~ [C2M(NIN/) , C 2~111(N2M')Jico») 

= (JMMI (~NI Nz (~NI'N?' (l-B NJtJ,\'t" ~ 

[C2M (M N/), C2M, (N2 .LV/) J= [C 2~(NIN/), C 2+MI (N2 N/)] = o. J 

Using (6·8), we find that 

in C:1l1(NN') ==[C~l1(NN'), I-I(O) +H rJ )]= (EN'- EN) CiM(NN/) 

(6·8) 

+ ~ (NMlg2IM' N')(l-tJN)tJN , {C~'ff(NIM') - (_1)"11 C2 - M (.l.Y"r M')}. (6·9) 
NINI ' 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/2

4
/2

/3
3
1
/1

8
3
2
5
6
6
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



342 T. Marumori 

Now it is clear that Eq. (6·9) is equivalent to Eq. (6·4) in the TDSCF

method. * From this fact we may conclude that the approximations made in i) 

and ii) correspond to those of (5·8) and ii) of § 5 in the TDSCF-method. 

So far we have considered the simplified system with the Hamiltonian (5 ·1) 

where e(O) = 0 is assumed. A particular advantage of the present formulation in 

the framework of second quantization is that the extension of the method to the 

case of e(O):rf ° is very easy. In the following, we shall use this method and 

shall investigate the collective motion in the system with the Hamiltonian (2·3). 

§ 7. Reduction of the Hamiltonian 

Let us consider the Hamiltonian (2·3) and perform the Bogoliubov transfor

mation (2·4). We then obtain the transformed Hamiltonian, H = H(O) + H(rC's.), 

where 1-PO
) is given by (3·16) while 

(7·1) 

UNrn and v Nrn being given by (3 ·15) . 

In . order to extend· the method developed In § 6 to the present system, we 

now introduce the operators 

C2tr(NN') = 2:.] (-I)+rn/(jj'm-m'/2M)uNm v N,rn/ a "Jrrn a Jr'_rn/ }' 
mm' (7.2) 

C (NN') - ,,-, (-1) -rn' ( .. , -' '/?M) 
2jJI - 2..J }} m m '-' UNrn,VNlm' aN'-m' aNm, 

mm' 

and pick up the following quasi-particle pair terms from (7 ·1) : 

" 
1 +2 

1-1(T) = ---- 2:.] 2:.] (MN;,/g2/N/ M') {C2~iJI(MM') - (_I)M C2- M (MM')} 
2 M=-2 (N) 

X {C2M(N2 N;,') - ( -1) jJI C LM(N;, N;,')} . (7·3) 

For closed shell nuclei in the special case of e(O) = 0, we get, with the aid of 

(2·4) and (3·15), 

(7·4) 

and the operators in (7·2) are reduced to those in (6·7). The operators in 

(7·2), therefore, corresponds to the generalization of those in (6·7), and the 

generalization of (6·6) corresponds to (7·3). 

* In the course of performing this work, it has come to the author's notice that Ehrenreich 

and Cohen18) have made a similar proof for the case of the many-electron system. 
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On the Collective Motion in Even-Even Spherical Nuclei 343 

Now we decompose C2i1 and C2M in the following way: 

C:JM(NN') = C~1J+ (NN') + C~Md)+ (NN') , 

C ~~ + (NN') == C 2+M( NN') () NNI, C ~~~) + (NN') == c 2~1( NN') (1- () NNI) • 

(7·5) 

It follows from (3 ·15) that C~Ii)+ and C~'j) exist only for the partially .filled* 

No-shell and vanish for the other shells. It is also clear from (3·5) that, in the 

absence of the pairing interaction (G(O) =0) , C~Ii)+ and Cfii vanish. Thus we are 

able to rewrite H(l) in (7·3) as 

1 +2 

H(I) = ---- 2J 2J (MN2 !g2!N/ N/> {C~r;))+ (MM') - (-I)M C~r:...rl]t(MM')} 
2 M=-2 (N) 

X {C~~i~) (N2 N/) - ( _1)M C~~rl]/ (M N/)} 

_~1~ ~ (No No!g2!NoNo> {C~'ll+ (No No) - (_I)lrl C~~M(NoNo)} 
2 M=-2 

(7·6) 

In order to investigate the collective motion in the system with the Hamiltonian 

(2·3), we shall hereafter use the reduced Hamiltonian 

HR=H(O)+H(l), (7·7) 

where H(O) is given by (3 ·16) and H(!) is given by (7·6). Furthermore we shall 

hereafter employ the following commutation relations corresponding to the generali

zation of (6· S) : 

[C 2.(r;) (Nl N/), C~~?+ (N2M') J ~ [C~~) (Nl N/), C~:l1/+ (N2M') J!co>} 
= () MMI () Nl N Q () NI' N2' (u1-1 V1-11) (1- () N1 N 1' ) , 

~ 

[C~~) (M M'), C~27) (N2M') =[C~A2)+ (N1N/), C~~~,)+ (N2 N/) J=O, 

[C~~(No No), C~:i),+ (No No) J ~ [C~1J(NoNo), 

= 2() MMI (u1-o v1-o) , 

[C~~(No No), C£Ii), (No No) J =[ C~~}+ (No No), 

C~U'+(NoNo)]! co>} 

c~y,+ (No No)] = 0, 

[ct\HNo No), cti1,'+ (N .. iV') J =[C~~}(No No), C~~) (NN') J=O, l 
[C~~+ (No No) , ct~? (NN') J=[C~~V (No No), C~~~~+ (NN'>:l=O. J 

§ 8. Two modes of collective motion 

(7·Sa) 

(7·Sb) 

(7·Sc) 

The commutation relations (7· S) suggest that there exist two modes of col-

* It is easily seen from (3 ·15) that C2111 (d)+ and C2M(<i) vanish when the No-shell is closed. 
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344 T. Marumori 

lective motion: One mode is connected with Ci}!,fi)+ and Ci}!,fi)+, and another is 

connected with Ci'i! and Ci'i!+. In this section we shall discuss these two modes 

separately. For this purpose we now rewrite the reduced Hamiltonian (7·7) as 

(8·1) 

where 

1 +2 

HI:.= --.-~ 2~ 2-; [(No N/rh/N' No) {C£'l) + (No No) - (_1)111 Ci~)M(No No)} 
2 M=-2 NN' 

X {Ct;:P(NN')-(-I)MC£~(Y/(NN')} +herm. conj.], (8·2) 

and consider the system with the Hamiltonian HW) for the moment. The term 

H~l will be taken into account later on in § 9. 

A. Collective mode connected with C~Mi) and C~M') + 

Using (7· 8a) and (7· 8c), we get the equation corresponding to Eq. (6·9) 

[C~M<i)+ (NN') , H~?)]= - (ENt + EN) C~lI.P)+ (NN') 

+ 2; (NM/g2IM' N')(uir'vir,) (I-aNN,) {C~~)+(NIN/) 
NI'NI ' 

- (_I)M C£~~(M M')}, 

where EN is given by (3 ·17). 

Now let us introduce an operator 

(8·3) 

BiM= 2~ a(NN') C~~)+ (NN') - ~ b(NN') (_I)M C~~~(NN'), (8·4) 
NN! NN! 

where a(NN1
) and b(NN') are determined by the following simultaneous equa

tions : 

(E -Eo)a(NN') = (EN+ENt)a(NN') - ~ a(MM')(NMlg2IM' N') 
NINl.l 

X (u.7v1 v.7vI !) (1- aNINI') + 2; b(M M') (NMlg21 N/ N') (u.7v1 v.7vI!) (1- aNINI!)' 

NINI ' 

(E -Eo)b(NN') = - (EN+EN!)b(NN') - ~ a(MM')(NMlg2IM' N') 
NINI ' 

and the normalization condition: 

[B2M' BiM]=I= 2~ a(NN')2 (U;"Vir/) (l-oNN,) 
. NN! 

Then it IS easily shown with the aid of (8·3) that B2~ satisfies 

[Hi~), Bill] = (E - Eo) B2~11. 

(8·5) 

(8·6) 

This means that BiM is the operator which creates an eigenstate 11Jf) with energy 

E from the ground state IlJfo) of I-I}2) with energy Eo: 
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On the Collective NJotion in Even-Even Spherical J'lluclei 345 

11Jf)=B~l1l/flo). 

We do not discuss here Eq. (S -5) in detail, and note only the following. If 

(NMlg2IM' N') are separable, i.e. (NMI g21M' N') = ( ... iVl Y2IN')(MI g2IN/),* we 

obtain the eigenvalue equation from (8 -5) :1) 

(S-7) 

This equation has a root (E - Eo) which is real and posItIve and is smaller 

than the smallest pair (quasi-particle) excitation energy (EN! + EN) with N~ N', 

provided that the condition 

1 '> ~~ _~{i'iNJrh lN~!y)Jlt1r_LJ~/r~!~-=-?iVNt)_ 
NN~ EN/+EN 

(S-S) 

is satisfied. The state with such a lowest excitation energy, (E - Eo) mill.-nm(3, can 

be regarded as that of the collective motion connected with CQ:l;1) and C£M 1
) + . In 

this case, a(NN') and b(NN') are given by 

a(NN') = __ K~NJfi~J}i,)_____ b(NN') =_~_(NJJhl!"')_ 
nm(3 - (EN+ EN!) , nW(3 + (EN+ EN/) , 

(S·9) 

where the normalization constant K is determined by (S· 6), I.e. 

K=l!f j;,~~~lf~~lVi~~~i;;,5/NN') 
- ~-<NN]T~~I:{1~tJ}' ilNmLj"'. (S·10) 

B. Collective mode connected with C£'J and Ci'i! + 

In this case, we obtain the following equation corresponding to Eq. (6 -9) : 

[C (d)+(71. T N) Ll(O)]-_2E C<d)+(NN) 
2211 1 Vo 0, 1"1 Ii _ - No 2M 0 0 

(S'll) 

Now let us consider the matrix element, (W'I(E'-H}r))Ci'if+(NoNo)IWo), 

where I P") is an eigenstate of HhO
) with energy E' and I P'o) is the ground state of 

Hy!). This vanishes, but can also be written as 

0= (E' - Eo)( P" I ct~;. (No No) I 'flo) - (P" I [H}~), C~~~+ (No No) J I P'o). (S ·12a) 

Similarly, we find 

* The "quadrupole-quadrupole interaction" adopted by Elliott19l and Moszkowski20) is an 

example of such a type. 
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346 T. Marumori 

0= (E' -Eo)( W/I ( _l)M C~~)M(No No) 1"0)-< W/I[H;~\ (_l)M Ci::')M(No No)] Ilffo). 

(8·12b) 

Using (8 ·11) and combining (8 ·12a) and (8 . 12b) , we are led to the 

eigenvalue equation 

1= {.-~--}- .. --
liw",+2ENo 

_ I 1------~'~2----2_1--·(O) 

where liw",=E -Eo and ENo=v (ENo-l.) +i1No - Z G 52 .. 

Solving Eq. (8 ·13), we obtain 

where 

Ii (I) = (/<0) 52 Vi i=-f) -/7::F' 
", n, no, 

8 n = {1- (1-n/I2)2} , 

8;'0=(;(0) 12/ 4( No Nolg2INoNo). 

(8·13) 

(8·14) 

(8 ·15a) 

(8·15b) 

8n is the occupation factor used by Belyaev (see ref. 4), Eg. (67» and 8~0 rep

resents a ratio of the strength of G(O) to that of G(2). 

For the collective mode under consideration, the creation operator B£'2-+' which 

leads to 

I W/)=B~~~+ I Wo), (8 ·16) 

IS easily obtained in the same way as that in the subsection A. The result is 

B~'Pt+ =a(No No) C~(1~+ (No No) -b(No No) (_l)M Ci::'}M(No No), (8 -17) 

where 

a(NN)- 1i(/)",+C(I!iJI2_ 
o 0 - V 28

n 
G (0) 52liw", 

(8·18) 

Here it should be noted that the collective mode under consideration vanishes 

In the absence of the pairing interaction (G(O) = 0). 

C. Derivation of collective variables 

Now let us introduce the following two kinds of collective coordinates 

(qi:), qri) and their conjugate momenta (p,<:>' pri) : 

q}(t=-i~/ Ii (Bi:tj·-(-l)MB~~\f)' q~)+=(_l)Mq~~,} 
21(3 W(3 

p~)= j- lil~~I~--; (B~:; + (_l)M B£~~), p~)+ = (_l)lfl p<!!1, 

qii = - i j~-0-1~~~~~ (B~ji + - ( -l)M B£'!}Jf) , q5;}>+ = ( _l)M q~1 ') 
LJ ", (V", 

p'ti = j_~.Z",-'!!.",- (B~%+ ( _l)M B£'!}tt), p5i+ = ( _l)M P':!]l{, 
2 

(8·19) 

(8·20) 
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On the Collective Motion in Even-Even Spherical Nuclei 347 

which satisfy the commutation relations 

(8·21) 

BVf)+ . is the creation operator of the collective state with the excitation energy 

nW(3 and is given by (8·4) with the corresponding solution (a (NN') , b(NN'» 

of Eq. (8·5). 1(3 and 1", are the inertial parameters of the two kinds of collective 

modes, which will be determined in § 10. 

§ 9. Use of the ~~ method of auxiliary variables" 

In the preceding section, we have found the collective variables of the system 

with the Hamiltonian H~). In this section we shall take H/t (8·2) into account, 

which contains the coupling term between two modes (q'iP, q'ii) . For this pur

pose, we shall employ the" method of auxiliary variables "/) which makes it pos

sible to display the dependence of the Hamiltonian on the collective variables. 

Let us consider the Hamiltonian (8 ·1) and start with the Schrodinger equa-

tion 

(9·1) 

Here we introduce two kinds of auxiliary variables, Ct9M, r.j,j» and ('1M, nji) , which 

satisfy the commutation relations 

(9·2) 

Corresponding to (q'f/\ PJf» and (qj]\ pji) , they have the conjugate relations 

fJj,= ( -1) M
I9_M , ,,'1l)' = ( _1)'" ,,(Pit, l 

'itt = ( _1)211 '1-211, n~J)+ = ( _1)211 n~"'J~. 
(9·3) 

To compensate the introduction of the auxiliary variables, we Impose on 1 r}) the 

supplementary conditions 

(9-4) 

Now let us successively perform the following unitary transformations: 

1
r})(1)= U-llr}) U =exp{i Y' (n«(3)q«(3)+.,.,-C'1)q("'»/-l.} 

(1) ,(1) -"'-_-l JIf 211 ,. JIf 211 ft, 
"11 

(9·5a) 

(9·5b) 

Ir}) )=U-ll/f)(2) U =exp{z''')-' (r/(3)qC(3)+nC'1)qC'1»/-l.} 
e (1) IF ,(ll ..:-1 'JIl M JVJ 211 ft. 

111 
(9·5c) 

Then the transformed Hamiltonian and the supplementary conditions become 

(9·6) 

(9·7) 

This representation IS the so-called "collective representation", In which Bohr 
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348 T. Marumori 

and Mottelson8
) have developed the nuclear unified model. 

It should be noted that the Hamiltonian (9 -6) contains neither (q<;i, p'ii) nor 

(q'J\ p'J)), i.e. it satisfies 

(9·8) 

This implies that the collective variables (q)f\ p'J) ; q'ii, p'!.i) in the original 

Hamiltonian HIt are completely replaced by the auxiliary variables (PM, r.'J) ; 'l/M7r'!.i). 

In this representation, therefore, the collective modes of our system can be visu

alized through the auxiliary variables. 

Employing the operator identity 

exp(iS)Oexp( -is) =O+i[S, 0]-- ~ -[S, [S, OJJ+ ' .. , 

and using the commutation relations (7·8) and (9·2), we obtain the explicit form 

of X of the following structure: 

(9·9) 

(9·10) 

X. _ =H,- ,>1 {_1_I
P

C!3)12 +_l-c I qC!3) 12} _ ,., 1_1_lp C'1)12+_1_C IqC'1)12} 
IIltl. J" ""'1i1..J 21/3 M 2!3 M ~-I \ 21" M 2 7J M 

+ i VI~ v/C(O)jjf)- >' ">-' (N NI ('J IN' N) {C (lId) (NN') 
.h n ...:..-1 -<-.1 O;J2 0 2M 
It M NN! . 

- ( _l)M C~~~+ (NN')} qr;;), (9·11) 

0]/ _ ~ 1- (i3l+ .VI~ I C····«) () 4) . ,,1 (N NI IN' N) 
/()poupl. - L..J ICqM -z-j,.- V .:;~ Un L 1 0 g2 0 

M L It NNI 

(9·12) 

where 

(9·13) 

(9-14) 

Here Xeo1l. represents the energy of collective motion, and Xil. t '-_ can be interpreted 

as the energy of the intrinsic (particle) motion. Xco'lPl. represents the interaction 

between the collective and the intrinsic moticns. 
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On the Collective Motion in Even-Even Spherical Nuclei 349 

For the spherical nuclei under consideration, we can safely treat X coupJ. as a 

small perturbation term. Therefore, we shall neglect this term hereafter. In this 

case the Schr6dinger equation in the "collective representation" becomes 

(Xco]]. +XilltrJ /(/)e)=E /(/)(,) 

with the supplementary condition (9·7). 

Let us write /(/)(,) as 

Then /XilJtr) satisfies the equation 

(9·15) 

(9·16) 

(9·17) 

with the supplementary condition q~;'J)/Xilltr)=ql~iIXilJtl')=O, and /¢coll) satisfies 

(9·18) 

The total energy of our system thus becoms E = Eilltr. + Eeo]l. 
The Sch6dinger equation (9 ·18) describes the collective motion of our system. 

In the following sections, we shall investigate the properties of Eq. (9 ·18). 

§ 10. Mass quadrupole m.oments and ~e surface deformation variables" 

Prior to discussing Eq. (9 ·18), we shall, in this section, clarify the connec

tion between our variables ((3ili, 'lM) and the" surface deformation variables" aM 

used in the Bohr-Mottelson modePl For this purpose, we consider the mass 

quadrupole moment operator. 

In the Bohr-Mottelson mode1,8l as IS well known, the quadrupole moment 

operator is givan by 

iJM=({~],tr) +({~oll.\ (10 -I) 

the first part of which is associated with the intrinsic structure. * The second part 

is due to the surface deformation and is given by 

3 -
;1)«'011.)_ AR 2 ,,, =Q'cv (10 2) 

""'OM ,- ~:?57r 0 '-'LM -- l.M, • 

where A is the atomic number and Ro is the nuclear radius. 

Now let us consider the quadrupole moment operator of our system. In the 

original representation the quadrupole moment operator IS 

QM=j 16n ~ (Nmlr2 Y2MIN' m')atmaN1ml 

5 Nm 
Nlm/ 

= i 2~ (Nlq21 N') ~ ( -1) -m/ (jj' m - m' 12M) aJrrnaNlmh (10·3) 
NNI m.m'! 

* For the even-even nuclei under consideration, (Xfl~£'" I iJ~;tr'lxfl~~r) =0, where Xi;~fr. is the ground 

state of JGil.tt" .. 
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350 T. Marumori 

where 

Performing the Bogoliubov transformation (2·4) with (3 ·15) and making use of 

the approximations discussed in § 6 and § 7, we have 

QM= -i 2j (Nlq2IN') {C£~)+ (NN') - (_I)M C£~~(NN')} 
NNf 

In the" collective representation ", (10·5) changes into 

/n U- 1 U- 1 U-1Q U U U ;1l(illtr.) + ;1l(Ctlll ) 
~M = (1) (2) (1) M (1) (2) (1) = ~M. ~M , 

;1l(iIM ) - Q _ k q(fJ) _ k q(1]) * 
~M - M 1 M 2 M, 

;1l(coll )-k q +/;7 'l7 
~M - l{JM ~2 '1M, 

where 

(10·5) 

(10·6) 

(10·6a) 

(10·6b) 

Comparing (10· 6b) with (10·2), we can find the connection between (PM, 'lM) 

and aM: 

(10·7) 

If we determine the inertial parameters (1/], 11]) introduced In (8 ·19) and (8·20) 

as 

I1]=n2Q2/ ceo) Jdf.9n (Nolq2INol, 

Eq. (10·7) becomes 

(10·8) 

(10·9) 

Now the physical meaning of the variables PM and 'lM is clear. 'lM represents 

the deformation associated with the configuration of the nucleons in the 2\1a-shell, 

and vanishes when the No-shell is closed. Thus, PM represents the deformation 

of the core mainly, and itself becomes aM when the No-shell is closed. 

Wi th the aid of (10· 9), the polarizabili ty of the core by the outside nucleons 

* Using the supplementary condition qJ:)IX~~?r.>=qliIX~,~lr'>=o, and making use of the approxi-

. I (0) )~I) fi d < (0) ;1l(intr.)I (0) )-0 h 1(0)" h d f "''''''. matIon Xilltr. - Co ,we n Xilltr.1 ~M Xilltr. - , were Xilltr. IS t e groun state 0 /0 IlItr .• 
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On the Collective Motion in Even-Even Spherical Nuclei 351 

can be obtained in the following way.~ Let us pick up the "potential energy" 

term for the collective motion from X coIl. : 

For a fixed value of 7jM, the equilibrium deformation aJ is determined from 

(10 ·10) and is given by 

where 

c=IC/(Cf3 +IC). 

With the aid of (10·2), (10 ·11) is written as 

iQj;2,o= (I-c) iQ~=o 

(10·11) 

(10·12) 

(10·13) 

where iQ~~O==Q7jM=O is the quadrupole moment associated with the outside nucleons. 

Eq. (10 ·13) means that the quantity c defined by (10 ·12) describes the polari

zability of the core by the outside nucleons. 

§ II. Normal vibrations of even-even spherical nuclei 

The lower excited states of even-even spherical nuclei are described by 

Eq. (9 ·18). In order to investigate the energy spectrum, we shall transform the 

Hamiltonian (9 ·10) into that of the normal vibrations: 

'1/ 1 "" {I· (1)1
2+ 21 (1)1 2 + I· (2)1 2 21 (2)1 2 } Jb CoU. =2-- iT aM (V(l) aM aM + W(2) aM . (11·1) 

Here the normal coordinates as}) and a~) are defined through 

(11·2) 
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352 T. Marumori 

X [1---- ; (I)L
i

2- J (/)'l2 --Q_:).Q tLn -[~; {a(NN') -b(NN')} 
- (/)f3+w'l) t 2fl·fl(/)f3 NNI 

X (2uir ·vtf) (1-6NNI)(NoNlg2IN'No)]2}J/2, (11·3a) 

2 1 (2 2) 1 (2 2) 
W(2)=-- (I)(3+W 1/ + -- w(3+w'l 

2 2 

1

- 4(/)(32 f 2 G (0) 52 8
n X 1----~------- '1(0 --- [:>~ {a(NN') -b(NN')} 

_ (Wi+W'l2)2 \ 'I 2fl2.fl(l)f3 NNI 

X (2ut vtl) (l- rJNNI ) (No NIrhl N ' No)]2}J
/
2. 

If flw(3'Pflw'l' then (11·3a) and (11·3b) become 

flW(l) ~ G (0) .Q v;:C~l";~/tTII~' 

where 

(11· 3b) 

(11· 4a) 

(11·4b) 

~1~=, __ ~l ____ [4(NoNoIY2INo No ) + __ 1. __ C5; {a(NN') -b(NN')} 
8"0 G (0) 52 2flw(3 NNI 

. X (2ut vt,){I-rJNNI ) (NoNlf72IN' No)}2J 

=_1~ __ [4 (No Nalq21 No No) +Q -2 {EI (I-E)} 2 C(3 (Nolq21 No)2J. (11· 5) 
C(O) 52 . 

Eq. (11· 4a) should be compared with Eq. (163) in Belyaev's paper,4) which has 

been obtained by the use of the "cranking model" of Inglis. 5
) 

As has been pointed out by Belyaev,4) the normal vibration of the first type 

(flW(l») preserves the equilibrium relation between PM and 'l)~A1' Indeed, the condi

tion a~) = 0 can be rewritten as 

/3M = j -£;( w?Z~=~<2~_L. ''l)M ~ ...5 __ 1M' 

1(3 (w/- (I)(lD C(3 
(11·6) 

With the aid of (10·9), (11· 6) becomes 

aM = ( 1 + j-!:~(~~~:--;')(-~?~) 'l)M ~ {II (1- E)} 1M 

. 1(3 (W(3 - (/)(1)) , 

(11·7) 

which is equivalent to (10 ·11): In the vibration of the first type the core thus 

adjusts itself adiabatically to the deformation of the outside nucleons. 

By the use of (11· 6), the normal coordinate of the first type, aW, becomes 

(11·8) 

Using (11· 7), we can rewrite (11· 8) as 
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On the Collecti've Motion in Even-E'ven Spherical Nuclei 353 

aiJ) =V 1(3 r· _____ Y (~~_=~(I)~1-~X-f(~I)1]2~~~1~Y --- _----- . aM~ (1- 8) v~aM' (11· 9) 
1] V 1(3 «(1)/- (f1(lD -+ Vi 11] «(/)1]2 - (I)(lD 

This indicates that the normal vibration of the first type, characterizing the lower 

excited states of even-even spherical nuclei, corresponds to that of a211 used in the 

Bohr-Mottelson model. B) It should be noted, however, that for closed shell nuclei 

7J.11 vanishes as discussed in § 10 and the vibration of the first type disappears. 

In this case, therefore, the vibration of aM becomes that of the second type (n(I)(3)' 

§ 12. JJetermination of the inertial parameter 

and the surface tension parameter 

The relation (11·9) uniquely determines the inertial parameter, B, and the 

surface tension parameter, C, for the quadrupole vibration of even-even nuclei. 

With the aid of (11·~), the Hamiltonian for the normal vibration of the first 

type, 

(12·1) 

can be rewri tten as 

0,/(1) ,,--, ~ 1 I 12 1 ---'1 12} 
JOe,,)!. = 2, -B 1rM -+----- C aM , 

]}[ , 2 2 
(12·2) 

where 1rM is the momentum conjugate to aM and satisfies [1r'll' aMI] = - ift(~MJfI' B 

and C are the inertial parameter and the surface tension parameter respectively, 

and are uniquely determined as 

B= Ip I, -{/7;-(;;;~;:~i1t-S:j~{;;?'~~(;~)} 2 = (I-E)' I" 

Inserting (10·8) in (12·3), we get 

ft2Q2 B ~ (1- 8)2_~ __ ~~ __ ~ __ _ 
G (0) Sdf:)n (No I q21 No)2 

= _~ __ (1- c) 2 . _____ . ___ .-- _~2_~2~04_<~H_=~)<.~_!?±}) .. ~____ __ __1 __ 
8 G (0) 1r (no lol r2 !no 10)2 (52 _1)2 (52 -+ 1) n (252-n) 

(12·3) 

(12·4) 

(12·5) 

where n is the number of nucleons in the No-shell and 52= (2jo-+1)/2 «3·11». 

Thus the ratio between (12·5) and Birrot. becomes 

B/Birrot. ~3(1---c C)2(}(or~~:~of:: Ino1o)2 -~2{1i-_lt)S~~:t~J?-· ~(2j~-n) 

(12·6) 
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354 T. Marumori 

where Birrot. IS the inertial parameter for the oscillations of an irrotational liquid 

drop :8) 

3 
Birrot. = 8n- AmR02 (m: the nucleon mass). 

The formula (12·6) should be compared with Eq. (155) In Belyaev's paper,4) 

which has been obtained by using the" cranking formula". 

Now let us remember that c, the polarizability of the core by the outside 

nucleons, is expressed as 

c= __ IC __ 

C,e+1C 

=Q(Nolq2INo)-1[~ {a(NN') -b(NN')} (2u; v;,) (l-aNN,)(NoNlg2IN' No)] 
NN' 

This indicates that c is determined mainly by the properties of the core and does 

not depend appreciably on the pairing interaction (C(O» and on the number of 

nucleons in the partially-filled No-shell. Neglecting such a dependence of c, we 

can empirically estimate the value from the data of nuclei with one particle outside 

closed shells. The rough estimates of (12·6) with (nololr2Inolo)~iR02, Ro= 

I.4A1
j3 x 10-13 cm, C(O>=50Mev/A* and c=0.8** are given in Table I together 

with experimental values. Though the estimation is very rough, the calculated 

values are in qualitative agreement with observed trends. 

With the aid of (12·5) and (11· 4a), the surface tension parameter (12·4) 

can be written as 

'"" 2 Q 2. C (0) S2 
C - (1- c)------- {1- en/enD}, 

(Nolq2INo)2 en 
(12·7) 

where Q-(3/t/S;)AR02, and (Nolq2/No) is given by (10·4). enD is gIven by 

(11· 5) and represents a ratio between the strength of C(O) and of C(2). Formula 

(12·7) should be compared with Eq. (114) in Belyaev's paper.4) 

As (l-c)2Q2·C(O)J2/(Nolq2INol8n > 0, the stability of the spherical shape of 

even-even nuclei is determined by the sign of {I-en/enD}. If en:» 1, the nucleus 

* The value of C(O) is determined approximately from the equation 

C(O) !2 =.- P(jo)exp., 

where P(}o)exp. is the experimental value of pairing energy. In Igg/2- and 2d512-shell, P(}o)exp. = 
25(2jo+l)/A Mev. 

** The E2-transition rate in 82Pb207 implies that the effective charge, eefr. -E/(l-E) .Z/A·e, of Pb207 

is 1.1 e. From this fact, we get E=0.73. Note that Pb207 is the nucleus with one neutron hole inside 

the double magic closed shell. 
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Table 1. Inertial parameter of even-even nuclei 

a) P. H. Stelson and T. K. McGowan, .Phys. Rev. 110 (1958), 489 

b) K. Alder, A. Bohr, T. Huus, B. R. Mottelson and A. Winther, Rev. Mod. Phys. 28 (1956),432. 

--~------------------ - --1----- ----- ------ ~ BjBi~'r~~-:(~XP.) ---I--~-;;. -.-
____ Ducle=--_. conli~~~:ti=-J _ _:.:fi;:~ti~~ ___ -Ref ~~ Ref b) __ L~~G' 

32
Ge74 

32
Ge76 

42Mo98 

44RulOO 

46PdllO 

48Cd1l2 

48Cd1l4 

50Sn116 

50Sn118 

50Snl20 

50Snl22 

50Snl24 

(2P3/2) 4 : closed 

(2PsI2) 4 : closed 

(lggl2) 2 

(lggl2) 4 

(lgg/2) 6 

(lggl2) 8 

(lg9/ 2) 8 

(lgg/2) 10 : closed 

II 

II 

II 

II 

i 

(lgg/2) 2 I 
I 

(lggl2) 4 
I 

(2d5/2)6: closed I 

(2d5/2)6: closed I 

(ld512)6 (lg712) 8 : closed I 

(ld5/2)6 (lg7/2)8: closed 

(3S1 /2) 2 : closed 

(lhll l2) 2 

(lh ll l2) 4 

(lh ll / 2)6 

(lh1l I2)8 

(lhll l2) 10 

13 

9.6 

9.9 

10.5 

10.5 

14 

13 

14 

13 

16 

10 

9.3 

8.5 

12 

11 

14 

9.7 

20 

14 

16 

23 

23 

19 

12 

11 

13 

20 

remains spherical for any occupation. If e no < enC'S) , however, the spherical 

nucleus is unstable and becomes the deformed nucleus. With the aid of (8 . 15a) , 

the condition eno < f3n can be rewritten as 

no <n < (2f2-no). (12·8) 

Here no is the "characteristic number" of nucleons In the No-shell, which has 

been stressed by Weisskopf,I°) and is given by 

(12·9) 

Thus a sharp tranSI tlOn from the spherical nuclei into the deformed nuclei occurs 

at the "characteristic number" no, provided that eno < 1. 

§ 13. Concluding remarks 

Assuming the possibility of the division, into three parts, of the effective in

teraction between particles as in Eq. (2·2), we, have investigated the mechanism 

of collective motion in even-even spherical nuclei from the standpoint of particle 

excitations. In so far as the vibrational motion is concerned, the physical impli

cation underlying the nuclear collective model proposed by Bohr and Mottelson8
) 

has been made clear. 

Our method of description of the nuclear collective motion is quite different 

from that of the "cranking model ".5) The method is more fundamental than 

that of the "cranking model" in the sense that it is developed by using the 

effective interaction between particles explicitly. Indeed, with the aid of the method, 
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356 T. Marurnori 

the vanous physical parameters used by Belyaev4
) can be derived uniquely from 

the "first" principle. 

In this paper, we have neglected effects of the coupling between collective 

and intrinsic (particle) motions. Such effects will be considered in a subsequent 

paper. It is outside the scope of this paper and remains to be investigated to 

relate the effective interaction used in this paper with the nuclear force known 

from the two-body problems. 
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