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1. Introduction. Let P be the orthogonal projection from L2(T)
onto H\T), where T = {% eC\ \z\ - 1} and H\T) is the Hardy space on
T, that is, {/ eL\T) [ f(eiθ)e~ikθdθ = 0, k= - 1 , -2, •}. For a function

ψdθ = 0 the Hankel operator Lφ is defined by

Lφ{γ) = P(φf), ψeH2(T) nL°°{T), where the bar denotes complex con-
jugation.

Nehari [5], Hartman [3], and Coifman, Rochberg and Weiss [1] con-
sidered some properties of the Hankel operators. In this paper we are
concerned with the following theorems.

THEOREM A ([5], [2]). Lφ is a bounded operator Jrom H2 to H2 if
and only if <pβBMO. Furthermore the operator norm \\Lφ\\ is equi-
valent to

THEOREM B ([3], [7]). Lψ is a compact operator if and only if
φ eCMO.

The definitions of BMO, BMO-norm and CMO will be given at the end
of Section 1. We note that more general situations are considered in [1].

In the following all the functions considered will be real valued
functions defined on Rn

m For a measurable function b we define B{f) = bf.
As pointed out in [1] for the one dimensional case the study of
[H, B] — HB — BH, where H is the Hubert transform, is often essen-
tially equivalent to that of Lφ.

Suppose that if is a Calderon-Zygmund singular integral operator
with smooth kernel. That is, there is an Ω(x) which is homogeneous of

degree zero, which satisfies \ Ω = 0, Ω =έ 0 and \Ω(x) — Ω(y)\ ̂  \x — y\

when |a;| = \y\ = 1, and that

(Kf)(x) - P. V. [Ω(x "" f} f{y)dy .

THEOREM A' ([1]). If b is in BMO, then [Kf B] is a bounded map
of Lp(Rn) to itself l<p<oof with operator norm \\[K, B]\\ip)£Cκ,p\\b||BMO.
Conversely, if [B, Rt], where Ru R2t •• ,i2w are the Riesz transforms,
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are bounded on Lp(Rn) for some pf Kp<oo and i = 1, •••,«- then b is

in BMO and | | 6 | | B M 0 £ 4 Σ?=i \\[B, Bt]\\{p).

We shall improve Theorem A' in Section 2 and extend Theorem B on
R* in Section 3. In the latter case we shall find some difficulties in the
functions of CMO over Rn which do not occur in the unit circle case.
To avoid it we shall use the characterization of CMO over Rn which is
announced in Neri [6],

NOTATION, i, j , k and m mean always integers. A dyadic cube is
a cube of the form {x = (xlf -->,xn)eRn\k$S%ί<(fc< + 1)2J" for ί=1, , n).
For a measurable set E,\E\,m(f,E),E and χE mean the Lebesgue

measure of E, |£?i~Ll f(y)dy, the closure of E and the characteristic

function of E respectively. For a cube Q in Rn, M(f, Q) means

i n f h Q I " 1 ( \f(y) - c\dy \ce R \ . R P a n d R(xf a, b) m e a n {xeRn\\xi\<2p

for i = 1, , ^} and {̂/ Gi2m |α < \x — y\ < 6} respectively.

DEFINITION. For feL\QC(Rn), | | / | | B M 0 will denote sup{ikί(/, Q) | Q is a
cube in Rn}. Identifying functions which differ by a constant, the set
of functions satisfying | ! / | ! B M O < ° ° is a Banach space under the norm
N'IIBMO and we call this space BMO. The BMO-closure of &> where £&
is the set of C°°-functions with compact support, is denoted by CMO.
[See [6], p 186.]

2. THEOREM 1. Let l < p < c o and b e \Jq>ί Lq

l0C(Rn). Then | | 6 | | B M O ^

A(p,K)\\[K,B\\U

PROOF. In this proof for i = 1, , 10 At is a positive constant de-
pending only on K, p and Aά{l <Ξ j < i). We may assume \\[K, B]\\{p) = 1.
We want to prove

Q

Since ||[JΓ, B]| | ( p ϊ = \\[Kf Br,mo]\\{p) for every xΰeRn and reR+, where

Br,XQ(f)(x) = δCr"1^ + xo)f(x), it suffices to prove the inequality (*) for

Q - Qx - {α; eRn\ \xά\<{2Vn)~' for j = 1, •.., n). Let M=M(b, Q1) = |Q1 |"
1

\ I δ(l/) — ô I rfl/ Since [K, B — α0] — [ίΓ, B], we may assume α0 = 0. Let
JQi

ψ be such that

supp ψ c Qx

da? = 0 ,
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ψ{x)b(x) ^ 0

and I Qx \-χ\ψ{x)b{x)dx = M.

Let Σχ> a closed subset of Σ = iχ &Rn\ M = 1}> and A> a positive
number, be such that m(Σjr) > 0, where m is the measure on Σ which
is induced from the Lebesgue measure on Rn, and |i2(sc) — Ω(y)\ < 2~1i2(α;)
for every x e Σ ^ and every | / e ^ satisfying [a? — 2/1 < A Then for
xeG = {xeRn\ \x\ > A = 2ArL + 1 and I^Γ

\[K, B]ψ(x)\ ^\K(bψ)(x)\ - \b(x)K(ψ)(x)\

^A,M\x\-n - Ai\b(x)\\x\'n-\

Let F= {xeG\\b{x)\ > (MAJ2A4) \x\ a n d \x\ < Mpf/n} ,

where p~x + p'" 1 = 1, then

lA5(\F\+A%) <\x\<MP \f]G

Thus

AQM*' - 4" ^ A9M
p'/2 if M>

Let fir(α ) = (sgn(6(x)ίC(α;)))χ^(x), then for xeQ,

\[K*, B]g(x) \^A7\ \y \'\AMJ2A^ \y\dy~\ b(x) \ \K*(g)(x) \
IF

^AsM
ι+f'^ - A, I b(x) I log M,

where K*f(x) = P.V. Wy - x)\y - x\-nf(y)dy. Since [K*, B] is the

adjoint operator of [K, B], \\[K*, B]\\lpn = 1. Thus

\[K*,B]g(x)\dx

p'/n - 2A9M]og M) .

Then, M^A(K, p).

COROLLARY. For f in Hι(R")
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For the definition of H\Rn) we refer to [2]. The corollary will be
proved in the same way as in Theorem II of [1] using Theorem A' and
Theorem 1.

3. LEMMA. Let /eBMO. Then /eCMO if and only if f satisfies
the following three conditions.

( i ) lim sup M(f, Q) = 0 .

(ii) lim sup M(f, Q) = 0 .
a]oo \Q\=a

(iii) lim M(f, Q + a?) = 0 for each Q .

This lemma, which seems to be due to Herz, Strichartz and Sarason,
is announced in Neri [6] without proof.

PROOF. In this proof A is a positive constant depending only on n.
From the definition of CMO, it is trivial that CMO satisfies (i) (ii) and
(iii). In the following we prove that if / satisfies (i) (ii) and (iii), then
for any e > 0 there exists gε e BMO such that

(1) inf Hflr, - h\U0<Aε .
he£ίr

and

(2) \\g.-f\Uo<A6.

From (i) and (ii) there exist iε and k£ such that

and

From (i), (ii) and (iii) there exists js such that jε > iε, kε and

s u p { A f ( / , Q)\QΐMth^ 0 } < s .

We define Qx as follows. If x e Rh, Qx means the dyadic cube of side
length 2{* that contains x. If x e i?m\i2w_i where jε < m, Qx means the
dyadic cube of side length 2*«+*-i«. We set g'£x) = m(/, Qx). From (ii)
there exists ms > jε such that

sup{| g[(x) - g[(y) \\x,y

If xεRmsy we define gε(x) - g[(x) and if xeRm

e

9, we define g£x) =
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m(/, Rm\Rm£~i). Note the fact that

( 3 ) if Qx ΓΊ Qy Φ 0 , diam Qx g 2 diam Qtf .

Then by the definition of iεf jε and mε} if QβnQi, =^0 or x, yeRc

m^ίf then

( 4 ) |flr,(a?) - flr.(|0| < Aε .

Thus (1) is obvious. From the definition of iε and jε

(5) ί \f(y)~ gε(y)\dy^Aε\Qx\

for every x e jRmε. Let Q be an arbitrary cube in Rn. First we consider
the case such that QczRmε and max {diam Qx\Q9f]QΦ 0} > 4 diam Q.
Then by (3) the number of Qx such that QXΓ)Q Φ0 is bounded by A,
and if QΓ\RitΦQi9 \Q\ is less than 2n*λ Thus from (4) and the definition
of iε and jεf M(f — #ε, Q)<^iε. Second if QaRmε and max {diam QX\QXΓ\
QΦ 0 } ^ 4 diam Q,

Λfα-ffoQJ^IQI-1 Σ ί l/(v)-

by (5). Third if QczRe

mε_ιt by the definition of mε

M(f - ^£ί Q) ^ Λf(/, Q) + Aε g (1 +

Lastly we consider the case Q Π RmE Φ 0 and Q n ̂ ^ i ̂  0 . Let ί?ρ be the
smallest integer satisfying Q a RPQ, then

M(f - gε, Q) ̂  AM(f - gε, RPQ) .

Since mε > kε, | w(/, i2ff) — w(/ f Λff_j) | < Aε for every integer ^ such that
mε ^ g. Then

M(f - fireί Λ P β ) \ R P Q \ ^ \ I/(2/) - m ( / , R )\ dy
JRpQ\Rmε

m(f, RPQ) - m(/, S.t\Λ-.-i)l IΛ-.I +QΣ,s \Q \f(v) - Λ

Aε\Rm

Thus (2) is proved.

THEOREM 2. Lei b e \Jq>ί Lΐoe(Rn). Then [K, B] is a compact operator
from Lp to itself, Kp <©°, if and only if beCMO.

PROOF. If [K, B] is a compact operator, then from Theorem 1
δeBMO. Thus we may assume || 6|JBMO = l First suppose that 6 does
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not satisfy (i) of the previous lemma. Then there exist δ > 0 and a
sequence of cubes {Qj}f=ί such that

(11) M(b, Qf) > δ

for every j and lim^c qά — 0 where qά is the diameter of Qim In the
following for i — 20, « , 36 A€ is a positive constant depending only on
K, p, δ and A,-(20 ^ j <i). Let δ̂  be a real number such that

M(b, Qj) = IQ^I"1 ( \b(y) - 6 y |dy and ^ the center of Q3 . We define fό

as follows

(12) Mb - h) ^ 0 ,

(13) supp/.cQ;

(14) \

and

(15)

for every y e Q,-. Note that [K, B]f = JΓ((δ - &,)/) - (6 - bj)K(f). From
(13) and (15)

(16) IK((b - h)f5){y)I <: A*\Q*rup\x, - VΓw

for y 0 A21Qj. By (11), (12) and the continuity of the kernel

(17) I K((b - bd)ff)(y) I 2> A22δ \ Qj r ^ \ xά - y | -

for y 6 (AaQ,-)" n {y 11^ — yΓ x (% - l / ) e Σ J , where Σ ^ is as in the proof
of Theorem 1. On the other hand, by (14) and the smoothness of the
kernel

(18) I(b(y) - h)K(ft){y)\^A2Z\ b{y) - bd\ \xd - y {—% |Q ά I 1 '

for y$A21Qj. Since ||6[|BMO = 1?

[See for example [2][4].] Thus if a. > AΆ

\ \0>{y) -
J \xj-v\>aqj

', I Qs I'"1 Σ ( 2 ^ ί ) " P ί " + 1 > 2 4 ' ί | Q,
fc=log α
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Σ
k=log a

Then from (17), for β > a > A

(ί \[K,B)f3.\»dy

So from (16) there exist 429ί ŝo and A31 satisfying

(19) 2<A»< Am

\
JRixj,A

and

(20) (

By the result of [2] and [4],

(21) \{y11b(y) - b3] > u + A32} Π R(xit AMs, A^q,)\ ^ A»|Q,|

Let EaRiXj, A^q,, Aκq,) be an arbitrary measurable set. Then by (16),

(18), (21) and | | 6 | | B M O - 1

Thus there exists A3e such that

\[K,B]f,γdy<AJ4

for every measurable set E satisfying

EcR(x3; Adi*, AoQi) and \E\ <

If we select a subsequence {Qj(k)} satisfying

(22) q^k+jQuk) < Λe/Λo »

then for m > 0 using (19), (20) and (22) we get

\\[K, B\fJ{k) - [K, Blfsi^Wi

^ \ \[K, B]f3ik) - [K, B]fj{k+m)\*dy
JR(%j(k)>A29Qj(k)>Λ3Q<lj(k)'i\:R(xj(k+m)>0>AZQ<lj{k-\-m))
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Thus {[K, #]/,}£=! is not relatively compact in Lp, i.e., [K, B] is not com-
pact. Quite similarly we can prove that if b does not satisfy (ii) or (iii)
of the previous lemma, [K, B) is not a compact operator.

Conversely, suppose that b e CMO, Then for any ε > 0 there exists
bεe& such that [[6 — δsjjBMo < β. By Theorem A'

\\[K,B]-[K,Bt]\\{9)<e.

Thus for the proof of the converse part it suffices to prove that [K, B]
is a compact operator for b e St. In the following for i = 40, , 48 At

is a positive constant depending only on bf p, K and As (40 <: j < %). It
is clear that

(31) \[KfB]f(x)\^AiQ\\f\\P\x\-*

for I a; I > A41 and from Theorem A'

(32) \\[KfB]f\\P^A42\\f\\p.

Take an arbitrary 2"1 > ε > 0 and z e Rn. Then,

[K, B]f(x) - [K, B]f(x + z)

- P.V. fax - y)(b(y) - b(x))f(y)dy

- P.V. ^K(x + z - y)(b(y) - b(x + z))f{y)dy

- f _, K(x - y)(b(x + z ) - b{x))f{y)dy
Jl»-|fl>β \z\

+ _t (K(x -y)-K(x + z~ y))φ(y) - b(x + z))f(y)dy
J|x-I/|>ε Ul

+ P.V.\ , K(x - vMv) - b(x))f(y)dy

-P.vΛ t K(x + z - y)φ(y) - b(x + z))f(y)dy .

The first term of (33) is dominated by

\b(x + z)~b(x)\K*(f)(x)

where K*(f)(x) = sup,>0|\ X"(ί» — y)f{y)dy\. The second term is do-
J \χ~v\>y

minated by

_, \z\\x-y\~^\f(y)\dy.
-yi>β \z\

The last two terms are dominated by
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\x-y\-»+1\f(v)\dy\
z\

Note that ί \z\ \y\'n~ιdy = A4δε,
J l l ί l > ε - l | 2 l

f \y\~^d
Jι»κ«-ιι*ι

[see [8], p42] and t h a t 6 is uniformly continuous. Then by taking \z\
sufficiently small depending on ε, we can get

(34) Q\[K, B]f(x) - [K, B]f(x + z)\>

Thus from (31), (32), (34) and the theorem of Frechet-Kolmogorov ([9],
p275), [K, B] is a compact operator.
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