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For a given Markoff process characterized by a set of transition probability densities
there exists another process with time reversed (the retrodictive vs predictive process in the
theory of measurements) such that any one of them multiplied by a single-event density
may be symmetric with respect to an interchange of the events expressed as space-time
variables, yielding a joint probability density. It is shown how this time-reversed process
can be constructed by means of the generating operator of the associated evolution equation,
and the basic properties with explicit applications to master equations and Fokker-Planck
equations. Onsager’s microscopic reversibility is reformulated on this basis. Possible sym-
metries concerning time-correlation functions under the Markoffian law is summarized in
comparion with the Kubo formula. In the application to Fokker-Planck equations, the
Onsager-Machlup most probable paths are extended to general type of diffusion processes,
and it is shown that the present method corresponds to a gauge transformation in dynamics
of a charged particle which leaves its paths invariant.

§ 1. Introduction

Reciprocity has been a fundamental subject in the theory of irreversible proces-
ses, since Onsager initiated the approach to the problem based on the consideration
of microscopic reversibility.” The Onsager relations for a linear dissipative sys-
tem in an external magnetic field @, given by L, (—8)=L,,(0), have since been
discussed in a number of papers. Kubo’s general linear response theory”® among
them provided an accurate statistical-mechanical foundation of these relations, ex-
pressing the microscopic reversibility in the time correlation functions between
Hamiltonian-driven dynamical variables.

Recently, the interests have been revised in connection with the statistical
mechanics for non-equilibrium or open systems far from equilibrium conditions.
Van Kampen discussed a possibility of extending the relations straightforwardly
to the nonlinear regime of flux-force equations.” Another systematic approach has
been developed by using equations of evolutions for probability densities based on
the theory of Markoff processes.” An interesting finding in the latter approach
has been that the microscopic reversibility as represented by a form of detailed
balance condition (or its equivalent) is a situation rather restrictive for such non-
equilibrium states: There exist a number of important examples of violation such
as complex optical systems and chemical reactions. A typical non-trivial system,
a single-mode laser, is a special example for which the potential condition equiva-
lent to the reversibility is well satisfied, as discussed by Graham and Haken.®
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On the Construction of a Time-Reversed Markoff" Process 91

This led Tomita and his associates to investigate actively the so-called “irreversible
circulation” phenomena.®™® On the other hand, Hepp has very recently pointed
out that the detailed balance should be originated, when an open system is formulat-
ed as a small dynamical system coupled weakly with several large reservoirs, from
the Kubo-Martin-Schwinger (KMS) condition for the reservoirs irrespective of
the wusual time-reversal operation and hence that the Onsager relations result with-
out recourse to the microscopic reversibility.”

In this paper, we propose a formal scheme to construct a time-reversed set
of evolution equations in place of the microscopic reversibility in the theory of
Markoff processes. The idea is originated from Nelson.'” This is to give an
answer to the question how to connect an elementary solution of e.g., a Fokker-
Planck equation ‘“smoothly’ to the one in the opposite time direction. A more
explicit illustration of the problem is given in § 2. Needs for such a scheme are,
firstly, to contribute to a new method of stochastic approach to non-equilibrium
states by means of #rajectories and, secondly, to establish Onsager’s principle
for a joint probability density from quite a general standpoint.®*> In § 3 we present
the method, where a notable dual structure between a process and its time-reversed
one is demonstrated. Applications are made in §4 to a master equation and a
Fokker-Planck equation. TFor the latter example the scheme is shown to have a
close analogy to a gauge transformation in the classical dynamics for a charged
particle in electromagnetic fields, such that the proposed scheme assures the in-
variance of the equations of motion for the Onsager-Machlup deterministic trajec-
tories™ (the so-called “most probable paths™). Tt will be usefull for studies of
irreversible circulations, where Graham and Haken’s potential condition® is ex-
plicitly violated. The microscopic reversibility is thus reformulated from the pres-
ent standpoint in § 5. Hepp's remark is incorporated into the scheme. In the
final section all the possible symmetry relations regarding the Markoffian correlation
functions are summarized.

§ 2. Simple illustration
Let us consider a Gaussian-Markoff process in one-dimension corresponding to
a simple exponential damping (Smoluchowski process):
dzx
dt

A probability density with which the underlying Brownian motion is averaged to
13)

ER T>0- (2'1)

vield above damping law is given by

1 . —7i\2
Plzlzy ="t ¥ (e .
(lzo; ) = @zD/7) (et ¥ { 2D 1_c } (2-2)

® A part of this work has been submitted by the present author to Prog. Theor. Phys.'t A
comprehensive treatment is in preparation.
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92 H. Hasegawa

for
t>0. (2-2a)
In fact, the dynamical variable x is averaged over the ensemble such that

{ay= j:x]) (rlxe: t)dx, (2-3)

which obeys the same equation of motion as (2:1). More generally, one can

write for anv physical quantity f(x)
F@y= | f@P@ln nde 24

As is well-known, the function P in (2-2) represents an elementary solution of

a Fokker-Planck equation

a 2
990 rpy+ D2 Do (2:5)
t Oz ox’
with the initial condition
Dz, t=0) =5 (x—ux,). (2-6)

Denoting the linear operator on ¢ on the right-hand side of Eq. (2-5) by A
(regarded as the adjoint of A defined in Eq. (2-8)), we can write

Lir@r= [ f@LPelendr= | f@@p) @ar

= [Tcapprwdr=can @y, 2.7)
which enables us to express the evolution equation in the form
o 4')’{1?@—"%‘ D_O“j: =Af. (2.8)
ot 0x 0x”

Clearly, the Fokker-Planck equation (2:5) by itself tells nothing about its
solution in the negative side of time #< 0 which may or may not continue to the
form (2-2). On the other hand, the damping behaviour given by Eq. (2-1) is
considered as a comsequence of continual fluctuations in the underlying open system,
and sometimes it is desirable to inquire into such fluctuations in the past.

What one expects physically is that the dynamical variable x should be damped
in the opposite time-direction as well after a lapse of long time from present to
past. On this physical ground, one may look at the evolution equation for the
dynamical quantity f(x) (2<0) by reversing the sign of the derivative operation,
thus

_ Ay (2:9)
ot
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On the Construction of a Time-Reversed Markoff Process 93

This equation, called Kolmogoroff’'s backward equation, is necessarily related to
the forward equation (2-5):

9 Ay 0 2.10
y AT, >0, ( )

because its elementary solution with the initial condition (2:6) can be expressed
in terms of P in (2-2), so that"?

Slxt, xy) =P (xyla; —1t), <0, (2-11)

However, there is in general no guarantee of connecting the elementary solution

of the time-reversed F-P equation

~-%¢%:A+¢;* . <0 (2-12)

with the above P.

It is a detailed balance condition that makes it possible to relate the two
solutions of Eqgs. (2-10) and (2-12) via the backward solution (2-11). To see
this, let us recall the special relation satisfied between the two linear differential

operators .1 and A%, namely (a kind of canonical transformation by an operator
100
00")

A=p,""A" 0, , (2-13)
where g, is the steady-state solution of Eq. (2-5):
AT, =0, (2-13a)
We can then set, for a solution of Eq. (2-12),

Gy (zt) =S (x1) 0o () (2-14)

by virtue of Egs. (2-9), (2-13) and (2:-13a). In particular, the elementary solu-
tion of Eq. (2-12) with the initial condition

Gy (2, 1=0) =0(x —xy) (2-15)

can be expressed by means of the expression (2-11) as

Py (xl20; ) = Planlars —8) x-22) (2-16)
00 (20)

This last equation shows a sort of detailed balance, but not in the sense of Graham-
and Haken,” since it does not involve the time-reversal operation on the dynamical
variables.

The existence of the relation (2-13), a special privilege for the simplicity of
the present example (equivalent to saying that the operator A is symmetrizable).
cannot be expected generally. However, we may consider the relation (2-16) as

more fundamental than (2-13): in other words, there exists a general ground
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94 H. Hasegawa

that Eq. (2:16) holds without recourse to the symmetrizability (2-13). In the
following we will show this assertion.

§ 3. General scheme

We formulate the problem, starting with two sets of equation of evolution
each consisting of the one for a probability density and its adjoint with the time-
derivative operation reversed, as motivated by the foregoing argument. The first
set of equation reads:

%4y, EBY
»—%:A 7 (3-1%)
For the second set, we write
e ag, (32)
Ui Aty (3:2")

The two linear operators A, and A,” must in some way be related to A and
A", as an extension of Eq. (2:13), which we now seek.

These operators should satisfy the conditions:

i) A" and A are both dissipative operators.

ii) Al1=0 (vanishing, when operated on unity).
The condition i) demands that the operators A" and A are of negative character,®
so that

[A*, $]=0 and [Af, £]1=0 (3-3)

W (expressed as a square bracket) definable in the

for any semi-scalar product
respective - and fispaces just as the usual scalar product in a Hilbert space. The
condition ii) is the physical requirement that the total probability (integral of ¢)
is time-independent, normalizable to unity.

We now show that the following procedure will give an answer for finding
A," and A,. We multiply ¢ by a certain element, which we designate as e’ and

try to produce an evolution equation for e %) with the aid of Eqs. (3-1), (3-1):

where I denotes the identity operator. We assume that e’ is a continuous, dif-

*  See Note added in proof 1.
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On the Construction of a Time-Reversed Markoff Process 95

ferentiable function for # and, furthermore, ¢ %Y is a linear operation on the space

of ¢. Hence, the operator

Ay At —2_‘:[ (3-4)

generates a time evolution of e °¢ in the + direction. Let it satisfy the two

conditions, i) and ii). The latter condition reads

Al=eA" () ~%Z—:O e”%-z—<:—(%~e”>:A+(ee).
Denoting €’ by 0y, we have
Q‘O_O:A+ 3.5
Y Oo (3-5)

Thus, there exists a positive solution g, of Eq. (3-1) which enables us to write

with a real 0 as
po=2e" (or §=log o). (3-6)

Also, with this e?, we have for the second evolution equation

_%(egf) = —6%%—%%—2 >: <69Ae“9—60—21>e‘9f,

which generates a time evolution in the — direction, the generator being iden-
tified with A," by virtue of Eq. (3-4), i.e,

A= Ae? 207 (3-4%)
In order to see condition i), i.e., the dissipative property of the transformed opera-

tors A, and A,*, let us consider a semi-scalar product [ A, ¢y, 4] and also [ A, fy,
f4] in the transformed spaces of ¢,=e’f and f,=e ’), respectively:

[Ao* s, 0x] = [AS, ef1 — [%%f’ ewf],

[Aefs, ful =[A%¢, 7] - [%sb e-z“’sb].

Since € (e™?) is a positive quantity, an expression [g, €°f] ([¢, e7*°¢]) can be
regarded as another semi-scalar product in the f-(¢-) space. Therefore, the dis-
sipative conditions for A, and A, reduce to

[Af, A (L tog ou) £, 7] and L4, 61<| (Lo 0)s0| @7)

with any semi-scalar product in the f- and (-spaces, respectively. In particular,
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96 H. Hasegawa

if p, is the steady-state solution for which 00,/0t =0, the inequalities in (3-7) are
assured by the dissipative conditions for A and A", (3-3).

The above result is now summarized:

(1) The time-reversed evolution equations (3*2), (3-2') with property
1) can be established by setting

A*‘*:pOApO*l_w[’ (3.8)
Qo
N

A*:po*lAwrMI, (3-89

[

where 0y is an arbitrary solution of 00,/0t= A", If further, p, is the steady-
state solution AT0,=0, the generating operators A,* and Ay, may also have
property 1). Their solutions may be obtained from the original evolution equa-

tions (3-1), (3-2) by

Gx=00f » f*zpﬂ. (3-9)

We next show that our scheme has a dual structure. That is, schematically
(A%, A) 55 (A%, Ay) o (A7), = A%, (A =A4).

Thus, we have the following:
(2) Theprocess of time-reversing (A", A)_* (A", Ay) has a reflexive pro-
perty

(A*+)*:A+ > (A*)*:A, (3-10)
where the p, satisfies not only
900 _ g+, (3-11)
ot

but also the time-reversed equation

. @apto :A*+po . (3_11,>
For the proof we operate with A,” given by (3-8) on g to obtain
A*+p°:p°(A1) —A%py= 0—Atp,= _%i—o,

by virtue of property ii) and Eq. (3:11). Thus, we substitute A, and A" for
A and A*, respectively, on the right-hand sides of Egs. (3-8), (3-8") to get
(A g and (Ay¥), in such a way that

+
(A =0 Ax 00— %700),,[
0
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On the Construction of a Time-Reversed Markofff Process 97

+ (A*F
=yt <00A00‘1 A 00)[) 0o _ 0 (A1) — (A7 00) I

Qo / Do
:14. - (A+00)I’+ (A+pO>I: A
Qo Qo
and similarly
(A= A7,

which proves the relations in (3-10). Also, the two relations given in (3-9)
themselves complement the reflexivity of solutions: ¢ =0, 4= (Jy)s and f=¢, /0
= (fy)s This completes the proof.

§4. Application to a master equation and a Fokker-Planck equation

4A. DMaster equation
—%g{) (xt) = jA+ (22') (28 da’
= [ @anees - Wane@n)a, 4-1)
- gt_ Fxt) = j £ 8 A (' 2) dx”

_ j( FE) —f (28)) W (2 2) d” . 4.1

The kernel representation of the operator A is expressed by a transition probability

rate W(>0) as
A(x'ze) =A (xz") =W (xz") —0(x—2") jVV(x”x)dx” . (4-2)

Formula (3:8") is now used to obtain the expression for A,(xx”) as follows:

Au(aa) =2 A @06 = [0 AET D)
. 7y Do (:C/) I YR 7_~ Do (x”> ” .
=W (xx )—-—~po & 0 (x—ax) jW(x x) ———po S dx”. 4-3)

This shows that the time-reversed master equation associated with Eqgs. (4-1),

(4-1") may be represented as

“Lguat) = [ (W) gy &) = Wa @) pe @) de’, @)

%f* (@)= [ (ful@’D) ~fulat) W' 2)da’, (4.4%)

where the transition probability rate is given by
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98 H. Hasegawa

Wy (x'z) =W (xz") x o) . (4:5)
00 ()
The result implies that the transition probability rate W is to be transformed by
0o Just as the transition probability density P, where g,(xf) is one solution of Eq.
(4-1) in accordance with the general prediction. In the above, the #-dependence
of p, is not explicitly indicated. If it is actually #independent, it must be a steady-
state, 1.e.,

j(W(xx’)po (@) = W(x'x)po(x))dx’ =0 (4-6)

4B. Fokker-Planck equation

0 _ 0 9 9 B
SV = =) + 5 (D), (4
9 _ 0 9 9 -
A (D - £), 4.7

where the summation convention of dummy suffix has been used. In Eqs. (4-7),
(4-7), the vector v, and the tensor D,, are the drift velocity and the diffusion
coefficients, respectively, and may be in general space-time functions. The diffusion
tensor D, is of a symmetric, non-negative type (D,u,u,~>0 for any real vector
u,). There must exist some condition imposed also on the drift velocity v, for
stable solutions, which we will not go into here,

The transformations defined in Eqs. (3:8), (3:8’) are performed on the dif-
ferential operators for the Fokker-Planck eqations (4-7), (4-77), i.e,

0 0 0 0 0 0
At= — -+ <D v >: A= » + <Df“’ >
oz, " Bz, \ "oz, “ oz, | Bz, Moz,
in the following manner:
00 06 0 00 0 0 00
AL =AY — +2D,, —+ D ot D”—_>
‘ ‘ o 0x, " ox, 0z, "oz, 0z, @x,,< "oz,

:<~vﬁ+2DF-a—9> 0 . 0 <D 0)

bz, 0z, ‘-555—,4 "z,

v 00 06 06 0 00
——t v, +D,, —+ <D —
0x, i 0x, "ox, ox, Oz, g Ox,>

and

— Uy y +
e’ ot oz, K GE "oz, ox, Ox, 0z,

(Are) _00_ 00, o, 90 p, 00 00, 0 (p 00} (15

Thus, by setting e’=p, we have
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On the Construction of a Time-Reversed Markoff Process 99

-
A*20071A+po—<A 00):7)*” 0 + 0 <DM£>’ (4-9)
0o ox, Oz, 0x,
where
v*ﬂ:_vﬂ+2DHV58‘“ log g0, (4-9a)
and therefore d
0 0 0 0
—— t)=— =D = 0x ), 4.10
o gy (x2) 9z, (Vseuds) 0:6,,< P 0x,¢*> ( )
0 0 0 0 ’
'a7f* (xF) = Vg iz, Sat iz, <DM0—$,J[*>. 4-10")

This shows that the time-reversed transformation affects only the drift velocity v,
in the first-order part to change in such second order differential operators, as
given by Eq. (4-9a).

We now show that the above transformation makes the “most probable path”
of Onsager and Machlup' invariant. The Onsager-Machlup Lagrangian with
which the Fokker-Planck equation (4-7) is associated can be deduced either by a
method of path integrals or by the following consideration: That is, when it is
assumed to have the form

L(#, xt) = %D;ulxﬂj:y . %D;,,ljclmp —Uad), 4-11)

the “scalar potential” U can be fixed so that the resulting backward equation may
have a trivial solution f=1, as shown in (4-7"). The result yields explicitly

1 - 1 ov
U(xt) = —-—Djv,v,—— —&, 4-12
(x2) i VY 2 bz, ( )
and hence™®
. 1 -1/ . 1 87) 4
Lz, xt) =Dy} (#,—v,) (&, —v,) +— —=, (4-11")
4 2 oz,

where D™ stands for the inverse of D so that DD, =0, This Lagrangian
exhibits a property of covariance, when the velocity components change analogously
to the gauge transformation in electrodynamics, such that the substitution

v,ﬁmzv,,—zz)wg—ﬁ, U—>U=U—%—z (4-13)

induces

neal coordinates in the latter treatment. See also Note added in proof 2.

* This result conforms to the OM Lagrangian obtained by Graham® apart from two addi-
tional terms in the latter, which is originated from the transformation from Cartesian to a curvili-
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100 H. Hasegawa

—r+490 (4.13)

00 | 06 > <

LoL=L+ (#,—t 22
-0z, 0t
By virtue of the special relation between U and v, (the “scalar” and “vector”
potentials, respectively) expressed as (4-12), however, the transformation demands
that the gauge function 6 must satisfy a certain partial differential equation: Only
the satisfaction of such an equation may admit the transformed Lagrangian L to be
of the form in (4-13) and hence L—L to be equal to df/dt, which makes the
resulting equation of motion for trajectories invariant.

There are in general two classes of such transformation: the one preserving,
and the other reversing, the direction of time. In the first class the transformed

Lagrangian is given by

L (4, 2t) = ~D3 (#,~7,) (£,~5,) + = 20 (4-14)
4 2 ox,
with %, given in (4-13), whereas in the second by
L (2, at) =2 D5 (2,4 vy,) (2 4+ vg) + = D020 (4.14%)
4 2 0z,
with vy, defined by reversing the sign of 7, e,
V= —T,= v, +2D,,20 (4.15)

T
Dz,

In the latter case, one is ready to observe that the required condition for @ is
identified with the partial differential equation (4-8) and that the velocity vy, in
(4-15) with the one given in (4-9a) by the use of the relation f/=log p,.
Therefore, we can say that every Fokker-Planck equation can be characterized
by a Newtonian equation of motion for its associated Onsager-Machlup trajectories,
and any two different F-P equations belonging to the same Newtonian can be
transferred to each other through a gauge transformation of the above-llustrated
nature. The transformation corresponds physically to a change of the frame of
description, such as from a static frame to a moving frame discussed by Tomita

et al.”

§ 5. The microscopic reversibility

Let us classify broadly-used terminology “detailed balance condition” into two
specified kinds: with and without time-reversal operation on the dynamical variables.
Let the latter be designated as the first kind and the former as the second kind.
Detailed balance of the 1st kind. This situation occurs when the following

condition is met.
A=A 5-1)

That is to say, the time-reversed generating operator is just equal to the original
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On the Construction of a Time-Reversed Markoff Process 101

one for a given Markoff process. This condition when combined with the fact
that the auxiliary element g, must satisfy both evolution equations (3-11), (3-11")

requires that (a) the p, must be a steadv-state solution

ATp (= A" 0 =0, (5-2)
and hence
(b A=p,""A"0, (5-3)

or, the generating operator is symmetrizable, that is,
0 Ap = (A0 (5-3"
These relations result in the well-known form
Pxlxy £)0y(xg) = Px|la; 1) 0o (x) (5-4)

for the transition probability density P(x|zy; #), ie., the elementary solution of
the evolution equation for ¢ with the J-tyvpe initial condition at z=0.
Detailed balance of the 2nd kind. The situation can be expressed as

A=A, (5-5)

where the operator on the right-hand side, A, is defined by the time reversal of
A to be performed on its dynamical variables.
Following the notation used by Graham and Haken.” we express the operation

for each variable as
X, F, = e, B (5-6)
where
g, =+1 or —1, (5-6a)

according to Case x, be even and Case x, be odd, respectively, with respect to
the operation. Further, any scalar, vector and tensor function of the wvariables,
and consequently, an operator /1 represented in terms of them mav have its time-

reversal conjugate such that

f=F Fla) =f(&) (5:7)

for a scalar function f(x), ete.
Now, Onsager’s microscopic reversibility corresponds to the detailed balance of

the latter kind, and may be expressed formally as follows:
00P.= P, 0y - (5-8)

In this expression P, represents the time reversal conjugate and P, the usual
adjoint, respectively, of the operator P, =exp(A¢) (¢>0). Or, by taking its kernel
representation, we have

® The summation convention is not meant, when €, 1s involved.
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102 H. Hasegawa

P(Z|Zy; 1) 00 (xet) = P (o] 2) 0o (x2). (5-9)

Note that in this representation p, need not in general be a steady-state solution,
but must obey 80,/0t=A%p,=— A",

The above reformulation may be applied readily to the foregoing two examples.
5A. Master equation (4-1)

Detailed balance of the 1st kind.

W(x'x) 0, () = W(xx') 0, (x7). (5-10)
Detailed balance of the 2nd kind.
W& %) 0o (xt) =W (xx") 0, (x'E). (5-11)

5B. Fokker-Planck equation (4-7)
Detailed balance of the 1st kind.

Vg =Up= —7),,+2D,w—a@—log 0o (5-12)
which requires
O (Do) = (Ds'vy). (5-13)
z, Z,

This is the simple form of what is called the potential condition, allowing a quadra-
ture for the steady-state solution in the form 0,(x) =exp([*D,lv.dz,).
Detailed balance of the 2nd kind.

‘Z}*I,Z%F(:‘E,ﬂ)#(f))Z—’()F—F.ZDW%Z, 0=1log 0o . (5-14)
T,
Thus, the drift velocity can be decomposed into a reversible and an irreversible

part, such that v,=v,” +v,“ and

2P ="eT% _p 0 15g0,, (5-15)
2 oz,
vfpzlﬂ i (5-16)
2
These are inserted into Eq. (4-10) to get
000 0 )
=+ (@90, =0. (5-17)
ot oz, “

Further, the time reversal of the Lagrangian L is compared to L in (4-14),
giving the condition for D,

ﬁw(x) (:eﬂ‘sva(-%)) :Dﬂv(x)~ (518>

The argument is the same as given by Graham and Haken.” Tt can be said that
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Egs. (5-15), (5-17) and (5-18) are the necessary and sufficient condition (Graham
and Haken’s potential condition) for the detailed balance of the second kind to
hold in the Fokker-Planck equations (4:7), (4-7’), which in turn may be sum-
marized to say that the Onsager-Machlup deterministic trajectories are invari-
ant against the time-reversal operation on the dynamical variables.

We may remark in passing that the detailed balance of the first kind is the
strongest among others and, according to Hepp,” can be resulted from the assump-
tion of the Gibbs equilibrium states for every infinite reservoirs in the weak coupl-

ing treatment of the theory of open systems.

§ 6. Symmetry relations for Markoffian correlation functions

We shall define the standard form of a correlation function in the stationary

Markoff process (the generating operator independent of time) in the following:

0,,(2) = “ﬂxo)g(mmm; £) 00 (22) dodlc 6-1)

where P(x|x,; #) denotes the transition probability density (from #=0 with x =x,
to ¢) as before, and g,(x,) the steady state. In order to include the time-reversal
symmetry we consider the function to depend on all the external variables which
change sign (such as a magnetic field and a Coriolis force) by the time reversal.
Denoting them by a single parameter &, we write as

0,(6,0) = [ [£(20)96) P(ln; 0) 0, (@) dwde . (6-2)
This expression may be compared with Kubo’s (quantum mechanical) correlation
function”
0,01, ) =Tr p,{ fe"Sge"5}, 6-3)
whose symmetry properties have been summarized by
9] 0,;(t, ®) =real, (6-4)
2) D (—t, 0)=0,(2,0), (6-5)
3) 0, (2, 0) =¢;e,0,,(—2, —@) (6-6)
=g5,0,(t, —0). (6-6")

(f=ef, =0
It is the microscopic reversibility that makes 3) to be valid; more precisely the
right-hand side of the last equality (6-6") equated to the left-hand side: The
process going from Eq. (6-6) to (6:6") is due to 2) which does not use the
reversibility.
We now show that the symmetry property 2) has a universal nature also
valid for our Markoffian correlation function defined in (6-2) irrespective of the
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reversibility. It is a consequence of the relation satisfied between the transition
probability density of a process and its time-reversed one in the foregoing general

procedure, namely
Py (oty|xt) 0o (2) = P (xt]yte) 0o (2oto) - (6-7)

and in particular for the stationary process {for which z,=0 without loss of gener-
ality)

Py (xglx; — 1) 0o (x) =P (a|xg; £) 0o (). (6-8)

Note that this representation is identical with Eq. (2-16). One can consider the
relation in Eq. (6-7) to define a simultaneous interchange of the space-time vari-
ables (x#) and (xyt,) in the product Ppg,, the transition probability density times a
fixed solution density of the evolution equation, so that the subscript , on the
left may be dropped. This in fact makes it possible to assign the product Pp, as
a joint probability density in regard to the two events (xt) and (ry%,), because it
should be symmetric with respect to the interchange of events.

We can now summarize the symmetry relations satisfied by the Markoffian
correlation functions @, (¢, ®) besides 1) and 2)

3) Dy (2, 0) =epe Dy (—t, —6) (6-9)
=ee, 0, (8, —0), (6-9)

(under the detailed balance of the 2nd kind to hold)

37 Doy (£, 0) =B, (— 1, 0) (6-10)
—0,(t,0). (6-10")

(under the detailed balance of the 1st kind to hold)
A noticeable point here is that the ‘“irreversible circulation” in Tomita’s investi-

O~® pertains to a violation of 3) and 3’), for which, however, 2) still holds

gation
and the relation (6-8) gives another representation of what he called “cyclic

balance”.
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AR A A

Note added in proof: 1. Tt 1s desirable to establish a simpler criterion for this physical concept of
“dissipative operator”. Recently, Lindblad and also Kishimoto have studied this problem (to be

published in Comm. Math. Phys.), obtaining the condition 1 the form

A(FH=2F AL,

This can be shown to make the argument in § 3 improved.

2. After this paper was submitted the author has learned the two established stochastic integration
schemes viz., “Ito’s integral” and “Stratonovich’s integral”, according to which the OM Lagrangian
is differently presented in the path-integration formula. Equation (4-11Y) as well as the associated
Fokker-Planck equations in 4B are in the scheme of Stratonovich. For a discussion of the most
probable path there exists another Lagrangian based on the scheme of Ito. The author is thankful
to Dr. H. Nakazawa for his illuminating instruction about this matter.
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