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We study the complexity of reasoning in Kleene algebraand *-continuous K leene
algebra in the presence of extra equational assumptions E; that is, the complexity
of deciding the validity of universal Horn formulas E — s = t, where E is afinite
set of equations. We obtain various levels of complexity based on the form of the
assumptions E. Our main results are: for *-continuous Kleene algebra, (i) if E
contains only commutativity assumptions pg = ¢p, the problem is I1?-complete;
(i) if E contains only monoid equations, the problem is TI3-complete; and (iii) for
arbitrary equations E, the problem isTI: -complete. Thelast problem isthe universal
Horn theory of the *-continuous Kleene algebras. This resolves an open question of
[22].

1. INTRODUCTION

Kleene algebra (KA) is fundamental and ubiquitous in computer science. Since its
invention by Kleenein 1956, it has arisen in various formsin program logic and semantics
[18, 30], relational algebra[29, 34], automatatheory [25, 26], and the design and analysis
of algorithms|[1, 16]. Many authors have contributed to the devel opment of Kleene algebra
overtheyears[2, 3,4, 6, 7, 8, 12, 17, 18, 19, 22, 24, 26, 31, 32, 33]. On the practical side,
KA providesanatural and effectivetool for equational specification and verification. It has
recently been used successfully in numerous applications involving basic safety analysis,
low-level program transformations, and concurrency control [9, 10, 23].

1.1. Reasoningwith Assumptions

The equational theory of KA alone is PSPACE-complete, and this is as efficient as one
could expect. However, in practice, one often needsto reason in the presence of assumptions
of variousforms. For example, acommutativity condition pg = gp modelsthe fact that the
programs p and ¢ can be executed in either order with the same result. Such assumptions
are needed to reason about basic program transf ormations such as constant propagation and
moving static computations out of loops. In [23], several useful program transformations
are given under commutativity assumptions of the form pb = bp, where p isaprogram and
b isatest. This condition models the fact that the execution of the program p does not
affect the value of thetest b.



2 DEXTER KOZEN

Assumptions of the form pb = bp where b isatest do not increase the complexity of KA
[11]. Unfortunately, slightly more general commutativity assumptions pg = ¢p, evenfor p
and ¢ atomic, may lead to undecidability. Cohen gave a direct proof of this fact encoding
Post’s Correspondence Problem (see [23]). Thisresult can also be shown to follow from a
1979 result of Berstel [5] with alittle extrawork; see Section 4 bel ow.

These considerations bring up the general theoretical question:

How hard isit to reason in Kleene algebra under equational assumptions?
Equivaently and more formally,

What is the complexity of deciding the validity of universal Horn formulas of the form
E — s = t, where F isafinite set of equations?

Here “universal” refers to the fact that the atomic symbols of E, s, and ¢ are implicitly
universally quantified. This question was posed by the author in 1991 [20, 22]. It is quite
natural, since the axiomatization of KA isitself a universal Horn axiomatization.

The question becomes particularly interesting in the presence of *-continuity (KA*). A
Kleene algebrais *-continuousif it satisfies the infinitary condition

pg*r = suppq"r,
n>0

where the supremum is with respect to the natural order in the Kleene algebra. Not all

Kleene algebras are *-continuous, but all known naturally occurring ones are. Moreover,
although *-continuity often provides a convenient shortcut in equational proofs, there are
no more equations provable with it than without it; that is, the equational theories of KA
and KA™ coincide[22].

Because of these considerations, it has become common practice to adopt *-continuity
as a matter of course. However, thisis not without conseguence: athough the equational
theories of KA and KA* coincide, their Horn theories do not. Understanding where and
how the theories diverge is essential to the understanding of the comparative power and
limitations of reasoning in Kleene algebrawith and without *-continuity.

1.2. Main Results

In this paper we explore these questions and provide some answers. Our main results
are summarized in Table 1. The entries marked ¢ were previously known or follow easily
from known results. The results marked ® are new.

Perhaps the most remarkable of these results is E. This is the general question of the
complexity of the universal Horn theory of the *-continuousKleenealgebras. Thisquestion
was raised by the author in 1991 [20, 22], and has been open since that time. Thisquestion
isrelated to a conjecture of Conway (1971) [12, p. 103], who asked for an axiomatization
of the universal Horn theory of the regular sets. The phrasing of Conway’s conjecture is
somewhat ambiguous, and aliteral interpretationisrelatively easy to refute[19].

That the universal Horn theory of KA* should be so highly complex may be quite
surprising in light of the utter simplicity of the axiomatization. We are aware of no other
purely equational system with such high complexity. There are a few examples of II }-
completeness results in Propositional Dynamic Logic (PDL), but PDL is arelatively more
sophisticated two-sorted system and takes significant advantage of a restricted semantics
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TABLE 1
Main Results

Formof assumptions KA KA*

unrestricted A. x0-complete E. I}-complete’
monoid equations B. x¥-complete” F. 119-complete’

pg = qp C. EXPSPACE-hard® G. II9-complete®
pb=bp D. PSPACE-complete* H. PSPACE-complete®

@ Previously known or follows easily from known results.
b New.

involving only relational models. Here we make no such restriction: a Kleene algebra or
*-continuousK leene algebrais any algebraic structure satisfying the axioms of Section 2.1.

1.3. A Universality Property

A cornerstone of our approach is a certain universality property relating the class of
*-continuous Kleene algebras and a restricted subclass consisting of algebras of the form
REG M, the regular subsets of an arbitrary monoid M.

Formally, the universality property says that any monoid homomorphismh : M — K
from a monoid M to the multiplicative monoid of a *-continuous Kleene algebra K
extends uniquely to a Kleene algebra homomorphism h:REGM — K. In category-
theoretic terms, the map M — REG M constitutes a left adjoint to the forgetful functor
taking a *-continuous Kleene algebrato its multiplicative monoid.

This relationship is not obvious, and in fact is not valid for Kleene algebras in general.
Its validity for *-continuous algebras hinges on the fact that in such algebras, suprema of
definable sets exist [21, Lemma 7.1, p. 35].

In practice, this property will alow us to restrict our attention to algebras of the form
REG X*/E when dealing with universal Horn formulas E — s = ¢, where E consists of
monoid eguations. Intuitively, we can think in terms of regular sets of equivalence classes
of words modulo E.

We devel op this connection in more detail in Section 2.3.

1.4. Other Results

Theresults D and H in Table 1 apply to Kleene algebras with tests and were proved in
[11]. The decision problems in the column labeled KA are al r.e. because of the finitary
axiomatization of KA givenin Section 2.1. Ther.e.-hardness of A and B follows from the
fact that these problems encode the word problem for finitely presented monoids, shown
r.e.-hard independently by Post and Markov in 1947 (see [13, Theorem 4.3, p. 98]). The
EXPSPACE-hardnessof C follows from the EXPSPACE-hardness of the word problem for
commutative monoids[27]. It is not known whether C is decidable.

2. PRELIMINARY DEFINITIONS
We assumeabasic knowledgeof complexity of abstract datatypesand recursiontheoretic
hierarchies. Good introductory references on these topics are [28] and [15], respectively.

2.1. KleeneAlgebra
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A Kleenealgebraisastructure (K, +, -, *, 0, 1) satisfying the following equationsand
equational implications:

ptlg+r) = p+qg +r plg+r) = pg+pr
p+q = q+p (p+q@r = pr+aqr
p+0=p+p =p L+pp* < p*
plar) = (pg)r 1+p*p < p*
Ip =pl =p pr < xz = pfr < z
Op =p0 =0 zp < x — ap* < =,

where < refersto the natural partial order:
def
pP<q & pta=q

We abbreviatep - ¢ as pq and avoid parentheses by assigning the precedence * > - > + to
the operators.
A Kleene algebrais *-continuousiif

pg*r = suppq"r D
n>0

where¢® = 1, ¢"t! = ¢q", and the supremum is with respect to the natural order <. The
*-continuity condition (1) can be regarded as the conjunction of infinitely many axioms
pg"r < pg*r,n > 0, and the infinitary Horn formula

A wa"r <y) — pg*r <y. @
n>0

The category of Kleene algebras and Kleene algebra homomorphisms is denoted KA.
The full subcategory of *-continuous Kleene algebrasis denoted KA ™.

A term is just a regular expression over some finite aphabet . Terms are denoted
s,t,u,... . Aninterpretation over aKleene algebra K isamap I : ¥ — K. Every
interpretation I extends uniquely to a homomorphism I : {termsover ¥} — K. An
equation s = ¢ istrue under interpretation [ if I(s) = I(t). Moregenerdly, if £ isaset
of equations, the Horn formula E — s = t istrue under I if either I(s) = I(t) or some
equation of E isnot true under I. Wewrite K, I E ¢ if p istruein K under I. We write
KA E ¢ if pistruein al Kleene algebras under all interpretations. The equational theory
of Kleene algebras, denoted £ KA, isthe set of equationstruein all Kleene algebras under
al interpretations. The universal Horn theory of Kleene algebras, denoted H KA, is the
set of al finite equational implications E — s = ¢ true in al Kleene algebras under all
interpretations.

Similar definitions hold for the *-continuous Kleene algebras, using KA™ in place of
KA.
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2.2. Regular Setsover aMonoid

Let M be amonoid with identity 1,,. The powerset 2V forms a natural *-continuous
Kleene algebra under the operations

A+B = AUB 0 =92
AB = {zy |z € A, y€ B} 1 = {1m}.
A* — UnZOAn

Theinjection pas :  — {z} isamonoid homomorphism embedding M into the multi-
plicative monoid of 2.

Let REG M denote the smallest Kleene subalgebra of 2V containing the image of M
under the map pys. Thisis a *-continuous Kleene algebra and is called the algebra of
regular setsover M.

For the free monoid X * over the finite alphabet ¥, the Kleene algebra REG ©* is the
family of regular sets of strings over ¥ in the usual sense.

2.3. TheFunctor REG
Themap M — REG M, along with the map that associates with every monoid homo-
morphism h : M — M’ the Kleene algebrahomomorphismn REG h : REG M — REG M’
defined by

REGh (4) ' {h(z) |z € A},

congtitute a functor REG from the category of monoids and monoid homomorphismsto
the category KA™ of *-continuous K |eene algebras and Kleene algebra homomorphisms.

M h M'
le W 3
REG A
REG M REG M’

Thefunctor REG istheleft adjoint of the forgetful functor that takesa *-continuousK leene
algebra to its multiplicative monoid. This implies that any monoid homomorphism A :
M — K fromamonoid M to the multiplicative monoid of a *-continuous Kleene algebra
K extends uniquely through p 5; to a Kleene algebra homomorphism h:REGM — K:

M K
| A @
REG M
The homomorphism 1 is defined as follows:
h(4) € sup {h(z) |z € A}. &)

This makes sense for *-continuous Kleene agebras because of [21, Lemma 7.1, p. 35],
which says that suprema of all definable subsets of a *-continuous Kleene algebra exist. It
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does not work for Kleene algebras in general, since the supremum on the right-hand side
of (5) may not exist.

3. ENCODING TURING MACHINES
The lower bound proofsfor E, F, and G in Table 1 depend partially on encoding Turing
machine computations as monoid equations. This construction is standard. We sketch
it here for completeness and because we need the eguations in a particular form for the
applicationsto follow. We follow the treatment of Davis[13].
Without loss of generality, we consider only deterministic Turing machines M that
conform to the following restrictions.

e M hasinput alphabet {a} and finite tape alphabet I" containing a and a special blank
symbol u different from a. The aphabet I" may contain other symbols as well.

o It hasafinite set of states () digjoint from I' containing a start state s and one or more
halt states distinct from s.

e There are no transitions into the start state s and no transitions out of any halt state.
Thus, once M enters a halt state, it cannot proceed.

¢ It hasasingletwo-way-infiniteread-writetape, padded ontheleft andright by infinitely
many blanks .

e M never writes a blank symbol between two nonblank symbols.

Let -, - betwo special symbolsthat arenotinT" or ). Let

A Y ruQuir .

A configuration is a string in A* of the form F zqy 4, wherez,y € T* and ¢ € Q.
Configurations describe instantaneous global descriptions of M in the course of some
computation. In the configuration + zqy -, the current state is ¢, the tape currently
contains xy surrounded by infinitely many blanks u on either side, and the machine is
scanning the first symbol of y. If y is null, then the machine is assumed to be scanning
the blank symbol immediately to the right of x, athough that blank symbol need not be
explicitly represented in the configuration.

The symbolst and - are not part of M's tape alphabet, but only a device to mark the
ends of configurations and to create extrablank symbolsto the right and left of theinput if
required; more on this below.

Each transition of M is of the form (p,a) — (b,d, q), which means, “when in state p
scanning symbol a, print b, move the tape head one cell in direction d € {left, right}, and
enter state ¢.”

Now consider the following equations on A *:

(E1) for each transition (p,a) — (b,right, q) of M, the equation pa = bg;

(E2) for each transition (p,a) — (b, l€ft, ¢) of M and each ¢ € T, the equation cpa =
qeb;

(E3) theequationst- =F uand 4= u .

Equations (E3) allow usto create extra blank symbolsto the left and right of the input any
time we need them and to destroy them if we do not.

Forz,y € A*, wewritez ~ y if 2 and y are congruent modulo (E1)—(E3), and wewrite
x ~ y if z and y are congruent modulo (E3) only.
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Lemma 3.1. Ifz,y € I"'and t isa halt state, then

Fesyd =~ Fztw-d < Fazsy- ﬁ) Fztw- . (6)

Proof. See[13, Theorem 4.3, p. 98]. The chief concern is that monoid equations are
reversible, whereas computations are not; thus it is conceivable that the left-hand side of
(6) holds by some complicated sequence of substitutions modeling a zigzagging forwards-
and-backwards computation even when the right-hand side of (6) doesnot. It can be shown

that since M isdeterministic and thereareno transitionsout of statet, thiscannot happen. |

4. MONOID EQUATIONS

In this section we indicate how to take advantage of the universality property (4) of
Section 2.3 to obtain the results F and G in Table 1.

Let ¥ be afinite alphabet. Let E be a finite set of equations between words in ¥ *,
the free monoid over . Let s, be regular expressions over ¥. Let ¥ */E denote the
quotient monoid. For z € £*, let [x] denote the E-congruenceclassof = in ¥ */E. The
map ¢ : a — {[al} constitutes an interpretation over the *-continuous Kleene agebra
REG ©*/E, called the standard inter pretation.

LEMMA 4.1. Thefollowing are equivalent:

()KA* E E — s =t; that is, theHorn formula E — s = ¢ istruein all *-continuous
Kleene algebras under all interpretations;
(I)REGX*/E, 1 E s =t.

Proof. Itiseasily verifiedthat REG ©*/ E satisfies E under the standard interpretation
t. Theimplication (i) = (ii) follows.

Conversdly, for (i) = (i), let I be any interpretation into a *-continuous Kleene algebra
K satisfying E. The monoid homomorphism I : ¥* — K factorsasI = I’ o [ ], where
I' : ¥*/E — K. The universaity property (4) then implies that I’, hence I, factors
through REG * / E.

E*
) N
L Y*/E r
pE*/El

REG X*/E

K

Thus any equation truein REG ¥ * / E under interpretation  isalso truein K under /. m

Thisresult allows usto restrict our attentionto REG X * / E for the purpose of proving F
and G in Table 1.

THEOREM 4.1. The following complexity results hold for the problem of deciding
whether a given Hornformula E — s = t istruein all *-continuous Kleene algebras.
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(iYWhen E consists of commutativity conditions(or for that matter, any monoid equations
x = y suchthat || = |y|), the problemis I19-complete.
(ii)When E consists of arbitrary monoid equations = = y, the problemis I13-complete.

Proof. Using Lemma4.1 and expressing an equation as the conjunction of two inequal-
ities, we can reduce the problem to the conjunction of two instances of

REGY*/E, 1 E s <t. (7)

The upper bounds for both (i) and (ii) are obtained by expressing (7) as a first-order
formulawith the appropriate quantifier prefix. Let = denote congruence modulo E on X *.
Applying (3) with M = ¥* and M' = ¥*/E, (7) can be expressed

Voo € pex(s) = Jyy=x Ay € pex(t). (8)
The predicates z € pyx(s) and y € pyx () are decidable, and efficiently so: thisis just

string matching with regular expressions. Thustheformula(8) isall formula. Moreover,
if all equationsin E are length-preserving, then the existential subformula

Jyy=x Ay € ppx(t)

is decidable, so (8) is equivaent to all formula

The lower bound for (i) uses the characterization of Lemma4.1 and the result of Berstel
[5] (seedso [14, 23]) that (7) is undecidable. The reductions given in the cited references
show that (7) is T19-hard. This result holds even when E consists only of commutativity
conditions of the form pg = ¢p for atomic p and q.

We prove the lower bound for (ii) by encoding the totality problem for Turing machines;
that is, whether a given Turing machine haltson al inputs. Let M be a Turing machine of
the form described in §3 with asingle halt state ¢. Assume without loss of generality that
M erases its tape before halting. The totality problem isto decide whether

Fsa™ A 7 Ft4, n>0.

Thisis awell-known I19-complete problem. By Lemma 3.1, thisistrue iff
REGA*/E, 1 E Fsa"4 =Ft4, n>0,

where E consists of egquations (E1)—E3) of §3. Thisis equivalent to
REGA*/E, 1 E Fsa"4 < Ft4, n>0,

since {z} C {y}iff z = y. By the *-continuity condition (1), thisis trueiff

REGA*/E, 1 E Fsa™4 < Ft,
and by Lemma4.1, thisistrueiff

KA* E E = Fsa*4 <kt .



COMPLEXITY OF KLEENE ALGEBRA 9

5. II}-COMPLETENESSOF H KA*
In this section we prove that the universal Horn theory of the *-continuous Kleene
agebrasis I} -complete.
Let G = (w, R) bearecursive directed graph on vertices w, the natural numbers. For
m € w, denoteby R(m) the set of R-successors of m:

R(m) = {n|(m,n) € R}.

Let WF C w bethe set of al m such that all R-paths out of m arefinite. Alternatively,
we could define WF as the least fixpoint of the following recursive equation:

WF = {m | R(m) C WF}.

Let uscal G well-founded if 0 € WF; that is, if all R-paths out of O arefinite.
A well-known I} -complete problemiis:

Given arecursive graph (say by a total Turing machine accepting the set of encodings of
edges (m,n) € R), isit well-founded?

We reduce this problem to 7£ KA ™, thereby showing that the latter problem is I L-hard.

By assumption, R is arecursive set, thus there is a total deterministic Turing machine
M that decides whether (m,n) € R. We can assume without loss of generality that M
satisfies the restrictions of §3 and operates as follows.

Inadditiontoitsstart state s, M hasthree halt statest, r, u. When started in configuration
Fa™sa™H, it first performsacheck that thetapeinitially containsacontiguousstring of a’s
surrounded by blanks and enters halt state w if not. It then determineswhether (m,n) € R.
If s0, it haltsin configuration a™t -, and if not, it haltsin configuration 4. Thus

* Fa™tH, if (m,n) € R
m n Y ) ’
Fatsa” o { Frd, if (m,n) € R.
By Lemma 3.1, we have

Fa™sa" 4 ~ Fa"t4 <= (m,n) € R,
Fa™sa"H ~ Fr-d <= (m,n) € R,

where =~ denotes congruence modul o equations (E1)—(E3) of §3.
Now consider the Kleene algebra equation

t < sa*. 9

Let E bethe set of equations (E1)—E3) together with (9).
Thefollowing is our main lemma.

LEMMA 5.1. Forall m >0,

KA* E E = Fa™tH < brd
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if and only if m € WF.

Proof. Thereverseimplication (<) is proved by transfinite induction on the stages of
the inductive definition of WF. Supposethat m € WF. Let 7 : 2¥ — 2¢ be the monotone
map

7(4) = {m|[R(m) C A}

and define
0(4) = A
T4 (4) = 7(7%(4))
(4) = |J r(4), Aalimitordinal.
a<A
Then
WF = [ Jr*(@).

Let o be the smallest ordinal such that m € 7®(2). Then o must be a successor ordinal
B + 1, therefore m € 7(7°(2)), so R(m) C 7°(2). By the induction hypothess, if
n € R(m), then
KA* E E = Fa™td < brd,
and Fa™sa™ - = Fa"tH, therefore
KA E E - Fa™sa"4 < Fr .
Forn ¢ R(m), Fa™sa™ - ~ Fr-. Thusfor dl n,
KA* E E = Fa™sa™ < Frd .
By *-continuity,
KA E E = Fa™sa™4 < brd,
and by (9),
KA* E E - Fa™tH < Frd .
Conversely, for the forward implication (=), we construct a particular interpretation
satisfying £ inwhichforal m € w, Fa™t- < Fr- impliesm € WF.

For A C A*, define the monotone map

oc(A) = AU {z|Fye Az ~y} U {utv|VYnusa™ € A}. (10
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Call asubset of A* closed if it is closed under the operation 0. The closure of A is the
smallest closed set containing A and is denoted A. Build a Kleene algebra consisting of
the closed sets with operations

AeB = AUB 0 =0
A®B = AB 1 = {e},
A® = [ An

where € is the null string and A™ is the nt" power of A under the operation ®. It is not
difficult to show that the family of closed sets forms a *-continuous Kleene algebra under
these operations.

We show now that under the interpretation a +— m, the equations FE are satisfied. For
an equation = = y of type (E1)~(E3), we need to show that {z} = {y}. It sufficesto show
that = € @ andy € m But since z =~ y, thisfollowsimmediately from (10).

For the equation t < sa™, we need to show that

te{stolJla)"

It sufficesto show ¢t € {sa™ | n > 0}. Again, thisfollowsimmediately from (10).
Finally, we show that for € {+r-}, either

(i) z = Fr-;
M
(i) = ﬁ Fa™t- for somen € WF; or
(iii) z ~ Fa"ta* - for somek > 1.
The argument proceeds by transfinite induction on the inductive definition of closure:
0%(4) = A
ot (A) = a(0*(4))

o*(4) = |J 0*(4), Xalimitordinal
a<<

4 = Jo* ).
Let a bethe least ordinal such that
z € o%({Frd}).
Then « must be a successor ordinal 8 + 1, thus
z € o(d®({Frd})).
There are two cases, one for each clause in the definition (10) of o.
If there exists y € o®({Fr 4}) such that = ~ y, then by the induction hypothesis, y

satisfiesoneof (i)—(iii), therefore so does x; theargument hereissimilar to[ 13, Theorem 4.3,
p. 98].
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Otherwise, x = utv and
usa™ € o({Fr-})

for al n. By the induction hypothesis, one of (i)—(iii) holds for each usa ™v. But (iii) is
impossible because of the form of (E3). Moreover, by construction of M, each of (i) and
(ii) impliesthat v ~Fa™ and v ~ a* - for some k,m. Thusz ~Fa™ta* . If k > 1,
then x satisfies (iii). Otherwise, x ~+Fa™t- and

Fa™sa”H € UB({I—T%})

for al n, therefore either (i) or (ii) holds for - a™sa™ 4. If (i), then (m,n) ¢
R. If (ii), then (m,n) € Randn € WF. ThusR(m) C WFandm € WF. ®

TurEOREM 5.1. H KA* isTI}-complete.

Proof. Takingm = 0inLemmab.1, we have
KA E E >Ft4 < brd

if andonly if G iswell-founded. Thisgivesthe desired lower bound. The upper bound fol-
lows from the form of the infinitary axiomatization of *-continuousKleene agebra(2); va-

lidity is equivalent to the existence of awell-founded proof tree. B

6. *
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