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ON THE CONVERGENCE OF AN ACTIVE SET METHOD FOR ¢; MINIMIZATION

ZAIWEN WEN T, WOTAO YIN ¥, HONGCHAO ZHANG §, AND DONALD GOLDFARB ¥

Abstract. We analyze an abridged version of the active-set algorithm FPC_AS proposed in [18] for solving the l1-regularized
problem, i.e., a weighted sum of the {;-norm ||z||; and a smooth function f(z). The active set algorithm alternatively iterates
between two stages. In the first “nonmonotone line search (NMLS)” stage, an iterative first-order method based on “shrinkage”
is used to estimate the support at the solution. In the second “subspace optimization” stage, a smaller smooth problem is
solved to recover the magnitudes of the nonzero components of z. We show that NMLS itself is globally convergent and the
convergence rate is at least R-linearly. In particular, NMLS is able to identify of the zero components of a stationary point after
a finite number of steps under some mild conditions. The global convergence of FPC_AS is established based on the properties
of NMLS.

Key words. [j-minimization, basis pursuit, compressed sensing, subspace optimization, active set, continuation

AMS subject classifications. 49M29, 65K05, 90C25, 90C06

1. Introduction. In this paper, we consider the convergence properties of a two-stage active set algo-

rithm for the [;-regularized minimization problem

(1.1) ;relﬁg wu($> = Mllel + f(:L‘),

where © > 0 and f(z) : R® — R is continuously differentiable. This work is motivated by an efficient

)
algorithm proposed in [13] for sparse reconstruction, which is applied to f(z) = 3||Az — b||3 and A € R™*",
Note that problem (1.1) is differentiable except at points where at least one component of x is zero. We can
define the active set A(z) to be the set of indices corresponding to the zero components and the inactive set

Z(x) to be the support of z, i.e.,
(1.2) A(z) :={i € [1,n]]||x;| = 0} and Z(z) := {i € [1,n]||z;| > 0}.

In our framework, a first-order method based on the so-called “shrinkage” operation is used to identify
an active set and then a second-order method is used to explore a smooth subproblem based on this active
set. These two operations are iterated until convergence criteria are satisfied. Similar ideas can be found in
nonlinear programming. For example, gradient projection and conjugate gradient steps have been combined
to solve problems with bound constraints or linear constraints in [2, 3, 12, 15, 16], and linear programming
and quadratic programming subproblems have been used to solve general nonlinear programs in [4, 5].
However, our algorithm is different from the active set algorithm [14] on how the working index set is chosen.
Thanks to the solution sparsity, our approach is more aggressive and effective.

Our contributions are as follows. First, we interpret shrinkage as a gradient projection method for

smooth problems with simple bound constraints [6, 12, 19], since problem (1.1) can be reformulated as the
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minimization of a smooth objective function over a simple convex set (as explained later in (2.3)). Hence, the
analysis in [0, 12, 19] can be extended naturally to explain the behavior of shrinkage. This point of view for
shrinkage offers us the opportunity of utilizing research results in nonlinear programming to study problem
(1.1). Second, we provide another successful example of how to combine powerful algorithmic components
with different purposes together coherently. While subspace optimization (“de-biasing”) has been proved to
be useful as a post-processing procedure in GPSR [11] and FPC [13], it is not easy to integrate it into the
main iterations as in our algorithm. Moreover, we can guarantee certain convergence results although the
analysis becomes very difficult as our algorithm alternates between different phases.

This paper is organized as follows. In section 2, we present some useful properties of shrinkage. In
section 3, we briefly review our two-stage active set algorithm. We analyze our first stage algorithm NMLS
in subsection 4.1. We show that NMLS is globally convergent and the convergence rate is at least R-linear.
The identification of the active set is presented in subsection 4.2. Global convergence of the active set

algorithm is presented in subsection 4.3.

2. Properties of shrinkage. We now briefly review the iterative shrinkage procedure for solving (1.1).

Given an initial point 2, the algorithm iteratively computes

(2.1) =8 (mk — )\gk,p)\) ,

where gF := V f(2*), 4, A > 0, and for y € R" and v € R, the shrinkage operator is defined as
(2.2) S(y,v) = sgu(y) © max {|y| — v, 0}.

The convergence of the iterative shrinkage operation (2.1) has been studied in [7, 9, 13] under suitable
conditions on A and the Hessian V2f. An appealing feature proved in [13] is that (2.1) yields the support
and the signs of the minimizer z* of (1.1) after a finite number of steps under favorable conditions. For more

references related to shrinkage, the reader is referred to [18].
The scheme (2.1) exhibits characteristics of the gradient projection method for bound constrained opti-

mization. In fact, (1.1) can be reformulated as
(2.3 min f(z) + €, subject to (z,€) € Q1= {(w,) | < &,

and (2.2) yields the solution of mingegn v|| 2|1 + 5|z — y||3, which is equivalent to
1 2 .
(2.4) min 5||a: —y|l5 +v€, subject to (x,€) € Q.

Hence, (2.1) and (2.2) performs like a gradient projection operator. Denote by d™(z) the search direction
generated by shrinkage (2.1), i.e.,

(2.5) dN(z) == 2t —z and 2t = S(z — Ag, p).

We can obtain results similar to Proposition 2.1 in [12].
LEMMA 2.1. We have the following properties:
Pl. (S(z,v) —2)"(y — S(z,v)) + v(€ — ||S(x,v)||1) >0 for all x € R™ and (y,£) € Q and v > 0.
P2. (S(z,v) = S(y,v)) " (z —y) > ||S(z,v) — S(y,v)||3 for all z,y € R™ and v > 0.
2



P3. (|S(z,v) — S(y,v)|| < ||z —y|| for all z,y € R™ and v > 0.

P4. ||dN (z)|| is nondecreasing in X > 0 for any x € R", i.c., |[d*) (x)]| > ||dP2) (x)]| for A1 > Ag > 0.

P5. w is nonincreasing in XA > 0 for any x € R", i.e., ”d(A;(I)“ < 1a® 2)(96)” for A1 > Xg > 0.

P6. g"dM(2) + u(l2t |l — zl1) < —51dV(2)]3 for any x € R™ and A > 0

P7. For any x* € R™ and A > 0, dN (2*) = 0 if and only if 2* is a stationary point for (1.1).

P8. Suppose x* is a stationary point for (1.1). If for some x € R™, there exist scalars w > 0 and L > 0

=2}

such that
(2.6) (9(x) — g(a) T (x — 2*) > wl|z — 2*|3,
(2.7) lg(z) = g(z")[| < Lz — 27|

Then we have ||z — z*|| < (H)‘L) [[dX)(2)]].

In fact, P1 is simply the optimality conditions for (2.4). P2 and P3 are related to the nonexpansiveness
of shrinkage. P4 and P5 show the relationship between the parameter A and the norm of the search direction.
P6 will be used in the derivation of our nonmonotone line search condition. P7 gives a useful alternative
characterization of stationarity. And P8 is useful in our convergence analysis. A proof of Lemma 2.1 is given

in Appendix A.

3. An active-set algorithm. In order to simplify the writing and theoretical analysis, we study an
abridged version of the two-stage active set algorithm proposed in [18]. The approach is motivated as follows.
While shrinkage is very effective in obtaining a support superset, it can take a lot of iterations to recover the
signal values. On the other hand, if one imposes the signs of the components of the variable = that are the
same as those of the exact solution, problem (1.1) reduces to a small smooth optimization problem, which
can be relatively easily solved to obtain x. Consequently, the key components are the identification of a
“good” support set by using shrinkage and the construction of a suitable approximate smooth optimization

problem.

In the first stage, we accelerate (2.1) by using a non-monotone line search method based on a strategy in
[19]. Specifically, the new points are generated iteratively in the form z¥*! = ¥ +ay,d*, where d* := dO") (zF)
is the search direction defined by (2.5) for some A* > 0, o, > 0, ay = a,p" and h is the smallest integer
that satisfies

(3.1) VY (z¥ + a,p"db) < Cy + oa,p" AR
Here, o > 0,
A" = (g")Td" + plla™ = plla s,

Co = 1, (2°), and let the next reference value Cj41 be taken as a convex combination of Cj, and 1, (z*1),

ie.,
(3.2) Cri1 = MQrCr + ¥ (")) /Qrs1,

where 1 € (0,1), Qry1 =nQx + 1 and Qo = 1.

We now describe the subspace optimization in the second stage. The active indices are further subdivided
3



into two sets
(3:3) Ax(z) = {i € A(2)|lgi(z)] < p} and Ao(z) == {i € A(z) [|gi(2)| = p}-

Note that |g;(z*)| = p for i € Ag(x*) if 2* is an optimal solution of (1.1). We switch to subspace optimization,

if for some fixed constant § > 0, either one of the two conditions

— k—1 —
(3-4) N gF il > 8l1d ) (@)l and [[(l9(2")] = @) zmoag@h) leo < 1A (2*)]]/6
(3.5) [ — vt | < emax(lwg] 1w 1)

is satisfied during the shrinkage stage (The justification for (3.4) and (3.5) will be specified in subsection
4.3). Then, we explore the face defined by the support of 2* by solving the problem:

(3.6) min ¢, (z) := psgn(@h) Tap + f(z), stz € QaF),
where
(3.7 Q%) := {x € R" : sgn(af)z; > 0,i € Z(2*) and a; = 0,i € A(z")}.

To ensure convergence of the active set algorithm, we require that the iterates for solving subspace optimiza-
tion satisfy:

CONDITION 3.1. Denote by z¥ the j-th iteration for solving (3.6) starting from x*° = z*. Then, the
iterates are feasible and monotone decreasing, i.e., @, (z®IT1) < @, (x%9) for each j.

The detailed description of our approach is presented in Algorithm 1 (FPC_AS).

Algorithm 1: FPC_AS Algorithm

Choose 1 > 0 and 2°. Set 7 = (.
Set a, >0, 0,m € (0,1), 8,7 >1,0< N\, <Ay <00, ' >1, Cop =1,(z%), Qo =1, k=0.
while not converge do

NMLS Compute \* € [\, A\ys] and d% = 2%F1 — 2F where 2F+1 = S(2% — A gk, uaF).

Select «y, satisfying the Armijo conditions (3.1).

Set 2 = 2% + apd®, Qi1 = nQk + 1, and Ciy1 = NQRCr + ¥ (2F11)) / Q1.

Sub Do subspace optimization: set do_sub = 0.

if Z(z"*!) is not equal to T then

if (3.4) is satisfied then set do_sub =1 and § = 7).
L else if (3.5) is satisfied then set do_sub = 1.

if do_sub = 1 then
L Solve the subproblem (3.6) using at most I iterations to obtain a solution z**2.

Set Z = Z(z"*1), Crra = 1, (2"2), Qpy2 =1 and k :=k + 2.
else set k:=k+ 1.

REMARK 3.2. The parameter \* is chosen by the Barzilai-Borwein method [1]:
E—IN\T k—1 E=1\T, k-1
kE_ (") s E_ )y
(3.8) A —max{)\m,mln{W,AM}} or \ —max{)\m,mln{W7>\M 5
where sF~1 = ok — k=1 k=1 =gk _ gk=1 and 0 < \,,, < Ay < 00.

REMARK 3.3. In [18], instead of solving problem (1.1) with a given u, a continuation procedure is
4



implemented to solve a sequence of problems z}, = arg mingern ¥y, (x), one by one, where g > g > -+ > p
and py, goes to w. In this procedure, the solution (or approximate solution) xy, , 1s fed into the next problem
as an initial solution. Numerical experiments have shown that continuation can significantly improve the
overall efficiency. The convergence of the continuation procedure is a simple extension of the convergence of
mingepn ¥, ().

REMARK 3.4. The interested reader is referred to [15] for the efficiency of our algorithm and its ability

to identify the optimal active set in practice.

4. Convergence Analysis. Our analysis in this section is divided into three parts: the convergence
of the shrinkage phase, the identification of the active set and the convergence of the overall algorithm. We
should point out that, although most of the results can be adapted from these analysis in [6, 12, 19] for
smooth minimization, they seem to be new in terms of /;-minimization and it is meaningful to present them

coherently.

4.1. Convergence results of the shrinkage phase. Let Algorithm NMLS be a special case of
Algorithm 1 without the subspace optimization phase, i.e., NMLS consists of shrinkage and the nonmonotone
line search using condition (3.1). We study the convergence properties of NMLS by directly extending the
results of the nonmonontone line search in [19] for minimizing differentiable functions to the nondifferetiable
problem (1.1). We assume:

ASSUMPTION 4.1. Define the level set £ := {x € R" : ¢, (z) < ¢, (z")}.

1. f(x) is bounded from below on L and w = supy, [|d*|| < oo.

2. ]fZ is the collection of x € R™ whose distance to L is at most w, then V [ is Lipschitz continuous
on L, i.e., there exists a constant L > 0 such that ||g(x) — g(y)|| < L||lz —y|| for all z,y € {x € R™ :
fla) < f(z0)}.

We first show that every iteration of the NMLS algorithm is well defined; namely, there exists a step
size satisfying the Armijo condition (3.1).

LEMMA 4.2. Suppose that Assumption 4.1 holds. For the sequence {x*} generated by Algorithm NMLS,
we have f < C < Ay, and Qy < 1/(1 — 1), where Ay, = kLH Zf:() e If AF <0 and ¢, (x) is bounded
from below, there exists ay, salisfying the Armijo condition (3.1).

Proof. The inequalities wﬁ < Cp < A and Qr < 1/(1 — n) follow directly from the proof of Lemma 1.1
and Theorem 2.2 in [19]. From Lemma 5 in [17], the Armijo condition

(4.1) Vu(@F + apd®) <4, (2F) + oai AP

is satisfied for any o € (0,1), whenever 0 < oy, < min{1,2(1 —0)/(ApmL). Since ¢, (z*) < Cy, it follows that
ag, can be chosen to satisfy (3.1) for each k. O

The next result provides lower and upper bounds for the step size ay.

LEMMA 4.3. Suppose that Assumption 4.1 holds. If the Armijo condition (3.1) is satisfied with 0 <

a, <1, then a), > a > & := min {am ZP;L_LG) }

Proof. If the initial step size «, satisfies the Armijo condition (3.1), then oy = «,. Otherwise, since

d)l’j < () and hy, is the smallest integer such that ap = apphk satisfies (3.1), we have

(4.2) Y (z® + ard® /p) > Cy + oo, AF Jp > d)ﬁ + oo A /p.
5



From the convexity of the norm || - |; and Assumption 4.1, we obtain for any « € (0,1] that

(4.3) P (@® + ad) — ¢, (aF)
= pllz® + ad® ||y — plla® | + f(a" + ad®) — f(2")

1
< a((@")Td et + d = ) + [ (V7 4 tad) - V) (ad) di
0
L
< anb + o233,

Since 0 < o /p < 1, it follows from (4.2) and (4.3) that

2
L
%aaks%&w(%) Lk 2,
p p p) 2

2p(1—0o) O

which, after rearranging terms, together with P6 of Lemma 2.1, gives us «ay > SYVIARE

We now prove the global convergence of Algorithm NMLS.
THEOREM 4.4. Suppose that Assumption 4.1 holds. Then the sequence {x*} generated by Algorithm
NMLS satisfies limg_, o ||d*|| = 0.

Proof. From the Armijo condition (3.1) and Lemma 4.3, we have

(4.4) Yptt < O = (lld*|3,
where ¢ = K—& Then the proof is similar to the proof of Theorem 2.2 in [19]. From the updating rule (3.2)
and (4.4), we obtain

~ nQkCr + (") nQipCr + C* —(||d¥|)3 ¢lld* |3
Cry1 = < =Cfp — —~——.

Qr+1 Qr+1 Qr+1

Since 1, (z) is bounded from below and 1, < Cj for all k, we conclude that Cj is bounded from below.

”Qd:ll? < 00, which together with the fact Qr4+1 < 1/(1 —n) from Lemma 4.2 implies

Hence, we obtain Y -,
that limy_,o ||d*|| = 0.0
Let X* be the set of stationary points of (1.1). We now state an assumption for proving the R-linear
convergence of Algorithm NMLS instead of requiring the strong convexity assumption on f(z) as in [19].
ASSUMPTION 4.5. (Assumption 2, [17]) (a) X* # 0 and for any v such that min,(x) < v, there exist
scalars 0 > 0 and € > 0 such that dist(z, X*) < o||[dV)(z)||, whenever 1, (x) < v, |[dY(z)| <e.
(b) There exists a scalar 6 > 0 such that ||z — y|| > & whenever x,y € X*, ¢, (x) # V. (y).
LEMMA 4.6. (Theorem 4, [17]) Suppose that X* # (). Then Assumption 4.5(a) holds under any of the
following conditions:
1. f is strongly convex and V f is Lipschitiz continuous on R™.
2. f is quadratic.
3. f(z) = g(Ex) + q'x for all v+ € R", where E € R™*" ¢ € R", and g is a strongly convex
differentiable function on R™ with Vg Lipschitz continuous on R™.
In addition to Lemma 4.6, Assumption (4.5)(a) also holds under the strong second-order optimality

sufficient conditions, i.e., for any stationary point x* € X*, there exists w > 0 such that

(4.5) d"V2f(z*)d > wl||d||*, whenever d; = 0 for all i € AL (z*).
6



The proof of next lemma is a modification of Lemma 5.4 in [12].

LEMMA 4.7. Suppose that Assumptions 4.1 holds. If f is twice-continuously differentiable near a
stationary point x* of (1.1) satisfying the strong second-order sufficient optimality conditions (4.5), then

there exists p > 0 such that

(4.6) lz — 2| < olld™® ()],

2
for all x € B,(x*), where o =1/1+ <(10'?'5{‘U)2> and B,(x*) is the ball centered at x* with radius p.

Proof. By the continuity of the second derivative of f, it follows from (4.5) that for p > 0 sufficiently

small,
(4.7) (9(x) = g(=™) " (z = 2") > 0.5w||z — 2™
for all © € B,(x*) with 2; =0 for all i € AL (2*). Choose p small enough if necessary so that
(4.8) |z — gi| < pand |g;| < pforall i € Ar(z™) and = € B,(z").
Define z as z; = 0 if ¢ € Ay (a*), otherwise, Z; = x;. From (4.8), we obtain
(4.9) Iz — 2| < [ld™ ()]
for all x € B,(«*) and

Si(Z—g,p) — % =0, and dV (2); = Si(z — g, ) — x; = —x;
for all i € Ay (2*), while

Si(@ —g,p) — & = dV(2); = Silw — g, p) — w;

for i ¢ Ay (2*). Hence, we obtain
(4.10) 1S@ — g,11) — 7| < 4D ()]
for all € B,(z*). From the Lipschitz continuity of g, (4.9), (4.10) and P3 of Lemma 2.1, we have

40 @) = 1S = g,10) = ST = g.) + S(& = g,10) — 7
< Lz - 2l + V)|
(4.11) <1+ L)[[dV ()]

for all z € B,(z*). Therefore, we obtain from P8 of Lemma 2.1, (4.7) and (4.11) that

2
o=l < (e ) 1@l < (YD ) la ol

Since ||z — Z||? + || — 2*||? = ||x — 2*||?, the inequality (4.6) is proved by squaring (4.9) and (4.11). O
We next present a relationship between zlju(xk*l) and A* with respect to the objective function value
7



at a stationary point. The proof here is adapted from the proof of Theorem 5.2 in [17] and it uses the
relationship between ||[d™) (z)| and ||d™) ()| derived from P4 and P5 of Lemma 2.1 as

(4.12) min(L, Ay )[[dD ()] < [ld™ (@) < max(L, Aag)[ldD ()],
. 1 1
(4.13) min(1, m)lld(”(w)ll < [1dW (x)|| < max(1, A—IId”(x)H,

for any A such that \,, < X < Ay;.
LEMMA 4.8. Suppose that Assumptions /.1 and 4.5 hold. Then there exist ¥, f > 0 and k > 0 such that
the sequence {z*} generated by Algorithm NMLS satisfies

(4.14) P () — 9 < Ak VE > E.

Proof. Theorem 4.4 gives that limy_, [|d*") (z*)|| = 0. Hence, limy_,o [|d) (z%)| = 0, i.e., [|dD) (z*)|| <
e for k > k for k large enough, from (4.13). Since v, (z"T!) < C} and Ck1 is a convex combination of Cy,
and v, (zF*1), we have Cj41 < Cy and

(4.15) U@ < Cp < Croy <00 < Co = v (a).

By Assumption 4.5(a), we have

(4.16) lz* = 2*|| < ol dD(a)I|, VK >k,
where ¢ > 0 and zF € X* satisfies ||z* — Z¥|| = dist(z, X*). Since limp_ o ||dV)(z*)|| = 0, we have
limy, o0 [|[2% — ¥|| = 0. Then it follows from limy_ ||2¥T — 2%|| = 0 and Assumption 4.5(b) that {z*}

eventually settles down at some isocost surface of ¢, (x), i.e., there exist an index k > k and a scalar ¢ such
that ¢, (%) = ¥ for all k > k. By Theorem 2 in [17], lim inf_, oot (z¥) > 0.

Using the mean value theorem with Z* a point lying on the segment joining 2**! with Z*, we obtain

(4.17) Yu(@®h) =9 = VFEN) T (@ = 28) + e - pllz")
1
_ (Vf(fk) _ gk)T(szrl _ fk) o v(dk)T(mk+1 _ fk)
1 _ _
"+ 57d) T @ =)l = 3t
Since & < o < a, < 1, Lemma 5 (a) in [17] implies that
1 _ _ 1 .
(64 3T =)kl et < (0 - 1) (el + AF) < (1 -

which together with Lipschitz continuity of g(z) and Cauchy-Schwartz inequality, yields from (4.17) that
k- _ 1 _ .

(4.18) Yu (@) =9 < L|jE* — 2| [l — 2¥|| + VlldkH [a* =2 — (1 - a)A*

From (4.16), we obtain, for k > k,

125 — a®|| < (|2t = a¥|| + [l2* — 2| < oF(|d¥] + elld ] < 8u1]|d"]-
8



where 6, = a, + omin(1,1/\,,). Similarly, we have ||z** — z¥|| < §;||d¥|| and ||z*+1 — 2F|| < a,||d¥|.
Therefore, we obtain from (4.18) that

0t — 0 < (2024 55 ) PP - (1 -

which gives (4.14) with 8 = (L&% + f—m) M+ (1-a). O
Finally, we are able to establish the R-linear convergence result.

THEOREM 4.9. (R-linear convergence) Suppose that Assumptions 4.1 and 4.5 hold. Then there exist 9,
0<7<1andk>0 such that the sequence {z*} generated by algorithm NMLS satisfies

(4.19) Du(e®) =9 < TR (1 (2°) — ),

for each k. Moreover, the sequence {x*} converges at least R-linearly.

Proof. 1) We claim that for all k > k
(4.20) Y (") =9 < (1 — 0aby) (Cy — 1),
where by = 1/(8 + 0@). Suppose —A¥ > by(C), — 9), then the Armijo condition (3.1) gives

(@) =9 = (O — 0) + (@) = Cp) < (Ci —9) + oa?
< (1— 0dba)(Ck — V).

Suppose —A* < by(Cy — ). From (4.14) in Lemma 4.8, we obtain, for all k > k, that

PYu(xF ) — 9 < —BAF < Bby(C), — 9) = (1 — adby)(Cy, — V).

2) We now show that for each k > k,
(4.21) Cry1 — U < 7(Cr = 9),

where 0 < 7=1— (1 —n)oabs < 1. The proof is similar to Theorem 3.1 of [19]. From the update formula
(3.2), we have

_ nQk(Cr — V) + (Y (xF ) — 0)
L+ nQ '

Hence, using (4.20) in (4.22) and using Q1 < 1/(1 —n) yields

(4.22) Chyr — 10

Cre1 — 9 <

(nQk +1—0dby)(Cy — V) ( oaby
1+ nQk B
< (1= (1=n)oabs)(Cr — 1),

which proves (4.21). Therefore, we obtain (4.19) from (4.21) by using (4.15).

3) If f(x) is strictly convex, then the R-linear convergence follows from (4.19) immediately. Otherwise,
9



we prove R-linear convergence as follows. From the defintion of Cjy; in (3.2), we have

(4.23) Cio= ¥k = (1+1Qu)(Ck = Chin) < 7= (G = Cira).

The Armijo condition (3.1) implies that

—1 —1
(4.24) ﬁ“ — Oy < oapA* < ooy, ry)\k |d¥|13 < %kaﬂ —a*|3.
p

Rearranging terms of (4.24) and using (4.23) yield

A ApmQ
L S P MCp _ okt < MCp _
H$ x || = \/7(1 — ’y)a (Ck % ) > \/(1 — 7)(1 — Umax)o' (Ck Ck+1),

which implies that {z*} converges at least R-linearly since {Cy —Cj4 1} converges at least R-linearly because
of (4.21). O

4.2. Identification of the active set by the shrinkage phase. We now discuss the identification

of the active set by Algorithm NMLS. First, we state an elementary result in the lemma below.

LEMMA 4.10. Assume that the sequence {x*} converges to x*, i.e., limy_,o ¥ = 2*. Then, for any
&€ > 0, there exists a finite number k > 0 so that for all k > k, 1) sgn(x¥) = sgn(x}) for all i € I(x*); 2.
|k — 27| < € fori € I(z*) and |2F| < € for all i € A(x¥).

Proof. Suppose that the first part does not hold, there exists a i € Z(z*) and a subsequence {z*},
such that for k large enough sgn(z¥) # sgn(z}) which implies that ||z* — z*||; > |2#¥ — 27| > |z}|, which is
contradiction. The second part can be proved similarly. O

The next result uses the generalized directional derivative and the generalized gradient of ¢,,(x) similar to

the projected gradient method for linearly constrained problems in [6]. The generalized directional derivative

of a function v at = in the direction d € R is

¥°(2;d) = lim sup Yy +td) — ¢(y)

b
t0 yz t

and it satisfies that

(4.25) P°(2;d) = ) éﬂg%)m d).

The genearlized gradient of a function v is defined as

o(x) :=arg min .
go@) = arg_min_ |||

Then it is straightforward to verify that the generalized gradient of the /;-regularized function 1, is

gi(x) + psgn(x;), if ; € Z(x),
(4.26) ga(z) := arg pergﬁgul l9(z) + ppll2 =  gi(z) — psgn(gi(z)), if x; € Ao(z),
0, if x; € .Ai(l'),

10



and Lemma 11.1.1 in [8] gives

4.27 — z)|| = min ¥°(x,d).
@.27) o0 (z)] = min v (o,d)

Next, we show that the active set of a stationary point can be identified after a finite number of steps
under some conditions.

THEOREM 4.11. Suppose that f(z) is continuously differentiable and let {z*} be an arbitrary sequence
converges to x* such that limy_,« [|ga(x®)|| = 0. Then AL (z%) = AL (z*) for all k sufficiently large.

k converges to x*, it is clear that AL (z*) C Ay (z*) for all k sufficiently large. Assume,

Proof. Since x
however, that there is an infinite subsequence Ky and an index [ such that [ € A4 (z*) but zF > 0 (If not,
choose a sequence such that xf < 0), without loss of generality, for all k € Ky. Let d = ¢;, where ¢; is the

vector whose [th element equals to one and all other elements equal to zero. We obtain from (4.27) that

4.28 Fru= max (¢F + up,d) < max ¥° (2", d) = ||ga(z”
(1.28) = w6+ ) < U5 ) = (e
Therefore, since limy, o ||ga(z¥)|| = 0, we obtain

g + <0,

which contradicts the fact that |g;| < pas € A(z*). O

Denote by 2%t := S(2*—\¥g*, uA*) the point generated by shrinkage at ¥. We show that the generalized
gradient at 2%+ converges to zero similar to Theorem 3.2 in [6].

THEOREM 4.12. Suppose Assumption 4.1 holds. Then if Vf(x) is uniformly continuous in E, the
sequence {x*} generated by Algorithm NMLS satisfies that

Jim ga ()] =0.
Proof. Let € > 0 be given and choose a direction v** with |[v**|| < 1 such that
lga ()l < —yp (@, o) +e
Using P1 of Lemma 2.1 for any 2** = 2¥* 4 ¢, , v** and ;. > 0, we have

(4.29) (@ —a® + AR T = 2 ) AR ([ = (12 ) > 0.

k+
%

Taking ¢, small enough so that sgn(z¥") = sgn(z") for any i € Z(z¥*) yields

sgn(zF Mokt if i € Z(aht),

[uk | if i € A(z*).

(4.30) < max pourt
pEd|a; |

k k
27| = it ] =ty

Rearranging terms of (4.29) and using (4.30) give

(4.31) teg (2P — 2F) Tkt > 4 AR (gF — gF ) Tkt — NP egﬂla’ﬁ\l (g + pp, "),
p x 1

11



Using (4.31), (4.25) and Cauchy-Schwartz inequality, we obtain
=X (M R ) < PR+ A g = g

Since A¥ is bounded, ||z** — z¥|| converges to zero from Theorem 4.4 and Vf is uniformly continuous, we

conclude that

lim sup —¢Z(wk+,vk+) <0,
k—o0

which implies that

lim sup [|go(zF)| <e.
k— o0
Since € is arbitrary, the proof is completed. O

The assumption that g(x) is uniformly continuous in £ in Theorem 4.12 can be relaxed to the assumption
that the sequence {z*} is bounded. The problem (1.1) is said to be degenerate at x* if there exist some
i such that |gf| = . Theorems 4.11 and 4.12 yield Ay (x*t) = AL (z*) for k sufficiently large. We have
not established limy_, ||gn(z*)|| = 0 for the sequence {x*} since we cannot show the inequality (4.30).
However, we can still show that ﬂcf , 1 € Ay (x*), converges to zero at least ¢-linearly.

COROLLARY 4.13. Suppose that Assumption 4.1 holds and the sequence {x*} is generated by Algorithm
NMLS. If Vf(x) is uniformly continuous in L, then xk i€ Ap(x*), converges to zero either after a finite
number of steps or at least q-linearly.

Proof. 1) Assume that Ay (z*) is nonempty. Since f(z) is continuously differentiable, there exists a
v > 0 with the property that for all € B, (z*) so that |g;(z)| < pif i € A4 (z*). Let k; be chosen large
enough that x), € B, (z*) for all k > k. Suppose that there exists =¥ = 0 for [ € A4 (2*) and k > k. Then
the shrinkage gives S;(z% — A*g*, uAF) = 0 since |z} — A\FgF| = A¥|gF| < pA*. Hence, dF = 0. Consequently,
when an index [ € Ay (z*) becomes active, i.e., xf = 0, at iterate z¥, k > k., it remains active for all the
subsequent iterations.

2) We now focus on the nontrivial indices in Ay (z*), i.e., there exists | € A(z*) and xF # 0 for all
k > ky. Let ¢ sufficiently small. There exists k sufficiently large so that |2¥| < ¢ for i € A(z*) from Lemma
4.10 and Ay (2%F) = Ay (z*) from Theorems 4.12 and 4.11 for all k > k. Since & < ap < o, < 1 and

2Pt = (1 — ag)z® + aga®t, we obtain

[2F] < (1—a) ¢

for any i € Ay (x*) and all k > k. O

The efficiency of our active set algorithm depends on how fast the iterative shrinkage scheme can identify
the correct support. Since the true zero components can be nonzero after a lot of iterations in practice and
the size of the support Z(z*) decides the size of subspace optimization, we can use the identification function
proposed in [10] for general nonlinear programming to identify an approximate support.

DEFINITION 4.14. A continuous function p(z) : R™ — Ry is called an identification function for z*

with respect to a sequence {x*} if p(x*) = 0 and

k
p(®)
o x*|| = +o00.
12

(4.32) lim

ok —x* xtc*




Therefore, the active set A(x*) and the support Z(z*) can be replaced approximately by sets

(4.33) Ap(a®) = {i € [Ln]| |2F] < p(a®)},  T,(*) = {i € [L,n] ||z} > p(z")}.

We further divide the approximate active indices A,(z¥) into two sets

(434)  Apx(a®) = {ie Ay(@) |[lg7| — ul = p(a®)},  Apola®) = {i € Ay(a) [ l|gf] — pl < p(a*)}.

LEMMA 4.15. Let p be an identification function for z* and the sequence {z*} converges to x*. Then
A, (2%) = A(z*) and A, (z*) = Ag(x*) for k sufficiently large.
Proof. 1) If i € A(x*), we have

(4.35) j2f] < [la® — 2*||2 < p(a"),

for k sufficiently large, so that, by (4.33), i € A,(z*). On the other hand, there exists k sufficiently large so
that p(z*) < min{|z}|,i € Z(2*)} and ||z¥| — $p(z¥)| > 1p(a*) for i € Z(2*). Hence, if |z]| > 0, we have
i ¢ Ay(a®).

2) If i ¢ Ay(x*), then |g;(z*)| = p. From the Lipschitz continuity of g(z), we have

llgi ()] = pl < Mlgi(a™)] = 1gi ()] < lgi(a®) = gi(@™)| < Lllz* — 2| < p(a®),

for k sufficiently large. On the other hand, if i € Ay (z*), then |gf| < u, hence, by continuity of g(z),
i € A, +(2"). Therefore, these facts together with 1) yield A, o(z*) = Ag(z*) for k sufficiently large. O
Using the strong second-order sufficient optimality conditions (4.5) of problem (1.1), we will show that

the function

(4.36) pr(@) = 1/Il(g] = Wz@yoanml

is an identification function for the sequence {z*} generated by Algorithm NMLS.

LEMMA 4.16. Suppose Assumption j.1 holds. If the sequence {x*} is generated by Algorithm NMLS,
then for each i € Ay(x*) we have
(4.37) 1imsupk_>ooL < 00.

[lah — |2

Proof. From the proof of Corrollary 4.13, an index [ € A (z*) of ¥ remains active for all the subsequent
iterations once it becomes active for k sufficiently large. Hence, the inequality 4.37 holds in this case. Now,
let us focus on the nontrivial indices in Ay (z*). That is, suppose that there exists [ € A(z*) and zF # 0
for all £ > k4 and we assume xf > 0 without loss of generality. If (4.37) does not hold, we can choose k
sufficiently large, if necessary, so that

ofl L2+ AuL)’

(4.38) 5 = )
[ =« = 20— o)lgf + 4]

and

(4.39) jaf — AFgh| < AP,
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for A\¥ > \,,, > 0. since 2* converges to z*, x7 = 0 and |g;(2*)| < p. Hence, we obtain from (4.39) that

(4.40) dy = S(xf — Mgl u\k) — b = —af.

Since the shrinkage operator is component separable, P6 of Lemma 2.1 holds for each component, i.e.,
k Lo

(4.41) Ai = gidi + pllzi + di| = i) < —$ldif”.

Specifically, we have from (4.40) that

(4.42) AF = —(gf + p)af

We now prove that ap = 1 is an acceptable step size. Using the Lipschitz continuity of g(z), (4.41) and
(4.42), we have

(4.43) Yu(2® + d¥) — ¢, (F)
1
< ((¢")Td" + plla® + d¥[ly — pll=®]1) + / (Vf(a" +td") =V f(z"))T(d") dt
0
< oAM + (1 - )Nk T3 < 0aF 4 (1 - o)AF + 23
L

= oA (1= 0)(gf + ) af + 2“3

From P3, P7 of Lemma 2.1 and the Lipschitz continuity of V f, we obtain

14X (@) ]| = [[dX (zF) — dX) (@)
= [IS(a" = Ag", pA?) — 2k — (S(z* — Arg®, pAb) — )|
< [l — a*[| + [|lz* — gk — (a* — Abg)||
< 2|z* — 2* | + A¥[lgh — g
<(2+ AML)Hx"c — x|

Combining the upper bounds for ||d¥|| and the lower bound for |xF| yields

| /\
~

5<2+AML> o — a7

z¥ (gF + ) .
S( ||x'<l e )”“””k‘x”Q

(1—0)zf (g7 + p),

L
Sl 13

which together with (4.43) implies that
Yu(® +d¥) < ap,(aF) + o AR < CF + oAF.

Hence, a;, = 1 is an acceptable step size and 33;”1 = xl + dk Therefore, using (4.39), we obtain a:f“ =0
which contradicts the fact that xf >0forall k>ky. 0O

LEMMA 4.17. Suppose Assumption 4.1 holds and the sequence {x*} is generated by Algorithm NMLS.
14



If x* satisfies the strong second-order sufficient optimality conditions, then there exists k* > 0 such that

(4.44) 119(2*)] = W)z (ryvao@mll = £ 1d* (@)

for k sufficiently large.

Proof. Define 7 as 7; = 0 if i € A (z*), otherwise, Z; = z;. Choose v > 0, so that, for z* € B, (z*), we

have
[dD (@*)| < [|dD) (@) — dD (")
< dD (&%) = dD (@) + |dD (@F) — dD (@)
(4.45) < 2+ L)(Jla* — z%|| + [|z* — 27|).

From Lemma 4.16, there exists a constant & such that

|2k

which implies, for k sufficiently large, that
(4.47) lz8 =2 < Y faf| < nélla® — 27| < néfla® - a¥||(|2F - 2F| + |2 - 27)).

i€AL (z*)

Hence, for any € > 0 and k sufficiently large, (4.47) yields

(4.48) lz* — 2|l < ellz® - 2],

k

since 2" converges to x*. Combining (4.45) and (4.48), there exists a constant ¢ > 0 such that

(4.49) 14 (@")|| < el|z* — 27|
for k sufficiently large.
Let k be chosen large enough that
(4.50) 2% — 2*|| < min{|z}|,i € T(z*)}.

Suppose, in this case, that i € A(z). If |#}| > 0, then ||z¥ — 2*|| > |2}|, which contradicts (4.50). Hence

¢ = 27 = 0. Moreover, if i € A4 (x*), then by the definition of 2%, z¥ = 2 = 0. In summary,

i i

¥ =axr =0, foreachic A(zF)UAs(z*),
(451) % i ( ) :I:( )
lg:(x*)| = pu, for each i € AL (z*)°

where Ay (7*)¢ is the complement of Ay (2*). Define Z = A(z*)° N AL (z*).

By the strong second-order sufficient optimality conditions for x near x*, we have

(4.52) ;Hf*m*HQS(f*ﬁ)T/O VEf(a® +t(z — 2")) di(z — 2*) = (2 — 2) " (9(2) — g(a")).
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We substitute x = z¥ in (4.52) and utilize (4.51) to obtain

(4.53) (2" —a) T (g(&") = g(a))] < Y I@F —2])] - lga(@")] - ul
i€EZ

< [l2F — 2*|1 1 (19(Z*)] — 1)z yoto @ |

for k sufficient large, since Z C Ay (2*)¢ and Z C A(2*)¢ = Z(2*) . Hence, we obtain

W *
(4.54) Ellw’“ — 2" < Nlg(@")| = W zryvao@s -

Combining (4.49) and (4.54), the proof is complete. O

THEOREM 4.18. Suppose Assumption j.1 holds and the sequence {x*} generated by Algorithm NMLS
converges x*. If x* satisfies the strong second-order sufficient optimality conditions, then pi(z¥) defined by
(4.36) is an identification function.

Proof. From Lemmas 4.7 and 4.17, we obtain

pr(z) o VAR

Z — 400
x — x| olld" (z*)||

r—x* rFa*

for k sufficiently large. Therefore, p; is an identification fucntion. O
REMARK 4.19. From the proof of Lemma /.16, in particular, the proof of the inequality (4.43), the step

size a = 1 is acceptable if
(4.55) A ——2

Therefore, Theorems 4.12 and 4.11 yield Ay (z*) = AL(z*) for k sufficiently large.

4.3. Convergence results of the active set algorithm. We now study the subspace optimization
stage of Algorithm 1. The justification for test (3.4) and (3.5) is based on the convergence properties of
Algorithm NMLS. On the one hand, we want to start subspace optimization as soon as possible; on the

other hand, we want the active set that defines the subspace optimization problem to be as accurate as

possible. If there is at least one nonzero components of «*, then ||¢g5.| > p since |¢g;| = p for i € Z* from
the optimality conditions. Suppose the sequence {z*} generated by the first stage converges to an optimal
solution z* of (1.1). Then g(z*) converges g(z*) and ||d*")(z*)||s converges to zero from P7 of Lemma 2.1.
Hence, the quantity )\k_1||g§(wk)||/||d(/\k71)H2 tends to infinity and the first part of condition (3.4) will be
satisfied after a finite number of iterations. However, the quantity \*~'|[gf . I/ [dX* ||y cannot tell us
whether the current point z* is optimal or not. Hence, we also check the second part of condition (3.4) in
which |[(|g(z")| = 1) z(uk)0 A () l|so is a measure of optimality. In fact, if i ¢ A (z*), then |g;(x*)| = p. By

Lemma 4.7, we have
l19: ()| = ul < 11gs(2")] = 1g:(@)| < lgi(@*) — gi(2™)| < L]ja* —2*|| < Lo|ld™ («¥)]

Hence, there exists a constant & such that [|(|g(z*)] — 1) z(ur )40 (24) oo < §)|d™ (xF)| for k sufficiently large.

If it happens that the shrinkage phase converges slowly and cannot make sufficient progress after a lot of

iterations, the relative change of the objective function value between two consecutive iterations usually

will be small. Hence, satisfaction of (3.5) indicates that the Algorithm NMLS is stagnating. Therefore,
16



Algorithm FPC_AS is well-defined. We now analyze the global convergence of Algorithm FPC_AS similar to
Theorem 4.1 in [12].

THEOREM 4.20. (Global convergence) Suppose Assumption 4.1 holds and Condition 3.1 is satisfied.

Then Algorithm FPC_AS either terminates in a finite number of iterations at a stationary point, or we have

(4.56) lim infy,_, o0 | (2%)]| = 0.

Proof. Since we terminate each subspace optimization after at most I' iterations, either only NMLS is
performed for large k or NMLS is restarted an infinite number of times. If only NMLS is performed for large
k, then (4.56) follows from Theorem 4.4. Suppose that NMLS is restarted an infinite number of times at
k1 < ko < --- and that it terminates at k1 + 13 < ko +lo < ---, respectively. Thus k; < k; +1; < k;4q for
each i. If (4.56) does not hold, then there exist € such that ||dV)(z*)| > e. Tt follows from (4.4) and (4.15)
that

(4.57) Pt < O C)ldF)1? < 4y () = Cemin(1, Ay).

From the definition of subspace optimization, we obtain ¢, (z*!) = ¢, (z**). Since subspace optimiza-

tion will not make a zero component in A(x* 1) nonzero, we obtain Z(z*+1) C Z(z**+%) and

qu(xkiﬂ) = wu(xkiﬂ )-

By Condition 3.1, we have ¢, (zF+1) < ¢, (z¥+5); hence v, (xFi+1) < 4, (x¥+1). This together with (4.57)

gives
wu(xkﬂ'l) < wu(xk7) — Cemin(1, Ay, ),
which contradicts the assumption that ¢,,(z) is bounded from below. O

5. Conclusions. We have presented a two-stage active-set algorithm for the /;-norm regularized opti-
mization in which the iterative shrinkage scheme is used to estimate the support at the solution and then a
subspace optimization problem is solved to recover the magnitudes of the components in the estimated sup-
port. The difficulty is to integrate shrinkage and subspace optimization coherently to guarantee convergence.
We show the convergence of the first stage algorithm NMLS by noting that shrinkage operator exhibits many
characteristics similar to those of the gradient projection for the bounded constrained problem. In particular,
NMLS is able to identify of the zero components of a stationary point after a finite number of steps under
some mild conditions. The overall convergence of FPC_AS is enforced by decreasing the original objective

function after the subspace optimization phase.

Appendix A. Proof of Lemma 2.1 .

Proof. 1) The first-order optimality conditions for a stationary point * is
(A.1) Vi) (@ —a) + p(§ = l|lz"[[1) = 0, for all (z,8) € Q,

since £* = ||z*||1. Applying (A.1) to problem (2.4) gives P1.
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2) Replacing y with S(y,v) and & with |S(y,v)|/1 in P1 gives
(S(z,v) = 2)(S(y,v) = S(x,v)) + v([|S(y,v) [l = [S(z,v)[l) = 0.

A similar inequality is obtained if 2 and y is exchanged. Adding these two inequalities gives P2.
3) P3 is the nonexpansive property of shrinkage operator given by Lemma 3.2 in [13].
4) P4 and P5 are given by Lemma 3 in [17].
5) Replacing « with « — Ag, y with x, £ with ||z||; and v = pX in P1 gives

(S(x = Ag,pA) = (z = Ag)) " (x = S(a = Ag, p)) + pA(l|z][1 = [S(x = Ag, uM)[1) > 0,
which is equivalent to
(@M (@) + 2g9) T (=dV (@) + pA(]ly = [|l27[[1) > 0,

which further gives P6 after rearranging terms. An alternative proof is given in Lemma 2.1 in [17].

6) If 2* is a stationary point, replacing « with 2* in P6 and together with the optimality conditions
(A.1), we obtain ||[d™) (z*)|| = 0. On the contrary, if ||[d (z*)|| = 0, then S(z* — A\g*, u)\) = x*. Replacing
x by * — Ag* in P1, we obtain

(S(@* = Ag" 1) = (2" = Ag™)) T (y = S(x" = Mg, 1\)) + pA(E = [[S(@™ = Ag™, uA)[[1) = 0,

which gives (A.1). An alternative proof is given in Lemma 1 in [17].

7) Replacing x with z — Ag(z) and replacing y with z* in P1 gives
(S(x =g, pA) = (z = Ag)) " (2" = S(x — Ag, pA)) + pA([2* [l = [S(x — Ag, uA)[1) > 0,
which is equivalent to
(A.2) (@D (@) +29)T (@ — 2) + pAl" s — 2+ ) > 0.
Since (zT, ||z T|[1) € Q, the optimality conditions (A.1) gives
Mg @t —a*) = pA(lla* s = 2 * 1),

which together with (A.2) gives
(A3) @V (z) + Mg —g*) T (@* —2™) > 0.
Expanding (A.3) and rearranging terms, we obtain
(A1) IN@)T (@ — ) — [dV@IP + A" — 9)TdN (@) > Mg — ¢") T (& - 2°).
Using the Schwartz inequality, inequalities (2.6) and (2.7) in (A.3), we obtain

(L+ AL AN @) |l = || = [dD (@)|* = Iw||z* — x|,
18



which proves P8. O
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