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On the continuous contact force models for soft materials
in multibody dynamics

Paulo Flores · Margarida Machado · Miguel T. Silva · Jorge M. Martins

Abstract A general and comprehensive analysis on the continuous contact force models for
soft materials in multibody dynamics is presented throughout this work. The force models
are developed based on the foundation of the Hertz law together with a hysteresis damping
parameter that accounts for the energy dissipation during the contact process. In a simple
way, these contact force models are based on the analysis and development of three main
issues: (i) the dissipated energy associated with the coefficient of restitution that includes
the balance of kinetic energy and the conservation of the linear momentum between the
initial and final instant of contact; (ii) the stored elastic energy, representing part of initial
kinetic energy, which is evaluated as the work done by the contact force developed during
the contact process; (iii) the dissipated energy due to internal damping, which is evaluated
by modeling the contact process as a single degree-of- freedom system to obtain a hystere-
sis damping factor. This factor takes into account the geometrical and material properties,
as well as the kinematic characteristics of the contacting bodies. This approach has the great
merit that can be used for contact problems involving materials with low or moderate values
of coefficient of restitution and, therefore, accommodate high amount of energy dissipation.
In addition, the resulting contact force model is suitable to be included into the equations of
motion of a multibody system and contributes to their stable numerical resolution. A demon-



strative example of application is used to provide the results that support the analysis and
discussion of procedures and methodologies described in this work.

Keywords Contact force · Continuous analysis · Soft materials · Coefficient of restitution ·

Elastic energy · Internal damping · Multibody dynamics

1 Introduction

Over the last century, the academic and scientific communities have demonstrated an in-
creasing interest in solving problems related to contact-impact phenomena in mechanical
multibody systems. Undeniably, the classical problem of the contact mechanics is a quite
old topic in engineering applications [1, 2]. The pioneering work on the frictionless colli-
sion between rigid bodies was due to Hertz who developed the theory with his name during
the Christmas vacation of 1880 at the age of twenty-three [3]. The contact problem has been
an intensive topic of research over the last decades and deserved the attention of many au-
thors, which led to the development of relevant work and even to the publication of a good
number of textbooks totally devoted to this issue, such as those by Goldsmith [4], Brach [5],
Pfeiffer and Glocker [6], Johnson [7], Stronge [8], Wriggers [9], among others. The contact-
impact study in multibody dynamics has received a great deal of attention in the past few
years and it still remains an active field of research and development [10–22].

Contact-impact events can frequently occur in multibody systems, and in many cases the
function of mechanical systems is based on them. Gilardi and Sharf [23] describe an im-
pact as a complex physical phenomenon for which the main characteristics are a very short
duration, high force levels, rapid energy dissipation, and large changes in the velocities of
bodies. In turn, contact implies a continuous process which takes place over a finite time.
The analysis of contact between two bodies can be extended to the analysis of collision in
a multibody system. Whenever a body in a multibody system experiences a hard stop, con-
tact forces of complex nature act on the body and the corresponding impulse is transmitted
throughout the system.

The bodies that belong to a multibody system can be considered as rigid or flexible.
A body is said to be rigid when its deformations are assumed to be small such that they do
not influence the global motion produced by the body. The expression flexible multibody
system refers to a system holding deformable bodies with internal dynamics [24]. In fact,
rigid bodies are a representation of reality because bodies are not absolutely rigid in nature.
However, many physical mechanical systems contain a combination of rigid and flexible
bodies, or rigid bodies with soft surfaces, or bodies that are rigid enough to be considered
rigid overall, but soft enough to experience significant local deformations during contact.
In this case, the contact approach must be able to model the dynamics of contact between
compliant surfaces.

The compliant continuous contact force models, commonly referred as penalty methods,
have been gaining significant importance in the context of multibody systems with contacts
due to their computational simplicity and efficiency. In these models, the contact force is
expressed as a continuous function of the relative deformation of the contacting surfaces
during the complete period of contact. In addition, most of the continuous contact force
models contribute to an efficient integration of the equations of motion and account for
some level of energy dissipation. This amount of good reasons explains why some of the
most popular commercial codes use the penalty methods to treat contact problems [25–27].

The energy loss due to the contact process in the normal direction can be expressed in
terms of the coefficient of restitution. This parameter has different definitions, being one of



the most popular and commonly used the Newton’s law of restitution, also known as kine-
matical coefficient of restitution. In a simple manner, this definition states that when two
bodies collide, the post-impact velocity is related to the preimpact velocity by a constant
of proportionality called coefficient of restitution [28]. This coefficient is, in general, as-
sumed to be constant; however, it is dependent on several factors such as the geometry of
the contacting surfaces, preimpact velocity, local material properties, duration of the con-
tact, temperature, and friction [4, 5, 29]. The analysis and discussion of these issues is out
of the scope of the present work, being the interested reader in this particular topic referred
to the work by Gilardi and Sharf [23].

The initial kinetic energy produced in a contact event is converted in different measures
during the contact process. First of all, part of the initial kinetic energy is transformed into
elastic strain energy which, in turn, is converted in the final kinetic energy at the end of the
contact. The remaining amount of kinetic energy is dissipated during the contact process
in several forms such as wave propagation [8, 30], material damping [4, 31], plasticity
[5, 32], and heat [23, 33]. Stronge [8] demonstrated that stress and deformation waves do
not contribute to energy dissipation when the size and material properties of the contact-
ing bodies are similar. Shivaswamy [34] showed that at low impact velocities, the damping
force component is the prime factor for energy dissipation. At high impact velocities, that is,
those exceeding the propagation velocity of elastic deformation waves are likely to dissipate
energy in a form of permanent local deformation.

The general motivation for this work comes from current interest in developing mathe-
matical models for the dynamics of constrained multibody systems involving contact events
between soft materials, such as in the case of biomechanical systems and bushing elements
made with polymer materials [35–41]. In fact, modeling contacts with a high degree of en-
ergy dissipation plays a crucial role in the analysis, design and control of many mechanical
systems in the measure that soft materials are characterized by low or medium values of
the coefficient of restitution. The methodology adopted in this work follows closely that of
[42, 43], in which an explicit relation between the coefficient of restitution and a hysteresis
damping factor is derived. Furthermore, the approach presented in this study is based on the
analysis of dissipated energy related to the coefficient of restitution, stored elastic energy,
and the dissipated energy associated with the internal damping of the contacting bodies. The
methodology and procedures adopted throughout this work are presented and analyzed with
the help of a numerical simulation of the classical bouncing ball problem.

2 General issues of continuous contact force models

The theory developed by Hertz remains the foundation for most contact problems encoun-
tered in engineering applications. The Hertz law relates the contact force with a nonlinear
power function of deformation and is expressed as [44]

FN = Kδn (1)

where K represents the generalized stiffness parameter and δ is the relative normal defor-
mation between the contacting bodies. The exponent n is typically equal to 3/2 [2]. The
generalized parameter K is dependent on the material properties and the shape of the sur-
faces in contact. For two spheres i and j in contact, the generalized parameter is a function
of radii of the spheres and the material properties as [4]

K =
4

3(σi + σj )

[

RiRj

Ri + Rj

]
1
2

(2)



in which the material parameters σi and σj are given by

σl =
1 − υ2

l

El

, (l = i, j) (3)

and the quantities υl and El are the Poisson’s ratio and Young’s modulus associated with
each sphere, respectively.

It is apparent that the Hertz contact law given by (1) is limited to contact with elastic
deformations and does not include the damping effect. This force model represents the con-
tact process as a nonlinear spring along the direction of collision. Although the Hertz law
is based on the elasticity theory [45], some studies have been performed to extend its ap-
plication to include energy dissipation. An alternative contact force approach that accounts
for the energy loss during the contact process is the Kelvin–Voigt model. This force model
considers a linear spring in conjunction with a linear damper and can be expressed as [46]

FN = Kδ + Dδ̇ (4)

where the first term of the right-hand side is referred to as the elastic force and the second
term accounts for the energy dissipation during the contact process. In (4), D is a hystere-
sis coefficient and δ̇ represents the relative normal contact velocity, having the remaining
variables the same meaning as it was described above.

The constitutive law given by (4) presents some weaknesses, namely the fact that the
contact force at zero deformation is not continuous due to the existence of the damping
component. This particular issue is not realistic because when the contact begins, both elas-
tic and damping force components must be null. Moreover, at the end of the contact, the
deformation is null, the relative contact velocity is negative and, consequently, the resulting
contact force is also negative, which does not make sense from the physical point of view
because the bodies can not attract each other [3, 47, 48].

Hunt and Crossley [31] showed that the linear spring-damper model does not represent
the physical nature of energy transferred during the contact. Instead, they represented the
contact force by the Hertz force-deformation law with a nonlinear viscous-elastic element
as

FN = Kδn
+ χδnδ̇ (5)

where χ is called the hysteresis damping factor given by

χ =
3K(1 − cr)

2δ̇(−)
(6)

in which K represents the generalized stiffness parameter, cr is the coefficient of restitution
and δ̇(−) is the initial contact velocity. After some mathematical manipulation, the expression
for this contact force model has the following form [18]:

FN = Kδn

[

1 +
3(1 − cr)

2
δ̇

δ̇(−)

]

(7)

With this model, the energy loss during the contact is assumed to be associated with
the material damping of the contacting bodies, which would dissipate energy in the form
of heat. The Hunt and Crossley force model expresses the damping as a function of de-
formation, which sounds physically reasonable. Furthermore, this model does not present



discontinuities at the initial instant of contact and at the end of contact, that is, it starts and
ends with the zero value.

Lankarani and Nikravesh [33] used the general trend of the Hertz contact law incorpo-
rated with a hysteresis damping factor to propose a continuous force model for the contact
analysis of multibody systems. The hysteresis damping factor that accommodates the energy
dissipation during the contact is a function of the deformation and is written as

χ =
3K(1 − c2

r )

4δ̇(−)
(8)

Based on the analysis of Hunt and Crossley [31] that separates the contact force into
elastic and dissipative components, the force model proposed by Lankarani and Nikravesh
can be expressed as

FN = Kδn

[

1 +
3(1 − c2

r )

4
δ̇

δ̇(−)

]

(9)

which is quite similar to the model proposed by Hunt and Crossley. It should be highlighted
that in the Lankarani and Nikravesh force model, the parameters have been evaluated from
the physics of the problem by equating the kinetic energy loss in the system to the work
done by the contact force. Since the kinetic energy loss is in terms of the relative velocity
squared, then the expression for the hysteresis damping factor and the contact force include
a term in c2

r .
The contact force models given by (7) and (9) are valid for the cases in which the dissi-

pated energy during the contact is small when compared to the maximum absorbed elastic
energy, that is, the relation is valid for the values of the coefficient of restitution close to
unity. The consequences of this simplifying premise are discussed in detail by Lankarani
and Nikravesh [33]. In a later paper, Lankarani and Nikravesh [32] proposed a new ap-
proach for the contact force model, in which the permanent or plastic deformation was also
included.

By analyzing (6) and (8), it can be observed that for a perfectly elastic contact, i.e., cr = 1,
the hysteresis damping factor assumes a zero value, while for a perfectly plastic contact, i.e.,
cr = 0, the hysteresis damping factor does not assume an infinite value as it was expected.
This fact is not surprising because, for instance, Lankarani and Nikravesh [33] derived their
model for high values of restitution coefficient, being, therefore, valid for hard contacts,
such as those between metals [49–52]. The values of the coefficient of restitution for soft
materials are low or medium [40, 43, 48, 53], which clearly indicate that the hysteresis
damping factor given by (6) and (8) cannot be used. Therefore, a more accurate expression
for this factor is required.

3 Description of the elastic contact between two solid spheres

Prior to present the detailed description of the presented approach for the normal contact
force, let us first introduce some fundamental issues related to contact mechanics, which
play a crucial role since they constitute the basis that supports the general methodology
used to develop the main procedures followed in the present work.

Among the different types of contact that can be defined for the collision between two
bodies that belong to a multibody system, the one-dimensional direct central contact be-
tween two solid spheres is considered here with the purpose to keep the analysis simple.



When the spheres contact each other, deformation takes place in the local contact area result-
ing in a contact force. Two different phases can be distinguished during the contact process,
namely the compression, approaching or loading period, and the restitution, separating or
unloading period [4, 5]. The first phase starts when the two spheres come in contact and
ends when the maximum deformation is reached. During this phase, the relative velocity of
the contact points on the two bodies in the normal contact direction is gradually reduced to
zero. The end of the compression phase is referred to as the instant of maximum compres-
sion or maximum approach, which corresponds to the maximum normal contact force if no
dissipation of energy is considered. In turn, the restitution phase starts at this instant of time
and ends when the two spheres separate from each other.

Figure 1 illustrates the two different phases of a direct central contact between two solid
spheres. The spheres are labeled as bodies i and j and have masses mi and mj . The pre- and
post-impact velocities associated with each sphere are denoted as v

(−)

i , v
(−)

j , v
(+)

i , and v
(+)

j ,
respectively. At the end of the compression phase, the two spheres move with a common
instantaneous velocity represented by v

(max)
ij .

Figure 2 shows a general diagram for the deformation evolution with time during a single
contact between two spheres, as well as the contact force plotted against deformation. In

Fig. 1 Representation of the one-dimensional direct central collision between two solid spheres: (a) Begin-
ning of the compression phase; (b) Maximum approach instant; (c) Termination of the restitution phase

Fig. 2 Dynamic response of a contact event: (a) Deformation versus time; (b) Contact force versus defor-
mation



these diagrams, the instant of initial contact, the instant of maximum deformation and the
instant of separation are denoted as t (−), t (max) , and t (+), respectively. In turn, the symbols
δmax and Fmax refer to the values of deformation and contact force at the instant of time
t (max), respectively.

4 Dissipated energy associated with the coefficient of restitution

The simplest manner to quantify the energy loss during a contact event is to use the con-
cept of coefficient of restitution, which can be evaluated from the balance of energy that
occurs between the initial instant of contact t (−) and the final instant of contact t (+). For
this purpose, let consider T (−) and T (+), respectively, the kinetic energy of the two contact-
ing spheres at the instants of time t (−) and t (+). Thus, the energy balance can be expressed
as [54]

�E = T (−)
− T (+)

=
1
2
mi

[(

v
(−)
i

)2
−

(

v
(+)
i

)2]
+

1
2
mj

[(

v
(−)
j

)2
−

(

v
(+)
j

)2] (10)

in which, the post-impact velocities are the unknown quantities.
The linear momentum associated with the two spheres i and j in the direction of the

contact is conserved because the contact forces are internal to the system [55]. Therefore, it
is possible to write the following equation:

mi

(

v
(−)
i − v

(+)
i

)

+ mj

(

v
(−)
j − v

(+)
j

)

= 0 (11)

On the other hand, taking advantage of the kinematical or Newton’s definition of the
coefficient of restitution, which expresses the ratio between the post- and the pre-impact
velocities of the spheres in the contact, yields [8]

cr = −
v

(+)

i − v
(+)

j

v
(−)
i − v

(−)
j

= −
δ̇(+)

δ̇(−)
(12)

where δ̇(−) and δ̇(+) are, respectively, the relative approaching velocity and the relative sep-
arating velocity.

Equations (10)–(12) form a system of three equations with three unknowns v
(+)

i , v
(+)

j ,
and �E. Solving this system of equations results in

v
(+)

i =
1

mi + mj

[

(mi − crmj )v
(−)

i + (1 + cr)mjv
(−)

j

]

(13)

v
(+)
j =

1
mi + mj

[

(mj − crmi)v
(−)
j + (1 + cr)miv

(−)
i

]

(14)

�E =
1
2

mimj

mi + mj

(

v
(−)
i − v

(−)
j

)2(1 − c2
r

)

(15)

Equation (15) represents the dissipated energy in the contact process of two solid spheres
in terms of the coefficient of restitution and relative approaching velocity, which can be
simplified in the following form:

�E =
1
2
m

(

δ̇(−)
)2(1 − c2

r

)

(16)



where m is the equivalent mass of the two spheres given by

m =
mimj

mi + mj

(17)

The coefficient of restitution describes the type of collision. For a fully elastic contact
the restitution coefficient is equal to unity, while for a fully plastic contact the restitution
coefficient is null. The most general and predominant type of collision is the oblique eccen-
tric collision, which involves both relative normal velocity and relative tangential velocity
[56, 57].

5 Stored elastic strain energy during contact

As it was mentioned above, at the end of the compression phase, the two spheres move with
a common instantaneous velocity v

(max)

ij . Moreover, the initial kinetic energy associated with
the contact of the two spheres has three different destinations. One part is transformed into
the kinetic energy of the two spheres moving with the same common velocity. A second part
is converted to stored elastic strain energy. Finally, a third part of the initial kinetic energy is
dissipated. Thus, the balance of energy between the start and end of the compression phase
can be written as follows:

T (−)
= T (max)

+ U (max)
+ �Ec (18)

in which T (max) represents the kinetic energy of the system at the end of the compression
phase, U (max) is the maximum elastic strain energy stored and �Ec denotes the dissipated
energy associated with internal damping of the material. This last term will be discussed in
detail in the next section.

The stored strain energy is equal to the work done by the contact force that develops from
the state of zero deformation to the state of maximum deformation, that is [33]

U (max)
=

δmax

0
FN dδ (19)

In order to obtain a solution of this integral let consider that the contact force is repre-
sented by the pure elastic Hertz law (1), and consequently, the elastic strain energy absorbed
can be rewritten as

U (max)
=

∫ δmax

0
Kδ

3
2 dδ (20)

Finally, the stored elastic strain energy is given by

U (max)
=

2
5
Kδ

5
2
max (21)

6 Dissipated energy due to internal damping

In this section, the dissipated energy due to internal damping is determined. With the pur-
pose of reaching this desideratum, let consider an equivalent system to the contact process



Fig. 3 (a) Contact between two
rigid spheres; (b) Equivalent
system

between two spheres materialized by a single degree of freedom dynamic system, as de-
picted in Fig. 3. In this model, the initial deformation between the spheres is zero and the
relative initial contact velocity is denoted by δ̇(−). The mathematical representation of this
dynamic system can be expressed as [5, 58, 59]

mδ̈ + cδ̇ + kδ = 0 (22)

where m is the equivalent mass given by (17), c represents the viscous damping coefficient
and k is the equivalent stiffness. The main reason to use the model of (22) owes to the fact
that it matches precisely with the ideal Kelvin–Voigt viscoelastic approach [4].

Equation (22) is a second-order differential equation with constant coefficients; the solu-
tion of which is given by [58]

δ = e−ζωt δ̇
(−)

ωd

sin(ωd t) (23)

δ̇ = e−ζωt δ̇(−) cos(ωd t) − ζe−ζωt ωδ̇(−)

ωd

sin(ωd t) (24)

where ζ denotes the damping ratio, ω is the radial frequency and ωd represents the damped
frequency. These three parameters are expressed as

ζ =
c

2mω
(25)

ω =
k

m
(26)

ωd = ω 1 − ζ 2 (27)

In the case that the damping effect is neglected, the values of t (max) and δmax are given by

δmax =
δ̇(−)

ω
(28)

t (max)
=

π

2ω
(29)

Substituting (28) and (29) into (23) and (24), and taking advantage of the fundamental
law of the trigonometry, yields the following mathematical relation:

(

δ

δmax

2

+

(

δ̇

δ̇(−)

2

= 1 (30)

which is an equation of an ellipse for the deformation and velocity. Thus, it is possible to
express the velocity of deformation as function of the deformation for both compression and



restitution phases, respectively, as

δ̇ = δ̇(−) 1 −

(

δ

δmax

2

(31)

δ̇ = δ̇(+) 1 −

(

δ

δmax

2

(32)

At this stage, it is important to note that the post-impact velocity δ̇(+) is negative because
the spheres are separated from each other.

The dissipated energy is evaluated through the work done by the damping force compo-
nent, which can be written as [33]

�E =

∮

χδ
3
2 δ̇ dδ (33)

where
∮

refers to the integral around a hysteresis loop for the contact force [33]. The total
dissipated energy due to the damping force associated with the compression and restitution
phases can be expressed, respectively, as

�Ec =

δmax

0
χδ

3
2 δ̇(−) 1 −

(

δ

δmax

2

dδ (34)

�Er =

δmax

0
χδ

3
2
∣

∣δ̇(+)
∣

∣ 1 −

(

δ

δmax

2

dδ (35)

and consequently, the total amount of dissipated energy is given by

�E = �Ec + �Er = χ
(

δ̇(−)
+

∣

∣δ̇(+)
∣

∣

)

∫ δmax

0
δ

3
2 1 −

(

δ

δmax

2

dδ (36)

Applying the integral transformation to (36) yields [43]

�E = χ
(

δ̇(−)
+

∣

∣δ̇(+)
∣

∣

)

δ
5
2
max

1

0
x

3
2 1 − x2 dx (37)

It should be highlighted that the value of the integral term in (37) can only be evaluated
numerically, yielding

1

0
x

3
2 1 − x2 dx ≃

1
4

(38)

The detailed demonstration of this solution is offered in the appendix presented at the
end of this paper. Hence, substituting this value into (37) results in

�E =
1
4
χ

(

δ̇(−)
+

∣

∣δ̇(+)
∣

∣

)

δ
5
2
max (39)

Regarding now (39) and taking into account the definition of the coefficient of restitution
(12), then (39) can be rewritten in the following form:

�E =
1
4
χ(1 − cr)δ̇

(−)δ
5
2
max (40)



When the dissipated energy during the contact of two spheres is taken into account, the
balance of energy given by (18) can be expanded as

1
2
mi

(

v
(−)
i
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2
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The linear momentum balance between instants t (−) and t (max) is given by

miv
(−)

i + mjv
(−)

j = (mi + mj )v
(max)

ij (42)

Thus, combining (16), (40), (41), and (42), after some basic mathematical manipulation,
the hysteresis damping factor χ can finally be expressed as

χ =
8K(1 − cr)

5cr δ̇(−)
(43)

which represents an explicit relation of the equivalent damping factor, the generalized stiff-
ness, the initial contact velocity, and the coefficient of restitution.

From the analysis of (43), it can be concluded that for a perfectly elastic contact, i.e.
cr = 1, the hysteresis damping factor assumes a zero value, and when the contact is purely
plastic, i.e., cr = 0, the hysteresis damping factor is infinite, which is reasonable from phys-
ical point of view. Finally, introducing the expression of the hysteresis damping factor given
by (43) into (5) yields the expression for normal contact force described in this work

FN = Kδn

[

1 +
8(1 − cr)

5cr

δ̇

δ̇(−)

]

(44)

7 Demonstrative application to a bouncing ball

The example of application considered here is the classical bouncing ball problem, which
is one of the simplest contact systems [43, 60]. Figure 4 shows an elastic ball made of
PTFE, with an initial height equal to 1.0 m, a mass of 1.0 kg, a moment of inertia equal to
0.1 kg m2, a radius R = 0.1 m, and an equivalent stiffness equal to 140 × 106 N/m3/2. The
ball is released from the initial position under the action of gravity only, which is taken to act
in the negative y direction. Thus, the ball falls down until it collides with the ground, which

Fig. 4 Bouncing ball example



Fig. 5 Kinematic simulation results of a ball falling on the ground: (a) Ball position; (b) Ball velocity

is considered to be rigid and stationary. When the ball collides with the ground, a contact
takes place and the ball rebounds, producing jumps, in which height depends on the value
of the coefficient of restitution.

When the ball contact with the ground, the deformation is evaluated as

δ = yb − R (45)

where yb is the y coordinate of the ball center of mass and R represents the ball radius.
Positive values of δ mean that there is no contact between the ball and ground. Therefore,
the detection of the instant of contact occurs when the sign of deformation changes between
two discrete instants in time [61]. This problem was analyzed by using a FORTRAN code
named MUBODYNA (acronym for Multibody Dynamics) [62].

Figure 5 includes the global results of the ball kinematics, namely the ball position and
velocity, when the coefficient of restitution is equal to 0.9 and the contact force model de-
scribed in this paper is considered. When the ball hits the ground, a contact occurs and the
ball is rebounded. The restitution coefficient is less than unit, therefore, the ball jumps less
high after each contact. The time lapse between the contacts tends to zero and ends up when
the ball remains on the ground.

Figures 6a–c show the time plots of the deformation, velocity of deformation and con-
tact force developed during the first contact between the ball and the ground. Additionally,
Fig. 6d illustrates the contact force plotted against the deformation. In the case studies pre-
sented here, five different values for the coefficient of restitution are selected, namely 1.0,
0.8, 0.6, 0.4, and 0.2. As it was expected, when the coefficient of restitution decreases, the
maximum deformation and the maximum contact force values are reduced. These facts are
accompanied with the increase of the contact duration and the hysteresis loop, which in turn
is associated with the energy dissipated during the contact process. When the coefficient of
restitution is equal to unit, which corresponds to the pure Hertz contact law, there is no en-
ergy dissipation in the contact process. This fact is evident in the force-deformation diagram
of Fig. 6d, which does not present a hysteresis loop. In general, the global data produced
here are corroborated by similar analysis available in the thematic literature [11, 33, 43].

A similar analysis presented by Lankarani and Nikravesh [33] is also included in the
present study, in which the post-impact velocity that results from the first impact is used to
compute the amount of restitution produced by the contact force. Thus, the post-restitution
coefficient is evaluated as

cpost
r = −

δ̇
(+)

measured

δ̇(−)
(46)



Fig. 6 Influence of the coefficient of restitution on the bouncing ball behavior: (a) Deformation versus time;
(b) Velocity of deformation versus time; (c) Contact force versus time; (d) Contact force-deformation relation

Fig. 7 Relation between the post
and pre-restitution coefficients

which differs from the coefficient of restitution provided as input to the contact force models
hereafter referred as pre-restitution. Figure 7 illustrates the plots of the post and prerestitu-
tion coefficients for the three contact force models considered in the present work. The
straight line that corresponds to the ratio between post- and prerestitution coefficients equal
to the unity can be used as reference. From the plots of Fig. 7, it can be drawn that the Hunt
and Crossley and the Lankarani and Nikravesh force models are valid for high values of the
coefficient of restitution, as it was stated in reference [33]. Furthermore, it can also be ob-
served that when the coefficient of restitution is null, these two force models do not reflect a
perfectly plastic collision. Conversely, the contact force model described in the present work
exhibits close approximation for the entire interval between 0 and 1.



In order to better understand what are the consequences in terms of the dynamic system
response when different contact force models are used, let consider a particular bouncing
problem in which the ball falls down due to gravity action and impacts with a table. The
table has a mass equal to 1.0 kg and is animated by a harmonic excitation given by

yt (t) = 0.5 + 0.1 sin7.5t (47)

The occurrence of contact between ball and table is determined by evaluating the relative
penetration at any time during the numerical solution of the dynamic equation of motion as

δ = yb − yt − R (48)

where yb and yt represent the y coordinate of the ball and table centers of mass, respectively,
and R is the radius of the ball.

In a simple way, the ball and table approach each other with a nonzero relative velocity in
the normal direction until the distance between them has been vanished. Then two different
scenarios can occur, namely: (i) the ball and table separate immediately after the collision
with a finite positive normal velocity, (ii) or the ball and table may remain in permanent
contact. The system response scenario depends on the constitutive contact law used to model
the contact event, on the value of restitution coefficient and on the overall system dynamics.

Figure 8 shows the ball motion when the contact is modeled with the pure Hertz law
given by (1). By analyzing the system response, it can be observed that the ball rebounds
after each impact with the table. When the impact occurs in the ascendant phase of the table
motion, the ball gains energy and reaches a higher position than the one before the impact.

The influence of the use of three different dissipative contact force models on the ball
motion is illustrated in the plots of Fig. 9. Three difference values for the coefficient of resti-
tution are considered, namely 0.9, 0.6, and 0.3. From the plots of Fig. 9, it can be concluded
that the ball losses energy in each impact with the table. Furthermore, after some finite num-
ber of impacts the ball remains in contact with the table. This observation is valid for all
dissipative contact force models used. For high values of the restitution coefficient, the Hunt
and Crossley model exhibits a response similar to the case simulated with the Lankarani
and Nikravesh model. The system response presents less and lower intensity rebounds when
the described force approach is considered, being the permanent contact between the ball
and table reached faster. This effect is more evident for lower values of the coefficient of
restitution, as it can be observed in Fig. 9c. In general, it can be drawn that the Hunt and

Fig. 8 Bouncing ball response
for the Hertz contact force model



Fig. 9 Bouncing ball response
for the three dissipative contact
force models: (a) cr = 0.9;
(b) cr = 0.6; (c) cr = 0.3

Crossley and Lankarani and Nikravesh contact force models overestimate the rebounding
energy, when compared with the contact force model described in the present work.

In conclusion, for a perfectly elastic impact (cr = 1), the three dissipative contact force
models used reduce to the general Hertzian elastic model given by (1), because the hysteresis
damping factor assumes a zero value. However, for a perfectly plastic impact (cr = 0), the



hysteresis damping factor given by Hunt and Crossley and Lankarani and Nikravesh force
models does not assume an infinite value. In sharp contrast, when the described model is
considered, the hysteresis damping factor tends to infinity and, consequently, the normal
contact force tends also to infinity. This case makes sense from physical point of view, in
the measure that for perfectly plastic impacts, the bodies will be in permanent contact after
the collision, which means that the force necessary to separate them is infinite, as predicted
by the force model described throughout this work. Finally, an experimental work, such as
the one presented by Shivaswamy [34], must be developed in order to validate the model
described here.

8 Conclusions

The problem of continuous contact force models for soft materials in multibody dynamics
has been analyzed throughout this work. In the sequel of the process, the main issues as-
sociated with the fundamental contact mechanics were revised. Furthermore, some of the
limitations and drawbacks of the classical contact force models commonly used when mod-
eling contact events in multibody systems and robotics were discussed, also. In particular,
the case in which the restitution coefficient exhibits low or medium value was analyzed. With
the intent to overcome those drawbacks, a new approach for a continuous contact force was
described, resulting in a mathematical expression that can be applied in the entire range of
the coefficient of restitution, that is, in the cases of soft and hard contacts. This approach is
straightforward to be implement in any multibody code for dynamic analysis, expresses a
dependence on the material, mechanical, geometrical, and kinematical properties of the con-
tacting bodies. In addition, it contributes to the stable numerical resolution of the equations
of motion of constrained multibody systems. Finally, a simple problem was used to analyze
and compared the different continuous contact force models includes in the present study,
where the limits of application of each model was shown.
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Appendix: Integral solution of the dissipated energy due to internal damping

This appendix contains the detailed resolution of the integral that defines the amount of
energy dissipated during a contact event in terms of internal damping. For this purpose, let
us rewrite (36)

�E = �Ec + �Er = χ
(

δ̇(−)
+

∣

∣δ̇(+)
∣

∣

)

∫ δmax

0
δ

3
2 1 −

(

δ

δmax

2

dδ (A.1)

Now, a substitution of variable must be done according to the following relation:

x =
δ

δmax
(A.2)



Differentiating (A.2) yields

dx =
1

δmax
dδ (A.3)

Then the lower and upper limits of integration can be obtained as follows:

x(0) =
0

δmax
= 0 (A.4)

x(δmax) =
δmax

δmax
= 1 (A.5)

Taking advantage of (A.2)–(A.5), (A.1) can be rewritten in the following form:

�E = χ
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δ̇(−)
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∣

∣δ̇(+)
∣

∣

)

δ
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2
max

1

0
x

3
2 1 − x2 dx (A.6)

in which the integral term is of differential binomial type [63]

xa
(

α + βxb
)cdx (A.7)

where a, b, c, α, and β are given constants. In the case of (A.6), these constants assume the
following values a = 3/2, b = 2, c = 1/2, α = 1, and β = −1.

According to Piskounov [63], the integral given by (A.7) together with the above values
for a, b, c, α, and β cannot be solved analytically because it is not possible to express
the integral in terms of elementary functions. Consequently, a numerical procedure must be
adopted. In the present work, the trapezoidal rule is chosen to obtain the solution of this
integral, which can be written as [64]

xn

x0

y(x)dx ≃
xn − x0

2n
(y0 + 2y1 + 2y2 + · · · + yn) (A.8)

This integral can easily be solved by using the following Matlab implementation:

x0=0;

x1=1.0;

n=1001;

dx=(x1-x0)/(n-1);

x=x0:dx:x1

f=(x.ˆ(3/2)).*sqrt(1-x.ˆ2)

plot(x,f)

area=dx/2*(f(1)+f(n));

for i=2:n-1

area=area+(dx/2)*2*f(i);

end

area

Finally, the result of the integral that appears in (A.6) is obtained by performing the
computational simulation of the above procedure, yielding area = 0.24971047130972 ≃

1/4.
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