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Abstract: We consider the motion of a two-link flexible arm with nonuniform cross section. We obtain the
equations of motion by using the extended Hamilton’s principle. These equations consist of coupled partial
differential equations and (nonlinear) ordinary differential equations with appropriate boundary conditions.
Our control problem is to achieve the given desired link angles and suppress the link vibrations. To solve this
problem, we propose a novel control scheme which consists of a dominant control law together with a parallel
controller. We show that with the proposed controller, the control objectives are satisfied. Our stability analy-
sis is based on the Lyapunov approach and LaSalle’s invariance principle extended to infinite-dimensional
systems. We also present some simulation results, which indicate that large parameter uncertainties such as
tip and hub mass changes are also handled effectively by the proposed controller.
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NOMENCLATURE

E Young’s modulus
Ii�xi� Variable beam cross section moment about the z-axis at the location xi

Ihi Inertia of i th hub
Iti Tip inertia of i th beam
li Length of i th link
mhi Mass of i th hub
mti Tip mass of i th beam
t Time (t � 0)
xi Coordinate along the axial center of i th beam (0 � xi � li )
� i�xi � t� Flexural deflection of point i at the location xi of i th beam
�� i�xi � t� Time rate of transverse movement of point i at the location xi ,

where a dot represents time derivative
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� i x�xi � t� Flexural slope of point i at the location xi ,
where the subscript in � i x denotes spatial derivative w.r.t. x

� i xx�xi � t� Bending strain of point i at the location xi

� bi the base strain measured torques for the first and second beams
� ei the end strain measured torques for the first and second beams
�i�xi� Variable density of the i th link depending on the cross-sectional area
bi�x� Variable height of the links due to tapering
a1 Linear slope for tapering
� i Input torque at i th motor
�1 Angular position of the first link��2 Angular position of the second link
�2 �2 � ��2 � �1x�l1� t�
�1d Desired angular position of the first link
�2d Desired angular position of the second link
exp Exponential function, i.e. exp�z� � ez

PDE Partial differential equation
ODE Ordinary differential equation
FEM Finite-element method

1. INTRODUCTION

Two main advantages of flexible robot arms are less weight and low energy consumption.
However, the structural modeling and the control design of the flexible arms are much more
complicated due to nonlinear coupling between elastic and rigid modes during complex ma-
neuvers, especially with high angular velocities. Various methods have been proposed for
control of flexible-link manipulators in the literature. Hybrid control of a single flexible-
link manipulator using feedback linearization and a singular perturbation approach has been
used in Vandegrift et al. (1994). Adaptive feedback linearization has been applied success-
fully for a nonlinear discrete-time model of a single-link flexible manipulator� see e.g. Rokui
and Khorasani (1994). Singular perturbation theory has also been used for position and force
control in Siciliano et al. (2001). Strain feedback and active vibration control, see e.g. Zhang
et al. (2002) and Raab et al. (1998), are other approaches. In order to improve the impor-
tant features of flexible links such as low mass, low moments of inertia and high natural
frequencies, optimal shape design can be used� see e.g. Moallem et al. (2000). Besides, the
integrated structure control for nonuniform flexible links can be improved� see e.g. Zhu et
al. (2001). Furthermore, a high fundamental frequency is desired, since it implies a large
bandwidth that will allow for fast motion without causing serious vibration problems� see
e.g. Wang et al. (1992).

In this paper, inspired by the approaches given in Moallem et al. (2000), Zhu et al. (2001)
and Wang et al. (1992), we consider the motion of a two-link flexible arm with variable cross
section. We first present the equations of motion, which are obtained by using the extended
Hamilton’s principle. These equations are nonlinear and contain coupled PDEs and ODEs
with appropriate boundary conditions. Our control objectives are, given arbitrary desired
link angles, to find appropriate control laws for the torques applied to the motors in order to
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Figure 1. Arm configuration.

achieve the desired link angles as well as to suppress the link vibrations. We propose a novel
control scheme which consists of a dominant controller augmented with a parallel controller.
We show that the proposed controller achieves the control objectives. Our analysis is based
on the Lyapunov approach applied to the original PDEs and LaSalle’s invariance principle
extended to infinite-dimensional systems. Hence, different from most of the control schemes
proposed for multi-link flexible robots, see e.g. Wang et al. (2003, Ch. 2), we do not resort to
modal truncation and similar methods to obtain a set of ODEs. It is well known that while the
latter approach may lead to some stability and/or performance problems due to the neglected
higher-order modes, our approach does not have such problems� see e.g. Luo et al. (1999).

The two-link flexible arm configuration which is considered in this paper is shown in
Figure 1. Referring to Figure 1, the various symbols represent the following� X0�Y0: global
inertial system of coordinates� X1�Y1: body-fixed system of coordinates attached to unde-
formed link 1, X2�Y2: body-fixed system of coordinates attached to undeformed link 2,
�1� �2: angular displacements of links 1 and 2, �1� �2: flexural displacements of links 1
and 2.

This paper is organized as follows. In the next section we present the equations of
motion for the system shown in Figure 1. In Section 3, we present our controller and some
calculations which show the stability of the closed-loop system. In Section 4, we present
some simulation results and in Section 5 we give some concluding remarks. The rigorous
stability results are given in the form of appendices to improve the readability of the paper.

2. ANALYTICAL MODEL

In this section, we derive the equations of motion for the system shown in Figure 1 by using
the extended Hamilton’s principle� see e.g. Meirovitch (2001). Our approach is based on
Zhang’s work for uniform links� see e.g. Zhang (2001) and Zhang et al. (2002). Since
the ratio between the length of the beam and its thickness is sufficiently large as proposed
in Meirovitch (2001) and Reddy (1993), links can be modeled as Euler–Bernoulli beams,
which can only be deformed in the flexural direction. The links are modeled in clamped–
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free configuration, since natural modes of the separated clamped-free links agree very well
with actual ones compared to pinned–free configuration� see e.g. Hastings et al. (1987).
Assuming that the manipulator moves in the horizontal plane, in the absence of gravity the
potential energy depends only on the flexural deflections.

In order to derive the PDE model, we first derive the kinetic and potential energy expres-
sions for the links and hubs� see Appendix C. Note that the offsets Ohi , Oti shown in Figure 1
will not be considered in the following development due to modern design techniques of DC
motors. By using the extended Hamilton’s principle, we obtain� t2

t1

��T � �Vs � �Wnc� dt � 0� (1)

where �T and �Vs are the variations of total kinetic and potential energies, respectively,
and �Wnc is the variation of nonconservative work� see e.g. Meirovitch (2001, Section 6.4).
Thus, after some straightforward but lengthy calculations we obtain the governing equations
for a two-link flexible arm with nonuniform cross section by the variational method and
integration by parts. These equations are listed below:

��1 � �E I1�x1��1xx�xx

�1�x1�
� � x1

		

�1� (2)

��2 � �E I2�x2��2xx�xx

�2�x2�
� cos �2

�
��1�l1� t�� l1

		

�1

�
� 	

�2 sin �2

�
��1�l1� t�� l1

	

�1

�
� � x2

		

�2� (3)

Ih1

		

�1 � E I1�0��1xx�0� t� � � 1� (4)

It1 Ih2

		

�2 � Ih2 E I1�l1��1xx�l1� t�� It1 E I2�l2��2xx�l2� t� � �It1 � Ih2� � 2� (5)

� 	

�2 sin � 2

�
��1�l1� t�� l1

	

�1

� � l2

0
�2�x2�x2dx2 �

� l2

0
x2�E I2�x2��2xx�xxdx2

� Ih2

� 		
�1 �

		

�2

�
� It2

� 		
�1 �

		

�2 � ��2x�l2� t�
�

� sin �2

�
��1�l1� t�� l1

	

�1

� � l2

0
�2�x2� ��2dx2

� mt2l2

�
l2

		

�2 � ��2�l2� t�� cos � 2

�
��1�l1� t�� l1

		

�1

��
� mt2 sin �2

�
��1�l1� t�� l1

	

�1

�
��2�l2� t�

� It1[
		

� 1 � ��1x�l1� t�]� E I1�l1��1xx�l1� t� � 0� (6)
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�
� l2

0
�2�x2�

��
��1�l1� t�� l1

		

�1

�
� cos �2

�
��2 � x2

		

�2

�
� 	

�2 sin �2

�
��2 � x2

	

�2

��
dx2 � �mt1 �mh2 �mt2�

�
��1�l1� t�� l1

		

�1

�
� �

�E I1�x1��1xx�x
�

x1�l1
�mt2

�
cos �2

�
��2�l2� t�� l2

		

�2

�
� 	

�2 sin �2

�
��2�l2� t�� l2

	

�2

��
� 0� (7)

�
�E I2�x2��2xx�x

�
x2�l2

mt2

��
��2�l2� t�� l2

		

�2

�
� cos �2

�
��1�l1� t�� l1

		

�1

�
� 	

�2 sin �2

�
��1�l1� t�� l1

	

�1

��
� 0� (8)

It2

� 		
�1 �

		

� 2 � ��2x�l2� t�
�
� E I2�l2��2xx�l2� t� � 0� (9)

�1�0� t� � �1x�0� t� � �2�0� t� � �2x�0� t� � 0� (10)

where all offset values (Ohi � Oti ) are neglected as in Zhang (2001) and Zhang et al. (2002).
Moreover, as in Zhang (2001) and Zhang et al. (2002), since �1x�l1� t� is relatively small,
this term is also neglected� hence, we assume that �2 � ��2. For details, see e.g. Zhang (2001)
and Zhang et al. (2002).

The equations 2 and 3 are the main PDEs for the flexible links and the equations 4 and
5 are ODEs for rigid bodies. Equations (6–10) are the boundary conditions, where equation
10 includes the four boundary conditions at the clamped ends of the links� see e.g. Hartog
(1985).

We note that these equations can be obtained by using equation 1, the extended Hamil-
ton’s principle, see e.g. Meirovitch (2001, Section 6.4)� the related expressions are given in
Appendix C. The required calculations are rather straightforward but lengthy, and hence are
omitted here to improve the readability of the paper. For similar calculations for the uniform
link case, see e.g. Zhang (2001)� Zhang et al. (2002).

We first define the following variables for i � 1� 2:

� bi � �E Ii�0�� i xx�0� t�� (11)

� ei � �E Ii�li�� i xx�li � t�� (12)

where � b1� � b2 represent the base strain measured torques and � e1� � e2 represent the end strain
measured torques for the first and second links, respectively. Boundary conditions 6, 8 and
9 can be simplified further to obtain the following:
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sin �2

�
��1�l1� t�� l1

	

�1

�	
� 	

�2

� l2

0
�2�x2� x2 dx2

� l2

	

�2 mt2 �
� l2

0
�2�x2� ��2 dx2 �mt2 ��2�l2� t�



� � b2 � � e1 � Ih2 [

		

�1 �
		

�2]� It1 [
		

�1 � ��1x�l1� t�] � 0	 (13)

Hence, the new set of boundary conditions will be equations 7, 8, 10 and 13.

Remark 2.1. We note that multi-link flexible structures are considered in the literature,
but the majority of those works do not rely on PDE models� instead, they rely on finite-
dimensional ODE approximation of PDE models by using e.g. assumed modes, FEMs, etc.�
see e.g. Meirovitch (2001) and Wang et al. (2003). This approach has many disadvantages,
as noted in the literature. First, the flexible and rigid coordinates can be decoupled in these
approaches, which is questionable from the physical point of view. Secondly, although the
flexible link equations are coupled in the PDE approach, see equations 2–10, and this is quite
reasonable from the physical point of view, each link equation can be decoupled by using
the boundary assumptions in ODE approaches� see e.g. Zhang et al. (2004). Thirdly, usually
vibration modes are truncated by ignoring higher-order modes, and this may result in a well-
known problem called control and/or observation spillovers, which may cause instability in
the original system� see e.g. Luo (1993). We note that these ODE methods can be easily
used to model multi-link flexible structures due to the decoupling of links� see e.g. Zhang
et al. (2004). Infinite-dimensional PDE models can also be extended to model multi-link
structures, but this usually requires highly complex analysis, which may become prohibitive
for the case of more than two links� see e.g. Zhang et al. (2004).

Remark 2.2. Since we have already neglected �1x , we have also omitted �� i x in the final
calculations. Note that such terms are also omitted in Zhang et al. (2005).

3. CONTROLLER DESIGN

To control the system given by equations 2–10 we propose a novel control law, which consists
of a dominant controller and a parallel controller to ensure the asymptotic stability of the
closed-loop system. With this insight, our proposed controller has the following form:

� 1 � � 11 � 
 1 � 12� (14)

� 2 � � 21 � 
 2 � 22� (15)

where � 11 and � 21 denote the dominant part of the controller and � 12 and � 22 denote the
parallel controller, which augments the dominant part of the controller. Here, 
 1� 
 2 � 0
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are proportional gains which may be adjusted to make the control laws � 11� � 21 dominant.
This can be achieved by choosing 
 1 and 
 2 sufficiently small. For the dominant part of the
controller, we propose the following:

� 11 � � b1 � Ih1

�� ��1 �l1� t�

l1
� K1

�
�
	

�1 � 
��1 � �1d�

�
� (16)

� 21 �
�

Ih2 � e1 � It1 � e2 � It1 Ih2

�� ��2 �l2� t�

l2
� K2

�
�
	

�2 � 
��2 � �2d�

��

� �It1 � Ih2�� (17)

where K1� K2� �� 
 are positive constants and �1d� �2d are the desired link angles. For the
parallel controller, we propose the following:

� 12 � � b2 � � e2 � K
	

�1� (18)

� 22 �
�

It1 Ih2�
		

�1 �
		

�2�� It1� e2



��It1 � Ih2�� (19)

where K � 0 is a proportional gain.
Since the system 2–10 became decoupled and linear by the dominant part of the con-

troller, additivity and homogeneity properties of linear systems can be applied for the closed-
loop system� see Appendix A for necessary calculations. Thus, the effect of the control laws
� 12� � 22 should be considered independently from the effect of the dominant control laws.

In the sequel, we present some necessary calculations related to our stability analysis.
Since the proof of the asymptotic stability of the closed-loop system requires some rigorous
definitions and some lengthy calculations, the main part of the proof is given in Appendix B
to improve the readability of the paper.

Our approach is based on the Lyapunov stability analysis. As in most mechanical struc-
tures, the total energy of the system shown in Figure 1 together with a correction term may
be used as a Lyapunov function candidate. Such a function V , which will be used in the rest
of the paper, is given below:

V � T1 � T2 � T3 � T4 � T5 � T6 � Vs �
		

�
2

1 � 0� (20)

where Ti , i � 1� 	 	 	 � 6, are the kinetic energy terms of links, tips and hubs for links 1 and 2.
The total strain potential energy for both links is represented as Vs � see Appendix C. After
applying the dominant control laws to the system 2–10, see Appendix A, and after some
lengthy but straightforward calculations, the total energy rate of the system is obtained as
follows:

�V �
�
� e2 � � b2 � � b1 � Ih1

		

�1


 	

�1 �
�
� e1 � It1

		

�1


 	

�2 � 2
		

�1
d
		

�1

dt
	 (21)
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By using equations 9 and 12, we easily obtain

� e2 � It2�
		

�1 �
		

�2�	 (22)

see Remark 2.2. By using equation 22 in equation 5 and then by using equations 12, 17, 19
and 15, we obtain

It2 Ih2 K2


 2 �Ih2 � It2�

�
�
	

�2 � 
��2 � �2d�
�
� � e2	 (23)

By evaluating equation 3 at x2 � l2, using equation 8, and Appendix A, it follows that
� e2 and �� e2 satisfy the following inequalities:


� e2
 � Ce2 exp���e2t�� 
 �� e2
 � �Ce2 exp����e2t�� (24)

where Ce2� �Ce2� �e2� ��e2 are some positive constants� see also e.g. Baruh (1999, Section 11.4)
and Hattori et al. (1997). Then, by using equation 24 in equation 23, one can easily obtain
the following:

�2�t� � �2d � �2d exp

�
�

�

t

�
� f1�t��

	

�2�t� � �2d



�
exp

�
�

�

t

�
� f2�t��

		

�2�t� � ��2d

�



�

�2

exp

�
�

�

t

�
� f3�t�� (25)

where fi�t� are some exponentially decaying functions satisfying


 fi�t�
 � Ci exp��
 i t� (26)

for some positive constants Ci � 
 i , i � 1� 2� 3.
By using equations 3, 8 and 25, it follows that, similar to equation 24, the measured base

torque � b2 also satisfies the following:


� b2
 � Cb2 exp���b2t�� 
 �� b2
 � �Cb2 exp����b2t�� (27)

where Cb2� �Cb2� �b2� ��b2 are some positive constants� see also the discussion after equa-
tion 23, Baruh (1999, Section 11.4), Hattori et al. (1997) and Appendices A and B.

By using equations 4, 14, 16 and 18, and using Appendix A, we obtain

K1��
	

�1 � 
��1 � �1d��� 
 1

Ih1
K

	

�1 � g�t�� (28)
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where g�t� � 
 1
Ih1
�� b2 � � e2�. By using equations 24 and 27, it follows that g�t� satisfies the

following:


g�t�
 � Cg exp���gt�� 
 �g�t�
 � �Cg exp����gt� (29)

for some positive constants Cg� �Cg� �g� ��g. Then, by using equation 29 in equation 28,
similar to equation 25, one can easily obtain the following:

�1�t� � �1d � �1d exp��K �t�� �f1�t�� (30)

	

�1�t� � �1d K � exp��K �t�� �f2�t�� (31)

		

�1�t� � ��1d K �2 exp��K �t�� �f3�t�� (32)

		

�1
d
		

�1

dt
� ��2

1d K �5 exp��2K �t�� �f4�t�	 (33)

Here, K � is a positive constant given by

K � � K1
 Ih1

K1� Ih1 � 
 1 K
(34)

and �fi�t� are some exponentially decaying functions satisfying��� �fi�t�
��� � �Ci exp���
 i t� (35)

for some positive constants �Ci � �
 i , i � 1� 2� 3� 4� see equation 26.
By using equation 32 in equation 2, by utilizing the techniques presented in Appendix B

(see e.g. equations 73 and 75), it can be shown that, similar to equations 24 and 27, we obtain
the following inequalities for the measured base torques � b1 and � e1:


 � e1 
� Ce1 exp���e1t�� 
 � b1 
� Cb1 exp���b1t�	 (36)

Here, Ce1� Cb1� �e1� �b1 are some positive constants� see also the discussion after equa-
tion 23, Baruh (1999, Section 11.4), Hattori et al. (1997) and Appendix B.

By using equations 24, 25, 26, 27, 32, 35 and 36 in equation 21, we obtain

�V � Ih1

		

�1

	

�1 � 2
		

�1
d
		

�1

dt
� h�t�

� � �Ih1 � 2K �2� �2
1d K �3 exp��2K �t�� h�t�� (37)

where K � is given by equation 34 and h�t� is an exponentially decaying function satisfying


 h�t� 
� Ch exp��
 ht� (38)
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for some positive constants Ch� 
 h� see equation 26. Since the right-hand side of equation 37
is integrable, it follows that

V �t� � M� � t � 0� (39)

where M � 0 is a constant depending on initial conditions. Moreover, from equation 37, it
also follows that

lim
t
�

�V �t� � 0	 (40)

We note that equation 39 shows that the solutions of the closed-loop system, if they
exist, remain bounded, which can be used to prove the stability of the closed-loop system.
On the other hand, equation 40 could be used to prove the asymptotic stability of the closed-
loop system, by employing LaSalle’s invariance principle extended to infinite-dimensional
systems. The proof of existence, uniqueness and asymptotic stability of the solutions for the
closed-loop system requires some rather lengthy calculations, and is given in Appendix B to
improve the readability of the paper.

4. SIMULATION RESULTS

4.1. PDE Model Case 1

The proposed control scheme is tested with the simulation program implemented in MAT-
LAB. The PDEs are discretized in the space domain by the finite-difference method to obtain
ODEs at each of the nodes. Then, the ODEs are solved numerically. Instead of dealing with
the complexity of the fourth order derivative approximation, the second order derivative ap-
proximation has been used with the help of auxiliary states. Those states are more meaning-
ful in a real problem as well, since they correspond to physical variables such as deflections,
velocities and bending moments� see e.g. Abhyankar et al. (1993). However, the number of
ODEs to solve and the computation time are increased as a trade-off of the robust stability
of the numerical scheme. The parameters used in the model for the system 2–10 are listed in
Table 1� see Remark 4.1. The simulation results for PDE case 2 are presented in Figures 2–7.

4.2. PDE Model Case 2

In the second part of the simulations as PDE case 2, the proportional gain, K , in the parallel
controller given by equation 18 has been increased from K � 9 to K � 21. To test the
robustness to parameter changes, tip mass mt1 for link 1 and tip mass mt2 and hub mass mh2

for link 2 have been changed at the fifth second� see Table 2. The simulation results for
PDE case 2 are presented in Figures 8–15. The step changes in masses did not affect the
performance of the controller very much, as can be seen from the simulation results.

We observe that tip deflections of links become smaller by increasing K , as time re-
sponses exhibit smoother transitions than the ones for the PDE case 1.



ON THE CONTROL OF TWO-LINK FLEXIBLE ROBOT ARM 629

Table 1. Parameters of the flexible arm.
Parameter Value
Length of links l1 � 0	5 m, l2 � 0	6 m
Time step �t � 3e � 5 sec
Spatial steps �x1 � l1�20,�x2 � l2�20
Young’s modulus, E 70 GPa
Density, � 2742 kg m�3

Thickness of links (m) c1 � 0	003175, c2 � 0	00238
Maximum height for tapering b0 � 0	0654 m
at the root of the link
Linear slope for tapering a1 � 0	04
Hub inertias (kg m2) Ih1 � 0	0055, Ih2 � 0	0068
Tip inertias (kg m2) It1 � 0	0139, It2 � 0	00024
Hub mass (kg) mh2 � 0	678
Tip mass (kg) mt1 � 0	981, mt2 � 0	204
�1d (desired) ��2 rad
�2d (desired) ���2 rad
K1 � 0	007, K2 � 0	01 � � 600, 
 � 800

 1 � 1e � 3, 
 2 � 1e � 4 K � 9

Figure 2. Bending strain at the end of the link 1.
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Figure 3. Bending strain at the end of the link 2.

Figure 4. Joint angle of the link 1.
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Figure 5. Joint angle of the link 2.

Figure 6. Control torque of joint 1.
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Figure 7. Control torque of joint 2.

Table 2. Tip and hub mass variation for PDE case 2.

Parameter Value
Hub mass (0–5 sec) (kg) mh2 � 0	678
Tip mass (0–5 sec) (kg) mt1 � 0	981, mt2 � 0	204
Hub mass (5–10 sec) (kg) mh2 � 0	378
Tip mass (5–10 sec) (kg) mt1 � 0	481, mt2 � 0	704
Proportional gain K � 21

Although the control setup in the previous section is given for links that can have any
kind of variable cross section, in this particular simulation rectangular cross sections of given
uniform thickness are used. For small values of tip mass and tip inertia moment relative to
the ones for a beam, the optimum shape is approximately a linearly tapered beam� see
e.g. Wang et al. (1992). Therefore, the height bi�x�, density �i�x� and cross-sectional area
moment Ii�x� at any point can be calculated with the parameters given in Table 1, such as

bi�x� � b0 � 2li a1 � 2�li � x�a1�

� i�x� � � bi�x� ci �

Ii�x� � bi�x� c3
i �12	

The simulation results are presented in Figures 2–7. Smooth time histories of all vari-
ables of interest without overshoot show the effectiveness of the controller performance es-
pecially with such demanding desired positions (�1d � ��2 and �2d � ���2).
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Figure 8. Bending strain at the end of the link 1 – PDE model case 2.

Figure 9. Bending strain at the end of the link 2 – PDE model case 2.
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Figure 10. Joint angle of the link 1 – PDE model case 2.

Figure 11. Joint angle of the link 2 – PDE model case 2.
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Figure 12. Joint angular velocity of the link 1 – PDE model case 2.

Figure 13. Joint angular velocity of the link 2 – PDE model case 2.
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Figure 14. Control torque of joint 1 – PDE model case 2.

Figure 15. Control torque of joint 2 – PDE model case 2.
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Comparing the time responses for the FEM case in Dogan and Istefanopulos (2007) with
the simulation results for PDE cases, it is observed that the required control energy in the
PDE cases is much less than the one in the FEM due to the exactness of the PDEs. Also,
PDE responses are smoother than the ones in the FEM approach, and have no overshoot or
no chattering for all states. However, the FEM approach may yield high performance for
real-time controller implementation, and is known to be extendible to the multi-link case
easily� see e.g. Dogan and Istefanopulos (2007) and also Remark 2.1.

Remark 4.1. Numerical setup, tapering and controller parameters are given in Dogan (2006).
Link geometry, mass and inertia parameters are given in Zhang’s experimental work� see
e.g. Zhang et al. (2005). We assumed that the links are aluminium alloy� hence, the Young’s
modulus and densities are chosen accordingly� see e.g. Hibbeler (2003).

Remark 4.2. We first note that experimental results on multi-link flexible systems are quite
few in the literature due to the very complex nature of both the theoretical analysis and practi-
cal problems� notable exceptions are the works of Luo (1993), in which a single link is used,
and Zhang et al. (2005), in which two links are used. The majority of the work on flexible
structures which uses the PDE approach relies on numerical simulations for verification, as
in our paper. We note that PDE approaches to model flexible structures are usually consid-
ered as better approximations to the physical nature of such systems as compared to ODE
approaches� see e.g. Meirovitch (2001), Wang et al. (2003), Morgül (1991) and Guo (2002).
Moreover, numerical simulations for their verification can be considered as a natural ap-
proach due to their complexity. We note that accurate simulation of a nonlinear PDE is itself
a very complex problem and there are various works in the literature which are devoted to
this subject� see e.g. Greenspan and Casulli (1988) and Chari and Salon (2000). Also, note
that all of the techniques for the simulation of nonlinear PDEs (e.g. the FEM) utilize an
appropriate conversion of PDEs to nonlinear ODEs and to the simulation of these ODEs.
However, choosing discretization time and space steps requires special attention since they
play an important role in getting meaningful simulation results� see e.g. Greenspan and Ca-
sulli (1988), Chari and Salon (2000) and Abhyankar et al. (1993). We also note that in
this work we mainly consider nonuniform cross sections for the flexible links. Despite the
fact that such links have some advantages over uniform links, they are seldom considered in
the literature due to the resulting theoretical difficulties. One important reason to utilize a
nonuniform flexible link is the fact that it increases the system bandwidth� see e.g. Moallem
et al. (2000) and Wang et al. (1992). As a consequence, this may increase the system per-
formance (e.g. it may result in a smaller settling time). The controller proposed in our work
is, in our opinion, simpler in form than the ones proposed in similar works� see e.g. Zhang
et al. (2005). Also, note that while at the ends of the links the strain feedback is used in
the literature, see e.g. Zhang et al. (2005), in addition to these terms we also utilize accel-
erations. In our opinion, such terms could be measured effectively with newly developed
high-performance accelerometers. Finally, while the damping terms are introduced in most
of the models considered in the literature, see e.g. Zhang et al. (2004) and Zhang et al.
(2005), such terms are not included in our model.
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5. CONCLUSIONS

In this paper, we considered both the modeling and the control of a two-link flexible arm with
variable cross section. The physical configuration which we considered is given in Figure 1.
For the modeling, we used the PDE approach which is known to yield more accurate results
as compared to finite-dimensional, e.g. ODE or FEM, approaches. The basic equations of
motion are obtained by using Hamilton’s principle. Then, we designed a control law based
on the Lyapunov approach and stability proofs are based on LaSalle’s invariance principle
extended to the infinite-dimensional case� see e.g. Luo et al. (1999). We note that, in the
proof of our main stability result, the infinite dimensionality of the system considered in this
paper has been retained as opposed to other energy-based approaches used for the multi-
link robot arms in the literature. In the majority of these latter works, a finite-dimensional
ODE approximation of the original PDE is used and this approach is known to have many
disadvantages� see Remark 2.1. We also presented some simulation examples, which show
the robustness of our method with respect to parameter variations.

The present work could be extended in various ways. One natural extension is to consider
PDE modeling of a multi-link flexible arm case. However, such an extension by using the
PDE approach might result in a highly complex set of equations. Robustness results could
also be proven more rigorously. Also, adaptation of the proposed controller with respect to
external unknown disturbances may be a possible extension. However, these points require
and deserve further investigation.

A. PROOF OF DECOUPLING

If the dominant part of the control laws 16–17 is substituted into equations 4–5, then we
obtain

		

� i � � �� i�li � t�

li
� Ki

�
�
	

� i � 
�� i � � id�


� (41)

where i � 1� 2. Let us define � e � � i�� id � then we observe that
	

� e �
	

� i ,
		

� e �
		

� i . Applying
the Laplace transform to equation 41 with the zero initial conditions, we then obtain

� i�s�� � id

s
� ��� �� i�li � t��

Ki
li

Ki
�
s2 � Ki�s � Ki


� �
� i�s�� � id

s
� ��� �� i�li � t��

Ki
li
L p�s�� (42)

where i � 1� 2 and L p�s� is the well-known second-order low-pass filter transfer function
with the natural frequency �ni � �Ki
 and the damping ratio � i � �

�
Ki�4
. Then, the

bandwidth of the low-pass filter can be calculated, see e.g. Kuo (1992) and Kuo (1991), such
that
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�Bi � �ni

�
�1� 2� 2

i ��
�

4� 4
i � 4� 2

i � 2

� 1
2

�

where �Bi can be adjusted to a small value less than 1�5 of the fundamental vibration fre-
quency by choosing the convenient controller parameters (Ki � �� 
). The minimum funda-
mental vibration frequency for both links can be approximated as, see e.g. Guo (2002) and
Hartog (1985),

�fmin �
�

3	03E Imin

l3
2 mt2

	

This formula has been verified in the FEM approach for nonlinear cases and e.g. � fmin �
9	7 rad/sec, and also �B1 � 1	8 rad/sec and �B2 � 1	6751 rad/sec are designed for simula-
tion studies with the parameters in Table 1. Note that �� i�li � t� will have the same harmonics
with the vibration modes due to undamped equations 2 and 3� see Remark 4.2. Therefore,
its frequency spectrum cannot include lower frequency harmonics than the fundamental one
and starts with � fmin� see e.g. Guo (2002, Proposition 2.3) and also Meirovitch (2001, Ch.
8). Hence, the amplitude of the right-hand side of equation 42 becomes zero. Thus, we get
� i�� id � 0 by inverse Laplace transformation of the left-hand side of equation 42 and hence
	

� i � 0 as well. Consequently, equation 41 can be simplified further, such as

		

� i � � �� i�li � t�

li
	 (43)

Since
		

� i , �� i ,
	

� i and �� i are continuous in time with zero initial conditions, time integration
of equation 43 will give the following result:

	

� i � � �� i�li � t�

li
	 (44)

Applying equations 43 and 44 to the system 2–10, we obtain

��1 � �E I1�x1��1xx�xx

�1�x1�
� �x1

		

�1� (45)

��2 � �E I2�x2��2xx�xx

�2�x2�
� �x2

		

�2� (46)

l1

		

�1 � � ��1�l1� t�� (47)

l2

		

�2 � � ��2�l2� t�� (48)

�� b2 � � e1 � Ih2 [
		

�1 �
		

�2]� It1 [
		

�1 � ��1x�l1� t�] � 0� (49)�
�E I2�x2��2xx�x

�
x2�l2

� 0� (50)
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where the main equations 2–5 are replaced with equations 45–48 and the new set of bound-
ary conditions will be equations 49, 50 and 10. This new system 45–48, with very simple
boundary conditions, is linear and decoupled, as shown above.

B. PROOF OF ASYMPTOTIC STABILITY

In order to initiate the stability analysis, equations 2–5 should be rewritten in the new vari-
ables as follows:

z � [z1 z2 z3 z4 z5 z6 z7 z8]T (51)

� [�1 ��1 �2 ��2 �1 � �1d

	

� 1 �2 � �2d

	

�2]T 	 (52)

The system 2–5 can be decomposed to linear and nonlinear parts separately, see Morgül
(1991), such as

�z � A z � f �z�� (53)

where A represents an infinite-dimensional linear operator and f represents a nonlinear op-
erator. For the definitions, the notation and the terminology used in this section, the reader
is referred to e.g. Luo et al. (1999).

We first define the following Hilbert space:

H 2
E�0� li� � �� i � H 2�0� li� 
 � i�0� � � i x�0� � 0�� (54)

Hi � H 2
E�0� li�� L2�0� li�	 (55)

Next, we define an inner product induced norm as

��� i � gi��2
Hi
�
� li

0

�
� i�x� 
gi�x�
2 � E Ii�x� 
� i xx�x�
2

�
dx (56)

for i � 1� 2 and for all �� i � gi� � Hi � see e.g. see e.g. Guo (2002). Let us define the operator
Ai : D�Ai��� Hi�
 Hi as

Ai�� i � gi� �
�

gi �
�1

� i�x�
�E Ii�x�� i xx�x��xx

�
� (57)

D�Ai� � ��� i � gi� � �H 2
E � H 4�� H 2

E�� (58)

where A�1
i is a compact operator on Hi � see e.g. Guo (2002, Lemma 2.1). We also define the

function spaces �H and �D as follows:

�H � H1 �H2 �R�R�R�R� (59)
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�D � D�A1�� D�A2��R�R� R�R	 (60)

By using the set of equations 2–10 and integration by parts, we can express the linear operator
A : �H 
 �H and the nonlinear operator f : �H 
 �H in equation 53 as follows:

A �

����
A1 02�2 01�4

02�2 A2 B1

04�2 04�2 B2

���� � (61)

f �z� �

��������������������������

0

�x1 W1 � x1

It1
�� e1 � � b2 � � e2�

0

�x2 W2 � x2

It1
�� e1 � � b2�� x2

Ih2 � It1

Ih2 It1
� e2 � f0

0

W1 � 1

It1
�� e1 � � b2 � � e2�

0

W2 � 1

It1
�� e1 � � b2�� Ih2 � It1

Ih2 It1
� e2

��������������������������

� (62)

where A1� A2 are given in equation 57� � ei � � bi are defined by equations 11 and 12 and
B1� B2�W1�W2� f0 are given below:

B1 �

�������
0 0

x1 Ih2
�


Ih2 � It1

x1 Ih2��
Ih2 � It1

0 0 0 0

0 0 �x2
�
 �x2��

������� � (63)

B2 �

���������

0 1 0 0

0 0
�Ih2

�

Ih2 � It1

�Ih2��
Ih2 � It1

0 0 0 1

0 0 �
 ��

���������
� (64)

W1 � Ih2


 2 It1

�E I2�x2��2xx�xx

l2 �2�x2�

x2�l2� (65)
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W2 � Ih2 � It1

�
 2 It1

�E I2�x2��2xx�xx

l2 �2�x2�

x2�l2� (66)

f0 � cos �2

�
K1l1��

	

�1 � 
��1 � �1d�� (67)

� 
 1l1

Ih1
�� b2 � � e2 � K

	

�1�

�
� 	

�2 sin �2

�
��1�l1� t�� l1

	

�1

�
� (68)

�
 � Ih2 � It1


 2 It1
K2 
� �� � Ih2 � It1


 2 It1
K2 �	 (69)

We note that B1� B2 are finite-dimensional linear bounded operators, f �0� � 0 and f �z�
is a differentiable function on �H.

Theorem B.1. Consider the system given by equation 53, where various operators, functions
and spaces are defined in equations 51–69. Then,

i. The operator A generates a C0 semigroup T �t� in �H.
ii. For any z�0� � �D, there exists a unique (classical) solution z�t� of equation 53 for t � 0�

moreover, z�t� � �D.
iii. For any z�0� � �D, we have limt
� z�t� � 0, i.e. the closed-loop system is asymptoti-

cally stable.

Proof: we note that for the standard terminology on semigroups, the reader is referred to
e.g. Luo et al. (1999).

i: It can be easily shown that Ai generates a C0 semigroup T �t� in Hi , i � 1� 2� see
e.g. Guo (2002)) and Luo et al. (1999). Since B1 and B2 are bounded linear operators,
it then easily follows that A generates a C0 semigroup T �t� in �H� see e.g. Luo et al.
(1999).

ii: Since f ��� is a differentiable function on �H, it follows easily from i that, for any z�0� ��D, there exists a Te � 0 such that equation 53 has a unique (classical) solution z�t� � �D
for t � [0� Te�. However, since by equation 39 the solutions are bounded, it follows
easily that local solutions can be extended to global solutions, i.e. we can take Te � ��
see e.g. Luo et al. (1999).

iii: Since A�1
i are compact operators on Hi , i � 1� 2, see e.g. Guo (2002), and since B1

and B2 are bounded operators, it follows easily that �� I � A��1 is a compact operator
on �H for sufficiently large � � 0 (e.g. for � � ��)� see e.g. Guo (2002) and Luo et al.
(1999). It then follows that the bounded solutions are also precompact in �D � �H� see
e.g. Luo et al. (1999, Theorem 3.65, p. 162). It then follows that the �-limit set ��z�
of z�t� is nonempty, compact, invariant and z�t� 
 ��z� as t 
 �� moreover, ��z�
is the smallest set satisfying this property� see e.g. Luo et al. (1999, Theorem 3.61, p.
159). Moreover, since �V �t� 
 0 as t 
 �, see equation 40, we also have z�t� 
 �C
as t 
�, where
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�C � �z � �D 
 �V �z� � 0
�
	 (70)

see e.g. Khalil (2002, Theorem 8.4, p. 323) and the arguments following the proof. By
combining these, we conclude that z�t�
 �� � �C, where �� is the largest invariant set in�C. Now, as in the standard application of LaSalle’s invariance principle, to complete the
proof, we should show that �V � 0 implies that z � 0. If �V � 0 then �Wnc � 0, since
the power associated with nonconservative forces is equal to the time rate of change of
the total energy� see e.g. Meirovitch (2001, Section 1.3). For the system 2–10, we have

�Wnc � � 1��1 � � 2���2 � �1x�l1� t��	 (71)

Since ��1 and ���2 � �1x�l1� t�� are arbitrary nonzero variations, we obtain � 1 � 0 and
� 2 � 0. On the other hand, from the calculations given in Section 3, obviously we have
	

� i �
		

� i � 0, i � 1� 2, on the �-limit set� see e.g. equations 25, 30–32. Hence, from
equations 4, 22, 5 and 49, we obtain � bi � � ei � 0, i � 1� 2, on the �-limit set� see
equation 11. Similarly, by using these results, Appendix A and from equations 7 and 8, we
obtain �

�E Ii�xi��2xx�x
�

xi�li
� 0� i � 1� 2	 (72)

Hence, on the �-limit set equations 2 and 3 become

�1�x1� ��1 � �E I1�x1��1xx�xx � 0� (73)

�2�x2� ��2 � �E I2�x2��2xx�xx � 0	 (74)

It follows from the standard results that the solutions � i�x� t� of equations 73 and 74 can be
expressed by using separation of variables as

� i�x� t� � �i�x�e
�i t � i � 1� 2	 (75)

see e.g. Baruh (1999, Section 11.4). Here, the �i are nonzero complex eigenvalues and the
�i are eigenfunctions for equations 73 and 74. By using equation 75 in equations 73 and 74,
we obtain

�2
1 �1�x1� �1�x1�� d

dx2
1

�
E I1�x1�

d

dx2
1

�1�x1�

�
� 0� (76)

�2
2 �2�x2� �2�x2�� d

dx2
2

�
E I2�x2�

d

dx2
2

�2�x2�

�
� 0	 (77)

see e.g. Baruh (1999). One can define �i�x� as

�i�x� � pi�x�ri�x��
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where pi�x� � ai x4�bi x3�ci x2�di x�ei and ri�x� is a possibly nonlinear function which is
fourth-order differentiable at least and satisfies the conditions such that ri�0� �� 0� ri�li� �� 0.
By taking the derivatives, we obtain

�i x�x� � pix�x�ri�x�� pi�x�rix�x��

�i xx�x� � pixx�x�ri�x�� 2pix�x�rix�x�� pi�x�rixx�x��

�i xxx�x� � pixxx�x�ri�x�� 3pixx�x�rix�x�� 3pix�x�rixx�x�� pi�x�rixxx�x�	

By using the boundary conditions in the �-limit set as given above, we obtain

�i�0� � 0 from equation 10�

�i x�0� � 0 from equation 10�

�i xx�0� � 0 from � bi � 0�

�i�li� � 0 from equations 45 to 48� 76 and 77�

�i x�li� � 0� see Remark 2	2�

�i xx�li� � 0 from � ei � 0�

�i xxx�li� � 0 from equation 72	

Note that the first three equations given above imply that ci � di � ei � 0. Then, by
using any two of the remaining equations, one can easily obtain ai � bi � 0. Hence, we
have �i�x� � 0. From equation 75 it then follows easily that the only possible solution
of equations 73 and 74 on the �-limit set is the trivial solution, i.e. � i�x� t� � 0. By
combining this result with equations 25, 30–32, we conclude that the only possible solution
of equation 53 on the �-limit set is the trivial solution, i.e. z � 0. The asymptotic stability
result now follows from LaSalle’s invariance principle� see e.g. Luo et al. (1999, Theorems
3.61 and 3.64).

C. KINETIC AND POTENTIAL ENERGIES

In order to derive the PDE model, kinetic and potential energy expressions for the robot arm
are given below (Zhang et al., 2005):

T1 � 1

2

� l1

0
�1�x1�

�
x1

	

�1 � ��1

�2
dx1�
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T2 � 1

2

� l2

0
�2�x2�

��
l1

	

�1 � ��1�l1� t�
�

cos��2�� x2

	

�2 � ��2

�2
dx2

� 1

2

� l2

0
�2�x2�

��
l1

	

�1 � ��1�l1� t�
�

sin��2�
�2

dx2�

T3 � 1

2
Ih1

	

�
2

1�

T4 � 1

2
It1

� 	
�1 � ��1x�l1� t�


2 � 1

2
mt1

�
l1

	

� 1 � ��1�l1� t�
�2
�

T5 � 1

2
Ih2

� 	
� 1 �

	

�2


2 � 1

2
mh2

�
l1

	

�1 � ��1�l1� t�
�2
�

T6 � 1

2
It2

� 	
�1 �

	

� 2 � ��2x�l2� t�

2 � 1

2
mt2

��
l1

	

�1 � ��1�l1� t�
�

sin��2�
�2

� 1

2
mt2

��
l1

	

�1 � ��1�l1� t�
�

cos��2�� l2

	

�2 � ��2�l2� t�
�2
�

where T1 and T2 are the kinetic energies of link 1 and link 2, respectively� T3 is the kinetic
energy of hub 1 or the base joint� T4 is the kinetic energy of the tip mass at the end of link 1�
T5 is the kinetic energy of hub 2� T6 is the kinetic energy of the tip mass at the end of link 2
and the total strain potential energy can be expressed as (Zhang et al., 2005)

Vs � 1

2

� l1

0
E I1�x1� �

2
1xx dx1 � 1

2

� l2

0
E I2�x2� �

2
2xx dx2	
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