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Abstract. In the Dual-Primal FETI method, introduced by Farhat et al. [5], the domain is
decomposed into non-overlapping subdomains, but the degrees of freedom on crosspoints remain
common to all subdomains adjacent to the crosspoint. The continuity of the remaining degrees of
freedom on subdomain interfaces is enforced by Lagrange multipliers and all degrees of freedom are
eliminated. The resulting dual problem is solved by preconditioned conjugate gradients. We give
an algebraic bound on the condition number, assuming only a single inequality in discrete norms,
and use the algebraic bound to show that the condition number is bounded by C(1 + log?(H/h)) for
both second and fourth order elliptic selfadjoint problems discretized by conforming finite elements,
as well as for a wide class of finite elements for the Reissner-Mindlin plate model.

1. Introduction. This article is concerned with convergence bounds for an it-
erative method for the parallel solution of symmetric, positive definite systems of
linear equations that arise from elliptic boundary value problems discretized by finite
elements. The original Finite Element Tearing and Interconnecting method (FETT)
was proposed by Farhat and Roux [9]. The FETI method consists of decomposing
the domain into non-overlapping subdomains, enforcing that the corresponding de-
grees of freedom on subdomain interfaces coincide by using Lagrange multipliers, and
eliminating all degrees of freedom, leaving a dual system for the Lagrange multipli-
ers. The dual system is solved by preconditioned conjugate gradients with a diagonal
preconditioner. Evaluation of the dual operator involves the solution of independent
Neumann problems in all subdomains, and of a small system of equations for the
nullspace component.

Farhat, Mandel, and Roux [8] recognized that this system for the nullspace com-
ponents plays the role of a coarse problem that facilitates global exchange of infor-
mation between the subdomains, causing the condition to be bounded as the number
of subdomains increases. They also replaced the diagonal preconditioner by a block
preconditioner with the solution of independent Dirichlet problems in each subdo-
main and observed numerically that this Dirichlet preconditioner results in a very
slow growth of the condition number with subdomain size. Mandel and Tezaur [14]
proved that the condition number grows at most as C(1 + log(H/h))?, where H is
subdomain size and h is element size, both in 2D and 3D. Tezaur [20] proved that a
method by Park, Justino, and Felippa [17] is equivalent to the method of [9] with a
special choice of the constraint matrices, and proved a C(1 + log(H/h))? bound for
this variant. For further comparison, see Rixen et al. [19].

Klawonn and Widlund [10] have used preconditioned conjugate residuals to solve
a saddle problem keeping both the original degrees of freedom and the Lagrange
multipliers, and obtained the asymptotic bound C(1+ log(H/h))? using an extension
of the theory of [14]. The saddle point approach has the advantage that approximate
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solvers can be used for both the Neumann and the Dirichlet subdomain problems,
at a cost of solving a larger indefinite problem instead of a small positive definite
problem. In [11], Klawonn and Widlund have proposed new preconditioners, proved
uniform bounds for modifications of the method for the case of coefficient jumps,
which include an earlier algorithm of Rixen and Farhat [18], and provided further
theoretical insights.

The original method of [9, 8] does not converge well for plate and shell problems,
and the existence and the form of the coarse space depend on the singularity of the
subdomain matrices. Therefore, Mandel, Tezaur, and Farhat [15] and Farhat, Mandel,
and Chen [7] proposed to project the Lagrange multipliers in each iteration onto an
auxiliary space. With the auxiliary space chosen so that the corresponding primal
solutions are continuous at the crosspoints, it is possible to prove that the condition
number does not grow faster than C(1+ log(H/h))? for plate problems [15], and fast
convergence was observed for plate [7] as well as shell problems [4]. This method is
now called FETI-2. For related results for symmetric positive definite problems, see
[6, 19] and references therein.

The subject of this paper is the Dual-Primal FETI method (FETI-DP), intro-
duced by Farhat et al. [5]. This method enforces the continuity of the primal solution
at the crosspoints directly in the formulation of the dual problem: the degrees of
freedom at a crosspoint remain common to all subdomains sharing the crosspoint and
the continuity of the remaining degrees of freedom on the interfaces in enforced by La-
grange multipliers. The degrees of freedom are then eliminated and the resulting dual
problem for the Lagrange multipliers is solved by preconditioned conjugate gradients
with a Dirichlet preconditioner. Evaluating the dual operator involves the solution of
independent subdomain problems with nonsingular matrices and of a coarse problem
based on the subdomain corners. The advantage of this method is a simpler formu-
lation than those of [15, 7]; there is also no need to solve problems with singular
matrices, and the method has been observed to be significantly faster in practice for
2D problems. However, the design of a good 3D variant of the method is an open
problem [5].

In this paper, we prove that the condition number of the FETI-DP method with
the Dirichlet preconditioner does not grow faster than C(1 + log(H/h))? for both
second order and fourth order problems in 2D. By spectral equivalence, the result
for fourth order problems extends to a large class of Reissner-Mindlin elements for
plate bending as in [12, 13, 15]. After few initial definitions, which are substantially
different, the analysis is related to that in [14, 15]. Just as the formulation of the
present method is simpler, the analysis is simpler and more elegant than in [14, 15].

The paper is organized as follows. Notations and assumptions are introduced in
Section 2. In Section 3, we review the algorithm from [5]. Section 4 gives algebraic
condition number estimates; these estimates apply to partitioning of any symmetric
positive definite system, not necessarily originating from partial differential equations.
Finally, in Section 5, we prove polylogarithmic condition number bounds for two model
problems of second and fourth order.

2. Domain partitioning, notations, and assumptions. We are concerned
with iterative solution of symmetric, positive definite linear algebraic systems. Parti-
tioning of the system is motivated as follows. Let © be a domain in %2 decomposed
into N, non-overlapping subdomains Q', Q2, ..., Qs and where each of the subdo-
mains be a union of some of the elements. Let u® be the vector of degrees of freedom
for the subdomain ° corresponding to a conforming finite element discretization of

2



a second order elliptic problem or a fourth order plate bending problem defined on 2.
Let K° and f® be the local stiffness matrix and the load vector associated with the
subdomain Q°. We denote the edges of the subdomains by I'** = 9Q° N 9Q¢. Corners
are endpoints of edges.

The subdomain vectors are partitioned as

(2.1) u’ = | u

where u; are the values of the degrees of freedom in the subdomain interior, v} the
values of the degrees of freedom at the corners of the subdomain, and u; are the
remaining values of the degrees of freedom, i.e. those located on the edges of the sub-
domains between the corners. The subdomain matrices are partitioned accordingly,

Ky K. K
(2.2) K*=| K5 K: K

rr rc

K: K K;
We use the block notation
ut K!
u=|: and K = diag(K®) = )
uNs KNS

The block vectors u;, u. and u, of all internal, all corner, and all remaining degrees
of freedom, respectively, are then defined similarly,

u; Ue Uy
u = | : y Ue= | ¢ , and u, =
N, N N,
u; uy'® Uup'®

Vectors of values of degrees of freedom on the whole 9€2° and the corresponding block
vectors will be written as

Let the global to local map be a 0 — 1 block matrix
Ll

L= :

LNs

For a global vector of degrees of freedom u9, the vector of degrees of freedom corre-
spoding to ° is L*u9. The problem to be solved is then given by subassembly,

(2.3) LTKILu = L.

Note that ImL is the space of all vectors u that are continuous across the subdomain
interfaces and that L is of full column rank.
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We assume that each matrix K* is symmetric positive semidefinite and that K*
is positive definite on the subspace of vectors that are zero at the subdomain corners,
{u*|lu$ = 0}. We also assume that the global stiffness matrix LT KL is positive
definite, or, equivalently, that K is positive definite on ImL. These assumptions are
satisfied in the intended finite element applications.

3. Formulation of the algorithm. In this section, we review the algorithm
proposed in [5] in a form suitable for our purposes.
The degrees of freedom from both sides of each edge I'** should coincide,

(3.1) ulpee = ullpe = 0.

In (3.1), each pair of subdomains {s, ¢} is taken only once, with the order (s,t) chosen
arbitrarily. We write the constraints (3.1) as

Byu, =0, B,=[B.,...,BY].
Note that it follows immediately from the definition of B, that
(3.2) B.BI =2r
and, for any edge I'*?,
(3.3) (BT Byuy)|pee = *(u

t
st — ur|1‘3t)'
Let L. be a matrix with 0,1 entries implementing the global-to-local map at the
subdomain corners. That is, the equation
%
Ue = Lcugy Lc = 5

LY:

C

determines the common values of the degrees of freedom at the subdomain corners
from a global vector u9.

From the construction, the space of all vectors of degrees of freedom continuous
across the interfaces can be written as

ImL = {u|Byu, = 0,u, € ImL_}.

The problem (2.3) is reformulated as the equivalent constrained minimization problem

1
EuTKu — ! f — min,
subject to B,u, = 0 and u, = L.u? for some uZ,

which is in turn equivalent to finding the stationary point of the Lagrangean
S

1 )

L(wiyup,udy N) = §’UTKU — ol f+ul' BTN, v=[], o= u

Liug

Eliminating ], v}, and u¢ from the Euler equations, we obtain a dual system of the
form, cf. [5, Eq. (14)],

(3.4) Fi=g,
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and solve it using the preconditioned conjugate gradients method with the precondi-
tioner

(35) M = BT‘STTB??
where
(3.6) Spp = diag(S5,), S5, =K, — K5L,K5 K.

For details of the implementation and numerical results, see [5].

4. Algebraic bounds. In this section, we prove bounds on the condition num-
ber of the iterative method defined by Egs. (3.4) and (3.5). Denote ||u|| = VuTu and,
for a symmetric positive semidefinite matrix A, denote the induced matrix seminorm
lula = VuT Au = ||[A2u||. If A is known to be positive definite, we write ||u4
instead or |u|4, because the seminorm is then known to be a norm.

From the minimization property of the Schur complement, we immediately ob-
tain the following lemma, which characterizes the bilinear form associated with the
preconditioner.

LEMMA 4.1. The matriz S,, satisfies ul- S.,u, = min{v* Kv|v, = u,,v. = 0}.

The next lemma gives a more specific description of the matrix of the dual equa-
tion (3.4).

LEMMA 4.2. The system matriz from (3.4) is given by F = B.S™ BT, where the
positive definite matriz S is defined by

(4.1) ufS’u, = min{v'Kv|v, = u,,v, € ImL.}.
Proof. Let
L(up, A) = min £(u;, tr, uf, A)
Then,
_ 1 o
(4.2) L(up, \) = §uf5ur +ul BEXA —ul'h,,

with some h,. Minimizing over u,, we get u, = g_l(hr — BI')). Substituting u,
into (4.2) and varying A gives (3.4) with F = B,S~'B7. 0

We can now characterize the norm induced by the dual matrix F'.

LEMMA 4.3. The matriz F satisfies the property

TBT)\ 2
(4.3) AT F) = max H
e

Proof. From Lemma 4.2,

N T§-1/2RBT y|2
ATFA = ||S~Y2BT )2 = max M
w0 Jw

The substitution w, = $/2v, yields (4.3). O
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Let V = RP be the space of Lagrange multipliers. In this space, define the norm

lellv = I1BF ulls...

and also the dual norm,
ED)
(4.4) Ay = max AL
n20 |pllv
Since V = ImB,., substituting 1 = B,w,, we can rewrite (4.4) as
|lwl BT \|

4.5 My = —
) Ml = %0 BT B, s,

The main result of this section is the following theorem, which gives a bound on
the minimal and maximal eigenvalues of the preconditioned operator M F'.
THEOREM 4.4. If there exists a constant ¢ such that for all w,,

IBF Byw, |3, < cillwe]|%,
then

Amaz (MF) _ ey
— 4 .

Proof. The proof is based on a comparison of (4.5) and (4.3). Using Lemma 4.3,

the substitution v, = BI B,w,, and the property (3.2), we find that

TBTA2 TBT)\Z TBT)\Q
ATF)\ = max M > max M =4 max %
vt [Jop[[% o#v,emBL B, |[vr[1% Brw.#0 || B Byw, [|%

Since, by definition, || B} Byw,||% < || B} Brwy||% , we conclude, comparing with (4.5),
that

MNEX > 4|3
On the other hand, from the assumption, we obtain

TBT)\2 TBT)\
|wr r | < ¢ max |wr T —l :ClH)‘H%/’

ATF)\ = max
- B,w,#0 HBzBer”STT‘

BB Tl
We can conclude that
(4.6) IAZ S XTFAS AR, e =4
Trivially from the definition of M and the norm in V, we have ||u||?, = u¥ Mpu, hence
(4.7) callully < 1TMp < cslllly, ez =ea=1.

By [14, Lemma 3.1], it follows from the inequalities (4.6) and (4.7) that



We now show how to verify the assumption of Theorem 4.4 from inequalities
which are of a form more common in iterative substructuring studies and which are
easier to obtain for boundary value problems.

Denote by E%! the operator that extends the vector of values of degrees of freedom
on I'**, excluding the corners, by zero entries to a vector of values of degrees of freedom
on all of 9%, and let £° be the set of all indices of neighbors Q! of the domain °,
with a common edge I'**. Denote by S¢ the Schur complement on 9Q° obtained by
eliminating the interior degrees of freedom of °, i.e.,

sT qos, s __ . sT yrs s|..§ __ .S
u® S*u® = min{v®” K*v®lv . = u; }.

Our estimate is based on an a-priori bound of the error of approximating a vector
of interface degrees of freedom that is continuous at the corners by a vector that is
also continuous across the edges. In the applications in Sec. 5, the approximating
vector will be chosen as the natural interpolation from the corners to the edges.

THEOREM 4.5. Suppose there is a constant ca such that for every wy ., such that
we € ImL,, there exists a vector u, such that Byu, =0 and, for all s and allt € £%,

(4.8) |E*H(w), — up)|§e < colw) [&s, 0= s,t.
Then,
Amaz (M F) <
————= < canle,
Amin(MF) = 7

where ne is the mazimum number of the edges of any subdomain.
Proof. Let w, be given and define w, as the optimal corner degrees of freedom
given by the definition of S, cf. (4.1). Then

N
(4.9) lwrllE =D lwp o2
s=1

Let u; be as in the assumption of the theorem. Then B,u, = 0, and, consequently,
B B,w, = BT B, (w, — u,).
Extending BI B,w, by zero values at all corner degrees of freedom, we get using the

definition of S,.., cf., (3.6), that

2
S

N,
(4.10) 1B Byw, %, = > lv5.
s=1

where

S

v¥ = (BI'By(w, —u,)) , vi=0.

C

Using the definition of E%?, we have

s s,t s
Up e = E Bt
te&s
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Hence, from the triangle inequality, and then using the property (3.3) of B, and the
triangle inequality again, it follows that

|Ui,c|ss < Z |Es,tvf,c|ss
teés

< > (1B (w) —w)lse + B> (w) —uf)]s:) -
tegs

Squaring the last inequality, using the inequality (a+b)? < 2(a?+b?), and the a-priori
bound (4.8) yields

?95 S 262 Z (|w75",c

tegs

|vi,c ?S'S + |w7t",c‘%'t) .

By summation over the subdomains and using (4.10) and (4.9), we can conclude that

N N
||B7TBrwr”%M = Z |Uﬁ,c|235 < 4eane Z |wic|%5 = 4C2ne||er2§~

s=1 s=1
Finally, we use Theorem 4.4. O

5. Applications. In this section, we verify the assumption of Theorem 4.5 for
two model problems. The Sobolev seminorm, denoted by |t|m, p,x, is the LP(X) norm
of the generalized derivatives of order m > 0 of the function u. The Sobolev norm is

then defined by ||u||m.p,x = || [|¢lo,p,x; - -+ |U|m,p,x] |ler. Sobolev norms for noninteger
m are defined by interpolation; cf., e.g., [2, 16] for details and references. We will be
using norms with p = 2 and p = +o0. In particular, |ulop x = [[ullop,x = [|ullzr(x),

and, on the boundary I' of a domain in $2,

2 u(z) — u(y)[?
1 = 7d$d .
220 /r/r |z —y[? Y

5.1. A second order elliptic problem. Consider the boundary value problem

|u

(5.1) Au=g in ©, u=0 on 09,
where
d
B Z 0 ov(x)
A= _z'j:1 O (0‘(33) Oz ) 7

with a(z) a measurable function such that 0 < ap < a(x) < a; a.e. in Q.

We assume that the model problem (5.1) is discretized using conforming P1 or Q1
elements and denote by Vhp 1(Q) the corresponding finite element space that satisfies
the usual regularity and inverse properties [2]. Let h denote the characteristic element
size. We assume that all functions in V,;F’*(Q) vanish on the boundary of £ and also
assume that each subdomain is the union of some of the elements. Denote the space of
restrictions of functions from V;F1(Q) to the subdomains by V;F'1(Q2#). For every vector
of degrees of freedom u®, denote by Ipju® the corresponding finite element function.
The trace of this function is determined by degrees of freedom on the boundary only
and we often abuse the notation to define the trace from the boundary values only.
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For simplicity, we assume that the subdomains Q°, s = 1,..., Ny form a quasi-
regular triangulation of the domain 2. Denote the characteristic size of the subdo-
mains by H. Finally, let C denote a generic constant independent of h and H. The
symbol ~ denotes equivalence of norms or seminorms, with constants independent of
h and H.

We start by writing a well known estimate by Bramble, Pasciak, and Schatz [1,
Lemma 3.5] in a form suitable for our purposes; cf., also Widlund [21, Lemma 3.3].

LEMMA 5.1. Let w € V,FY(Q®) such that w = 0 at the corners of QF, let wy, €
V,EL(Q®) be linear on all edges T'S' C QF, and, for each t € £%, let w* be defined by
wst = w on 't and w =0 on 9Q° \ T'*. Then,

H 2
Z |w® 2%,2,895 <C <1 + log F) w+ wL@vwﬂs'
tees

We are now ready for the main result.
THEOREM 5.2. For the model second order problem, it holds that

Amaz(MF) H\?
Amaz\ 7)o (1 4 1og 2
Amin (MF) —C( +log h) ’

where the C constant does not depend on H and h.

Proof. We only need to verify the assumptions of Theorem 4.5. For a given w;.,
define u, . by linear interpolation from we, i.e., Ipiu; . is linear on all edges of Q°,
and u. = we. Writing wy . = (Wyc — Urc) + Upr e, it follows from Lemma 5.1 that

H 2
[1p1 B> (w; — Ui)@,g,ags <C (1 + log ﬁ) |IP1wi,c|2%,2,8QS'

. . . . s s
Using the uniform equivalence of the seminorms ‘IPl'UT’C|%72’6Qs ~ |vp.lss, cf., eg.,
[1], and the uniform equivalence of the seminorms,

(52) "Ul%’laﬂs ~ |U|%,2¢GQ‘ ifv=0o0n00°U aQt \ FSt,

we obtain (4.8) with ¢ = C (1 + log %)2 The bound (5.2) follows from the fact that
the subdomains are shape regular. O

5.2. A fourth order problem. Consider a biharmonic boundary value problem
in a variational form: Find u € HZ(Q2) such that

(5.3) a(u,v) = f(v), Yo € HZ(Q),
where

a(u, ’U) = / O11ud11v + 2012u012v + O22udaov, Yu,v € HS(Q)
Q

Let the model problem (5.3) be discretized by reduced HCT elements [2]. We
use the same assumptions on the decomposition as in Section 5.1; in particular, the
subdomain edges are straight. Let VhH CT(Q) be the finite element space of reduced
HCT elements satisfying the usual regularity and inverse properties and the essen-

tial boundary conditions. Note that V;Z¢T(Q) ¢ CY(Q) N HZ(R). On each element,
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a function v in V;AT(Q) is determined by the values v(ax) and the values of its
derivatives (%’j(ak), j = 1,2, at the vertices ay of the element. Denote by ¢, n, 9;, and
O, the tangential and normal directions, and the tangential and normal derivative,
respectively. The traces of functions from V;Z¢T(Q) on 9 are pairs of functions
(u, Vo) such that u is piecewise cubic, n - Vv is piecewise linear, and u and Vu are
consistent, i.e., yu = t-Vv. We will abuse notation and write the trace functions sim-
ply as (u, Vu) or just u. The space of HCT trace functions is denoted by VhHCT(('?Q).
Denote the finite element interpolation operator by Iycr. Asin Section 5.1, we abuse
the notation by defining the trace of the interpolation from the boundary degrees of
freedom and write, e.g., Igcru; . € VHCT (9Q*). We adopt the convention that all
functions are understood extended by zero outside of their stated domain; e.g., u|p is
zero outside of T'.

The following lemma gives a bound on the interpolation from subdomain corners
to edges.

LEMMA 5.3. For every w € VHCT(0Q?), define u € VECT(9Q%) by HCT inter-
polation from the corners of Q2° to the edges, i.e., u = v and Vu = Vw at the corners
of O, and, on each edge T'*, u is a cubic polynomial and n - Vu is linear. Then

H
(54) ’(V(w — u)|FSt)’%,2,8Q5 < C (1 + log F) |VTU|%’2’695.

Proof. Denote v = w —u € V;ICT(9Q). Then v = 0 and Vv = 0 at the corners
of Q) so from [13, Lemma 4.1], it follows that

2 H
o)} aane < 190 o +C (141085 ) 90l s

(5.5) (Vv

Since Vulrst is from a space of dimension 6 and all norms on a finite dimensional
space are equivalent, we have in the case when the length of I'*! is one that

|VU|§,2,FS‘ < Hqu%Q,FSt ~ || Vullo,c0,rst-
Since [Vuly o per and [[Vul[o,c0,rs+ are invariant to stretching of the edge, we get
(5.6) [Vul1 5 pee < CfVullo,co,ret
in the general case by scaling. We will show at the end of the proof that
(5.7) [Vrllo,c0,rs¢ < 5[ Vawllo,00,ret-

From the discrete Sobolev inequality as generalized by [13, Lemma 4.2], we have
2 H 2 1 2
68 IVl are <O (1108 2) (1900 puc + I V0l
Combining (5.5), (5.7), and (5.8), we obtain
5.9 Voli <c(1+1g ) (1vup L w2
(69 IVeR o0 < C (141087 ) (196l 4 o0 + 3Vl 2000
First consider the case when 9Q° N9Q = 0. Then (5.4) is invariant to adding a linear

function to w because v is the error of linear interpolation of w and because this adds
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only a constant to Vw. So, without loss of generality, let [, 90s Yw = 0. Then by the
Poincaré-Friedrichs inequality

1
(5.10) EHQH%,z,ms < C\Z/@g,amv

proved first on a reference domain and then scaled: cf., [3, 21]. Now (5.10) and (5.9)
give (5.4). In the case when 9Q° N 0N # (), there are some essential boundary condi-
tions on 9Q°. Since (5.4) has already been proved in the absence of essential bound-
ary conditions on 9Q¢, it is sufficient to restrict (5.4) to the subspace defined by the
boundary conditions, noting that w satisfies the boundary conditions as well.

It remains to prove (5.7). The inequality is trivial for n - Vu because the normal
derivative is interpolated linearly between the corners. Let u; be the linear function
on the edge I'** defined by the values of u on the corners. Then, using the triangle
inequality,

(5.11) 10ullo,00,rst < 10s(w — ur)ll0,00,rst + ([0t ]l0,00,r5-

By a simple computation, we see that the Hermite basis function ¢, ¢(0) = 0, ¢'(0) =
1, ¢(1) = ¢/(1) = 0, ¢ a polynomial of order 3, attains the maximum of |¢'| at 0.
Mapping the interval (0,1) on the edge I'*' and noting that u — uy, is zero at the
endpoints z; and zy of I, we get by using the triangle inequality that

105(uw = ur)lo,c0,rst < |8s(u — ur)(1)] + |0 (u — ur)(@2)]
(512) S 2“81510”0,00,1"51, + 2H8tuLHO,OO,FS”7

because dyu(z;) = dyw(x;), i = 1,2. From the mean value theorem and the fact that
urp(x;) = w(x;), i = 1,2, it follows that

(5.13) |Orur,

l0.00.00¢ < [|0yw]lo,00 0
hence (5.12) gives
(5.14) 10:(w — wr)|lo,corst < 4/|0w||o,c0,rst-

Now (5.11), (5.13), and (5.14) give (5.7). O
THEOREM 5.4. For the fourth order model problem,

Amaz(MF) H\?
Imar - ) < -
N (MF) = C (1+log h) ,

where the constant does not depend on H and h.

Proof. The proof follows immediately from Theorem 4.5, with (4.8) being a conse-
quence of Lemma 5.3 and the uniform equivalence of seminorms |VIgcrwy |1 5 90: &
|w; .|ss, cf., [13]. O

REMARK 5.5. The result extends, by spectral equivalence, to DKT elements and a
certain class of non-locking elements for the Reissner-Mindlin plate model as in [13].
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