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ON THE CONVERGENCE OF MOMENTS IN THE ALMOST SURE CENTRAL
LIMIT THEOREM FOR STOCHASTIC APPROXIMATION ALGORITHMS

PeEcay CENAC

Abstract. We study the almost sure asymptotic behaviour of stochastic approximation algorithms
for the search of zero of a real function. The quadratic strong law of large numbers is extended to the
powers greater than one. In other words, the convergence of moments in the almost sure central limit
theorem (ASCLT) is established. As a by-product of this convergence, one gets another proof of ASCLT
for stochastic approximation algorithms. The convergence result is applied to several examples as
estimation of quantiles and recursive estimation of the mean.
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1. INTRODUCTION

Let (X,,) be a sequence of independent and identically distributed (i.i.d.) random variables with E[X,,] = 0
and E[X?2] = o2. For the empirical measures

1 1 "
Gn = —— > —ds, with S, <> X,
logn P k vk Pt

the almost sure central limit theorem (ASCLT) states that, with probability one, G, = G where G stands for
the NV(0,0?) distribution and = denotes the convergence in distribution. It was simultaneously established by
Brosamler [5], Schatte [29] and in the present form by Lacey and Phillip [16]. Moreover, under assumptions on
the moments of (X,,), the convergence of moments in the ASCLT has been established recently by Bercu [2],
Bercu and Fort [3]. That is to say, the following convergences hold:

n

11 S\ o%(2p)!

k=1
I A
lim — - | —= = 1.2
nl_%on;k(\/%) 0 as (12)
In fact, this result is a simplified version for i.i.d. random variables. It is extended in a context of martingales.

The case of multidimensional martingales is considered in Bercu et al. [4]. Despite the availability of a wide
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literature concerning the ASCLT for independent variables, very few references can be found on the ASCLT for
martingales apart from the important contribution of Chaabane [6,7], Chadbane and Madouia [§], Chadbane
et al. [9] and Lifshits [22,23]. As a by-product of the convergence of moments, Bercu and Fort [3] propose a
proof of the ASCLT for unidimensional martingale transforms via an original approach which uses the Carleman
moment theorem. In this paper, we prove that stochastic approximation algorithms used for the search of
zeros and which are known to satisfy an ASCLT (see Pelletier [27]) also fulfill the convergence of moments in
the ASCLT.

More precisely, we consider a stochastic algorithm of the form
L1 = Zn+Yn [h (Zn) + Rn+1] + OnEn+i, (13)

where the function A is defined on R and R-valued. The two sequences (R,) and (&,) are two real distur-
bances, defined on a probability space and adapted to a filtration F = (Fn)n>0- The stepsizes (v,,) and (o,) are
two deterministic positive sequences going to zero. This model includes the algorithms of Robbins—Monro and
Kiefer—Wolfowitz as well as algorithms with Markovian disturbances. Stochastic approximation algorithms such
as (1.3) used for the search of zeros of h have been widely studied under various assumptions (see Duflo [10] for
an overview of these algorithms). In the context of Brownian diffusion process, Lamberton and Pages [17,18]
establish the convergence of weighted empirical measures in the form of G,, with a view to getting an approxi-
mation of the diffusion’s invariant distribution, even in the case when the diffusion may have several invariant
distributions. As a corollary of their main convergence result, they get the almost sure central limit theorem in
the context of Brownian diffusion processes.

Let z* be a zero of h. Many criteria ensure the almost sure convergence of (Z,,) to z*. In the wide literature
concerning this convergence, let us refer to Benveniste et al. [1], Duflo [10], Dupuis and Kushner [11], Hall and
Heyde [13], Kushner and Clark [15], Ljung et al. [24]. Moreover, in the case when (Z,,) converges almost surely
to z*, the weak convergence rate is given by

Z—g (Zn—2%) = N (0,5?), (1.4)
n

where X2 is a positive real number related to the second moment of (&,,) and to the differential of the function h

at the point z* (see among many others Benveniste et al. [1], Duflo [10], Kushner and Clark [15], Ljung et al. [24],

Zhu [30]).

Let us define v, = ~,0;,,2. The main goal of this paper is to establish an analog result of (1.1) and (1.2) in
the context of stochastic approxnnatlon algorithms. More precisely, under appropriate assumptions on moments
of the noise (g,,), we prove the following result: for p > 1,

Jim e Zk = ka R (Zk =2 =g(p) as, (1.5)

where g(p) is the moment of order p of the Gaussian distribution A/(0, X?). The ASCLT for stochastic ap-
proximation algorithms can be viewed as a corollary of this result due to Carleman’s theorem. By the way, in
the scalar case, we get another proof for the ASCLT established by Pelletier [27]. Moreover, in the particular
case p = 2, the convergence (1.5) is the quadratic strong law of large numbers established by Le Breton [19],
Le Breton and Novikov [20,21], Pelletier [26]. The main contribution of this paper is the extension (1.5) of the
strong law to any power p.

The paper is organized as follows. Section 2 is devoted to the assumptions and the presentation of the main
results. In Section 3, we propose some statistical applications to estimation errors for several particular cases of
Robbins-Monro procedure. The proofs are established in Section 4.
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2. ASSUMPTIONS AND MAIN RESULTS

Let us begin with the definition of the class of positive sequences that will be used in our assumptions. This
definition is introduced in Mokkadem and Pelletier [25].

Definition 2.1. Let o« € R and (v,) be a nonrandom positive sequence. Then (v,) is said to be in the
set GS(a) if

lim n (1 — U"_l) =a.

n—oo U’I’L

For example, typical sequences in GS(a) are n®(logn)? or n®(loglogn)?, for o, 3 € R. The assumptions we
will refer to in the sequel are the following.

(H1) Z, converges almost surely to z*.
(H2) The function h is defined on R and z* is a zero of h such that, on a neighborhood of z*,

h(z) :H(z—z*)+o(\z—z*\2), (2.1)

where H < 0.
(H3) The noise (¢,,) is a martingale difference sequence such that

lim E [e2,,|F,] =0° as.
(H4) The disturbance (R,,) is split into two terms such that

R,=7r,+0 (|Zn,1 - z*|2) a.s.,

Irn] =0 (v;l/z (log sn)_q> a.s. Vg >0, (2.2)
where s, = Z Vi
k=1

(H5) The nonrandom sequences (y,) and (o,) are such that

(yn) € GS(—a)  with ae]max{%,g},l],

a

(0n) € GS(—B)  with ﬁe}%,a],

20—«
li n > — :
i 2H

Let &€ = lim,, o0 (nyn)fl. We can now define the asymptotic variance X2 which appears in (1.4):

2
2 def —c

C 2H+€(28 - a)

Note that (H5) implies that £ € [0, —2H /(23 — a)[ and thus that X2 is well defined and strictly positive.

Comments on the assumptions.

The residual term (R,,) enables the study of algorithms with small Markovian disturbances. The way these
algorithms can be rewritten as equation (1.3) is detailed in Duflo [10].



182 P. CENAC
Let us now comment the last assumption (H5) on the gains. For the usual gains

Yn = o and o, = %0

n no/ n \/W—+ﬁ7

if o €lmax{1/2,2/a},1[ or (&« = 1 and § < —2H~yp), assumption (H5) is fulfilled. In the particular case of

Robbins-Monro algorithm, that is to say R, = 0, 05, = ¥, (H5) contains for example the gains v, = o, =

Yo/n® with 79 > 0 and a €] max{1/2,2/a},1[ or (« = 1 and 79 > —1/2H). The Kiefer-Wolfowitz algorithm

corresponds to the case h = V’/ where V is observable only together with a noise. For example classical gains
satisfying (H5) could be

with 79 >0, 0p >0, and 0<f(<a,

§T<%, and 9 >0, g9 > 0,

o €lmax{1/2,2/a},1[or (o =1 and 7o > Z=1). In these examples, the optimal rate is obtained for v, = vo/n
but leads to a condition on the initial 49. To circumvent this condition, Koval and Schwabe [14] introduced the
stepsize, for any (p,d) € N2,

d
Yo (logp n)
= — here log, n =log (log, ,n),
Tn - W Zp g (log,_1n)

which also fulfills (H5). This stepsize leads to convergence rates very close to the ones obtained with ~y/n but
without any constraints on the initial ~p.

The main result of this paper is the following theorem, which establishes the convergence of moments in the
ASCLT for stochastic algorithms.

Theorem 2.2. Set an integer p > 1. Assume that for some real m > 2p, (g,,) satisfies the moment condition

supE [|ep41|™|Fn] <00 a.s. (2.3)
n>0

Under assumptions (H1) to (H5), one has

L& ooy X% (2p)!
nILH;o ; E Yk [\/'Uk (Zk —Z )] P = Tp' a.s. (24)
k=1
1 n
. . ok 2p—1 _
nILH;O - kg_l Vi [k (Zi — 27)] 0 as. (2.5)

In the particular case p = 1, the convergence (2.4) gives the quadratic strong law established by Pelletier [26].
Theorem 2.2 extends this result to all powers # 2. The limiting constants in (2.4) and (2.5) correspond to the
moments of the Gaussian distribution A/(0, £2).

The classical moment problem is related to the question whether or not a given sequence uniquely determines
the associated probability distribution. The well-known Carleman theorem (see e.g. Feller [12]) gives a condition
on the moments in order to ensure the unicity of the distribution.

Theorem 2.3 (Carleman). A probability distribution is uniquely determined by its moments (my,) if

[eS)
—-1/2n

E my,’ " = oo.

n=1

Since the Gaussian limit distribution satisfies Carleman’s moment condition, we deduce the following corollary
from Theorem 2.2.
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Corollary 2.4 (ASCLT). Assume that (£,,) is a martingale difference sequence such that, for all integer p > 1,

sup E [|len41|P|Fn] < o0 a.s.
n>0

Under assumptions (H1) to (H5), one has

1 n
= > Wb oz = N (0,2%)  as.
" k=1

As a straightforward application, the following strong law holds.

Corollary 2.5. Assume that (g,,) is a martingale difference sequence such that, for all integer p > 1,

sup E [|len41|P|Fn] < 00 a.s.
n>0

Moreover, assume that f stands for any almost everywhere continuous function, with polynomial growth at
infinity. Under assumptions (H1) to (H5), one has

where Gx denotes the N'(0, %) distribution.

This corollary gives approximations of gaussian integral of almost everywhere continuous function with polyno-
mial growth at infinity.
The Proof of Theorem 2.2 is given in Section 4.

Remark 2.6. Assumptions (H1) to (H5) are equivalent to those of Pelletier [27] establishing the ASCLT. Here
we assume the conditional moment assumption besides to get the stronger result of convergence of moments in
the ASCLT.

3. EXAMPLES OF APPLICATIONS

Let us give here three examples of estimation for which the Theorem 2.2 apply. These examples are dif-
ferent forms of Robbins-Monro procedure, described as follows. Robbins-Monro algorithm (see Robbins and
Monro [28]) is used for solving the equation f(z) = a, where f is an Re-valued function and o € R%. More
precisely, this algorithm is used when f can be rewritten in the form f(x) = E[F(z, X)]. Then the solution of
the equation f(x) = « can be recursively approximated by

Un+1 =U, — (F (Un7Xn+1) - Ot) )

where 7, > 0 is a deterministic sequence going to zero and (X,,) is a sequence of independent and identically
distributed random variables. Obvisouly, as mentioned in the introduction, Robbins—Monro algorithm is a
particular case of model (1.3).

3.1. Translation parameter

Let (Y;,) be a sample from a distribution F' on R, with density f with respect to the Lebesgue measure.
The sequence of random variables (Y,,) is not observable, but each Y, is supposed to be centered. We can only
observe a translation model (X,,) where X,, = Y,, + 6. The real translation parameter 6 is unknown. Since
E[Y1] = 0, the parameter 6 is the mean of X,,, 0 = E[X,,].
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Without knowing the function f, we may also assume that f is even, strictly positive and continuously
differentiable. Let us define the recursive estimator of 6 defined by

—~ ~ 1
0n+1 = en —Tn (]]'{Xn+1§§n} - 5) ’ (31)

This algorithm is a particular case of the model (1.3) with o,, = v, Rp+1 = 0 and

1

A = 5~ B [LpnealFl

where F,, is the o-field of events prior ton and F = (F,) is the natural filtration. Indeed, (3.1) can be rewritten as
é\nJrl = é\n + ’Vnh (é\n) + VYnEn+1,

with £,41 = ]E[]I{Xn+1§§,,L}|‘7:”] — 1y <p,y- Obviously, assumptions (H4) and (2.3) for all integer p are
satisfied, as well as (H3) with 02 = 1/4. It remains to trust (H2). Since X,,;1 is independent of F,,, one has

1 1
h(z) = 5 _]P(XnJrl < Z) = 5 —]P(YnJrl < 2—0)
The function f is continuous and strictly positive hence h is differentiable and h/(z) = —f(z — 6). Moreover 6

is a zero of h. Taylor-Young formula leads to
h(z) = h(0) = —f(0)(z = 0) + O ((z — 0)*),

with f(0) > 0. Thus (H2) holds. Consequently, for any integer p, assuming (H1) and choosing the steps (Vx)
such that (H5) holds, Theorem 2.2 gives the asymptotic results on the estimation errors. The sequence of
estimates (6,,) satisfies

n

.1 1 /- 2 5% (2p)!
Jm =Y o (=0) = T e

k=1 Tk
1 <& 1 /- 2p—1
lim — Z = (Hk = 9) =0 as.,
OO Sn o M2

with 2 = [4(2£(0) — a€)] " and the ASCLT for (6,,) holds:

1 n
2 WGy = N (0.57) as
" k=1 '

3.2. Recursive estimation of quantiles

More generally, with a procedure of estimation analogous to the preceding one, we can give asymptotic
convergence results on the error of quantile’s estimation. We consider a sample (Y;,) with a strictly increasing
distribution function F'. Let us define ¢ the quantile of order J, that is to say A (¢). Without knowing the
function F', we may also assume that the density f = F’ is continuously differentiable.

Let us define the recursive estimator
Gn+1 = n — Y (Ugv, s <y — 9) - (3.2)
Again, the sequence (g,) is a particular case of (1.3) with o, = v, Rpy1 =0,

h(z) = 0= E [y, <y |[Fu] =6 = F(2),



ON THE CONVERGENCE OF MOMENTS IN THE ASCLT FOR APPROXIMATION ALGORITHMS 185

and enq1 = E[lqy, <.} 1Fn] = L{y,..<g.}- Obviously, assumptions (H4) and (2.3) for all integer p are satisfied,
as well as (H3) with 02 = §(1 — ). Moreover, the function h clearly satisfies (H2) for the zero q of h. Conse-
quently, for any integer p, assuming (H 1) and choosing the steps such that (H5) holds, Theorem 2.2 leads to

n

. 1 1 ~ 2 2217 2p!
lim — E — (@ —q)” = 7}7( ' ) a.s.
o0 Sn 1 Vk 2vp!
1 G 1
lim — <
n—oo Sy P 'Ykpii

)P =0 as.,

(@ —q
with X2 = 6(1 —6)/[2f(q) — a&]. Moreover we have

1 n
S—Z’Ykéﬁ(aqu) :>N(O, 22) a.s.
" k=1 ’

3.3. Recursive estimation of the mean

Let (Y,,) be a sequence of independent and identically distributed real random variables with mean p and
variance o2. Set an integer p > 1. Assume that for some real m > 2p, (Y;,) satisfies the moment condition

SupE [| V41| Fn] < oo as.
n>0

Let us consider the recursive estimator of the mean p defined by

/-/ln—&-l = /-771 + Yn (Yn+1 - /-/ln) .

This model is again a particular case of the model (1.3) with h(z) = p — z and €,41 = Y41 — g Assump-
tions (H2), (H3), (H4) and (2.3) are satisfied. Consequently, assuming (H1) and choosing the steps such
that (H5) holds, the cumulated estimation error satisfies

n

1 1 0 X2P(2p)!
lim —Z—(uk—u) P == as
n—00 p—1 |
Sn i3 Tk 2ppl
1l 1
lim — -
n—oo S, Pt 'Ykp_§

(i — W™ =0 as.

with X2 = 0%/(2 — af), as well as the ASCLT
L f 5 = N (0,27
Sn =1 Tk \/lw_k(ﬁkiu) ( ’ ) a-5.

4. PROOF OF THEOREM 2.2

Remark 4.1. Assumption (H5) implies that v, € GS(—a + 203), since v, = ¥,0,2, 7» € GS(—a) and o, €
GS(—0). Consequently one has

Un-1 _ —a+25+0(1
n

1-— o E) =& (—a+28) +o(mm)-

Finally it comes
Un—1

=1- 7n£(2ﬁ - a) + O(’Vn) . (41)

n

This remark is very helpful for the proof of Theorem 2.2 and (4.1) is widely used.
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First, the convergence is established for even moments, by induction on the power p. The recursive
equation (1.3) yields
ds-i

Zns1 — 2" =Y 41+ 0peng1 where Y11 =Z, — 2"+, [h(Zn) + Ruta) - (4.2)

In view of assumptions (H2) and (H4), the sequence Y,, ;1 satisfies
Vior = (Zo — ) [L+ Hal s + O (a1~ =2).

In order to prove Theorem 2.2, we shall apply several times the following lemma, established in Mokkadem and
Pelletier [25].

Lemma 4.2. Assuming that there exists m > 2 such that (2.3) holds, under assumptions (H1) to (H5), the
stepsized stochastic algorithm (Z,) satisfies

|Z, — 2" =0 <\/v51 logsn> a.s. (4.3)

In particular, Lemma 4.2 consequently leads to
Yog1=(Zn—2")[1+ Hvy,]+o (’yn ~1/2 (Jog sn)_q) a.s. (4.4)
for all ¢ > 0.

4.1. Even moments

Elevating (4.2) to the power 2p it comes
2p—0
(ZTL+1 -z § CQpUnenJrlYnﬁl :

Setting V11 < o (Znﬂ — z*), we get
2p—1
2 p—10
VP VI = gBY2P V2P Ry Z CENY? (VoY) el 1. (4.5)

From the obvious equality
n

V=) (Vkal - szp) + V7,
k=1
and from the recursive equation (4.5), one gets for any n > 1,

2p—1
V= VE AP WP Z Cs.BE) (1), (4.6)
where

n
(p) dof p_2p (p) dof Dy 2P 2p
Wrhii = Z%Ekﬂ’ Anfr = Z 0 Yei — Vi )
k=1

. 0/2 2p—¢
87(1[:)-1 0= Z“Yk/ (VorYis1)™ €£+1-
k=1
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4.1.1. Casep=1

Clearly equation (4.6) can be rewritten as
1 1 1
A;J)rl = _W7(1421 + Vi, VP - 25;+)1(1)~ (4.7)

Since the noise (&,,) satisfies (H3) and assumption (2.3) for a real number m > 2, let us note that Chow’s lemma
(see e.g. Duflo [10], p. 22) yields

. 1 1
nh_)ngo ;W'(w)l =o0? as. (4.8)
Let us assume that )
1 1401
= [v2.,-vi- 23211(1)} —o(1) 40 (snlAgg) a.s. (4.9)

We first show how the combination of (4.8) and (4.9) gives the convergence (2.4) for p = 1. From equality (4.4)
one has

Y20 = (Za =20 (14 2% H + 0 (3)) + 0 (120" (log s) )
+o (|Zn — 2|y, 12 (log sn)7q>
= (Zn = ") (14 23 H + 0 (3)) + 0 (v "0 (l0g 5) "7'/7)

the second equality resulting from Lemma 4.2. Consequently, applying this equality for ¢ = 1/2 and denoting
U, & V0n(Z, — 2*), the general term of ASLlll is of the form

U? (1 _Unot oy 2y H + o0 (’yn)> +o(v) as.

Un

Hence we deduce from (4.1) by applying Kronecker lemma that

R R S 1 1

Then the combination of (4.7)—(4.10) leads to (2.4).
It remains to prove (4.9). Obviously since s,, increases to infinity, almost surely pr = o(sy). Moreover, from

Lemma 4.2, we have a.s. V,2,; = o(s,,). To conclude we have to study the asymptotic behavior of 87(3421(1) We
easily deduce from Kronecker lemma and from the decomposition (4.4) that we only have to show that

n n
Z VUkegsr = o (ASJ)A) a.s. and Zﬁ’mekﬂ =o0(sy) as.
b1 k=1

The standard strong law of large numbers for regressive series (see e.g. Duflo [10], p. 26) yields

=0 (Z ’ka,3> +0(1) as.

k=1

=0 (Z ’y,‘j) =o0(sy) as.
k=1

n
DRVAT T

k=1

n
3/2
§ Vi €k+1
k=1

Since from (4.10), one has

o (ﬁ: Yok (Zy — z*)2> =0 (ASL) a.s.,
k=1
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it comes
B (1) =0 (A%) tolsy) as., (4.11)

which concludes the proof of (4.9).

4.1.2. Casep>2

Now, let p > 2 and assume that the convergence (2.4) holds for any power ¢ with 1 < ¢ < p — 1. First, we
prove that

lim — En v = 22, L) (4.12)
1m k = 11m n a.s. .
VeV Do L

n—oo §
" k=1

From the decomposition (4.4) together with the result (4.3) of Lemma 4.2, it is easy to see that, for all ¢ >
-p+1/2

Y22y = (Zy = =)™ (L4 2pHAn + 0 (1)) + 0 (yav? (log 5,) 7).
In particular for ¢ = 0, one has

P
Un—1
:g —|—2pH'yn+0(7n)]+o('yn) a.s.

PYy2P {2 _ P _ k2P|
vhY TV = VP =b (2, - 27)7 |1

Since v, € G§(20 — ), the sequence v belongs to QS(p(Qﬁ - a)) and hence

vp_y
1- oF = p(Qﬁ - O‘)&’Yn + 0(771) i

Finally, we get
VY, = Vi = praUpP (€28 — @) + 2H] (1 + 0(1)) 4+ 0 (1) ,

and (4.12) is a straightforward application of Kronecker lemma. Thus, we have to show that

lim iAﬁf’jl = —po®(2p—D)g2(p—1)] as. (4.13)

n—oo sn
The proof of (4.13) is constructed in the following way. Let us note that Lemma 4.2 implies that V712£1 = 0(sp).
First we establish the convergence of s;; 1W7(£21 to zero. Then we show that
vee {1, 2p— 102} BEL () = 0 (AZ)) +o(sa) as.
Tim B, (2) = g2(0—1)] o as.

The decomposition (4.6) will lead to convergence (4.13).
Since the noise (¢,,) satisfies (2.3), by applying Chow’s lemma it comes

W}fjlz <27£> a.s.
k=1

In addition, v, converges almost surely to zero, hence 72 = o(,,) a.s. Consequently, one gets from Kronecker’s
Lemma

W(lﬁl =o0(sp) as. (4.14)

n
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For establishing the asymptotic behavior of Bn {1, let us split it into two terms, Bn H(E) Cffﬂ(f) + Dfﬂl(ﬁ)
with

e =3 P (VoY) ™ e (0),

k=1

DY), (0) & Z (VoY) E b 1R

def

and e, 41(0) = b, — E[e! 1| F,]. First, we claim that for any 3 < ¢ < 2p—1,
‘Dfﬂl(é)‘ = o0(sn) as. (4.15)

One can easily see from the Holder inequality and from the moment assumption (2.3) that each moment
|E[€fl +1|fn] ’ is almost surely bounded and consequently

’Dnﬂ )‘ =0 (Z 7’ (\/ﬁYkH)Q”_g) a.s.
k=1

If ¢ is even, for all ¢ > 0, (4.4) leads to,

2 (VoY) ™" = 4/ [Un(1+ 0(1)) + 0 (7 (log 3")_'1)}%[

= /2 U2 (1 4+ 0(1)) + 0 (3 U2~ (log s) )|

= 72U 1 4+ 0(1)] + 0 (7£/2+1 (log Sn)—q+p—£/2—1/2) .

Then the induction assumption together with Kronecker lemma yield
Zyk (VorYes1) P " =0(sn) as.

Consequently the convergence (4.15) holds for £ even such that 3 < £ < 2p — 1. Otherwise in the case when ¢ is
odd and ¢ > 3 (since D,,11(1) = 0 is a trivial case), applying the Cauchy—Schwarz inequality it comes

‘Dnﬂg‘ ((Z% (VR Yis1) ™ )(Z% on “1))) a.s.

Again the induction assumption and Kronecker’s lemma lead to (4.15). For the last term Dgl(ﬁ), the conver-
gence

lim —DP),(2) = g[2(p — 1)] o? (4.16)

n—oo §,

is a consequence of the induction assumption and Kronecker lemma too.
It remains to study the asymptotic behavior of Cn _H(E) for any 1 < ¢ < 2p — 1. We claim that

cffigl()‘_ (sn)+a(A;le) a.s. (4.17)
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We easily deduce from (4.4) and from Kronecker lemma that we only have to show that

n

Z’yﬁmUE”*eekH(ﬁ) =0(sp)+o (A;p]rl> a.s.

k=1
‘
g ’yl+/ err1(0) = o(sn) a.s.

According to the standard strong law of large numbers for regressive series one has, for any ¢ > 0,

1+6
Zv U (2p=0) [108;27 U2(2p z)] a.s.

= k=1

i (ZW)

Since ~,, decreases to zero, it comes in partlcular

n 2

> U e ()
k=1

1+e/2

HZ/Q =o0(s,) as.

First, assume that 1 < ¢ < p — 1. Since

Z’yﬁU:(zpfz) = (’)( sup Usz% (= Z)> a.s.,

et 1<k<n Pt

the conjonction of Lemma 4.2 and the induction assumption leads to

n

l/2 —L
Z%/ szp ert1(£)
k=1

=o0(sp) a.s.

The particular case £ = p is also a consequence of both the strong law of large numbers and Kronecker lemma

and one has
ngUZp =0 (‘An+1) a.s.
k=1

Consequently Kronecker lemma leads to (4.17).
Now assume that p < ¢ < 2p — 1. According to Chow’s lemma, one has

n

2p/L
/2y 2p—4
Vk/ U :

=o(vp(0) as. with v,(0) = Z ‘%i/zU]fp—g
k=1

ek+1(£)

k=1

Applying Holder inequality with the exponents ¢/p and £/(¢—p), the induction assumption implies v, (¢) = o(sy,),
which concludes the proof of (4.17).
Finally the conjonction of the convergences (4.14)—(4.17), leads to

2p—1
. 1 . 1
nh_)ngog [A;H 1+ Z C’zprﬂ_l ] = HILH;O ;AHH +C’2pa g2(p—1)] as.
So, from the decomposition (4.6) we get
. 1
lim —Aﬁfjl =-C3,0°g2(p—1)] as.,

n—00 S,

which concludes the proof of (2.4).



ON THE CONVERGENCE OF MOMENTS IN THE ASCLT FOR APPROXIMATION ALGORITHMS 191

4.2. Odd moments

Now let us deal with the odd moments with the proof of (2.5). Elevating equation (4.2) to power 2p — 1 and
proceeding exactly as in the case of even moments, it comes

2p—2
v = v e AP W)+ N o, B (), (4.18)
(=1

where

n n
(p)  der p—1/2 _2p—1 (p)  det p—1/2y,2p—1 2p—1
Wi = Tk Eep1 o Anf1 = E , Vg Yiia — Vi )
k=1 k=1
n

e £/2 2p—0—1
37(1121(@ = Z%C/ (VorYeq1)™ €£+1.
k=1

4.2.1. Casep=1

For p = 1, the decomposition (4.18) can be rewritten as
AN = Vo =i =W, (4.19)
An application of the standard strong law of large numbers for regressive series leads to

’W,(Li)l’ =0(sp) as.
Clearly V; = o(sn) since s, increases to infinity and again from Lemma 4.2, one has V,,11 = o(s,) a.s. Hence
we deduce from (4.19) that A,41 = o(sy) a.s.

Moreover, due to the decomposition (4.4) the general term of 4,41 satisfies for all ¢ > 0,

Vo Yni1 — Vi, =U, {1 + Hyp, — Uz_l] +o0 (’yn (log sn)fq) a.s. (4.20)

n

Since v, € GS(28 — a), /v, € GS(B — «/2) and consequently

1- ./”;;;1 = &~ a/2) + 0 (7).

In particular for ¢ = 0, the equation (4.20) yields

VonYni1 = Vo = 7Un [H +£(8 — a/2)] (1 +0(1)) +0(7a)  ass.,

which clearly leads to (2.5) from Kronecker lemma, since

1L 1 .1
nh—>n<§o 5 kZ:l’}/kUk = m nh—>nolo ;An—i-l =0 a.s.
4.2.2. Casep > 2
Now let p > 2 and assume that convergence (2.5) holds for any power ¢ with 1 < ¢ < p — 1. The structure of

the proof is the same as in the case of even moments. It consists in establishing the convergence Affll = 0(sn)
from the decomposition (4.18).
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First, Chow’s Lemma implies

n
~1/2
W,(L’i)l =0 (ng / > a.s.

Since p > 2 and 7, goes to zero, one gets
W,(L[_?l =o0(sn) a.s. (4.21)

Moreover, clearly we have V” = o(sy,) a.s. and V) | = o(sp) a.s. from Lemma 4.2. Let us split B,(fzzl(f) into

two terms, B,(fzzl(f) = C’,(fjgl(ﬁ) + Dﬁfjl(z) with

n

(0 =N 2 (VoY) e (0),
k=1
Dfﬁrl = Z’Y (VorYes ) 'E [ef1|F] -

For the first term Cy(szp we deduce from (4.4) and from Kronecker lemma that it suffices to show that

n

Z 2y e 1 (0) = 0(se)  as. (4.22)
k=1

¢
Z ’yH /2€k+1 =o0(s,) as.

Once again, one gets from the strong law of large numbers that for all § > 0,

2 n n 146
=0 Z’y,ﬁU,pr*e*l) llongﬁUg(%Zl)] a.s.

k=1 k=1
= (Z 72+€> =o0(sy) a.s.

First, assume that £ > p — 1. The convergence (2.4) implies

n

> U e (0)
k=1

n

> ok enat

k=1

n
Z’YkU;z(zp%il) =0(sy) as.

Hence, (4.22) is proven since 7, goes to zero. Now let 1 < ¢ < p — 1. Since

Z’yﬁUimP—ﬁ_l) :(’)( sup UpP~Y Z kU2p> a.s.,

P 1<k<n P
the conjonction of Lemma 4.2 and convergence (2.4) leads to (4.22). Finally, we have established that

CP () =0(sn) as. (4.23)

n

Let us now study the asymptotic behavior of D,,11(¢) in the following three cases.
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Case 1. ¢ = 2. It is easy to see from the decomposition (4.4) and assumption (H3) that the general term of
Dfﬂl( 2) is of the form

U L4 o(1)] +0(sk)  as.

Then, the induction assumption together with Kronecker lemma lead to

lim —Dfﬁzl( )=0 as.

n—0o0 S,

Case 2. ( is even and such that 4 < ¢ < 2(p — 1). Let us remind that for each ¢, the conditional moment
|E[€! . 1|Fn]| is almost surely bounded. Hence, one has

DY), (0) (Z Vi \/v_kykﬂ)szl) a.s.

Then the decomposition (4.4) together with the induction assumption imply that Diﬂl(f) = o(sp) a.s.

Case 3. ( is odd and such that 3 < ¢ < 2p — 3. Again since for each ¢, the conditional moment |E[¢’ ,,|F,]| is
almost surely bounded, one has

DY), (0) (Z Vi \/v_kykﬂ)szl) a.s.

Once again, (4.4) and (2.4) imply that Diﬂl(f) = o(sp) a.s.
Finally, we have proven that
lim s, AP =0 as.
Moreover, due to (4.4), the general term of AP satisfies
p—1/2
n—1

p—1/2y2p—1 v 2p—1 _ 7r2p—1 _
Un, Yn+1 Vn - Un p—1/2
Un

+(2p—1DHy, +0(yn)| as.

Since v, € GS(28 — ), one has v}, 12 ¢ GS((26 — a)(p — 1/2)) and consequently

v

P*%/Q 1
= ] () [ R R
Then it comes
— 1
o AR =V = (p B 5) Upr~m [2H + €26 — a)] (14 0o(1)) +0(7a)  as,

which leads to (2.5) by applying Kronecker Lemma.

Acknowledgements. 1 would like to thank M. Pelletier for her careful reading of the manuscript and her valuable advices.
I also thank the referees for their helpful suggestions.



194

(1]
2]
(3]

(4]

P. CENAC

REFERENCES

A. Benveniste, M. Métivier and P. Priouret, Adaptive Algorithms and Stochastic Approzimations. Springer-Verlag, New York,
Appl. Math. 22 (1990).

B. Bercu, On the convergence of moments in the almost sure central limit theorem for martingales with statistical applications.
Stoc. Proc. Appl. 111 (2004) 157-173.

B. Bercu and J.-C. Fort, A moment approach for the almost sure central limit theorem for martingales. Stud. Sci. Math. Hung.
(2006).

B. Bercu, P. Cénac and G. Fayolle, On the almost sure central limit theorem for vector martingales: Convergence of moments
and statistical applications. J. Appl. Probab. 46 (2009) 151-169.

G.A. Brosamler, An almost everywhere central limit theorem. Math. Proc. Cambridge Philos. Soc. 104 (1988) 213-246.

F. Chaabane, Version forte du théoreme de la limite centrale fonctionnel pour les martingales. C. R. Acad. Sci. Paris Sér. I
Math. 323 (1996) 195-198.

] F. Chaabane, Invariance principles with logarithmic averaging for martingales. Stud. Sci. Math. Hung. 37 (2001) 21-52.

F. Chadbane and F. Madouia, Théorémes limites avec poids pour les martingales vectorielles. ESAIM: PS 4 (2000) 137-189
(electronic).

F. Chaabane, F. Maaouia and A. Touati, Géneralisation du théoréme de la limite centrale presque-stir pour les martingales
vectorielles. C. R. Acad. Sci. Paris Sér. I Math. 326 (1998) 229-232.
M. Duflo, Random Iterative Methods. Springer-Verlag (1997).

P. Dupuis and H.J. Kushner, Stochastic approximation and large deviations: Upper bounds and w.p.l convergence. STAM J.
Control Optim. 27 (1989) 1108-1135.

W. Feller, An introduction to probability theory and its applications II. John Wiley, New York (1966).

P. Hall and C.C. Heyde, Martingale Limit Theory and Its Application. Academic Press, New York, NY (1980).

V. Koval and R. Schwabe, Exact bounds for the rate of convergence of stochastic approximation procédures. Stoc. Anal. Appl.
16 (1998) 501-515.

H.J. Kushner and D.S. Clark, Stochastic Approxzimation Methods for Constrained and Unconstrained Systems. Springer-Verlag,
Berlin (1978).

M. Lacey and W. Phillip, A note on the almost sure central limit theorem. Stat. Probab. Lett. 9 (1990) 201-205.

D. Lamberton and G. Pages, Recursive computation of the invariant distribution of a diffusion. Bernoulli 8 (2002) 367-405.
D. Lamberton and G. Pages, Recursive computation of the invariant distribution of a diffusion: the case of a weakly mean
reverting drift. Stoch. Dyn. 3 (2003) 435-451.

A. Le Breton, About the averaging approach schemes for stochastic approximations. Math. Methods Stat. 2 (1993) 295-315.

A. Le Breton and A. Novikov, Averaging for estimating covariances in stochastic approximation. Math. Methods Stat. 3 (1994)
244-266.

A. Le Breton and A. Novikov, Some results about averaging in stochastic approximation. Metrika 42 (1995) 153-171.

M.A. Lifshits, Lecture notes on almost sure limit theorems. Publications IRMA 54 (2001) 1-25.

M.A. Lifshits, Almost sure limit theorem for martingales, in Limit theorems in probability and statistics 11 (Balatonlelle, 1999).
Jénos Bolyai Math. Soc., Budapest (2002) 367-390.

L. Ljung, G. Pflug and H. Walk, Stochastic Approzimation and Optimization of Random Systems. Birkhauser, Boston (1992).
A. Mokkadem and M. Pelletier, A companion for the Kiefer—Wolfowitz—Blum stochastic approximation algorithm. Ann. Stat.
(2007).

M. Pelletier, On the almost sure asymptotic behaviour of stochastic algorithms. Stoch. Proc. Appl. 78 (1998) 217-244.

M. Pelletier, An almost sure central limit theorem for stochastic approximation algorithms. J. Multivar. Anal. 71 (1999) 76-93.
H. Robbins and S. Monro, A stochastic approximation method. Ann. Math. Stat. 22 (1951) 400-407.

P. Schatte, On strong versions of central limit theorem. Math. Nachr. 137 (1988) 249-256.

Y. Zhu, Asymptotic normality for a vector stochastic difference equation with applications in stochastic approximation.
J. Multivar. Anal. 57 (1996) 101-118.



	Introduction
	Assumptions and main results
	Comments on the assumptions.

	Examples of applications
	Translation parameter
	Recursive estimation of quantiles
	Recursive estimation of the mean

	Proof of Theorem 2.2
	Even moments
	Case p=1
	Case p2

	Odd moments
	Case p=1
	Case p2
	Case 3.



	References

