
On the convergence of solutions ot cer ta in 
th i rd -order  differential equations. 

~[. O. TEJUMOLA (Ibadan, /~igeria) 

Summary. - In  this paper it is shown that an earlier result of Ezeilo [1] can be extended 
to the more general equation (1.1)~ and this is achieved ~vithout any extra conditions on hr(x) 
and h'(x). A result on the existence of a unique periodic solution of(1.1)is also obtained 
as an application of the convergence result. 

1. I n t r o d u c t i o n .  - Consider  the t h i r d - o r d e r  d i f fe ren t ia l  equa t ion  

{1.1) ~ ÷ a'~ -b b~ -F h(x) = P i t ,  x ,  ~c, "~) 

in which  a > 0, b > 0 are constants ,  the func t ions  h(x), p(t, x,  x,  ~) are conti- 
nuous  for va lues  of the i r  respect ive  a rgumen t s  and dots denote  di f ferent ia-  
t ion wi th  resprct  to t. Unde r  the above condi t ions  on h and p solut ions of 
equa t ion  (1.1) exis t  for any  preass igned  in i t ia l  condi t ions.  

Any  two solut ions  xl(t), x~(t) of (1.i) are said to converge to each other  if 

(1.2) w, { t )  - -  x=( t )  ~ O, x l ( t )  - -  ~c~(t) ~ O, x , ( t )  - -  ~c=(t) - -  0 

as t ~ ~ .  The convergence  proper ty  of solut ions of equa t ion  (1.1), wi th  
p(t, x ,  ~, ~c)~--p(t), has  been inves t iga ted  by  EZEILO [1; Chapter  6]. His  resu l t  

t 
shows tha t  if both p(t) and  /p ( z )dz  are bounded  and if h(x) sat isf ies  the u sua l  

0 

h'(a~) ~__:c, ab - -  c > 0 for al l  w, 

taen,  subjec t  to some add i t iona l  condi t ions  on h'(w) and h"(x), all  u l t ima te ly  
bounded  solut ions of (1.1) converge.  Our present  investiga~tion wi l l  show tha t  
it  is possible  to d ispense  wi th  the ex t ra  condi t ions  imposed on h'(x) and  h"(wl 
in [1] even when  the ((foreing function)> p(t,. x:. x, x) in (1.1) is bounded  by 
a func t ion  which  depends  expl ie i t i ly  on ~,, w, ~ as well  as on t. As an  im- 
media te  appl iea t ion  of our  convergence  resu l t  a Theorem on the exis tence  
of a un ique  pe r iod ic  solut ion of (1.1) will also be es tabl ished in the case 
when  p(t, x ,  x ,  x) is per iodic  in t. 

2. S t a t e m e n t  o f  t he  ma in  resu l t .  - I t  wil l  a s sumed  thoughou t  wha t  
follows that  h'(~) exists  and is con t inuous  for all  values  of ~v. Our f i rs t  resu l t  
is as fol lows:  

AnnaU di Matematica 4s 



378 H . O .  TEIUMOLA, On the convergence o] solutions o] certain third-order, etc. 

T H E O ~ M  1. - Given the equation (1.1), suppose that 

(i) the funct ion h(x) is such that 

(2.1) h(O) -~ O, h(x2} - -  h(x~) ~ ~ > 0 for 
X2 -- Xl 

Xl.:#X2, 

(2.2) h'(x) ~ c for all x, where O < c < ab, 

(it) there exists a finite constant A, > 0 such that  

(2.3} Ip(t, x~, y, ,  z2)--p(t,  x~, yl, z~ ) l~  A. {(x~ --- x~) 2 + (y~ - -  y~)2 ~_ (z, - -  zl) 2 }1/~. 

Furthermore,  let 

[ (2.4) B ---- min  16a~(a ~- 1)' aSd2 1 
4bc(a ~- 1 Jr d/2c) ~ ' 

d - - - - a b - - c .  

Then, there exists a finite constant ~, > 0 such that i f  the constant h ,  i n  (2.3) 
satisfies 5 ,  < ~,, then any  two distinct  solutions x~(t), x2(t) of  (1.1) for which 

(2.5) [h(x2 - -  x l ) - -  { h(x2) - -  h(x~) } ] 2 -~ B(x2 - -  x~) ~ 

for all t ~ to (0 < to < c~} necessarily converge. 

I t  ought  to be po in ted  out  that  the cons tan t  B, given by (2.4), is not 
necessa r i ly  the best  poss ib le ;  an ind ica t ion  on how to ob ta in  a more  g e n e r a l ,  
and p robab ly  bet ter ,  es t imate  wil l  be  given at the end of § 3. 

The  condi t ion  (2.3) can  be improved  to the form 

(2.6) Ip(t, x~, Y2, z2) - -p( t ,  xl ,  yl ,  z l } l ~  (Plt}[x2 - -  x,) ~ -{- (y2--  Yx) 2 -]- (z2 - -  zl)'] 1/2 

where ,  for  some cons tant  k2 in the range  1 ~ k 2 ~  2, the func t ion  f fP( t )~0  
is such  that 

(3O 

- - 0 0  

I t  wil l  howeve r  be conven ien t  to deal  f i rs t  wi th  Theo rem 1 in its p re sen t  
form, and then.  l a te r  (see § 5), to indica te  wha t  modi f ica t ions  are  n e c e s s a r y  
to conver t  our  methods  to the c a s e  in which  p(t, x, y, z) sa t is f ies  (2.6). 

In  the Cases where  the so lu t ions  xl(t), x2(t) of (1.1) are bounded ,  say  
t x~(t)t__~ R (i--~ 1, 2), it would  be c lear  that  there  exis ts  a f in i t i te  cons tan t  
H ~ H(R} such  that  

(2.8) i h(x2 - -  x,) - -  { h(x~) - -  h(xl)}l ~_ H(R}I x2 - -  xl I if I x, I ~ R (i ---- 1, 2). 
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For, since h(0)----0 and h'(x) exists and is continuous, 

h(x~ - -  x l )  = (x2 - -  xl)h'(Ol(x~ - -  •,)), 0 < O, < 1, 

h(x~2) - -  h(xl) ----- (x2 -- x~)h'(~), ~ ~--- x~ + 0~(x2 - -  xl), 0 < O~ < 1 

by the mean - -  value theorem, and so 

h ( x ~  - -  ~ )  - -  { h ( x ~ )  - h ( x ~ t }  = (x~  - -  x~ )  I h ' ( 0 , ( x ~  - -  x , )  - -  h ' ( ~  }, 

where  h ' (O' (x2-  x ~ ) ) -  h'(~) is bounded if x t ,  x2 are bounded. Thus, in cases 
where  solutions of (1.1) are ul t imately bounded, (25) is not an ext ra  condi- 
tion on the existence of the constant on the r igh t -hand  side of (2.5), but 
ra ther  a condition on the smallness of the constant. 

The following result  follows immediately from Theorem 1. 

T~EOnEM 2 . -  Let  the condi t ions  o f  Theorem 1 hold a n d  let H be the 
f u n c t i on  def ined by ~2.8). T h e n  there ewists a cons tan t  ~, 0 < ~ < c~, such  that  i f  

(2.9) H(~) ~ B1/~ 

then al l  so lu t ions  o f  (1.1) converge prov ided  that  A,  < ~*. 

Indeed, in the case n----1, the result  [4; corollary 3] implies that under  
the hypoteses (i) and (ii) of Theorem 1 every solution x(t) of (1.1) ul t imately 
satisfies 

(2.10) ]x(ti]~__D~, xlt) ] ~_~ D~, [~(t)[ ~ D1 

provided A, < ~ ( 0  < ,~  < ~ ) .  Thus, if the constant ~ is chosen such that 
~ D ~  and if 5 .  < e*, ~*--~ m i n i s : ,  %), then, by (2.81 and (2.9), for any two 

distinct solutions x~(tt, x2(t) of (1.1), 

[htx, - -  xl) - -  { h(x~) - -  h(x~) } ]2 ~ Bix~ - -  x~) ~ 

for all t ~ to, and the corollary would then follow from Theorem 1. 

3. Pre l iminary .  - We shall consider, instaed of (1.1), the system 

(3.1) x ---- y, y -~- z, ~ ~ - -  az  - -  by ......... h(x) -~ p(t,  x ,  y, z) 

which is obtained from (1.1) by setting x ~ y, y ~ z. Let  (xlit), yl(t), zl(t))~ 
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(x2(t), y~(t), z2(t)) be two dis t inct  solut ions of (3.1) such  that  

(3.2) [h (~ .  - -  Xl~ - -  / h ( ~ )  - -  h(Xl) } ]2 ~ B ( ~  - -  x~)2 

for all t ~ to (0 < to < ~ ) ,  where  B is g iven  by (2.4). Then,  in view of defini- 
t ion (1.2), it is enough,  in o rder  to prove Theo rem 1, to show that  

(3.3) x 2 ( t )  - -  z l ( t )  ~ o ,  y . ( t )  - -  y l ( t )  ~ o ,  z2( t )  - ~ l ( t )  - *  o 

as t - - ~ .  Our  proof of this will  rest  main ly  on the proper t ies  of a ce r t a in  
func t ion  W ( x 2 -  ~v~, Y2--Yl ,  z2--z~) which  is der ived  f rom the  func t ion  
W(w, y, z) [2; § 2] by rep lac ing  x, y, z with x ~ - - x ~ ,  y ~ - - y ~  and z2--z~ 
respect ively .  The  func t ion  W ~  W ( x 2 - - x ~ ,  y ~ - - y ~ ,  z ~ -  zx) is def ined  as fol lows:  

0 

(3 .4)  --I- { a + 8~b --{- a 2 + b - -  ~2 } (Y2 - -  yx) 2 + ( ~  --~ 1)(z2 - -  z~) 2 --[- 

-[- 2a82(x2 - -  xl)(y2 - -  y,) + 2{a -{- l)(y2 - -  y~l(z2 - -  z~) + 2~2(x2 - -  x~)(z~ - -  ~),  

w h e r e  81, ~ a re  two f ixed cons tants  such  that  

1 b 
(3.5) a < ~ < -c ' ab - -  o > a82 > O. 

Note that  subject  to the hypothes is  (1) of Theo rem 1, the func t ion  W is 
posi t ive def in i te  in x 2 - - x ~ ,  Y 2 - - y l ,  z 2 - - z l .  I n d e e d  by [2; L e m m a  1] the  
func t ion  W(x2 - -  xx, y~ - -  yl ,  z2 - -  zl) sat isf ies 

(3.6) W(x2 - -  x l ,  Y2 - -  Y l ,  z2 - -  z,) ~ D2[(x2 - -  x~) 2 -t- (Y2 - -  y,)2 + (z2 - -  zx) 2] 

where  D~--~ Ds(a, b, c, ~1, 82)> 0 is a f ini te  constant .  Our  effor ts  will  now 
be d i rec ted  to the proof of the fol lowing resu l t :  for  any  two dis t inct  solut ions 
(x~(t), yx(t), z~(t)), (x2(t), y(t), z2(t)) of (3.1 t such that  (3.2) holds, the func t ion  
W(t)  ~- W(x2(t) - -  xl(t), y~t)  - -  yx(t), z2(t) - -  zl(t)) sat isf ies  

(3.7) W(t)  --~ 0 as t - ~  c~. 

After  this had  been  proved,  the resul t  (3.3) would  follow since W(t )  is 
posit ive defini te .  The  proof of (3.7) will be based on the fol lowing proper t ies  
of the func t ion  W. 



H. O. TEJUMOLA, On the convergence o] solutions o] certain third-order, etc. 381 

LEM~A 1. - Let the condi t ions  o f  Theorem 1 hold a n d  let (x~(t), y~(t), zdt)) , 
(x~(t), y,(t), z~(t)) be a n y  two dist inct  solut ions o f  (3.1) such that 

(3.S) [h(x~ - -  xl )  - -  t h(x~ )  - -  h ( ~ )  } ]~ ~ B ( ~  - -  xl )  ~ 

for all t ~ to (0 < to < oo), where B is g iven by (2.4). Then,  there exist  constants  
~, > O, D~ such that i f  the constant  5 ,  in  (2.3)satisfies h ,  < %, then the func t ion  
W(t) =- W ( x ~ ( t ) -  x~(t), y ~ ( t ) -  y~(t), z ~ ( t ) -  z~(t)) satisfies 

(3.9) 

for all  t ~_ to. 

~V(t) + D~ W{t) ~ 0 

PROOF OF LE~MA 1. - Le t  (x~(t), y~(t), z2(t)), (x,x(t), yt(t), zdt)) be any  two 
d is t inc t  solut ions of (3.1), and  cons ider  the func t ion  W(t)~-~ W(x~(t) - -xx( t} ,  
y~(t)--y~(t),  z~(t)--z~{t)). On d i f fe rn t i a t ing  this with respect  to t and us ing  

w~-.~-y~, y ~ = z ~ ,  z ~ - - - - - - a z ~ - - b y ~ - - h ( x d + p ( t ,  x~, y~, z~). ( i - -~ l ,  2) 

we have,  a f te r  f u r t he r  s implif icat ion,  that  

W ( t ) -  U + [~2(x, - -  x~) + ta + 1)(y~ - -  Yd + (1 + 8d(z2 - -  z~)]0, (3.10) 

whe re  

(3.11) 0 -~ p(t, x2, y , ,  z~) - -  p(t, xx, y~, zx) ; 

U ---- (a~1 - -  1)(z2 - -  zl) ~ + { ab - -  a ~  -Jr b - -  (1 -{- 5dh'(~v2 - ~cl)} (Y2 - -  Yl) 2 zr 

+~,(x~--z ,)  { h(z~)--h(xd } - -  {(a+ 1)(y~--yl)+(l +~)(z~--z~)}[h(x~--x~)--{h(x~)--h(~)}]. 

Clearly,  by (2.1) and  (2.2), 

h ( x , )  - -  h ( x , )  ~ ~(x~ - -  x~),  

ab - -  a~2 + b - -  (1 + ~)h'(x~ -- x~) ~ ab - -  a~2 + b - -  (1 + ~l)e, 

and  thus,  

(3.12) 

w h e r e  

U ~ D4[x~ - -  xl) 2 + D~(y~ - -  yl) 2 z r- D6(z~ - -  z~) ~ 

- -  { D~(y, - -  y~) + Ds(z~ - -  zl) } H(x2,  x~t, 

H ( x ~ ,  x , )  = h ( x ~  - -  x l )  - -  { h t x , )  - -  h(xl)  } 
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and  

(3.13) D, =--- ~ > O, D~ =-- (ab - -  o --  aS~) .q- (b - -  $xo) > O, 

D~ ~ a ~  - -  1 > O, D~ =-- a -I- 1 > O, Ds ~ 1 -k  ~x > 0 

by (3.5). T h e  inequa l i t y  (3.12) can  be rese t  in  the form 

1 3 
U ~ ~ D,(x~ - -  x~) ~ .+- ~ { D~(y~ - -  y~)~ -I- Do(z~ - -  z~) ~ } -~ Ux "b U~, (3.14) 

w h e re  

1 
U~ ---- ~{ D,(x2 - -  xx) ~ q- Ds~y~ - -  y~)2} _ Dr(y2 - -  yx)H(x2, ~ ) ,  

1 
U~ -.~ ~ I D,(x~ - -  xl) ~ -]- Do(z2 - -  z~) ~ } - -  D,(z~ - -  zx)H(xa, x~). 

By a s imple  r e a r r a n g e m e n t  of te rms,  it is c lear  tha t  

1 D~{ 2D7 } ~ _ D ~ r 4 2 , .  
Ux = ~ D4(x2 -- Xj.) 2 -[- ~ -  (Y2 - -  Yd - ~ H(x2 ,  x d ~ , - ~  ~,2, xQ 

a n d  also tha t  

D ~  T.]r 2 b., ~ 1 D~(x. - -  x~) 2 ~ ~1 ~ 2 ,  x,d. 

H e n c e  U1 ~ O, U~ ~ 0 p rov ided  tha t  

[~O,Do D,D. 1 

and  thus ,  f rom (3.14), we have  tha t  

1 D 3 (3.16) U ~ ~ ,(x2 - -  x~) z -[- 7~ { Ds(y2 - -  y~)~ -t- D,{z2 - -  zx) 2 } 

p rov ided  (3.14), holds.  On c o m b i n i n g  this  wi th  (3.9), we have,  in 
(3.10) a n d  (2.3), tha t  

W(t) ~ - {Ds - -  D . a ,  } {(w~ - -  x~) ~ q- (Y2 - -  y~)2 q_ (z2 - -  zx) 2 } 

v iew of 
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1 
provided H(~2, ~x) satisfies (3.14), where D s = ~ m i n ( D 4 ,  Ds, Do) and Dg----- 
--- 31/3 max (~2, (a q-- 1), 1 -{- ~1). ~Now let 

D8 
(3.17) % ~--- D--~" 

Then provided 5,  < %, there 
satisfied, then 

exists a constant D~o such that if (3.15) is 

W(t)  ~ - -  Die l (x~ - -  xl} ~ q- (Y2 - -  Yl)~ + (z~ - -  zl) 2 } 

and, in view of {3.6), this implies 

~3.1S) W(t) ~ - D,, W(t)  

for some constant Dxl. 

So far we have not used the condition (3.8}. To facilitate the use of this, 
it is convenient to reset the r igh t -hand side of (3.15) differently. 
Let d ~ - a b - - c ,  then by (3.5), there are constants ~; > 0, a2> 0 such that 

(3.19) a~l----- 1 -F al, 0 < ~1 < d/c 

d 
52-~ - - a 2 ,  O < % < d/a. 

a 

From these and (3.13), it is readly seen that 

D,D6 a~a~(d - -  tea2) D,D~ 8(d - -  a:q)(d "b a2~, - -  ca~) 
4D~ ----4(1 -b a + ~¢~t ~ 4D~ - -  4a~(a + 1) ~ 

and the r igh t -hand  side of (3.15) now becomes 

B* ---- man[ ~(d - -  aa~)(d + a2a2 - cult a~a~(d - -  aa2) l 
4aZia q- 1) 2 - :  ; 4(1 -t- a -F a,) ~ " 

For  the special values of ax, a2 chosen, in view of (3.19}, such that 

~ ~--- d/2c, :q ~ d/2a, 

B* reduces to (2.4) and so, by [3.8), H(x2,  x~) satisfies (3.15)for all t ~ t o .  
Thus, the inequali ty {3.18} holds for all t ~ o ,  and this completes the proof 
of the lemma with % given by t3.17). 
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The estimate (2.4) can be considerably improved by choosing a~, ~ to 
make B* a maximum. 

4. Completion o f  the  proof  of  Theorem 1. - Let ¢*> 0 and let to 
( 0 < t o < 0 )  be fixed as in Lemma 1. Then, by Lemma 1, for any two distinct 
solutions (x~(t), y~(t}, z~(t}), (x~(/), y~(t), z2(t)) of (3.1) for which {3.8) holds, the 
function W(O ~ W(x2(t} - x~(t), y~(t) ~ yfl),  z2(t~ ~ zt(t)} satisfies 

vv(t) + D~W(t) ~ 0 

for all t ~ t o  provided A, < ~,. On integrating this between to and t, we 
have that 

which implies 

W(t) ~ W(to)e -D~(t-to), t ~ to, 

W ( t ) ~ O  as t ~ c x ~  

since W(to) is bounded and the function W is positive definite. In view of 
the preceding remarks  in § 3, this proves (3.3} and thus the theorem is proved 
with ~, given by (3.17). 

5. We now turn  to the case mentioned in § 2 in which p(t, x, y, z) 
satisfies (2.6~. The proof of Theorem 1 in this case follows the lines indicated 
in § 3 - § 4 except for some minor modifications which we now Outline. 
Assume that (2.5) holds. Then by (3.10), ~3.11), t3.16~ and (3.6) ~'(t) satisfies 

(5.1) 

where 

(/V(O ~ - -  2D,~ W(t) -t- D,~ { Wit)}1/21 q)], 

----p(t, x2, y~, z2)--p(t,  xl ,  Yl, zl). 

Let ks be any constant in the range 1 ~ k 2 ~  2. Then, by proceeding as 
in [3, § 2], using (2.6}, it can be shown that 

for some constant D~,. On combining this with (5.1), we have that 

(5.2) Vf(t) -{- DI, W(t) ~ D,,~(t)W(t)  
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for all t :> to.  A stra ightforward in tegrat ion of (5.2) between to and t now yelds 

t to 

W(t) expiD,,t--D,,  f c~,(~)d~].< W(to) exp[D~,to--D,, f ~,('c)d'c], t:>t°, 
0 0 

which, in view (2.7), implies  that  

W(t) ~ Dt~ W(to)e -D~(t-to), t ~ to 

for some constant  Dr, h < Dr5 < ~ .  The  proof of the theorem may now be 
comple ted  by proceeding as in § 4. 

6. Wi th  the convergence  result ,  Theorem 1, out of the way, we are 
now in a posit ion to prove the following resul t  on the existence of a un ique  
per iodic  solution of (1.1}. 

T H E O R E M  3.  - Further to the condition of Theorem 1 let pit, x, y, z) be 
periodic in t, with pediod ~ uniformly with respect to x, y, z. Suppose that 

{i) for any constant R ( 0 < R  <cx~) the function H-.~H(R) is defined by (2.91; 

(it) the constant ~ appearing in Corollary 1 is fixed such that 

(6.1) ~ ~ D1 

where D~ is the constant in (2.10}. 

Then, i f  

(6.2) < 

there exists a unique periodic solution of Ii.1) of period to provided 5, < %. 

P R O O F  OF T F / E O RE M 3.  - Firs t  assume that  the condit ions of Theorem 1 
hold. Then,  by special izing the resul t  [4; Theorem 2] to the case n =  1, there  
exists a constant  e~ (0 < ~ < c~:} such that  if A, < ~ ,  then  equat ion (1.1) has 
at east one periodic solut ion of period to. Next, assume that  the hypotheses  (i) 
and (it) of Theorem 3 hold and that  the funct ion  H(~) satisfies 16.2}. Then, 
by Theorem 2, all solutions of (1.1) converge provided that  A, < ~*, ~*~__ 
= ( e ~ ,  %b where  e, is given by (3.17). F rom these, it now follows that  if 
A. < e* the equat ion (1.1) has a unique  periodic solut ion of period to. For  
otherwise, (1.1) would have at least two dist inct  periodic salut ions xl(t), x~(t), 
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say, of period % satisfying 

{6.3} x l ( t )  - -  x 2 ( t )  ~ O, x,(t}  - -  x~(t) ~ 0, xl{t~ - -  x2{tj --.- 0 

as t ~ o %  and by the periodicity of xdt), xi(t), x~(t) (i--- 1, 2), ~6.3) would imply 

for all t. Thus the theorem is proved with ~* given by e*--min(e~,  ~,). 
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