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ON THE COMPLETE MOMENT CONVERGENCE OF
MOVING AVERAGE PROCESSES GENERATED BY
p*-MIXING SEQUENCES

Mi-Hwa Ko, TAE-SUNG KiM, AND DAE-HEE Ryu

ABSTRACT. Let {Y;; —0co < i < oo} be a doubly infinite sequence of iden-
tically distributed and p*-mixing random variables with zero means and
finite variances and {a;; —0o0 < ¢ < co} an absolutely summable sequence
of real numbers. In this paper, we prove the complete moment conver-
gence of {37, 3°%°  __a;1xYi/n'/P;n > 1} under some suitable condi-
tions. We extend Theorem 1.1 of Li and Zhang [Y. X. Li and L. X. Zhang,
Complete moment convergence of moving average processes under depen-
dence assumptions, Statist. Probab. Lett. 70 (2004), 191-197.] to the
p*-mixing case.

1. Introduction

We assume that {Y;; —oo < i < oo} is a doubly infinite sequence of identi-
cally distributed random variables with zero means and finite variances. Let
{a;; —00 < i < oo} be an absolutely summable sequence of real numbers and

(1.1) X = Z aiykYi, k> 1.

i=—00

Under independence assumptions, i.e., {Y;;—0c0 < i < oo} is a sequence
of independent random variables, many limiting results have been obtained
for moving average process {Xy;k > 1}. For examples, Ibragimov [6] has
established the central limit theorem for {Xj;%k > 1}, Burton and Dehling [4]
have obtained a large deviation principle for {Xy;k > 1} assuming F exp(tY7)
< oo for all ¢, and Li et al. [7] have obtained the following result on complete
convergence.

Theorem A. Suppose {Y;; —0co < i < oo} is a sequence of independent and
identically distributed random variables. Let {Xy;k > 1} be defined as (1.1)
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and 1 <p < 2. Then EY; =0 and E|Y1|** < oo imply

(o) n
ZP{|ZXk| > n'/Pe} < 0o for all € > 0.
n=1 k=1

Zhang [12] extended Theorem A to the ¢-mixing case and Baek, Kim, and
Liang [1] discussed the complete convergence of moving average processes under
negative association assumption and Liang [9] obtained some general results
on the complete convergence of weighted sums of negatively associated random
variables, including moving average processes.

When {X;k > 1} is a sequence of i.i.d random variables with mean zeros
and positive finite variances, Chow [5] obtained the following result on the
complete moment convergence:

Theorem B. Suppose that {Xy;k > 1} is a sequence of i.i.d random variables
with EX1 =0. For1 <p<2andr >p, if E{|X1|"+|X1|log(1+|X1|)} < oo,
then for any € > 0, we have

an/p_z_l/pEﬂ ZXkl —en'/P}F < .

n=1 k=1

Recently Li and Zhang [8] showed that this kind of result also holds for
moving average processes under negative association as follows:

Theorem C. Suppose {Xy;k > 1} is defined as (1.1), where {a;; —o0 < i <
oo} is a sequence of real numbers with Y ;o |a;| < oo and {Y;;—o0 < i <
oo} is a sequence of identically distributed and negatively associated random
variables with EY; = 0, EY? < co. Let h(z) > 0(x > 0) be a slowly varying
function and 1 < p < 2, r > 14 p/2. Then E|Y1|"h(|]Y1|P) < oo implies

S0 nr /P2 Pp(n) EY|S,| — en'/P}t < oo, where S, =Y p_y Xg,n > 1.

Let {Y,,n > 1} be a sequence of random variables. Let S be a subset of
natural number set N and Fg = o (Y, k € S). Define p! = sup{corr(f,g) : For
all S x T C N x N,dist(S,T) > n, Vf € L?>(Fs),g € L*>(Fr)}, where

Cov{f(Y;,i€ S),g9(Y;,j €T} .
[Var{f(X;,i € S)}Var{g(X;,j € T)}]?

We call {Y,,,n > 1} is a p*-mixing sequence if

corr(f,g) =

(1.2) lim p; < 1.
n—oo
Let us note that, since 0 < -+ < p* < p* | <... < py <1, (1.2) is equivalent
to
(1.3) py <1 for some N > 1.

Bryc and Smolenski [3] and Peligrad and Gut [11] pointed out the importance
of condition (1.2) in estimating the moments of partial sums or of maximum
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of partial sums. Various limit properties under the condition lim p}, < 1 were
studied by Bradley [2] and Miller [10].
In this paper we shall extend Theorem C to the p*-mixing case.

2. Results

The following lemma comes from Burton and Dehling [4].

Lemma 2.1. Let Ziooo a; be an absolutely convergent series of real numbers
with a =Y.~ _a; and k > 1. Then

[e%s) i+n

. 1
(2.1) Jim SIS aff=lalt.

i=—oco j=itl

The following lemma will be useful. A proof appears in Peligrad and Gut
[11].

Lemma 2.2. Let {Y,;n > 1} be a sequence of p*-mizing random variables
with EY; = 0 and E|Y;|9 < oo for some ¢ > 2. Assume that lim, . p}, < 1.
Then there exists a constant C(q, N, pk), depending on g, N, and pk, with N
and py defined via (1.3), such that

(2.2) E|S,|7 < Clq, N, o) EVi|7+ (Y EY?)?) vg > 2.

i=1 =1
Our main result is as follows:

Theorem 2.3. Set S, = >}, Xp,n > 1, where {Xy;k > 1} is defined as
(1.1). Suppose that {Y;; —oo < i < 0o} is a sequence of identically distributed
and p-mizing random variables with EY, = 0, E|Y1]9 < oo for some q > 2
and limy, .o pf < 1 and that {a;; —00 < i < 00} is a sequence of real numbers
with Y oo |ai| < co. Let h(z) > 0(z > 0) be a slowly varying function and
1<p<2,r>p. Then E|Y1|"h(|Y1|P) < oo implies

(2.3) > nt PP h(n) E{|S,| — en'/P}T < 0o for all € > 0.
n=1

Remark. Let a;vr, = 1,9 = kjajpr = 0,0 # k,1 < k < n. Then X; =
Yi, Sn =Y 1_; Xk = > r_; Yi. Hence Theorem 2.3 holds when {Xj;k > 1}
is a sequence of identically distributed and p*-mixing random variables.

Corollary 2.4. Under the conditions of Theorem 2.3 E|Yi|"h(|]Y1|P) < o0
implies

(2.4) an/p_Qh(n)PﬂSn\ > en'/P} < oo for all € > 0.
n=1
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Proof. By Theorem 2.3 we have

Z n"/P=2=1Pp(n)E{|S,| — en'/P}T

Zn’"/” 2=1pp( )/ P{|Sn|—en% > z}dx

(2.5)
- / Z W P2 PR () P{|S, | > (e + y)nd ndy
- / Z”T/%Zh(n)P{lSnl > (e+y)nr by < oo.
Hence from (2.5 the result (2.4) follows.

3. Proof of Theorem 2.3
Recall that

ZXIC Z ZaerkY - Z anz )
k=1

i=—o00 k=1 i=—00

where an; = Y 11 Gtk
From Lemma 2.1, we can assume, without loss of generality, that

> oo
Z |ani] <n,m>1and a= Z la;| < 1.
i=—00 = oo

Let S, = > an;YiI{]a,;Y;| < x}. First note that for z > ni

2 ES, =27 Y aniEYil{|anY;| > a}

i=—00

.’[7_1 Z |am|E|Y1|I{|amY1| > m}

<z 'nE\Y:|{alYy| > x}

<z 'nEV|I{V1| >z}

<z '2PE|Yy|I{a]Yy| > x}

< EYZPI{]Y1| > 2} — 0 as z — oo.

So, for x large enough we have 7' FE|S,| < €¢/2. Then

725k E{|Zxk|—em}+

P2 / P{ ZXkl > z}dz (letting = = ex)

1
nr k=1

>
-2
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= Znﬁ’%%h( /; P{|ZX;€\ > ex' Yda  (letting o’ = )

n=1
< Can_z_Ph(n) /; (P{sup|amY| >z} + P{|S, — ES,| > z=})
n=1 P
= CZn§727%h(n)6/L (Il +12)d.%',
n=1 ne

where I = P{sup; |a,;Y;| > =} and Iy = P{|S, — ES,| > z5}.

Set I; = {i €T;(j+1)"7 < |ani| <j 7},j=1,2,.... Then UjsI,; = T.
Note that (cf. Li et al. [7])

k
1
Z n(k+1)7.
ForIjand 1<p<2,r>p notlng that E|Y1|"h(]Y1|P) < oo, we get

n?iQ*’h( )/; Idz

n=1
oo
< cZnH" / Z P{lanYi| > a}da
= C’ np 2 /; Z P{lan;Y1| > z}dx
= P 1=—00
<N nr 2w /; Z Z P{vi| > jra}de
n=1 nre i l1i€l,;
<N nr 2w / Z #1n;) Y P{k< V1P <k+1}do
n=1 v k>jap
o . 0o oo [k/zP]
<CY nr P vh(n / SN #L)P{k <P <k + 1}da
n=1 nP = [zP] j=1
< CZ 52y /l +1)5P{k < [P < k+ 1}da
=1 ne g [;cP

Z kv P{k < |Vi]? < k + 1}dx
k= [;cP

1 tP

k=[xP]

Sl

(letting y = ﬁ)
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<c/ "2y / -t Z kv P{k < V1P < k + 1}dady

k=[zP]

gc/ (/ Y2y )dy)et Y kv P{k < [VilP < K+ 1}da
! k=[z7]
<C/ z"2h(zP) Z kv P{k < V1P < k + 1}da
k=[zP]

sy}
< C’kaP{k < MP<k+ 1}/ x" 2 h(xP)dx

k=1

< CZk%P{k <P < k+ 1}k +1)F h(k+1)
k=1

<CY (k+1)7h(k+ 1)P{k < [Vi|P <k+1}
k=0
< CEY4|"h(|Y1]") + 1 < 0.

Now we estimate I, for 1 <p <2, r > 1+ &. By Lemma 2.2 and Markov’s
inequality, we have for ¢ > 2

P{|S, — ES,| > %m} < C2z79E|S, — ES,|?

< Cx (Y alEYPH{lanY| < 2})??+ ) ElanVi|'I{|anYi| < z}).
Then
e T 1 ©0
(3.1) Zrﬁ—?—ph(n)/l Lydx
n=1 nr

< CZ’Nﬁ*Q*%h(n)/l x_q( Z aiiEylzl{laniYi' < x})%d.f

P .
n=1 i=—00
o0

£ nE b /l ~ Z ElanY1|"I{|anYi| < 2}da

1 i=—00

=CY ni = ih(n >/°°<13 + I)da.

1
P

If ¢ > 2 is large enough such that q(% -3)> - — 1, then for I3 we get

(3.2) Z 52 B h( /l Iydz
— P
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= Sonb b [ e S e nti] < o)) e
— n

00 [e's)
< C'zznff%br )/l x” e = C’an 2 q(%fé)h(n) < 00
np n=1
For I, and r > 2 we get
> nr P rh(n )/l Lidz
n=1 ne
oo . N ') o0
= n;—Q—;h(n)/l 279 Y ElanY1|"I{|an 1| < }dr
n=1 ne 1=—00
<C>oni i) [, 215 S Blag Yl i] < o)
n=1 nr j=1i€l,;
<O nE ) [} S e BT < 22+ 1)
n=1 np j=1
= r_o_ 1 o _ = _4q
<C> nr? zﬂh(n)/l T qZ<#[m)] v
n=1 ne j=1

x Y EM|U{k < Vi’ <k+ 1}da.
0<k<(j+1)zP

oo [207]
<CY niFen(n) /l —a Z #1,,)j" 7 > EVi|1I{k < |YV1[P<k + 1}dz
n=1 v k=0
o o [(J+1)$p]
+ /L N #L)iTF Y EM|U{E < VP < k+ 1}da)
ne j=1 k=[2zP]+1
o0 e’}
= O3 ni 2 hm) /; (Is + Ig)dz

Note that for ¢ > 1 and m > 1, we have

n> Z || = Z 37 Jan] > Z #1,,)(+1)7F
i=—00 j=li€ln;

o0
1

1 > —49 a_ 1
#In)) G +1)77 = > (#Ln)(G+1) 77 (m+1)5 5.
j=m

j =m

So
Z (#1,,)j —4/P < Cpm~ (@ D/p,

Jj=m
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If r>2and g >r, for I5 we get

(3.3)
Zn%727%h< )/L Isdx
n=1 ne
> T 1 [29317]
- ZnE_Q_Eh(n)/L x 'JZ #1,;)j7 7 Y EVi|UI{k < V1P < k+ 1}dz
n=1 ne j=1 k=0
[e's) [227]
<C n*—Q /l 21y EW[I{k < VAP <k + 1}dx
n=1 np k=0
o s [2a7]
< C/ tr 1T A(t) /1 z 9 Z EV1|U{k < |Y1|P < k + 1}dzdt
1 tr k=0
letting ¢t = y*
o0 s [207]
<C [ yn) [ ety BT < PP < ko Ldady
1 Y k=0
[207]
< c/ / 2(yP)dy)et Y BYi|TI{k < [P < b+ 1}de
k=0
[207]
< c/ 2" Ih(aP) Y BTk < V1P < K+ 1}da
k=0
< CZE|Y1|‘1I{k <P <k + 1}/ 2" (2P dx
k)p
k=1 ()

< CZE|Y1|qI{k <P < k+ 1}k h(k)
k=1

<CY (k+1)7h(k+ 1)P{k < VP <k+1}
k=1

< CEWA["h(|YA]P) + 1 < oo.

If r > 2, then for Is, 1 <p <2, and p > 14 &, we also get

ny=27% (n )/1 Igdx

'E

[(G+D)="]

n=1
= SoaE ) [ et )Y BT <k s

n=1 7j=1 k=[2zP]+1
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<y n%*%%h(n)/L 215N ()i MR <Y1 <k 1}da
n=1 np k:[Ql’p]JFljZ[wip]*l
> T 1 > s k g—1
<C n57275h(n)/L PN () EWAIR< P <k 4 1)dr
n=1 nP k=[2aP]+1
e’} o) 0 .
< C/ tr 1B R(L) /l Y K B {k < Yi|P < k + 1}dadt
1 v k=[2z?]+1
letting t = y?
00 o] o
< C/ yT_2h(yp)/ Y k=5 ElV1|{k < |Yi|P < k + 1}dzdy
1 k=[2zP]+1
< c/ / "Eh(yP)dy)rTt Y kT Bk < V[P < k+ 1}d
k=[2zP]+1
< c/ 2 ht) Y k™% E|Y1|7I{k < |VA|P < k + 1}dz
1 k=[22P]+1

-

< CZk**Emm{k <P < k+ 1}/ "2 h(2P)dx

k=1

<02k E)E\Y1|1I{k < |V1|P < k+1}

< CZ(kJr Drh(k+1)P{k < V1P < k+1}
k=1

So by (3.3) and (3.4) we get

(3.5) 2271%_2_%h(n)/l Iidx < o0
n=1

n°P

forr>2and g >r.

Note that r > 2, ¢ > 2 and q(% %) > % — 1 imply ¢ > r. Hence, (3.2) and
(3.5) yield
(3.6) Zn%_z_% (n) /l Iydx < o0
n=1 np

for r > 2 and ¢ > 2 such that ¢(5 —3) > £ — 1.
If 1+%5 <r < 2and g =2, then (3.6) follows from (3.1) and (3.2) since
I3 =1Iy. Thus we have >.°°  n# 2_%h(n)E{|Sn| — en%}Jr < oo for all € > 0.
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