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❚❤❡ ❛✐♠ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ♣r♦✈✐❞❡ ❛ ❣❡♥❡r❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦r♣✉s❝✉❧❛r t❤❡♦r② ♦❢ ❣r❛✈✐t②✳
❆❢t❡r r❡✈✐❡✇✐♥❣ s♦♠❡ ♦❢ t❤❡ ♠❛❥♦r ❝♦♥❝❡♣t✉❛❧ ✐ss✉❡s ❡♠❡r❣✐♥❣ ❢r♦♠ t❤❡ s❡♠✐❝❧❛ss✐❝❛❧ ❛♥❞
✜❡❧❞ t❤❡♦r❡t✐❝ ❛♣♣r♦❛❝❤❡s t♦ ❊✐♥st❡✐♥✬s ❣r❛✈✐t②✱ ✇❡ ♣r❡s❡♥t ❛ s②♥t❤❡t✐❝ ♦✈❡r✈✐❡✇ ♦❢ t✇♦
♥♦✈❡❧ ✭❛♥❞ ❡①tr❡♠❡❧② ✐♥t❡rt✇✐♥❡❞✮ ♣❡rs♣❡❝t✐✈❡s ♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❡✛❡❝ts ✐♥ ❣r❛✈✐t②✿
t❤❡ ❤♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❢♦r♠❛❧✐s♠ ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧✐③❛t✐♦♥ s❝❤❡♠❡✳ ❆❢t❡r t❤✐s
♣r❡❧✐♠✐♥❛r② ❞✐s❝✉ss✐♦♥✱ ✇❡ t❤❡♥ ♣r♦❝❡❡❞ ✇✐t❤ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❧❛tt❡r t♦ s❡✈❡r❛❧ ❞✐✛❡r❡♥t
s❝❡♥❛r✐♦s✱ ♥❛♠❡❧② s❡❧❢✲❣r❛✈✐t❛t✐♥❣ s②st❡♠s✱ t❤❡ ❡❛r❧② ❯♥✐✈❡rs❡✱ ❛♥❞ ❣❛❧❛❝t✐❝ ❞②♥❛♠✐❝s✳

❈♦♥❝❡r♥✐♥❣ t❤❡ ✜rst s❝❡♥❛r✐♦✱ ✇❡ st❛rt ❜② ❞❡s❝r✐❜✐♥❣ t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ ◆❡✇t♦♥✐❛♥
♣♦t❡♥t✐❛❧ ❛s t❤❡ r❡s✉❧t ♦❢ ❛ ❝♦❤❡r❡♥t st❛t❡ ♦❢ t♦② ✭s❝❛❧❛r✮ ❣r❛✈✐t♦♥s✳ ❆❢t❡r t❤❛t ✇❡ ❡♠♣❧♦②
t❤✐s r❡s✉❧t t♦ st✉❞② s♦♠❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ❛♥❞ t♦ ❛r❣✉❡ t❤❛t ❜❧❛❝❦
❤♦❧❡s ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛ s❡❧❢✲s✉st❛✐♥❡❞ q✉❛♥t✉♠ st❛t❡s✱ ❛t t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t✱ ♠❛❞❡ ♦❢ ❛
❧❛r❣❡ ♥✉♠❜❡r s♦❢t ✈✐rt✉❛❧ ❣r❛✈✐t♦♥s✳ ❲❡ t❤❡♥ r❡✜♥❡ t❤✐s s✐♠♣❧✐✜❡❞ ❛♥❛❧②s✐s ❜② ❝♦♥str✉❝t✐♥❣
❛♥ ❡✛❡❝t✐✈❡ t❤❡♦r② ❢♦r t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ♣♦t❡♥t✐❛❧ ♦❢ ❛ st❛t✐❝ s♣❤❡r✐❝❛❧ s②♠♠❡tr✐❝ s②st❡♠
✉♣ t♦ t❤❡ ✜rst ♣♦st✲◆❡✇t♦♥✐❛♥ ❝♦rr❡❝t✐♦♥✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❡♠♣❧♦② t❤❡ ❤♦r✐③♦♥ q✉❛♥t✉♠
♠❡❝❤❛♥✐❝s ❢♦r♠❛❧✐s♠ t♦ st✉❞② t❤❡ ❝❛✉s❛❧ str✉❝t✉r❡ ❡♠❡r❣✐♥❣ ❢r♦♠ t❤❡ ❝♦r♣✉s❝✉❧❛r s❝❡♥❛r✐♦✳
❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t ❛ s❤♦rt ❞✐s❝✉ss✐♦♥ ♦❢ ❝♦r♣✉s❝✉❧❛r ❜❧❛❝❦ ❤♦❧❡s ✐♥ ❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s✳

❆❢t❡r ❧❛②✐♥❣ ❞♦✇♥ t❤❡ ❜❛s✐❝s ♦❢ ❝♦r♣✉s❝✉❧❛r ❜❧❛❝❦ ❤♦❧❡s✱ ✇❡ ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢
t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❛r❣✉♠❡♥ts t♦ ❝♦s♠♦❧♦❣②✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ ❛ ❝♦r♣✉s❝✉❧❛r
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❞❡ ❙✐tt❡r s♣❛❝❡t✐♠❡✳ ❚❤❡♥ ✇❡ ✉s❡ ✐t ❛s t❤❡ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❛
❝♦r♣✉s❝✉❧❛r ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♥✢❛t✐♦♥❛r② s❝❡♥❛r✐♦ ❛♥❞ t♦ ♣r♦✈✐❞❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ✈✐❡✇♣♦✐♥t
♦♥ t❤❡ ❞❛r❦ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ Λ❈❉▼ ♠♦❞❡❧✳

❚❤❡ ❦❡② ♠❡ss❛❣❡ ♦❢ t❤✐s ✇♦r❦ ✐s t❤❛t t❤❡ ❝♦r♣✉s❝✉❧❛r t❤❡♦r② ♦❢ ❣r❛✈✐t② ♦✛❡rs ❛ ✇❛② t♦
✉♥✐❢② ♠♦st ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s ✭❢r♦♠ ❛str♦♣❤②s✐❝❛❧ t♦ ❣❛❧❛❝t✐❝ ❛♥❞ ❝♦s♠♦❧♦❣✲
✐❝❛❧ s❝❛❧❡s✮ ✐♥ ❛ s✐♥❣❧❡ ❢r❛♠❡✇♦r❦✱ s♦❧❡❧② ❜❛s❡❞ ♦♥ ❣r❛✈✐t② ❛♥❞ ❜❛r②♦♥✐❝ ♠❛tt❡r✳
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❩✉s❛♠♠❡♥❢❛ss✉♥❣ ✈

❩✉s❛♠♠❡♥❢❛ss✉♥❣

❉❛s ❩✐❡❧ ❞✐❡s❡r ❚❤❡s❡ ✐st ❡✐♥❡ ❛❧❧❣❡♠❡✐♥❡ ❇❡s❝❤r❡✐❜✉♥❣ ❞❡r ✏❑♦r♣✉s❦❡❧t❤❡♦r✐❡✑ ③✉ ❧✐❡❢❡r♥✳
◆❛❝❤ ❞❡r Ü❜❡r♣rü❢✉♥❣ ❡✐♥✐❣❡r ❞❡r ✇✐❝❤t✐❣st❡♥ ❦♦♥③❡♣t✐♦♥❡❧❧❡♥ Pr♦❜❧❡♠❡ ❞✐❡ s✐❝❤ ❛✉s ❞❡♥
s❡♠✐❦❧❛ss✐s❝❤❡♥ ❆♥sät③❡♥ ✉♥❞ ❞❡♥ ❆♥sät③❡♥ ❞❡r ◗✉❛♥t❡♥❢❡❧❞t❤❡♦r✐❡ ③✉ ❊✐♥st❡✐♥s ❙❝❤✇✲
❡r❦r❛❢t ❡r❣❡❜❡♥✱ ♣räs❡♥t✐❡r❡♥ ✇✐r ❡✐♥❡♥ s②♥t❤❡t✐s❝❤❡♥ Ü❜❡r❜❧✐❝❦ ü❜❡r ③✇❡✐ ♥❡✉❛rt✐❣❡ ✭✉♥❞
❡①tr❡♠ ✈❡r✢♦❝❤t❡♥❡✮ P❡rs♣❡❦t✐✈❡♥ ü❜❡r q✉❛♥t❡♥♠❡❝❤❛♥✐s❝❤❡ ❊✛❡❦t❡ ✐♥ ❞❡r ●r❛✈✐t❛t✐♦♥✿
❞❡r ❋♦r♠❛❧✐s♠✉s ❞❡r ◗✉❛♥t❡♥♠❡❝❤❛♥✐❦ ❞❡s ❍♦r✐③♦♥ts ✉♥❞ ❞❛s ❑❧❛ss✐✜③✐❡r✉♥❣ss❝❤❡♠❛✳
◆❛❝❤ ❞✐❡s❡r ❱♦r❜❡s♣r❡❝❤✉♥❣ ❢❛❤r❡♥ ✇✐r ❞❛♥♥ ♠✐t ❞❡r ❯♠s❡t③✉♥❣ ✈♦♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ❙③❡♥❛r✲
✐❡♥ ❢♦rt✱ ♥ä♠❧✐❝❤ ❙❡❧❜st❣r❛✈✐t❛t✐♦♥ss②st❡♠❡✱ ❞❛s ❢rü❤❡ ❯♥✐✈❡rs✉♠ ✉♥❞ ❞✐❡ ❣❛❧❛❦t✐s❝❤❡ ❉②✲
♥❛♠✐❦✳

❲❛s ❞❛s ❡rst❡ ❙③❡♥❛r✐♦ ❜❡tr✐✛t✱ s♦ ❜❡s❝❤r❡✐❜❡♥ ✇✐r ③✉♥ä❝❤st ❞✐❡ ●❡♥❡r✐❡r✉♥❣ ❞❡s ◆❡✇✲
t♦♥s❝❤❡♥ P♦t❡♥③✐❛❧s ❛❧s ❊r❣❡❜♥✐s ❡✐♥❡s ❦♦❤är❡♥t❡♥ ❩✉st❛♥❞s ✈♦♥ ✈❡r❡✐♥❢❛❝❤t❡♥ ✭s❦❛❧❛r❡♥✮
●r❛✈✐t♦♥s✳ ❉❛♥❛❝❤ ✈❡r✇❡♥❞❡♥ ✇✐r ❞✐❡s❡s ❊r❣❡❜♥✐s ✉♠ ❡✐♥✐❣❡ ▼❡r❦♠❛❧❡ ❞❡s ●r❛✈✐t❛t✐♦♥✲
s❦♦❧❧❛♣s❡s ③✉ ✉♥t❡rs✉❝❤❡♥✳ ❲❡✐t❡r❤✐♥ ♥✉t③❡♥ ✇✐r ❞❛s ❊r❣❡❜♥✐s ③✉ ❛r❣✉♠❡♥t✐❡r❡♥✱ ❞❛ss
s❝❤✇❛r③❡ ▲ö❝❤❡r ❛♥ ❡✐♥❡♥ s❡❧❜st ♥❛❝❤❤❛❧t✐❣❡♥ ◗✉❛♥t❡♥③✉st❛♥❞ ❣❡❞❛❝❤t ✇❡r❞❡♥ ❦ö♥♥❡♥✱
❛♥ ❞❡r ❦r✐t✐s❝❤❡♥ ❙t❡❧❧❡✱ ❞✐❡ ❛✉s ❡✐♥❡r ❣r♦ÿ❡♥ ❆♥③❛❤❧ ✇❡✐❝❤❡r ✈✐rt✉❡❧❧❡r ●r❛✈✐t♦♥s ❜❡st❡❤t✳
❉✐❡s❡ ✈❡r❡✐♥❢❛❝❤t❡ ❆♥❛❧②s❡ ✈❡r❢❡✐♥❡r♥ ✇✐r ❞❛♥♥✱ ✐♥❞❡♠ ✇✐r ❡✐♥❡ ✇✐r❦s❛♠❡ ❚❤❡♦r✐❡ ❢ür ❞❛s
●r❛✈✐t❛t✐♦♥s♣♦t❡♥③✐❛❧ ❡✐♥❡s st❛t✐st✐s❝❤❡♥ ❦✉❣❡❧❢ör♠✐❣❡♥ s②♠♠❡tr✐s❝❤❡♥ ❙②st❡♠s ❜✐s ③✉r ❡r✲
st❡♥ P♦st✲◆❡✇t♦♥s❝❤❡♥ ❑♦rr❡❦t✉r ❦♦♥str✉✐❡r❡♥✳ ❉❛rü❜❡r ❤✐♥❛✉s ✈❡r✇❡♥❞❡♥ ✇✐r ❞❡♥ ❋♦r✲
♠❛❧✐s♠✉s ❞❡r ◗✉❛♥t❡♥♠❡❝❤❛♥✐❦ ❞❡s ❍♦r✐③♦♥ts✱ ✉♠ ❞✐❡ ❦❛✉s❛❧❡ ❙tr✉❦t✉r ③✉ ✉♥t❡rs✉❝❤❡♥✱
❞✐❡ ❛✉s ❞❡♠ ❦♦r♣✉s❦✉❧är❡♥ ❙③❡♥❛r✐♦ ❡♥tst❡❤t✳ ❙❝❤❧✐❡ÿ❧✐❝❤ st❡❧❧❡♥ ✇✐r ❡✐♥❡ ❦✉r③❡ ❉✐s❦✉ss✐♦♥
ü❜❡r ❦♦r♣✉s❦✉❧är❡ s❝❤✇❛r③❡ ▲ö❝❤❡r ✐♥ ✉♥t❡r❡♥ ❞✐♠❡♥s✐♦♥❛❧❡♥ ❘ä✉♠❡♥ ✈♦r✳

◆❛❝❤❞❡♠ ✇✐r ❞✐❡ ●r✉♥❞❧❛❣❡♥ ❞❡r ❦♦r♣✉s❦✉❧är❡♥ s❝❤✇❛r③❡♥ ▲ö❝❤❡r ❣❡❧❡❣t ❤❛❜❡♥✱ st❡❧❧❡♥
✇✐r ❡✐♥❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡r ♦❜❡♥ ❣❡♥❛♥♥t❡♥ ❆r❣✉♠❡♥t❡ ③✉r ❑♦s♠♦❧♦❣✐❡ ✈♦r✳ ❑♦♥❦r❡t
❢ü❤r❡♥ ✇✐r ③✉♥ä❝❤st ❡✐♥❡ ❦♦r♣✉s❦✉❧är❡ ■♥t❡r♣r❡t❛t✐♦♥ ❞❡r ❞❡ ❙✐tt❡r ❘❛✉♠③❡✐t ❡✐♥✳ ❉❛♥♥
♥✉t③❡♥ ✇✐r ❞❛s ❛❧s ❆✉s❣❛♥❣s♣✉♥❦t ❢ür ❡✐♥❡ ❦♦r♣✉s❦✉❧är❡ ❋♦r♠✉❧✐❡r✉♥❣ ❞❡s ✐♥✢❛t✐♦♥är❡♥
❙③❡♥❛r✐♦s ✉♥❞ ✇❡✐t❡r❤✐♥✱ ✉♠ ❡✐♥❡♥ ❛❧t❡r♥❛t✐✈❡♥ ❙t❛♥❞♣✉♥❦t ③✉ ❞❡♥ ❞✉♥❦❧❡♥ ❑♦♠♣♦♥❡♥t❡♥
❞❡s Λ❈❉▼ ▼♦❞❡❧❧s ③✉ ❜✐❡t❡♥✳

❉✐❡ ❑❡r♥❜♦ts❝❤❛❢t ❞✐❡s❡r ❆r❜❡✐t ✐st✱ ❞❛ss ❞✐❡ ✏❑♦r♣✉s❦❡❧t❤❡♦r✐❡✑ ❡✐♥❡ ▼ö❣❧✐❝❤❦❡✐t ❜✐❡t❡t✱
❞✐❡ ♠❡✐st❡♥ ❡①♣❡r✐♠❡♥t❡❧❧❡♥ ❇❡♦❜❛❝❤t✉♥❣❡♥ ✭✈♦♥ ❛str♦♣❤②s✐❦❛❧✐s❝❤❡♥ ❜✐s ❣❛❧❛❦t✐s❝❤❡♥ ✉♥❞
❦♦s♠♦❧♦❣✐s❝❤❡♥ ❙❦❛❧❡♥✮ ✐♥ ❡✐♥❡♥ ❡✐♥③✐❣❡♥ ❘❛❤♠❡♥ ③✉ ✈❡r❡✐♥❡♥✱ ❞❡r s✐❝❤ ❛✉ss❝❤❧✐❡ÿ❧✐❝❤ ❛✉❢
❞❡r ❙❝❤✇❡r❦r❛❢t ✉♥❞ ❞❡r ❇❛r②♦♥✐s❝❤❡♥ ▼❛t❡r✐❡ ❜❛s✐❡rt✳



✈✐ ❩✉s❛♠♠❡♥❢❛ss✉♥❣



❚♦ t❤❡ ❧♦✈✐♥❣ ♠❡♠♦r② ♦❢ t❤❡ ❣r❡❛t❡st ♠❛♥ ■ ❤❛✈❡ ❡✈❡r ❦♥♦✇♥✱
♠② ❣r❛♥❞❢❛t❤❡r ▼❛r❝❡❧❧✐♥♦✱ ❛♥❞ t♦ ♠② ❣r❛♥❞♠♦t❤❡r ▼❛r❣❤❡r✐t❛





❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✶

✶✳✶ ▼♦t✐✈❛t✐♦♥s ❛♥❞ ♦✉t❧✐♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶
✶✳✷ ◆♦t❛t✐♦♥s ❛♥❞ ❈♦♥✈❡♥t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺
✶✳✸ ❚❤✐s ❚❤❡s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✶✳✹ ❘❡♣♦rt ♦♥ ❛❝❛❞❡♠✐❝ ❛❝t✐✈✐t✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✶✳✺ ❈♦♠♣❧❡t❡ ▲✐st ♦❢ P✉❜❧✐❝❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷ ❙❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t② ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s ✶✸

✷✳✶ ❇❧❛❝❦ ❤♦❧❡ t❡r♠♦❞②♥❛♠✐❝s ❛♥❞ t❤❡ ♥❡❡❞ ❢♦r ❛ q✉❛♥t✉♠ t❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
✷✳✷ ◗✉❛♥t✉♠ ✜❡❧❞s ♦♥ ❜❧❛❝❦ ❤♦❧❡ s♣❛❝❡t✐♠❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✷✳✸ ❘❡♠❛r❦s ♦♥ ❣r❛✈✐t② ❛s ❛ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✸ ❆❧t❡r♥❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡s ♦♥ q✉❛♥t✉♠ ❡✛❡❝ts ✐♥ ❣r❛✈✐t② ✷✼

✸✳✶ ❍♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✸✳✶✳✶ ❚r❛♣♣❡❞ s✉r❢❛❝❡s ❛♥❞ ❡✈❡♥t ❤♦r✐③♦♥s ✐♥ ❣❡♥❡r❛❧ r❡❧❛t✐✈✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✸✳✶✳✷ ❙♣❤❡r✐❝❛❧ s②♠♠❡tr② ❛♥❞ q✉❛s✐✲❧♦❝❛❧ ♠❛ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✸✳✶✳✸ ❍◗▼ ❢♦r s♣❤❡r✐❝❛❧ s②st❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
✸✳✶✳✹ ❍◗▼ ❢♦r r♦t❛t✐♥❣ s②st❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✷ ❙❡❧❢❝♦♠♣❧❡t✐♦♥ ✈✐❛ ❈❧❛ss✐❝❛❧✐③❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
✸✳✷✳✶ ❇❧❛❝❦ ❍♦❧❡✬s ◗✉❛♥t✉♠ N ✲P♦rtr❛✐t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✹ ❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s ✹✸

✹✳✶ ❇❧❛❝❦ ❤♦❧❡s ❛s s❡❧❢✲s✉st❛✐♥❡❞ q✉❛♥t✉♠ st❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✹✳✷ ●r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✹✳✸ ❈♦r♣✉s❝✉❧❛r ♣♦st✲◆❡✇t♦♥✐❛♥ t❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✸✳✶ ❈❧❛ss✐❝❛❧ ❡✛❡❝t✐✈❡ s❝❛❧❛r t❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
✹✳✸✳✷ ◗✉❛♥t✉♠ ✉♣❧✐❢t✐♥❣ ♦❢ t❤❡ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✹ ❘♦t❛t✐♥❣ ❛♥❞ ♥♦♥✲s✐♥❣✉❧❛r ❜❧❛❝❦ ❤♦❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✹✳✹✳✶ ◗✉❛♥t✉♠ ❤❛r♠♦♥✐❝ ❜❧❛❝❦ ❤♦❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✹✳✹✳✷ ❍❛②✇❛r❞ s♣❛❝❡t✐♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾
✹✳✹✳✸ ❑❡rr s♣❛❝❡t✐♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✺ ▲♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ ❝♦r♣✉s❝✉❧❛r ❣r❛✈✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸



① ❈❖◆❚❊◆❚❙

✺ ❈♦r♣✉s❝✉❧❛r ❝♦s♠♦❧♦❣② ✻✼

✺✳✶ ❈♦r♣✉s❝✉❧❛r ❞❡ ❙✐tt❡r s♣❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼
✺✳✷ ❙❧♦✇✲r♦❧❧ ✐♥✢❛t✐♦♥ ❛♥❞ ❞♦♠❡st✐❝ ✐♥✢❛t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶
✺✳✸ ❈♦❧❞ ❞❛r❦ ♠❛tt❡r ❛♥❞ ❝♦r♣✉s❝✉❧❛r ❞❛r❦ ❢♦r❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✻ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ♦✉t❧♦♦❦ ✽✺

❆ ❆ ♥♦t❡ ♦♥ t❤❡ ❋✐❡r③✲P❛✉❧✐ ❦✐♥❡t✐❝ t❡r♠ ✽✾

❆❝❦♥♦✇❧❡❞❣♠❡♥ts ✾✶



▲✐st ♦❢ ❋✐❣✉r❡s

✷✳✶ ❚r❡❡✲❧❡✈❡❧ s❝❛tt❡r✐♥❣ ♦❢ t✇♦ Φ ✜❡❧❞s ♦❢ ♠❛ss m ♠❡❞✐❛t❡❞ ❜② ❛ ❣r❛✈✐t♦♥✳ ✳ ✳ ✷✺
✷✳✷ Φ✲❧♦♦♣ ✐♥ t❤❡ ❣r❛✈✐t♦♥ ♣r♦♣❛❣❛t♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✸✳✶ P❧♦t ♦❢ PBH ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❛ss ♦❢ t❤❡ ♣❛rt✐❝❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✹✳✶ ❍❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧ ✇✐t❤ µ = ω = 1 ❛♥❞ d = 5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✹✳✷ ❍❛②✇❛r❞✬s ♠❡tr✐❝ ❢✉♥❝t✐♦♥ f(r) ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ❆❉▼ ♠❛ss M ✱

❦❡❡♣✐♥❣ ℓ ✜①❡❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✺✳✶ ❙t❛r♦❜✐♥s❦② ✐♥✢❛t✐♦♥❛r② ♣♦t❡♥t✐❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷
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❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

■ ❞♦ ♥♦t ❦♥♦✇ ✇❤❛t ■ ♠❛② ❛♣♣❡❛r t♦
t❤❡ ✇♦r❧❞❀ ❜✉t t♦ ♠②s❡❧❢✱ ■ s❡❡♠ t♦
❤❛✈❡ ❜❡❡♥ ♦♥❧② ❧✐❦❡ ❛ ❜♦② ♣❧❛②✐♥❣ ♦♥
t❤❡ s❡❛s❤♦r❡✱ ❛♥❞ ❞✐✈❡rt✐♥❣ ♠②s❡❧❢ ♥♦✇
❛♥❞ t❤❡♥ ✐♥ ✜♥❞✐♥❣ ❛ s♠♦♦t❤❡r ♣❡❜❜❧❡
♦r ♣r❡tt✐❡r s❤❡❧❧ t❤❛♥ ♦r❞✐♥❛r②✱ ✇❤✐❧❡
t❤❡ ❣r❡❛t ♦❝❡❛♥ ♦❢ tr✉t❤ ❧❛② ❛❧❧
✉♥❞✐s❝♦✈❡r❡❞ ❜❡❢♦r❡ ♠❡✳

❙✐r ■s❛❛❝ ◆❡✇t♦♥

✶✳✶ ▼♦t✐✈❛t✐♦♥s ❛♥❞ ♦✉t❧✐♥❡

●❡♥❡r❛❧ r❡❧❛t✐✈✐t② ✭●❘✮ ❬✶❪ ❝❛♥ ❢❛✐r❧② ❜❡ r❡❣❛r❞❡❞ ❛s t❤❡ ♠♦st s✉❝❝❡ss❢✉❧ t❤❡♦r② ✐♥ t❤❡
❤✐st♦r② ♦❢ ♣❤②s✐❝s✱ ❤❛✈✐♥❣ ♦✉t❧❛st❡❞ ❜♦t❤ ✐ts ♦r✐❣✐♥❛❧ ❛❞✈♦❝❛t❡s ❛♥❞ ♠♦st ♦❢ ✐ts ❝r✐t✐❝s✱
❡♥❞✉r✐♥❣ t❤❡ t❡st ♦❢ t✐♠❡ ❛♥❞ ♦✉r ❝❛♣❛❜✐❧✐t✐❡s t♦ ♦❜s❡r✈❡ ❞❡✈✐❛t✐♦♥s ❢r♦♠ ✐ts ♣r❡❞✐❝t✐♦♥s
❛t ❜♦t❤ ❛str♦♣❤②s✐❝❛❧ ❛♥❞ ✈❡r② ❧❛r❣❡ s❝❛❧❡s✳ ❍♦✇❡✈❡r✱ ✐♥❞✐❝❛t✐♦♥s ♦❢ ✐ts ✐♥❝♦♠♣❧❡t❡♥❡ss ❛r❡
❤✐❞❞❡♥ ✐♥ ♣❧❛✐♥ s✐❣❤t✳

❆❝❝♦r❞✐♥❣ t♦ ●❘✱ ✇❡ ❝❛♥ ✉♥❞❡rst❛♥❞ t❤❡ ♥❛t✉r❡ ♦❢ ❣r❛✈✐t② ✐♥ ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧ t❡r♠s✳
❙♣❡❝✐✜❝❛❧❧②✱ ❢r♦♠ s♣❡❝✐❛❧ r❡❧❛t✐✈✐t② ❬✷❪ ✇❡ ❧❡❛r♥ t❤❛t s♣❛❝❡ ❛♥❞ t✐♠❡ s❤♦✉❧❞ ♥♦t ❜❡ r❡✲
❣❛r❞❡❞ ❛s s❡♣❛r❛t❡ ❡♥t✐t✐❡s✱ ❜✉t r❛t❤❡r t❤❡② ❝♦♥st✐t✉t❡ ❛ ✉♥✐q✉❡ ❣❡♦♠❡tr✐❝❛❧ ♦❜❥❡❝t✱ ❝♦♠✲
♠♦♥❧② ♥❛♠❡❞ ▼✐♥❦♦✇s❦✐ s♣❛❝❡t✐♠❡ ❬✸❪✱ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛ ✢❛t ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ♣s❡✉❞♦✲
❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ ✇✐t❤ s✐❣♥❛t✉r❡ (−,+,+,+)✳ ❚❤❡♥✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✐❞❡❛ ❜❡❤✐♥❞ ●❘
✐s t❤❡ ✐♥t❡♥t t♦ ❡①t❡♥❞ t❤❡ s♣❡❝✐❛❧ t❤❡♦r② ♦❢ r❡❧❛t✐✈✐t②✱ ✇❤✐❝❤ ✐s ✐♥❞❡❡❞ ❢♦❝✉ss❡❞ ♦♥ ✐♥❡rt✐❛❧
r❡❢❡r❡♥❝❡ ❢r❛♠❡s✱ t♦ ❛❧❧ s②st❡♠s ♦❢ r❡❢❡r❡♥❝❡✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ t❤❡ ❦❡② ❝♦♥❝❡♣t ✐s t❤❛t
❛❧❧ s②st❡♠s ♦❢ r❡❢❡r❡♥❝❡ s❤♦✉❧❞ ❜❡ ❡q✉✐✈❛❧❡♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❢✉♥✲
❞❛♠❡♥t❛❧ ❧❛✇s ♦❢ ♣❤②s✐❝s✳ ❚❤❡ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s t❤❛t ❣r❛✈✐t② ✐s ♥♦
❧♦♥❣❡r ❛♥ ❛❝t✐♦♥✲❛t✲❛✲❞✐st❛♥❝❡ ❢♦r❝❡✱ ❛s ✐♥ ◆❡✇t♦♥✬s t❤❡♦r② ❬✹❪✱ ❜✉t r❛t❤❡r ❛♥ ❛❧t❡r❛t✐♦♥ ♦❢
t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ s♣❛❝❡t✐♠❡ ✐♥ r❡s♣♦♥s❡ t♦ t❤❡ ❧♦❝❛❧ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ❡♥❡r❣② ❞✐str✐❜✉t✐♦♥
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♦❢ s♦♠❡ s♦rt✳ ❚❤✉s✱ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞ ✐s ♥♦✇ ♠❡❛s✉r❡❞ ❜② t❤❡ s♣❛❝❡t✐♠❡ ❝✉r✈❛t✉r❡
❛♥❞ ✐ts ✢✉❝t✉❛t✐♦♥s ♣r♦♣❛❣❛t❡ ❛t t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t✳

❇❧❛❝❦ ❤♦❧❡s ❛r❡ ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣r❡❞✐❝t✐♦♥s ♦❢ ●❘ ✇❤♦s❡ ❡①✐st❡♥❝❡✱ t♦❣❡t❤❡r
✇✐t❤ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡s✱ ❤❛s r❡❝❡♥t❧② ❜❡❡♥ ❝♦♥✜r♠❡❞ ❜② t❤❡ ▲■●❖✲❱■❘●❖ ❝♦❧❧❛❜♦r❛t✐♦♥
❬✺✱ ✻❪✳ ❚❤❡s❡ ✈❡r② ♣❡❝✉❧✐❛r ♦❜❥❡❝ts ❛r❡ r❡❣✐♦♥s ♦❢ t❤❡ s♣❛❝❡t✐♠❡ ❡①❤✐❜✐t✐♥❣ ❛♥ ❡①tr❡♠❡❧②
str♦♥❣ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞ s✉❝❤ t❤❛t ♥♦t❤✐♥❣ ❝❛♥ ❡s❝❛♣❡ ❢r♦♠ t❤❡✐r ✐♥t❡r✐♦r✳ ❚❤❡ ❜♦✉♥❞❛r②
♦❢ s✉❝❤ ❛ r❡❣✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❡✈❡♥t ❤♦r✐③♦♥ ♦❢ t❤❡ ❜❧❛❝❦ ❤♦❧❡✳ ❚❤✐s ♥❛♠❡ ❝♦♠❡s ❢r♦♠
t❤❡ ❢❛❝t t❤❛t✱ s✐♥❝❡ ♥♦t ❡✈❡♥ ❧✐❣❤t ❝❛♥ ❡s❝❛♣❡ ❢r♦♠ t❤❡ ✐♥t❡r✐♦r ♦r t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛
❜❧❛❝❦ ❤♦❧❡✱ t❤❡ ❡✈❡♥ts ✭♣♦✐♥t ♦❢ t❤❡ s♣❛❝❡t✐♠❡ ♠❛♥✐❢♦❧❞✮ ✐♥s✐❞❡ t❤❡ ❤♦r✐③♦♥ ❛r❡ ❝❛✉s❛❧❧②
❞✐s❝♦♥♥❡❝t❡❞ ❢♦r♠ t❤❡ r❡st ♦❢ t❤❡ ❯♥✐✈❡rs❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡ ✐s ♥♦ ❢✉t✉r❡✲❞✐r❡❝t❡❞
❝❛✉s❛❧ ✭t✐♠❡❧✐❦❡ ♦r ♥✉❧❧✮ ♣❛t❤ t❤❛t ❝❛♥ ❝♦♥♥❡❝t ❛♥ ❡✈❡♥t ✐♥s✐❞❡ t❤❡ ❜❧❛❝❦ ❤♦❧❡ t♦ ❛♥ ❡✈❡♥t
♦✉ts✐❞❡ t❤❡ ❤♦r✐③♦♥✳ ❍♦✇❡✈❡r✱ ❛s ❛♥t✐❝✐♣❛t❡❞✱ t❤❡ ❜r❡❛❦❞♦✇♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡s❝r✐♣t✐♦♥
✐s ✐♥❞❡❡❞ ❤✐❞✐♥❣ ✐♥ ♣❧❛✐♥ s✐❣❤t✳ ▲❡t ✉s t❛❦❡✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❙❝❤✇❛r③s❝❤✐❧❞ s♣❛❝❡t✐♠❡✱
✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ✜rst ❜❧❛❝❦ ❤♦❧❡ s♦❧✉t✐♦♥ ❞✐s❝♦✈❡r❡❞ ✐♥ ●❘ ❬✼✕✶✵❪✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② s❡❡
t❤❛t t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❤♦r✐③♦♥ r❡♣r❡s❡♥ts ❛ ❝♦♦r❞✐♥❛t❡ s✐♥❣✉❧❛r✐t② ❬✾✱✶✵❪✱ ✇❤✐❝❤ ❝❛♥ ❡❛s✐❧②
❜❡ r❡♠♦✈❡❞ ❜② ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡ ♦❢ ❝♦♦r❞✐♥❛t❡s✱ ✇❤❡r❡❛s t❤❡ ✏❝❡♥t❡r✑ ♦❢ t❤❡ ❜❧❛❝❦
❤♦❧❡ ❞✐s♣❧❛②s ❛ s✐♥❣✉❧❛r ❜❡❤❛✈✐♦✉r t❤❛t ✐s r❡✢❡❝t❡❞ ❛❧s♦ ✐♥ t❤❡ ❑r❡ts❝❤♠❛♥♥ s❝❛❧❛r✳ ❙✐♥❝❡
❛ s❝❛❧❛r ❢✉♥❝t✐♦♥ ✐s ❞✐✛❡♦♠♦r♣❤✐s♠ ✐♥✈❛r✐❛♥t✱ t❤✐s ❞✐✈❡r❣❡♥❝❡ ❝❛♥♥♦t ❜❡ r❡♠♦✈❡❞ ❜② ❛
❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s r❡❢❡rr❡❞ t♦ ❛s ❝✉r✈❛t✉r❡ s✐♥❣✉❧❛r✐t② ✭♦r ✏tr✉❡✑
s✐♥❣✉❧❛r✐t②✮✳ ❚❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ❝✉r✈❛t✉r❡ s✐♥❣✉❧❛r✐t✐❡s ✐s t❤❡ ❜❡♥❝❤♠❛r❦ ❢♦r t❤❡ ❜r❡❛❦❞♦✇♥
♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ●❘ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❣r❛✈✐t②✳

◆♦t❡ t❤❛t t❤✐s s✐♥❣✉❧❛r ❜❡❤❛✈✐♦✉r s❡❡♠s t♦ ❛♣♣❡❛r ♦♥❧② ✇❤❡♥ ✇❡ ❛r❡ ❝❧♦s❡ ❡♥♦✉❣❤ t♦
t❤❡ ❝♦r❡ ♦❢ t❤❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❜❧❛❝❦ ❤♦❧❡✱ s♦ ✐♥ ❛ ✈❡r② s♠❛❧❧ r❡❣✐♦♥ ♦❢ t❤❡ s♣❛❝❡t✐♠❡ ✇❤❡r❡
❛❧❧ t❤❡ ❡♥❡r❣② ❝♦♥t❡♥t ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❜❧❛❝❦ ❤♦❧❡ ✐s s✉♣♣♦s❡❞ t♦ ❝♦♥✈❡r❣❡✳ ■t ✐s t❤❡r❡❢♦r❡
r❡❛s♦♥❛❜❧❡ t♦ t❤✐♥❦ t❤❛t t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ t❤✐s s✐♥❣✉❧❛r✐t② ♠✐❣❤t ❜❡ ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ ❢❛❝t
t❤❛t ✇❡ ❛r❡ ❝♦♠♣❧❡t❡❧② ✐❣♥♦r✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❡✛❡❝ts✱ ❛♥❞ t❤❛t
❣r❛✈✐t② ✐ts❡❧❢ ♠✐❣❤t ❝❤❛♥❣❡ ❛ ❧♦t ✐ts ❜❡❤❛✈✐♦✉r ❛t t❤♦s❡ s❝❛❧❡s ✭♦r ❡♥❡r❣② ❞❡♥s✐t✐❡s✮✳ ❚❤✐s ✈❡r②
s✐♠♣❧❡ ❛r❣✉♠❡♥t s✉❣❣❡sts t❤❡ ♥❡❡❞ ❢♦r ❛ q✉❛♥t✉♠ t❤❡♦r② ♦❢ ❣r❛✈✐t②✱ t❤❛t s❤♦✉❧❞ r❡❝♦♥❝✐❧❡
❊✐♥st❡✐♥✬s ❣r❛✈✐t② ❛♥❞ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❛t ✈❡r② ❧❛r❣❡ ❡♥❡r❣✐❡s ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ❛t ✈❡r②
s♠❛❧❧ ❧❡♥❣t❤ s❝❛❧❡s✳ ❚❤❡ ✜rst ❛tt❡♠♣t t♦ ♣✉t t♦❣❡t❤❡r q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❛♥❞ ❜❧❛❝❦ ❤♦❧❡
♣❤②s✐❝s ❞❛t❡s ❜❛❝❦ t♦ t❤❡ s❡✈❡♥t✐❡s✱ ✇✐t❤ t❤❡ s❡♠✐♥❛❧ ✇♦r❦ ❜② ❍❛✇❦✐♥❣ ❬✶✶❪ ✇❤♦ ❝♦♥tr✐❜✉t❡❞
t♦ ❦✐❝❦ st❛rt ❛ ❝♦♠♣❧❡t❡❧② ♥❡✇ ❧✐♥❡ ♦❢ r❡s❡❛r❝❤✱ t❤❛t ✇❡ ♥♦✇ ❦♥♦✇ ❛s q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r②
♦♥ ❝✉r✈❡❞ s♣❛❝❡t✐♠❡s✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ❜❡❤✐♥❞ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❛t✱ ✐♥ ❝❡rt❛✐♥ r❡❣✐♠❡s✱
✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❊✐♥st❡✐♥✬s ❣r❛✈✐t② ❛s ❛ ❝❧❛ss✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦♥ ✇❤✐❝❤ q✉❛♥t✉♠ ✜❡❧❞s ❝❛♥
❧✐✈❡✳ ❚❤❡ ♠❛✐♥ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤✐s ♣✐❝t✉r❡ ✐s t❤❛t ❜❧❛❝❦ ❤♦❧❡s ❛r❡ ♥♦t ✐♥❡rt ♦❜❥❡❝ts✱ ❜✉t
r❛t❤❡r t❤❡② s❧♦✇❧② ❡✈❛♣♦r❛t❡ ❜② ❡♠✐tt✐♥❣ t❤❡r♠❛❧ r❛❞✐❛t✐♦♥✱ ❦♥♦✇♥ ❛s ❍❛✇❦✐♥❣ r❛❞✐❛t✐♦♥✳
❍♦✇❡✈❡r✱ t❤✐s ❡✈❛♣♦r❛t✐♦♥ ❝♦♠❡s ❛t ❛ ♣r✐❝❡✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ♦❢
❛ ♠❛tt❡r s♦✉r❝❡ t♦ ❢♦r♠ ❛ ❜❧❛❝❦ ❤♦❧❡ ✇❤✐❝❤ t❤❡♥ ❡✈❛♣♦r❛t❡s ❛✇❛② ❝♦♠♣❧❡t❡❧② t❤r♦✉❣❤ t❤❡
❍❛✇❦✐♥❣ ♣r♦❝❡ss✱ ❧❡❛✈✐♥❣ ❜❡❤✐♥❞ ♦♥❧② s♦♠❡ t❤❡r♠❛❧ r❛❞✐❛t✐♦♥✳ ◗✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧❧②✱ t❤❡
❝♦❧❧❛♣s✐♥❣ ♠❛tt❡r ❝❛♥ ❜❡ ❛rr❛♥❣❡❞ ✐♥t♦ ❛ ♣✉r❡ q✉❛♥t✉♠ st❛t❡✳ ◆♦♥❡t❤❡❧❡ss✱ t❤❡ ✜♥❛❧ st❛t❡
❡♠❡r❣✐♥❣ ❢r♦♠ ❛ ❝♦♠♣❧❡t❡ ❡✈❛♣♦r❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✇♦✉❧❞ ❜❡ ❛ ♠✐①❡❞ st❛t❡✱ s✐♥❝❡ t❤❡
r❛❞✐❛t✐♦♥ ✐s ♣✉r❡❧② t❤❡r♠❛❧✳ ❙✉❝❤ ❛ ♣r♦❝❡ss ✇♦✉❧❞ t❤❡♥ ✈✐♦❧❛t❡ t❤❡ ✉♥✐t❛r✐t② ♦❢ t❤❡ t✐♠❡
❡✈♦❧✉t✐♦♥ ♦❢ ❛ q✉❛♥t✉♠ s②st❡♠✱ ✇❤✐❝❤ ✐s ♦♥❡ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣♦st✉❧❛t❡s ♦❢ q✉❛♥t✉♠



✶✳✶ ▼♦t✐✈❛t✐♦♥s ❛♥❞ ♦✉t❧✐♥❡ ✸

♠❡❝❤❛♥✐❝s✳ ❚❤✐s ❝♦♥❝❡♣t✉❛❧ ✐ss✉❡ ✐s ❦♥♦✇♥ ❛s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♣❛r❛❞♦①✳ ❇❡s✐❞❡s✱ ♥❡❡❞❧❡ss
t♦ s❛② t❤❛t t❤✐s ♣❡rs♣❡❝t✐✈❡ ♦♥ s❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t② ❞♦❡s ♥♦t r❡❛❧❧② t❛❝❦❧❡ t❤❡ ♣r♦❜❧❡♠ ♦❢
❝✉r✈❛t✉r❡ s✐♥❣✉❧❛r✐t✐❡s✱ ✇❤✐❝❤ ❛r❡ st✐❧❧ ❧❡❢t t♦ ❜❡ t❛❦❡♥ ❝❛r❡ ♦❢ ❜② q✉❛♥t✉♠ ❣r❛✈✐t❛t✐♦♥❛❧
❡✛❡❝ts✳

❈♦s♠♦❧♦❣② ✐s ❛❧s♦ ❛♥♦t❤❡r ♥❛t✉r❛❧ ♣❧❛②❣r♦✉♥❞ ❢♦r ❊✐♥t❡✐♥✬s ❣r❛✈✐t②✳ ■♥❞❡❡❞✱ ❛ ❝❧❡❛r
❡①❛♠♣❧❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ♦❜s❡r✈❡❞ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❯♥✐✈❡rs❡ t❤❛t✱ ❛t ❧❛r❣❡ s❝❛❧❡s✱ ❝❛♥ ❜❡
❝♦rr❡❝t❧② ♠♦❞❡❧❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t t❡r♠ ✐♥ t❤❡ ✈❛❝✉✉♠ ❊✐♥st❡✐♥
✜❡❧❞ ❡q✉❛t✐♦♥s✳ ❚❤✐s ✇❛s ✜rst s✉❣❣❡st❡❞ ❜② ❊✐♥st❡✐♥ ✐♥ ❬✶✷✱ ✶✸❪✱ t❤♦✉❣❤ ✐t ✇❛s ✉❧t✐♠❛t❡❧②
❞✐sr❡❣❛r❞❡❞ ✉♥t✐❧ t❤❡ ❧❛t❡ ✶✾✸✵s✱ ♦♥❝❡ ❍✉❜❜❧❡✬s ❞✐s❝♦✈❡r② ❬✶✹❪ ❜❡❝❛♠❡ ✇✐❞❡❧② ❛❝❝❡♣t❡❞✳
❍♦✇❡✈❡r✱ t❤❡ ♣❤②s✐❝❛❧ ♥❛t✉r❡ ♦❢ t❤✐s ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t ❝♦♥tr✐❜✉t✐♦♥ ✐s st✐❧❧ r❛t❤❡r ♦❜✲
s❝✉r❡ ❛♥❞ ✐t ✐s t❤❡r❡❢♦r❡ r❡❢❡rr❡❞ t♦ ❛s ❞❛r❦ ❡♥❡r❣② ❬✶✺❪ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❨❡t✱ ✐♥ s♣✐t❡ ♦❢
t❤❡ s✉❝❝❡ss ♦❢ t❤✐s ♥❡✇ t❡r♠ ✐♥ ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ♦❜s❡r✈❡❞ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❯♥✐✈❡rs❡✱ ●❘
t♦❣❡t❤❡r ✇✐t❤ ❜❛r②♦♥✐❝ ♠❛tt❡r ❛♥❞ ❞❛r❦ ❡♥❡r❣② ✐s ♥♦t ❝❛♣❛❜❧❡ ♦❢ ♣r♦✈✐❞✐♥❣ ❛♥ ❛❝❝✉r❛t❡
♣❤②s✐❝❛❧ ❡①♣❧❛♥❛t✐♦♥ ♦❢ ♠❛♥② ❛str♦♥♦♠✐❝❛❧ ♦❜s❡r✈❛t✐♦♥s✱ s✉❝❤ ❛s t❤❡ r♦t❛t✐♦♥ ❝✉r✈❡s ♦❢
s♣✐r❛❧ ❣❛❧❛①✐❡s ❬✶✻✕✷✵❪✳ ❚❤❡ s✐♠♣❧❡st ✇❛② t♦ ♣r♦❝❡❡❞ ✐s t❤❡♥ t♦ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢
❛ ♥♦♥✲❜❛r②♦♥✐❝ ♠❛tt❡r ❝♦♠♣♦♥❡♥t ✇❤✐❝❤ ❝❛♥ ❜❡ ♣❡r❝❡✐✈❡❞ ♦♥❧② t❤r♦✉❣❤ ✐ts ❣r❛✈✐t❛t✐♦♥❛❧
❡✛❡❝ts ❬✷✵❪✳ ❚❤✐s ✐s ✐♥❞❡❡❞ t❤❡ st❛rt✐♥❣ ♣♦✐♥t t❤❛t ❧❡❞ t♦ t❤❡ ♠♦❞❡r♥ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡
st❛♥❞❛r❞ ♠♦❞❡❧ ♦❢ ❇✐❣ ❇❛♥❣ ❝♦s♠♦❧♦❣②✱ ❛❧s♦ ❦♥♦✇♥ ❛s Λ❈❉▼ ♠♦❞❡❧ ✭✐✳❡✳ Λ ❈♦❧❞ ❉❛r❦
▼❛tt❡r ♠♦❞❡❧✮✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❧❛tt❡r✱ ♦✉r ❯♥✐✈❡rs❡ ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ t❤r❡❡ ❝♦♠♣♦♥❡♥ts✿
❞❛r❦ ❡♥❡r❣②✱ ❛❝❝♦✉♥t✐♥❣ ❢♦r ❛❧♠♦st t❤❡ 68% ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② ❞❡♥s✐t②❀ ❝♦❧❞ ❞❛r❦ ♠❛tt❡r✱
r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ 27%❀ ❜❛r②♦♥✐❝ ♠❛tt❡r✱ r❡♣r❡s❡♥t✐♥❣ ❛r♦✉♥❞ t❤❡ 5% ♦❢ t❤❡ ❡♥❡r❣② ♦❢ t❤❡
❯♥✐✈❡rs❡✳

❚❤✐s ✈❡r② ✉s❡❢✉❧ ♠♦❞❡❧ ❧❡❛✈❡s✱ ❤♦✇❡✈❡r✱ s♦♠❡ ❝♦♥❝❡♣t✉❛❧ q✉❡st✐♦♥s ✉♥❛♥s✇❡r❡❞✳ ■♥❞❡❡❞✱
✐t ♦✛❡rs ♥♦ ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤❡ ❢❛❝t t❤❛t✱ st❛t✐st✐❝❛❧❧②✱ t❤❡ ❯♥✐✈❡rs❡ ❛♣♣❡❛rs t♦ ❜❡ ❤♦♠♦❣❡✲
♥❡♦✉s ❛♥❞ ✐s♦tr♦♣✐❝ ❛t ✈❡r② ❧❛r❣❡ s❝❛❧❡s✱ t❤✐s ✐s ❦♥♦✇♥ ❛s t❤❡ ❤♦r✐③♦♥ ♣r♦❜❧❡♠✳ ❇❡s✐❞❡s✱ t❤❡
Λ❈❉▼ ♠♦❞❡❧ ❝❛♥♥♦t ❣✐✈❡ ❛ s✉✐t❛❜❧❡ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ♦❜s❡r✈❡❞ ✢❛t♥❡ss ♦❢ t❤❡ ❯♥✐✈❡rs❡
✇✐t❤♦✉t ❛ ❣r❡❛t ❞❡❛❧ ♦❢ ✜♥❡ t✉♥✐♥❣❀ t❤✐s ✐ss✉❡ t❛❦❡s t❤❡ ♥❛♠❡ ♦❢ ✢❛t♥❡ss ♣r♦❜❧❡♠✳ ❆❧❧ t❤❡
✐ss✉❡s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ✜♥❞ t❤❡✐r ♥❛t✉r❛❧ s♦❧✉t✐♦♥ ✐♥ t❤❡ t❤❡♦r② ♦❢ ❝♦s♠✐❝ ✐♥✢❛t✐♦♥ ❬✷✶✕✷✹❪✱
t❤❛t ❛ss✉♠❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣❤❛s❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ s♣❛❝❡t✐♠❡ ✐♥ t❤❡ ❡❛r❧②
❯♥✐✈❡rs❡✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ♣r❡s❡♥t ❛♥ ❛❧t❡r♥❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡ ♦♥ s❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t②✱
♠♦st❧② ✐♥s♣✐r❡❞ ❜② t❤❡ ❡✛❡❝t✐✈❡ ✜❡❧❞ t❤❡♦r② ❛♣♣r♦❛❝❤ t♦ str♦♥❣❧② ❝♦✉♣❧❡❞ t❤❡♦r✐❡s✳ ■♥❞❡❡❞✱
❜② ♠❡❛♥s ♦❢ s♦♠❡ ❦❡② ✐❞❡❛s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧✐③❛t✐♦♥ s❝❡♥❛r✐♦✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞✐s✲
❝✉ss ❤♦✇ ✇❡ ❝❛♥ ✉♥✐❢② ❜❧❛❝❦ ❤♦❧❡ ♣❤②s✐❝s✱ ❞❛r❦ ♠❛tt❡r ♣❤❡♥♦♠❡♥♦❧♦❣②✱ ❛♥❞ t❤❡ ✐♥✢❛t✐♦♥❛r②
s❝❡♥❛r✐♦ ✐♥ ❛ s✐♥❣❧❡ ❢r❛♠❡✇♦r❦✱ t❤❡ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧ ♦❢ ❣r❛✈✐t②✳

❚❤✐s t❤❡s✐s ✐s t❤❡r❡❢♦r❡ ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿
■♥ ❈❤❛♣t❡r ✷ ✇❡ r❡✈✐❡✇ s♦♠❡ ♦❢ t❤❡ ❦❡② ❢❡❛t✉r❡s ❛♥❞ ✐ss✉❡s ♦❢ s❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t②✱ ✇✐t❤

♣❛rt✐❝✉❧❛r r❡❣❛r❞ ❢♦r ❜❧❛❝❦ ❤♦❧❡ ♣❤②s✐❝s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ st❛rt ❜② r❡❝❛❧❧✐♥❣ ❤♦✇ ❜❧❛❝❦ ❤♦❧❡
t❤❡r♠♦❞②♥❛♠✐❝s ❤✐❣❤❧✐❣❤ts t❤❡ ♥❡❡❞ ❢♦r t❤❡ r❡❝♦♥❝✐❧✐❛t✐♦♥ ♦❢ ❣r❛✈✐t② ✇✐t❤ t❤❡ q✉❛♥t✉♠
t❤❡♦r② ✭❙❡❝t✐♦♥ ✷✳✶✮✳ ❚❤❡♥ ✇❡ ♣r♦✈✐❞❡ ❛ ❜r✐❡❢ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ q✉❛♥t✉♠
✜❡❧❞ t❤❡♦r② ♦♥ ❜❧❛❝❦ ❤♦❧❡s s♣❛❝❡t✐♠❡s ✭❙❡❝t✐♦♥ ✷✳✷✮✱ ✇✐t❤ ♣❛rt✐❝✉❧❛r r❡❣❛r❞ ❢♦r t❤❡ ❍❛✇❦✐♥❣
❡✛❡❝t ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ❈❤❛♣t❡r ❜② r❡❝❛❧❧✐♥❣ ❛ ❢❡✇ ✐❞❡❛s ❛❜♦✉t
t❤❡ ❜♦tt♦♠✲✉♣ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✐♥t❡r❛❝t✐♦♥ ✐♥ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r②✱ ❜❛s❡❞



✹ ✶✳ ■♥tr♦❞✉❝t✐♦♥

♦♥ t❤❡ ✇❡❛❦ ✜❡❧❞ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❛❝t✐♦♥✱ ❛♥❞ ✇❡ ❛❧s♦ ♣r❡s❡♥t ❛ ❢❡✇
r❡♠❛r❦s ♦♥ t❤❡ ✐ss✉❡ ♦❢ t❤❡ ♥♦♥✲r❡♥♦r♠❛❧✐③❛❜❧✐❧✐t② ♦❢ t❤❡ t❤❡♦r② ✭❙❡❝t✐♦♥ ✷✳✸✮✳

■♥ ❈❤❛♣t❡r ✸✱ ❛❢t❡r ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦♥ t❤❡ ❲✐❧s♦♥✐❛♥ ❛♣♣r♦❛❝❤ t♦ ♥♦♥✲r❡♥♦r♠❛❧✐③❛❜❧❡
t❤❡♦r✐❡s✱ ✇❡ ✐♥tr♦❞✉❝❡ t✇♦ ❛❧t❡r♥❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡s ♦♥ s❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t②✱ ♥❛♠❡❧② t❤❡
❤♦r✐③♦♥ q✉❛♥t✉♠♠❡❝❤❛♥✐❝s ❢♦r♠❛❧✐s♠ ❛♥❞ t❤❡ ❯❱ ❝♦♠♣❧❡t✐♦♥ ♦❢ ❣r❛✈✐t② ❜② ❝❧❛ss✐❝❛❧✐③❛t✐♦♥✳
■♥ ❞❡t❛✐❧✱ ✐♥ ❙❡❝t✐♦♥ ✸✳✶ ✇❡ r❡✈✐❡✇ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠❛❧✐s♠ ♦❢ t❤❡ ❤♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s
❢♦r ❜♦t❤ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ ❛♥❞ ❛①✐s②♠♠❡tr✐❝ s②st❡♠s t♦❣❡t❤❡r ✇✐t❤ ❛♥ ❡①❛♠♣❧❡ ♦❢
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s t❡❝❤♥✐q✉❡ t♦ ❛ s✐♥❣❧❡ ●❛✉ss✐❛♥ s♦✉r❝❡✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷ ✇❡ s✉♠♠❛r✐③❡ t❤❡
❢✉♥❞❛♠❡♥t❛❧ ♥♦t✐♦♥s ❧❛②✐♥❣ ❛t t❤❡ ❢♦✉♥❞❛t✐♦♥s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧✐③❛t✐♦♥ s❝❤❡♠❡✳ ❚❛❦✐♥❣ ♣r♦✜t
♦❢ t❤❡ ❧❛tt❡r ✇❡ t❤❡♥ ✐♥tr♦❞✉❝❡ t❤❡ q✉❛♥t✉♠ N ✲♣♦rtr❛✐t ❢♦r ❜❧❛❝❦ ❤♦❧❡s ✭❙❡❝t✐♦♥ ✸✳✷✳✶✮✱
✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ✜rst r♦♦t ♦❢ t❤❡ ❝♦r♣✉s❝✉❧❛r t❤❡♦r② ♦❢ ❣r❛✈✐t②✳

■♥ ❈❤❛♣t❡r ✹ ✇❡ t❤❡♥ ❞❡s❝r✐❜❡ t❤❡ ❝♦r♣✉s❝✉❧❛r ♣✐❝t✉r❡ ❢♦r ❜❧❛❝❦ ❤♦❧❡s ❛♥❞ t❤❡ ❣r❛✈✐✲
t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡✳ Pr❡❝✐s❡❧②✱ ✐♥ ❙❡❝t✐♦♥ ✹✳✶ ✇❡ ♣r❡s❡♥t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♥❞✇♦r❦ t❤❛t
❛❧❧♦✇s t♦ ❢♦r♠❛❧❧② ✉♥❞❡rst❛♥❞ ❜❧❛❝❦ ❤♦❧❡s ❛s s❡❧❢✲s✉st❛✐♥❡❞ q✉❛♥t✉♠ st❛t❡s✳ ❲❡ t❤❡♥ ✉s❡
t❤❡ ❦❡② ✐❞❡❛s ❝♦♠✐♥❣ ❢r♦♠ t❤✐s ❛r❣✉♠❡♥t t♦ st✉❞② s♦♠❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧✲
❧❛♣s❡ ✐♥ t❤✐s ❝♦r♣✉s❝✉❧❛r ♣✐❝t✉r❡✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ♠❡❛♥s ♦❢ ❛ r❡❛s♦♥✐♥❣ ❜❛s❡❞ ♦♥ ❡♥❡r❣②
❜❛❧❛♥❝❡s ✭❙❡❝t✐♦♥ ✹✳✷✮✳ ■♥ ❙❡❝t✐♦♥ ✹✳✸ ✇❡ t❤❡♥ r❡✜♥❡ t❤❡ ❞✐s❝✉ss✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷
❜② ❝♦♥str✉❝t✐♥❣ ❛♥ ❡✛❡❝t✐✈❡ t❤❡♦r② ❢♦r t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ♣♦t❡♥t✐❛❧ ♦❢ ❛ st❛t✐❝ s♣❤❡r✐❝❛❧ s②♠✲
♠❡tr✐❝ s②st❡♠ ✉♣ t♦ t❤❡ ✜rst ♣♦st✲◆❡✇t♦♥✐❛♥ ❝♦rr❡❝t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✹✳✹✱ ❛❢t❡r str❡ss✐♥❣
t❤❡ str✐❝t r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧ ❛♥❞ t❤❡ ❤♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✱
✇❡ ❞✐s❝✉ss t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦r t❤❡ ❍❛②✇❛r❞ ❛♥❞ ❑❡rr s♣❛❝❡t✐♠❡s t♦ ❡♠❡r❣❡✱ ❛s ❡✛❡❝t✐✈❡ ❣❡✲
♦♠❡tr✐❡s✱ ✐♥ t❤❡ ❝♦r♣✉s❝✉❧❛r s❝❡♥❛r✐♦✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✹✳✺ ✇❡ ❞✐s❝✉ss t❤❡ ❜❡❤❛✈✐♦✉r ♦❢
t❤❡ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧ ♦❢ ❜❧❛❝❦ ❤♦❧❡s ❢♦r ❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡t✐♠❡s✱ s♣❡❝✐✜❝❛❧❧② ❢♦r t❤❡
(1 + 1)✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳

■♥ ❈❤❛♣t❡r ✺ ✇❡ s❤♦✇ ❤♦✇ ❝♦s♠✐❝ ✐♥✢❛t✐♦♥ ❛♥❞ t❤❡ ♦❜s❡r✈❡❞ ♣❤❡♥♦♠❡♥♦❧♦❣② ✉s✉❛❧❧②
❛ttr✐❜✉t❡❞ t♦ ❝♦❧❞ ❞❛r❦ ♠❛tt❡r ♥❛t✉r❛❧❧② ❡♠❡r❣❡ ❢r♦♠ ❛ ❝♦r♣✉s❝✉❧❛r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡
❯♥✐✈❡rs❡ ❛t ❝♦s♠♦❧♦❣✐❝❛❧ s❝❛❧❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ❙❡❝t✐♦♥ ✺✳✶ ✇❡ ♣r♦✈✐❞❡ ❛ ❝♦r♣✉s❝✉❧❛r
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞❡ ❙✐tt❡r s♣❛❝❡✱ ✐♥ r❡❧❛t✐♦♥ ✇✐t❤ ❜♦t❤ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t t❡r♠
❛♥❞ q✉❛❞r❛t✐❝ ❣r❛✈✐t② s❝❡♥❛r✐♦✳ ■♥ ❙❡❝t✐♦♥ ✺✳✷ ✇❡ t❤❡♥ ❡♠♣❧♦② t❤✐s r❡s✉❧t t♦ ❛r❣✉❡ t❤❛t
t❤❡ ❞②♥❛♠✐❝s ♣r❡❞✐❝t❡❞ ❜② t❤❡ ❙t❛r♦❜✐♥s❦② ♠♦❞❡❧ ♦❢ ✐♥✢❛t✐♦♥ ❡♠❡r❣❡s ♥❛t✉r❛❧❧②✱ ✐♥ ♣✉r❡
❣r❛✈✐t②✱ ❢r♦♠ t❤❡ ❝♦r♣✉s❝✉❧❛r s❝❡♥❛r✐♦✳ ❆❢t❡r t❤❛t✱ ✇❡ ✉s❡ ❛❣❛✐♥ t❤❡ ❛r❣✉♠❡♥t ❞❡s❝r✐❜❡❞
✐♥ ❙❡❝t✐♦♥ ✺✳✶ ❛♥❞ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥❞❡♥s❛t❡✱ t❤❛t ✇❡ ❛r❣✉❡ t♦ ❜❡
r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❞❛r❦ ❡♥❡r❣② ❝♦♥t❡♥t ♦❢ ♦✉r ❯♥✐✈❡rs❡✳ ❚❤❡♥ ✇❡ t❛❦❡ ♣r♦✜t ♦❢ t❤❡ ❧❛tt❡r
t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣② ✉s✉❛❧❧② ❛ttr✐❜✉t❡❞ t♦ ❝♦❧❞ ❞❛r❦ ♠❛tt❡r✱ ✐♥ t❤❡ Λ❈❉▼
♠♦❞❡❧✱ ❛s t❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ ✇❤♦❧❡ ❝♦♥❞❡♥s❛t❡ t♦ t❤❡ ❧♦❝❛❧ ♣r❡s❡♥❝❡ ♦❢ ❜❛r②♦♥✐❝ ♠❛tt❡r
✭❙❡❝t✐♦♥ ✺✳✸✮✳

❋✐♥❛❧❧②✱ ✐♥ ❈❤❛♣t❡r ✻✱ ✇❡ ❝♦♥❝❧✉❞❡ ✇✐t❤ r❡♠❛r❦s ❛♥❞ ❤✐♥ts ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳



✶✳✷ ◆♦t❛t✐♦♥s ❛♥❞ ❈♦♥✈❡♥t✐♦♥s ✺

✶✳✷ ◆♦t❛t✐♦♥s ❛♥❞ ❈♦♥✈❡♥t✐♦♥s

■♥❞✐❝❡s✳ ■♥ t❤✐s ✇♦r❦ ●r❡❡❦ ✐♥❞✐❝❡s t❛❦❡s ✈❛❧✉❡s µ, ν, . . . = 0, 1, 2, 3 ✇❤✐❧❡ ♣✉r❡❧② s♣❛t✐❛❧
❧❛❜❡❧s ❛r❡ ❞❡♥♦t❡❞ ❜② ▲❛t✐♥ ❧❡tt❡rs i, j, k, . . . = 1, 2, 3✳ ❘❡♣❡❛t❡❞ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ●r❡❡❦
❧❡tt❡rs ❛r❡ s✉♠♠❡❞ ♦✈❡r✱ ✐✳❡✳

AµBµ ≡
3∑

µ=0

AµBµ ,

✇❤✐❧❡✱ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ♦♥❧② s♣❛t✐❛❧ ♦❜❥❡❝ts✱ ✇❡ ✇✐❧❧ t❡♥❞ t♦ ❦❡❡♣ ❛❧❧
✐♥❞✐❝❡s ❛s ✉♣♣❡r ✐♥❞✐❝❡s✳

❚❤❡ ♥♦t❛t✐♦♥ A ✐♥❞✐❝❛t❡s ❛ s♣❛t✐❛❧ ✭3✲❞✐♠❡♥s✐♦♥❛❧✮ ✈❡❝t♦r✱ ✇✐t❤ ❝♦♠♣♦♥❡♥ts A =
(A1, A2, A3) = {Ai}✳ ❋♦r 4✲✈❡❝t♦rs ✇❡ ✇✐❧❧ ✐♥st❡❛❞ ✉s❡ ♦r❞✐♥❛r② ▲❛t✐♥ ❧❡tt❡rs✱ ✉♥❧❡ss ✐♥✲
❞✐❝❛t❡❞ ♦t❤❡r✇✐s❡✱ ❡✳❣✳ X ✇❤♦s❡ ❝♦♠♣♦♥❡♥t ❛r❡ t❤❡♥ ❣✐✈❡♥ ❜② X = (X0, X1, X2, X3) =
(X0, X i) = {Aµ}✳
▼❡tr✐❝✳ ❲❡ ✇✐❧❧ ❛❞♦♣t t❤❡ ✏♠♦st❧② ♣❧✉s ❝♦♥✈❡♥t✐♦♥✑ ❢♦r ❛❧❧ ▲♦r❡♥t③✐❛♥ ♠❛♥✐❢♦❧❞s✳ ❚❤✉s✱
t❤❡ ▼✐♥❦♦✇s❦✐ ♠❡tr✐❝ ηµν ✱ ✐♥ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s✱ r❡❛❞s

ηµν = ❞✐❛❣(−1,+1,+1,+1) =




−1 0 0 0
0 +1 0 0
0 0 +1 0
0 0 0 +1


 ,

❜❡s✐❞❡s✱ ❢♦r ❛♥② ▲♦r❡♥t③✐❛♥ ♠❛♥✐❢♦❧❞s M ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♠❡tr✐❝ gµν ✱ ✐✳❡✳ (M, g)✱ ✇❡ ❤❛✈❡
t❤❛t

gµν = (−,+,+,+) , gµν g
µν = 4 ,

✇❤❡r❡ gµν ✐♥❞✐❝❛t❡s t❤❡ ✐♥✈❡rs❡ ♦❢ gµν ✱ ❛♥❞ t❤❛t

Aµ = gµν A
ν , ❛♥❞ A · B := gµν A

µBν = AµBµ = AµB
µ ,

✇❤❡r❡ · ❤❡r❡ ❞❡♥♦t❡s t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✐♥❞✉❝❡❞ ❜② t❤❡ ♠❡tr✐❝ gµν ✳
■t ✐s ❛❧s♦ ✇♦rt❤ r❡❝❛❧❧✐♥❣ t❤❛t✱ ✐♥ ♦✉r ♥♦t❛t✐♦♥✱ t❤❡ 0✲❝♦♠♣♦♥❡♥t ♦❢ ❛ 4✲❞✐♠❡♥s✐♦♥❛❧

✐♥❞❡① ✭✐✳❡✳ ●r❡❡❦ ❧❡tt❡rs✮ r❡❢❡rs t♦ t❤❡ t✐♠❡✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦❜❥❡❝t✳
❋♦r 3✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦rs ♦♥ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ (R3, δ) ✇❡ ❤❛✈❡ t❤❛t

A ·B = AiBi = δijA
iBj = δijAiBj = δijAiBj ,

✇✐t❤ δij ❞❡♥♦t✐♥❣ t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛✱ ✐✳❡✳

δij = ❞✐❛❣(+1,+1,+1) =



+1 0 0
0 +1 0
0 0 +1


 ,

❛❣❛✐♥ ✐♥ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s✳



✻ ✶✳ ■♥tr♦❞✉❝t✐♦♥

■t ✐s ❛❧s♦ ✉s❡❢✉❧ t♦ str❡ss t❤❛t✱ ♦♥ ▼✐♥❦♦✇s❦✐ ✇❡ ❤❛✈❡ t❤❛t X = (X0, X i) ≡ Xµ ❛♥❞

Xµ = ηµνX
ν = (−X0, X i) .

❉✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs✳ ❖♥ ▼✐♥❦♦✇s❦✐ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ t❤❡ 4✲❞❡r✐✈❛t✐✈❡

∂µ :=

(
1

c

∂

∂t
,
∂

∂xi

)
≡ (∂0, ∂i) ,

❢r♦♠ ✇❤✐❝❤ ♦♥❡ ❝❛♥ ✐♥❢❡r t❤❛t ∂µ = ηµν∂ν = (−∂0, ∂i)✳ ❖♥❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ t❤❡ ✭✢❛t✮
❞✬❆❧❡♠❜❡rt ♦♣❡r❛t♦r ❛s

� := ∂µ∂
µ = ηµν∂µ∂ν = − 1

c2
∂2

∂t2
+∆ ,

✇❤❡r❡ ∆ := ❞✐✈∇ = ∂i∂i ✐s t❤❡ ▲❛♣❧❛❝✐❛♥✳
❋♦r ❛ ❣❡♥❡r✐❝ ▲♦r❡♥t③✐❛♥ ♠❛♥✐❢♦❧❞ (M, g) ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ▲❡✈✐✲❈✐✈✐t❛ ❝♦♥♥❡❝t✐♦♥ ∇✱

❢♦r ✇❤✐❝❤ ✇❡ r❡❝❛❧❧ t❤❛t

∇αA
µ = ∂αA

µ + Γµ
αβA

β , ∇αAµ = ∂αAµ − Γβ
αµAβ , ∇αgµν = 0 ,

✇❤❡r❡ ∇α ❞❡♥♦t❡s t❤❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♦r❞✐♥❛t❡ ❜❛s✐s ∂α ❛♥❞ Γλ
µν

❛r❡ t❤❡ ❈❤r✐st♦✛❡❧ s②♠❜♦❧s✱ ❣✐✈❡♥ ❜②

Γλ
µν =

1

2
gλρ (∂µgνρ + ∂νgµρ − ∂ρgµν) .

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❞✬❆❧❡♠❜❡rt ♦♣❡r❛t♦r ♦♥ ❛ ❝✉r✈❡❞ s♣❛❝❡t✐♠❡ ❛s
� := gµν∇µ∇ν ✳

▼❛✐♥ ❣❡♦♠❡tr✐❝❛❧ ♦❜❥❡❝ts✳ ❲❡ ✇r✐t❡ t❤❡ ❘✐❡♠❛♥♥ t❡♥s♦r ❛s

Rλ
µρν = ∂ρΓ

λ
µν − ∂νΓ

λ
µρ + Γη

µνΓ
λ
ρη − Γη

µρΓ
λ
νη ,

❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡✜♥❡ t❤❡ ❘✐❝❝✐ t❡♥s♦r Rµν = Rλ
µλν ✱ ✇❤♦s❡ tr❛❝❡ ❣✐✈❡s t❤❡ ❝✉r✈❛t✉r❡ ✭❘✐❝❝✐✮

s❝❛❧❛r R = gµνRµν ✳ ■t ✐s ❛❧s♦ ✇♦rt❤ r❡❝❛❧❧✐♥❣ t❤❛t t❤❡ ❘✐❡♠❛♥♥ t❡♥s♦r ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞
❛s

Rλ
µρν =

1

2

(
δλρRµν − gµρR

λ
ν − δλνRµρ + gµνR

λ
ρ

)
− R

6

(
δλρgµν − δλνgµρ

)
+ Cλ

µρν ,

✇❤❡r❡ Cλ
µρν ❞❡♥♦t❡s t❤❡ ❲❡②❧ ✭♦r ❝♦♥❢♦r♠❛❧ ❝✉r✈❛t✉r❡✮ t❡♥s♦r✳

❊✐♥st❡✐♥✲❍✐❧❜❡rt ❛❝t✐♦♥ ❛♥❞ f(R)✲t❤❡♦r✐❡s✳ ❲❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ q✉❛♥t✉♠ ✜❡❧❞
t❤❡♦r❡t✐❝ ❛♣♣r♦❛❝❤ t♦ ❣r❛✈✐t② ✇❡ ✇✐❧❧ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❛❝t✐♦♥ ✐♥ t❤❡ ❢♦r♠

SEH = − c4

16 π GN

∫
d4x

√
−❞❡t g R ,



✶✳✷ ◆♦t❛t✐♦♥s ❛♥❞ ❈♦♥✈❡♥t✐♦♥s ✼

✇❤❡r❡❛s✱ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ♠♦❞✐✜❡❞ t❤❡♦r✐❡s ♦❢ ❣r❛✈✐t②✱ ✇❡ ✇✐❧❧ ❞❡✜♥❡ t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt
❛❝t✐♦♥ ❛s

SEH = +
c4

16 π GN

∫
d4x

√
−❞❡t g R .

◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ ❧❛tt❡r ❝❛s❡ ✇❡ ❤❛✈❡ ❝❤❛♥❣❡❞ t❤❡ ❣❧♦❜❛❧ s✐❣♥ ♦❢ t❤❡ ❛❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ✜rst ❞❡✜♥✐t✐♦♥✳ ❚❤✐s ❞♦❡s ♥♦t r❡❛❧❧② ❝❤❛♥❣❡ ♠✉❝❤ ✐❢ ♥♦ ♠❛tt❡r ❝♦♥tr✐❜✉t✐♦♥ ✐s ✐♥✈♦❧✈❡❞✳
■♥❞❡❡❞✱ t❤❡s❡ t✇♦ r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡✱ ✐♥ ❣❡♥❡r❛❧✱ ❡q✉✐✈❛❧❡♥t ♣r♦✈✐❞❡❞ t❤❛t ✇❡ ❝❤❛♥❣❡ t❤❡
s✐❣♥ ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ str❡ss✲❡♥❡r❣② t❡♥s♦r✳

❆ ❣❡♥❡r✐❝ f(R)✲t❤❡♦r② ✐s t❤❡r❡❢♦r❡ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧

S =
c4

16 π GN

∫
d4x

√
−❞❡t g f(R) + SM[gµν ,Ψ] ,

✇❤❡r❡ SM[gµν ,Ψ] ✐s t❤❡ ♠❛tt❡r ❛❝t✐♦♥ ❛♥❞ Ψ ❝♦❧❧❡❝t✐✈❡❧② ❞❡♥♦t❡s t❤❡ ♠❛tt❡r ✜❡❧❞s✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❛r❡ t❤❡♥ ❣✐✈❡♥ ❜②

f ′(R)Rµν −
1

2
f(R)gµν − [∇µ∇ν − gµν �]f ′(R) =

8 π GN

c4
Tµν ,

✇❤❡r❡

Tµν :=
−2√−❞❡t g

δSM

δgµν
,

❞❡♥♦t❡s t❤❡ ❡♥❡r❣②✲♠♦♠❡♥t✉♠ t❡♥s♦r ✇❤✐❧❡ t❤❡ ♣r✐♠❡ ✐♥❞✐❝❛t❡s t❤❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ❛r❣✉♠❡♥t✳

❯♥✐ts✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ✇✐❧❧ ♠♦st❧② s❡t t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t c = 1✱ ❜✉t ✇❡ ✇✐❧❧ ❦❡❡♣ ❜♦t❤ ~

❛♥❞ GN ❡①♣❧✐❝✐t✳ ◆♦✇✱ r❡❝❛❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ P❧❛♥❝❦ ♠❛ss ❛♥❞ P❧❛♥❝❦ ❧❡♥❣t❤✱ ✐✳❡✳

mP =

√
~ c

GN

, ℓP =

√
~GN

c3
,

t❤❡♥ s❡tt✐♥❣ c = 1 ✇❡ ✜♥❞

GN =
ℓP
mP

, ~ = mP ℓP

❙✉♠♠❛r② ♦❢ ❝♦♥✈❡♥t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s✳

c ❙♣❡❡❞ ♦❢ ❧✐❣❤t✱ ✉s✉❛❧❧② s❡t t♦ ♦♥❡ TH ❍❛✇❦✐♥❣ t❡♠♣❡r❛t✉r❡

GN ◆❡✇t♦♥✬s ❝♦♥st❛♥t❀ GN = ℓP/mP SBH ❇❡❦❡♥st❡✐♥✲❍❛✇❦✐♥❣ ❡♥tr♦♣②

~ P❧❛♥❝❦ ❝♦♥st❛♥t❀ ~ = mPℓP SEH ❊✐♥st❡✐♥✲❍✐❧❜❡rt ✭❊❍✮ ❛❝t✐♦♥

H + ❋✉t✉r❡ ❡✈❡♥t ❤♦r✐③♦♥ (2χ)−1 Pr❡✲❢❛❝t♦r ❊❍ ❛❝t✐♦♥❀ χ = 8πGN/c
4

I ± ❋✉t✉r❡✴♣❛st ♥✉❧❧ ✐♥✜♥✐t② UN ◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②

J±(U) ❈❛✉s❛❧ ❢✉t✉r❡✴♣❛st ♦❢ t❤❡ r❡❣✐♦♥ U UPN ♣♦st✲◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②

Tµν ❊♥❡r❣②✲♠♦♠❡♥t✉♠ t❡♥s♦r H ❍❛♠✐❧t♦♥✐❛♥

ρ ❊♥❡r❣② ❞❡♥s✐t② H = 0 ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ♦❢ ❝♦s♠♦❧♦❣②

p Pr❡ss✉r❡✱ ♣❡r❢❡❝t ✢✉✐❞ Λ ❈♦s♠♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t

NG ◆✉♠❜❡r ♦❢ ❣r❛✈✐t♦♥s LΛ ❞❡ ❙✐tt❡r ❤♦r✐③♦♥

λm ❈♦♠♣t♦♥✲❞❡ ❇r♦❣❧✐❡ ✇❛✈❡❧❡♥❣t❤ A(αβ) A(αβ) = (Aαβ +Aβα)/2

ǫ ❚②♣✐❝❛❧ ❡♥❡r❣② ♦❢ ❛ ♣❛rt✐❝❧❡❀ ǫ = ~/λm A[αβ] A[αβ] = (Aαβ −Aβα)/2



✽ ✶✳ ■♥tr♦❞✉❝t✐♦♥

✶✳✸ ❚❤✐s ❚❤❡s✐s

❚❤✐s t❤❡s✐s ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛✉t❤♦r✬s ✇♦r❦ ❝♦♥❞✉❝t❡❞ ❢r♦♠ ◆♦✈❡♠❜❡r ✷✵✶✺ ❛♥❞ ❆✉❣✉st ✷✵✶✽
❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❇♦❧♦❣♥❛✱ ✉♥❞❡r t❤❡ s✉♣❡r✈✐s✐♦♥ ♦❢ Pr♦❢✳ ❘♦❜❡rt♦ ❈❛s❛❞✐♦✱ ❛♥❞ ❛t t❤❡
▲✉❞✇✐❣✕▼❛①✐♠✐❧✐❛♥s✕❯♥✐✈❡rs✐tät ▼ü♥❝❤❡♥✱ ✉♥❞❡r t❤❡ s✉♣❡r✈✐s✐♦♥ ♦❢ Pr♦❢✳ ●❡♦r❣✐ ❉✈❛❧✐✳
❙♣❡❝✐✜❝❛❧❧②✱ ♠♦st ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❢❡r❡♥❝❡s✿

✶✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉❣♥♦ ❛♥❞ ❆✳ ●✐✉st✐✳ ▼❛tt❡r ❛♥❞ ❣r❛✈✐t♦♥s ✐♥ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧
❝♦❧❧❛♣s❡✳ P❤②s✐❝s ▲❡tt❡rs ❇ ✼✻✸ ✭✷✵✶✻✮✱ ✸✸✼✕✸✹✵✳

✷✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉❣♥♦ ❛♥❞ ❆✳ ●✐✉st✐✳ ●❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ ❤♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✳
●❡♥✳ ❘❡❧✳ ●r❛✈✳ ✹✾ ✭✷✵✶✼✮✱ ✸✷✳

✸✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉❣♥♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❖✳ ▼✐❝✉✳ ❍♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ♦❢
r♦t❛t✐♥❣ ❜❧❛❝❦ ❤♦❧❡s✳ ❊✉r✳ P❤②s✳ ❏✳ ❈ ✼✼ ✭✷✵✶✼✮✱ ✸✷✷✳

✹✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉❣♥♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ▼✳ ▲❡♥③✐✳ ◗✉❛♥t✉♠ ❝♦r♣✉s❝✉❧❛r ❝♦rr❡❝t✐♦♥s
t♦ t❤❡ ◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧✳ P❤②s✳ ❘❡✈✳ ❉ ✾✻ ✭✷✵✶✼✮✱ ✵✹✹✵✶✵✳

✺✳ ▼✳ ❈❛❞♦♥✐✱ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉st✐✱ ❲✳ ▼ü❝❦ ❛♥❞ ▼✳ ❚✉✈❡r✐✳ ❊✛❡❝t✐✈❡ ❋❧✉✐❞ ❉❡s❝r✐♣✲
t✐♦♥ ♦❢ t❤❡ ❉❛r❦ ❯♥✐✈❡rs❡✳ P❤②s✐❝s ▲❡tt❡rs ❇ ✼✼✻ ✭✷✵✶✽✮✱ ✷✹✷✕✷✹✽✳

✻✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉❣♥♦ ❛♥❞ ❆✳ ●✐✉st✐✳ ❈♦r♣✉s❝✉❧❛r s❧♦✇✲r♦❧❧ ✐♥✢❛t✐♦♥✳ P❤②s✳ ❘❡✈✳ ❉
✾✼ ✭✷✵✶✽✮✱ ✵✷✹✵✹✶✳

✼✳ ❆✳ ●✐✉❣♥♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❆✳ ❍❡❧♦✉✳ ❍♦r✐③♦♥ q✉❛♥t✉♠ ❢✉③③✐♥❡ss ❢♦r ♥♦♥✲s✐♥❣✉❧❛r
❜❧❛❝❦ ❤♦❧❡s✳ ❊✉r✳ P❤②s✳ ❏✳ ❈ ✼✽ ✭✷✵✶✽✮✱ ✷✵✽✳

✽✳ ▼✳ ❈❛❞♦♥✐✱ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ▼✳ ❚✉✈❡r✐✳ ❊♠❡r❣❡♥❝❡ ♦❢ ❛ ❞❛r❦ ❢♦r❝❡ ✐♥
❝♦r♣✉s❝✉❧❛r ❣r❛✈✐t②✳ P❤②s✳ ❘❡✈✳ ❉ ✾✼ ✭✷✵✶✽✮✱ ✵✹✹✵✹✼✳

✾✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉❣♥♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❖✳ ▼✐❝✉✳ ❍♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✿ s♣❤❡r✲
✐❝❛❧❧② s②♠♠❡tr✐❝ ❛♥❞ r♦t❛t✐♥❣ s♦✉r❝❡s✳ ❋♦✉♥❞❛t✐♦♥s ♦❢ P❤②s✐❝s ✹✽ ✭✷✵✶✽✮✱ ✶✷✵✹✕✶✷✶✽✳

✶✵✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❘✳ ❘❛❤✐♠✳ ❍♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❢♦r s♣❤❡r♦✐❞❛❧
s♦✉r❝❡s✳ ❊✉r♦♣❤②s✐❝s ▲❡tt❡rs ✶✷✶ ✭✷✵✶✽✮✱ ✻✵✵✵✹✳

✶✶✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❏✳ ▼✉r❡✐❦❛✳ ▲♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ ❝♦r♣✉s❝✉❧❛r ❣r❛✈✐t② ❛♥❞
t❤❡ ❡♥❞ ♦❢ ❜❧❛❝❦ ❤♦❧❡ ❡✈❛♣♦r❛t✐♦♥✳ ❛r❳✐✈✿✶✽✵✺✳✶✵✹✹✹✳

✶✷✳ ❆✳ ●✐✉❣♥♦ ❛♥❞ ❆✳ ●✐✉st✐✳ ❉♦♠❡st✐❝ ❝♦r♣✉s❝✉❧❛r ✐♥✢❛t♦♥✳ ❛r❳✐✈✿✶✽✵✻✳✶✶✶✻✽✳

✶✸✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉❣♥♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ▼✳ ▲❡♥③✐✳ ◗✉❛♥t✉♠ ❋♦r♠❛t✐♦♥ ♦❢ Pr✐♠♦r❞✐❛❧
❇❧❛❝❦ ❤♦❧❡s✳ ❛r❳✐✈✿✶✽✶✵✳✵✺✶✽✺✳

✶✹✳ ❘✳ ❘❛❤✐♠✱ ❆✳ ●✐✉st✐ ❛♥❞ ❘✳ ❈❛s❛❞✐♦✳ ❚❤❡ ♠❛r❣✐♥❛❧❧② tr❛♣♣❡❞ s✉r❢❛❝❡s ✐♥ s♣❤❡r♦✐❞❛❧
s♣❛❝❡✲t✐♠❡s✳ ■♥t✳ ❏✳ ▼♦❞✳ P❤②s✳ ❉ ✷✽ ✭✷✵✶✾✮✱ ✶✾✺✵✵✷✶✳



✶✳✹ ❘❡♣♦rt ♦♥ ❛❝❛❞❡♠✐❝ ❛❝t✐✈✐t✐❡s ✾

✶✳✹ ❘❡♣♦rt ♦♥ ❛❝❛❞❡♠✐❝ ❛❝t✐✈✐t✐❡s

❙✐♥❝❡ ◆♦✈❡♠❜❡r ✶✱ ✷✵✶✺ ■ ❤❛✈❡ ❜❡❡♥ ❛ P❤❉ st✉❞❡♥t ✐♥ P❤②s✐❝s ✭❳❳❳■ ❝②❝❧❡✮ ❛t t❤❡ ❯♥✐✈❡r✲
s✐t② ♦❢ ❇♦❧♦❣♥❛✱ ✉♥❞❡r t❤❡ s✉♣❡r✈✐s✐♦♥ ♦❢ Pr♦❢✳ ❘♦❜❡rt♦ ❈❛s❛❞✐♦✳ ❙t❛rt✐♥❣ ❢r♦♠ ❏❛♥✉❛r②
✷✻✱ ✷✵✶✼ ✭❞❛t❡ ♦❢ t❤❡ ❧❛st s✐❣♥❛t✉r❡ ♦❢ t❤❡ ❈♦t✉t❡❧❧❡ ❆❣r❡❡♠❡♥t✮ ■ ❤❛✈❡ ❜❡❝♦♠❡ ❛ ❥♦✐♥t
P❤❉ st✉❞❡♥t ❜❡t✇❡❡♥ t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❇♦❧♦❣♥❛ ❛♥❞ t❤❡ ▲✉❞✇✐❣✕▼❛①✐♠✐❧✐❛♥s✕❯♥✐✈❡rs✐tät
▼ü♥❝❤❡♥✳ ❙✐♥❝❡ t❤❡♥✱ ■ ❤❛✈❡ ❜❡❡♥ ❝❛rr②✐♥❣ ♦✉t ♠② r❡s❡❛r❝❤ ❛❝t✐✈✐t✐❡s ✉♥❞❡r t❤❡ s✉♣❡r✈✐✲
s✐♦♥ ♦❢ Pr♦❢✳ ❘♦❜❡rt♦ ❈❛s❛❞✐♦ ✭❯♥✐✈❡rs✐t② ♦❢ ❇♦❧♦❣♥❛✮ ❛♥❞ Pr♦❢✳ ●❡♦r❣✐ ❉✈❛❧✐ ✭▲✉❞✇✐❣✕
▼❛①✐♠✐❧✐❛♥s✕❯♥✐✈❡rs✐tät ▼ü♥❝❤❡♥✮✳

❉✉r✐♥❣ t❤❡ ❧❛st t❤r❡❡ ②❡❛rs✱ ■ ❤❛✈❡ ❢♦❝✉ss❡❞ ♦♥ t✇♦ ❞✐✛❡r❡♥t r❡s❡❛r❝❤ ❧✐♥❡s✿ s❡♠✐❝❧❛ss✐❝❛❧
❣r❛✈✐t②✱ ✉♥❞❡r t❤❡ s✉♣❡r✈✐s✐♦♥ ♦❢ Pr♦❢✳ ❈❛s❛❞✐♦ ❛♥❞ Pr♦❢✳ ❉✈❛❧✐✱ ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ ❛s♣❡❝ts
♦❢ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❛♣♣❧✐❡❞ ♣❤②s✐❝s✳ ❚❤❡ ❧❛tt❡r✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥s✐sts ♦❢ ❛ s❡r✐❡s ♦❢ s✐❞❡
♣r♦❥❡❝ts ♠♦st❧② ✉♥r❡❧❛t❡❞ t♦ t❤❡ ♠❛✐♥ s❝♦♣❡s ♦❢ ♠② P❤❉ st✉❞✐❡s✳ ❆s ❛ r❡s✉❧t ♦❢ t❤✐s
❡♥❞❡❛✈♦✉r ■ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ♣✉❜❧✐s❤ ✸✵ s❝✐❡♥t✐✜❝ ❛rt✐❝❧❡ ✭✷✻ ♦❢ ✇❤✐❝❤ ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥
❛❝❝❡♣t❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥ ✐♥ ✐♥t❡r♥❛t✐♦♥❛❧ ❥♦✉r♥❛❧s✮✱ ✶✹ ♦❢ ✇❤✐❝❤ ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡
❝♦♥t❡♥t ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥✳ ■t ✐s ❛❧s♦ ✇♦rt❤ str❡ss✐♥❣ t❤❛t✱ ✉♣♦♥ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ q✉❛❧✐t②
❛♥❞ ❡①t❡♥t ♦❢ ♠② s❝✐❡♥t✐✜❝ ♣r♦❞✉❝t✐♦♥✱ ■ ✇❛s ❛✇❛r❞❡❞ t❤❡ ✷✵✶✼ ❆✉❣✉st♦ ❘✐❣❤✐ ♣r✐③❡ ❜②
t❤❡ ■t❛❧✐❛♥ P❤②s✐❝❛❧ ❙♦❝✐❡t② ✭❙♦❝✐❡tà ■t❛❧✐❛♥❛ ❞✐ ❋✐s✐❝❛ ✲ ❙■❋✮✳ ❈♦♥❝❡r♥✐♥❣ ♠② s✐❞❡ ✇♦r❦ ✐♥
♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✱ ■ ❤❛✈❡ ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ❝♦♥s❡q✉❡♥t ❞❡✈❡❧♦♣♠❡♥t
♦❢ t❤❡ r❡s❡❛r❝❤ ♣r♦❥❡❝t ✏❆♥❛❧②s✐s ♦❢ ❝♦♠♣❧❡① ❜✐♦❧♦❣✐❝❛❧ s②st❡♠s✑ ✭Pr✐♥❝✐♣❛❧ ■♥✈❡st✐❣❛t♦r✿ ❉r✳
▲✉✐❣✐ ❋✉♥③♦✱ ❯♥✐✈❡rs✐t② ♦❢ ◆❛♣❧❡s✱ ❋❡❞❡r✐❝♦ ■■✮✱ ✜♥❛♥❝❡❞ ❜② t❤❡ ■t❛❧✐❛♥ ◆❛t✐♦♥❛❧ ●r♦✉♣ ❢♦r
▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s ✭●◆❋▼✮ ❛♥❞ t❤❡ ■t❛❧✐❛♥ ◆❛t✐♦♥❛❧ ■♥st✐t✉t❡ ♦❢ ❍✐❣❤ ▼❛t❤❡♠❛t✐❝s
✭■◆❞❆▼✮ ✇✐t❤✐♥ t❤❡ s❝❤❡♠❡ ♦❢ t❤❡ ✏❨♦✉♥❣ ❘❡s❡❛r❝❤❡rs Pr♦❥❡❝t✑ ❛✇❛r❞✳

❲✐t❤✐♥ t❤❡ s❝♦♣❡s ♦❢ ♠② P❤❉ st✉❞✐❡s✱ ■ ❤❛✈❡ ❛❧s♦ ❛tt❡♥❞❡❞ ❛♥❞ ❝♦♠♣❧❡t❡❞ ✜✈❡ P❤❉
❝♦✉rs❡s ✭❆❞✈❛♥❝❡❞ ❙t❛t✐st✐❝s✱ ❈♦♠♣❧❡♠❡♥ts ♦❢ ◗✉❛♥t✉♠ ▼❡❝❤❛♥✐❝s✱ ❈♦♠♣❧❡♠❡♥ts ♦❢ ❈♦♥✲
❞❡♥s❡❞ ▼❛tt❡r P❤②s✐❝s✱ ❈♦♠♣❧❡♠❡♥ts ♦❢ ◆✉❝❧❡❛r ❛♥❞ ❙✉❜♥✉❝❧❡❛r P❤②s✐❝s✱ ◗✉❛♥t✉♠ P❤②s✐❝s
❛♥❞ ●r❛✈✐t❛t✐♦♥✮✱ ❛ s✉♠♠❡r s❝❤♦♦❧ ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s ✭❘❛✈❡❧❧♦ ❙✉♠♠❡r ❙❝❤♦♦❧✱
❙❡♣t❡♠❜❡r ✷✵✶✻✮✱ s❡✈❡r❛❧ ♠❛♥❞❛t♦r② s❡♠✐♥❛r ❛❝t✐✈✐t✐❡s ♣r♦♠♦t❡❞ ❜② t❤❡ P❤❉ ♣r♦❣r❛♠♠❡
✐♥ P❤②s✐❝s✱ ❛♥ ♦♥❧✐♥❡ ❝♦✉rs❡ ♦♥ ✏s❛❢❡t② ♠❡❛s✉r❡s ✐♥ t❤❡ ✇♦r❦♣❧❛❝❡✑✱ ❛♥ ♦♥❧✐♥❡ ❝♦✉rs❡ ❛✐♠❡❞
❛t ✐♠♣r♦✈✐♥❣ ✏s♦❢t s❦✐❧❧s✑ ❛♥❞ s❡✈❡r❛❧ s❡♠✐♥❛rs ✭❜♦t❤ ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❇♦❧♦❣♥❛ ❛♥❞
▲▼❯ ▼✉♥✐❝❤✮ ♦♥ t❤❡♦r❡t✐❝❛❧ ♣❤②s✐❝s✳ ■ ❤❛✈❡ ❛❧s♦ ❤❛❞ t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❛tt❡♥❞ ✭❛r♦✉♥❞✮
✶✺ ✐♥t❡r♥❛t✐♦♥❛❧ ❝♦♥❢❡r❡♥❝❡s ❛♥❞ ✇♦r❦s❤♦♣s✱ ✺ ♦❢ ✇❤✐❝❤ ❛s ■♥✈✐t❡❞ ❙♣❡❛❦❡r✳



✶✵ ✶✳ ■♥tr♦❞✉❝t✐♦♥

✶✳✺ ❈♦♠♣❧❡t❡ ▲✐st ♦❢ P✉❜❧✐❝❛t✐♦♥s

✶✳ ❘✳ ●❛rr❛✱ ❆✳ ●✐✉st✐✱ ❋✳ ▼❛✐♥❛r❞✐ ❛♥❞ ●✳ P❛❣♥✐♥✐✳ ❋r❛❝t✐♦♥❛❧ r❡❧❛①❛t✐♦♥ ✇✐t❤ t✐♠❡✲
✈❛r②✐♥❣ ❝♦❡✣❝✐❡♥t✳ ❋r❛❝t✳ ❈❛❧❝✳ ❆♣♣❧✳ ❆♥❛❧✳ ✶✼ ✭✷✵✶✹✮✱ ✹✷✹✕✹✸✾✳

✷✳ ❚✳ ❉❡ ▲♦r❡♥③♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❙✳ ❙♣❡③✐❛❧❡✳ ◆♦♥✲s✐♥❣✉❧❛r r♦t❛t✐♥❣ ❜❧❛❝❦ ❤♦❧❡ ✇✐t❤ ❛
t✐♠❡ ❞❡❧❛② ✐♥ t❤❡ ❝❡♥t❡r✳ ●❡♥✳ ❘❡❧✳ ●r❛✈✳ ✹✽ ✭✷✵✶✻✮✱ ✸✶✳

✸✳ ❆✳ ●✐✉st✐ ❛♥❞ ❋✳ ▼❛✐♥❛r❞✐✳ ❆ ❞②♥❛♠✐❝ ✈✐s❝♦❡❧❛st✐❝ ❛♥❛❧♦❣② ❢♦r ✢✉✐❞✲✜❧❧❡❞ ❡❧❛st✐❝
t✉❜❡s✳ ▼❡❝❝❛♥✐❝❛ ✺✶ ✭✷✵✶✻✮ ✷✸✷✶✳

✹✳ ❆✳ ●✐✉st✐ ❛♥❞ ❋✳ ▼❛✐♥❛r❞✐✳ ❖♥ ✐♥✜♥✐t❡ s❡r✐❡s ❝♦♥❝❡r♥✐♥❣ ③❡r♦s ♦❢ ❇❡ss❡❧ ❢✉♥❝t✐♦♥s ♦❢
t❤❡ ✜rst ❦✐♥❞✳ ❊✉r✳ P❤②s✳ ❏✳ P❧✉s ✶✸✶ ✭✷✵✶✻✮✱ ✷✵✻✳

✺✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉❣♥♦ ❛♥❞ ❆✳ ●✐✉st✐✳ ▼❛tt❡r ❛♥❞ ❣r❛✈✐t♦♥s ✐♥ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧
❝♦❧❧❛♣s❡✳ P❤②s✐❝s ▲❡tt❡rs ❇ ✼✻✸ ✭✷✵✶✻✮✱ ✸✸✼✕✸✹✵✳

✻✳ ■✳ ❈♦❧♦♠❜❛r♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❋✳ ▼❛✐♥❛r❞✐✳ ❆ ❝❧❛ss ♦❢ ❧✐♥❡❛r ✈✐s❝♦❡❧❛st✐❝ ♠♦❞❡❧s ❜❛s❡❞
♦♥ ❇❡ss❡❧ ❢✉♥❝t✐♦♥s✳ ▼❡❝❝❛♥✐❝❛ ✺✷ ✭✷✵✶✼✮✱ ✽✷✺✳

✼✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉❣♥♦ ❛♥❞ ❆✳ ●✐✉st✐✳ ●❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ ❤♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✳
●❡♥✳ ❘❡❧✳ ●r❛✈✳ ✹✾ ✭✷✵✶✼✮✱ ✸✷✳

✽✳ ■✳ ❈♦❧♦♠❜❛r♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❋✳ ▼❛✐♥❛r❞✐✳ ❖♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ tr❛♥s✐❡♥t ✇❛✈❡s ✐♥
❛ ✈✐s❝♦❡❧❛st✐❝ ❇❡ss❡❧ ♠❡❞✐✉♠✳ ❩✳ ❆♥❣❡✇✳ ▼❛t❤✳ P❤②s✳ ✻✽ ✭✷✵✶✼✮✱ ✻✷✳

✾✳ ❆✳ ●✐✉st✐✳ ❖♥ ✐♥✜♥✐t❡ ♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ✐♥ ❢r❛❝t✐♦♥❛❧ ✈✐s❝♦❡❧❛st✐❝✐t②✳ ❋r❛❝t✳
❈❛❧❝✳ ❆♣♣❧✳ ❆♥❛❧✳ ✷✵ ✭✷✵✶✼✮✱ ✽✺✹✕✽✻✼✳

✶✵✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉❣♥♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❖✳ ▼✐❝✉✳ ❍♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ♦❢
r♦t❛t✐♥❣ ❜❧❛❝❦ ❤♦❧❡s✳ ❊✉r✳ P❤②s✳ ❏✳ ❈ ✼✼ ✭✷✵✶✼✮✱ ✸✷✷✳

✶✶✳ ■✳ ❈♦❧♦♠❜❛r♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❋✳ ▼❛✐♥❛r❞✐✳ ❖♥ tr❛♥s✐❡♥t ✇❛✈❡s ✐♥ ❧✐♥❡❛r ✈✐s❝♦❡❧❛st✐❝✐t②✳
❲❛✈❡ ▼♦t✐♦♥ ✼✹ ✭✷✵✶✼✮✱ ✶✾✶✕✷✶✷✳

✶✷✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉❣♥♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ▼✳ ▲❡♥③✐✳ ◗✉❛♥t✉♠ ❝♦r♣✉s❝✉❧❛r ❝♦rr❡❝t✐♦♥s
t♦ t❤❡ ◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧✳ P❤②s✳ ❘❡✈✳ ❉ ✾✻ ✭✷✵✶✼✮✱ ✵✹✹✵✶✵✳

✶✸✳ ❆✳ ●✐✉st✐ ❛♥❞ ■✳ ❈♦❧♦♠❜❛r♦✳ Pr❛❜❤❛❦❛r✲❧✐❦❡ ❢r❛❝t✐♦♥❛❧ ✈✐s❝♦❡❧❛st✐❝✐t②✳ ❈♦♠♠✳ ◆♦♥✲
❧✐♥✳ ❙❝✐✳ ◆✉♠✳ ❙✐♠✳ ✺✻ ✭✷✵✶✽✮✱ ✶✸✽✕✶✹✸✳

✶✹✳ ▼✳ ❈❛❞♦♥✐✱ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉st✐✱ ❲✳ ▼ü❝❦ ❛♥❞ ▼✳ ❚✉✈❡r✐✳ ❊✛❡❝t✐✈❡ ❋❧✉✐❞ ❉❡s❝r✐♣✲
t✐♦♥ ♦❢ t❤❡ ❉❛r❦ ❯♥✐✈❡rs❡✳ P❤②s✐❝s ▲❡tt❡rs ❇ ✼✼✻ ✭✷✵✶✽✮✱ ✷✹✷✕✷✹✽✳

✶✺✳ ❆✳ ●✐✉st✐✳ ❉✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s ❢♦r t❤❡ t✐♠❡✲❢r❛❝t✐♦♥❛❧ ❈❛tt❛♥❡♦✲▼❛①✇❡❧❧ ❤❡❛t ❡q✉❛✲
t✐♦♥✳ ❏✳ ▼❛t❤✳ P❤②s✳ ✺✾ ✭✷✵✶✽✮✱ ✵✶✸✺✵✻✳
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✶✻✳ ❘✳ ●❛rr❛✱ ❆✳ ●✐✉st✐ ❛♥❞ ❋✳ ▼❛✐♥❛r❞✐✳ ❚❤❡ ❢r❛❝t✐♦♥❛❧ ❉♦❞s♦♥ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✿ ❛
♥❡✇ ❛♣♣r♦❛❝❤✳ ❘✐❝❡r❝❤❡ ❞✐ ▼❛t❡♠❛t✐❝❛ ✻✼ ✭✷✵✶✽✮✱ ✽✾✾✕✾✵✾✳

✶✼✳ ❆✳ ●✐✉st✐✳ ❆ ❝♦♠♠❡♥t ♦♥ s♦♠❡ ♥❡✇ ❞❡✜♥✐t✐♦♥s ♦❢ ❢r❛❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡✳ ◆♦♥❧✐♥✲
❡❛r ❉②♥❛♠✐❝s ✾✸ ✭✷✵✶✽✮✱ ✶✼✺✼✕✶✼✻✸✳

✶✽✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉❣♥♦ ❛♥❞ ❆✳ ●✐✉st✐✳ ❈♦r♣✉s❝✉❧❛r s❧♦✇✲r♦❧❧ ✐♥✢❛t✐♦♥✳ P❤②s✳ ❘❡✈✳ ❉
✾✼ ✭✷✵✶✽✮✱ ✵✷✹✵✹✶✳

✶✾✳ ❱✳ ❆✳ ❉✐❛③ ❛♥❞ ❆✳ ●✐✉st✐✳ ❋r❛❝t✐♦♥❛❧ ❜♦s♦♥✐❝ str✐♥❣s✳ ❏✳ ▼❛t❤✳ P❤②s✳ ✺✾ ✭✷✵✶✽✮✱
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✷✵✳ ❆✳ ●✐✉❣♥♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❆✳ ❍❡❧♦✉✳ ❍♦r✐③♦♥ q✉❛♥t✉♠ ❢✉③③✐♥❡ss ❢♦r ♥♦♥✲s✐♥❣✉❧❛r
❜❧❛❝❦ ❤♦❧❡s✳ ❊✉r✳ P❤②s✳ ❏✳ ❈ ✼✽ ✭✷✵✶✽✮✱ ✷✵✽✳

✷✶✳ ■✳ ❈♦❧♦♠❜❛r♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❙✳ ❱✐t❛❧✐✳ ❙t♦r❛❣❡ ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ♦❢ ❡♥❡r❣② ✐♥ Pr❛❜❤❛❦❛r
✈✐s❝♦❡❧❛st✐❝✐t②✳ ▼❛t❤❡♠❛t✐❝s ✻ ✭✷✵✶✽✮✱ ✶✺✳

✷✷✳ ▼✳ ❈❛❞♦♥✐✱ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ▼✳ ❚✉✈❡r✐✳ ❊♠❡r❣❡♥❝❡ ♦❢ ❛ ❞❛r❦ ❢♦r❝❡ ✐♥
❝♦r♣✉s❝✉❧❛r ❣r❛✈✐t②✳ P❤②s✳ ❘❡✈✳ ❉ ✾✼ ✭✷✵✶✽✮✱ ✵✹✹✵✹✼✳

✷✸✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉❣♥♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❖✳ ▼✐❝✉✳ ❍♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✿ s♣❤❡r✲
✐❝❛❧❧② s②♠♠❡tr✐❝ ❛♥❞ r♦t❛t✐♥❣ s♦✉r❝❡s✳ ❋♦✉♥❞❛t✐♦♥s ♦❢ P❤②s✐❝s ✹✽ ✭✷✵✶✽✮✱ ✶✷✵✹✕✶✷✶✽✳

✷✹✳ ❘✳ ❈❛s❛❞✐♦✱ ❆✳ ●✐✉st✐ ❛♥❞ ❘✳ ❘❛❤✐♠✳ ❍♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❢♦r s♣❤❡r♦✐❞❛❧
s♦✉r❝❡s✳ ❊✉r♦♣❤②s✐❝s ▲❡tt❡rs ✶✷✶ ✭✷✵✶✽✮✱ ✻✵✵✵✹✳

✷✺✳ ■✳ ❈♦❧♦♠❜❛r♦✱ ❘✳ ●❛rr❛✱ ❆✳ ●✐✉st✐ ❛♥❞ ❋✳ ▼❛✐♥❛r❞✐✳ ❙❝♦tt✲❇❧❛✐r ♠♦❞❡❧s ✇✐t❤ t✐♠❡✲
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✶✷ ✶✳ ■♥tr♦❞✉❝t✐♦♥



❈❤❛♣t❡r ✷

❙❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t② ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s

●r❛✈✐t② s❧♦✇s ❞♦✇♥ t✐♠❡✳ ❚❤❡ ❝❧♦s❡r
②♦✉ ❛r❡ t♦ t❤❡ s♦✉r❝❡✱ t❤❡ s❧♦✇❡r t✐♠❡
✇✐❧❧ ♠♦✈❡✳ ■❢ ②♦✉✬r❡ st❛♥❞✐♥❣ ✐♥ ②♦✉r
❣❛r❞❡♥✱ ②♦✉✬r❡ ❤❡❛❞ ✐s tr❛✈❡❧❧✐♥❣ ❢❛st❡r
t❤r♦✉❣❤ t✐♠❡ t❤❛♥ ②♦✉r ❢❡❡t✳ ❉♦♥✬t
t❤❡② t❡❛❝❤ ②♦✉ t❤✐s st✉✛ ❛t s♣❛❝❡
s❝❤♦♦❧❄

❚❤❡ ❉♦❝t♦r

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❈❤❛♣t❡r ✐s t♦ r❡✈✐❡✇ s♦♠❡ ❣❡♥❡r❛❧ ✭✇❡❧❧ ❡st❛❜❧✐s❤❡❞✮ r❡s✉❧ts ♦❢ t❤❡
s❡♠✐❝❧❛ss✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡ t❤❡♦r② ♦❢ ❣r❛✈✐t❛t✐♦♥✳ ●✐✈❡♥ t❤❛t t❤❡ ✜rst r✉❞✐♠❡♥t❛r②
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧ ♦❢ ❣r❛✈✐t② ✇❛s ♣r❡s❡♥t❡❞ ❢♦r ❜❧❛❝❦ ❤♦❧❡s✱ ✐♥ t❤✐s
❈❤❛♣t❡r ✇❡ ✇✐❧❧ ❢♦❝✉s ♠♦st❧② ♦♥ t❤✐s ❝♦♥t❡①t ❜② r❡❝❛❧❧✐♥❣ ❦♥♦✇♥ ❡✛❡❝ts s✉❝❤ ❛s t❤❡ ♦♥❡
♣r❡❞✐❝t❡❞ ❜② ❍❛✇❦✐♥❣ ✐♥ t❤❡ s❡✈❡♥t✐❡s ❬✶✶❪✳ ◆♦♥❡t❤❡❧❡ss✱ ♦♥❡ s❤♦✉❧❞ ♥♦t ❢♦r❣❡t t❤❛t t❤❡
st✉❞② ♦❢ q✉❛♥t✉♠ ❡✛❡❝ts ♦♥ ❝✉r✈❡❞ ✭❝❧❛ss✐❝❛❧✮ ❜❛❝❦❣r♦✉♥❞s ❤❛s ❧❡❞ t♦ ♠❛❥♦r ✐♠♣❧✐❝❛t✐♦♥s
❢♦r t❤❡ ♠♦❞❡r♥ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡❛r❧② ❯♥✐✈❡rs❡ ✭s❡❡ ❡✳❣✳ ❬✷✶✱ ✷✸✱✷✺✕✷✽❪✮✳

✷✳✶ ❇❧❛❝❦ ❤♦❧❡ t❡r♠♦❞②♥❛♠✐❝s ❛♥❞ t❤❡ ♥❡❡❞ ❢♦r ❛ q✉❛♥✲

t✉♠ t❤❡♦r②

❚❤❡ ♠♦st ❡✈✐❞❡♥t ❤✐♥ts✱ ❝♦♠✐♥❣ ❢r♦♠ ●❘✱ ❝♦♥❝❡r♥✐♥❣ t❤❡ ♥❡❡❞ ❢♦r ❛ q✉❛♥t✉♠ t❤❡♦r② ♦❢
❣r❛✈✐t❛t✐♦♥ ❛r❡ t❤❡ s♦ ❝❛❧❧❡❞ ❧❛✇s ♦❢ ❜❧❛❝❦ ❤♦❧❡ ♠❡❝❤❛♥✐❝s ❬✷✾❪✳

❋✐rst ♦❢ ❛❧❧✱ ✐t ✐s ✇♦rt❤ r❡❝❛❧❧✐♥❣ t❤❛t t❤❡s❡ ❢♦✉r ❧❛✇s t❡❧❧ ✉s t❤❛t t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢
❜❧❛❝❦ ❤♦❧❡s ✭♦❢ t❤❡ ❑❡rr✲◆❡✇♠❛♥ ❝❧❛ss✮✱ ❛t t❤❡ ❞②♥❛♠✐❝❛❧ ❧❡✈❡❧✱ ❛r❡ s②♥t❤❡t✐③❡❞ ❜② s❡✈❡♥
q✉❛♥t✐t✐❡s✿ t❤❡ ❆r♥♦✇✐tt✲❉❡s❡r✲▼✐s♥❡r ✭❆❉▼✮ ♠❛ss M ✱ t❤❡ ❤♦r✐③♦♥✬s s✉r❢❛❝❡ ❣r❛✈✐t② κ✱
t❤❡ ❤♦r✐③♦♥ ❛r❡❛ A✱ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② Ω✱ t❤❡ ✭❑♦♠❛r✮ t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ J ✱ t❤❡
❡❧❡❝tr♦st❛t✐❝ ♣♦t❡♥t✐❛❧ Φ ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ❝❤❛r❣❡ Q✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛



✶✹ ✷✳ ❙❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t② ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s

st❛t✐♦♥❛r②✱ ❛♥❛❧②t✐❝✱ ❛s②♠♣t♦t✐❝❛❧❧② ✢❛t ✈❛❝✉✉♠ ♦r ❡❧❡❝tr♦✈❛❝✉✉♠✶ ❜❧❛❝❦ ❤♦❧❡ s♣❛❝❡t✐♠❡✳
❋♦r s✉❝❤ ❛ s♣❛❝❡t✐♠❡ ✐t ✐s ❦♥♦✇♥ ✭s❡❡ ❬✸✵❪✮ t❤❛t t❤❡ ✭❢✉t✉r❡✮ ❡✈❡♥t ❤♦r✐③♦♥ H + ✐s ❛ ❑✐❧❧✐♥❣
❤♦r✐③♦♥✳ ◆♦✇✱ t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❛ss✉♠♣t✐♦♥s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡② ❛❧❧♦✇
t♦ r❡❧❛t❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❡✈❡♥t ❤♦r✐③♦♥ t♦ t❤❡ ♦♥❡ ♦❢ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞✱ ❛♥❞ t❤✉s t♦ t❤❡
❝♦♥❝❡♣t ♦❢ s✉r❢❛❝❡ ❣r❛✈✐t②✳ ■♥❞❡❡❞✱ ✐❢ K ✐s ❛ ❑✐❧❧✐♥❣ ❤♦r✐③♦♥ ❞❡✜♥❡❞ ❜② t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢
t❤❡ ♥♦r♠ ♦❢ ❛ ❝❡rt❛✐♥ ❑✐❧❧✐♥❣ ✜❡❧❞ k✱ t❤❡♥

∇kk|K = κ k , ✭✷✳✶✮

✇❤❡r❡ κ ✐s t❤❡ s♦ ❝❛❧❧❡❞ s✉r❢❛❝❡ ❣r❛✈✐t② ♦❢ K ✳ ❚❤✉s✱ ❜② ♠❡❛♥s ♦❢ ❘❛②❝❤❛✉❞❤✉r✐✬s ❡q✉❛t✐♦♥✱
✐t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t

❚❤❡♦r❡♠ ✶ ✭❩❡r♦t❤ ❧❛✇✱ ❬✸✵❪✮✳ ❆ss✉♠✐♥❣ t❤❡ ❞♦♠✐♥❛♥t ❡♥❡r❣② ❝♦♥❞✐t✐♦♥ ❢♦r ❛ st❛t✐♦♥❛r②
❜❧❛❝❦ ❤♦❧❡ s♣❛❝❡t✐♠❡✱ t❤❡♥ t❤❡ s✉r❢❛❝❡ ❣r❛✈✐t② ✐s ❝♦♥st❛♥t ♦♥ H +✳

❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ♣r♦❜❧❡♠ ✐♥ ❝❧❛ss✐❝❛❧ ❜❧❛❝❦ ❤♦❧❡ ♣❤②s✐❝s ❝♦♥s✐st ✐♥ ✉♥❞❡rst❛♥❞✐♥❣
✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ s❧✐❣❤t❧② ♠♦❞✐❢② t❤❡ ♣❛r❛♠❡t❡rs (M,J,Q) ❢♦r ❛ ❜❧❛❝❦ ❤♦❧❡ ♦❢ t❤❡ ❑❡rr✲
◆❡✇♠❛♥ ❢❛♠✐❧②✳ ◆❛✐✈❡❧②✱ ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t ❛ ✈❛r✐❛t✐♦♥ ✐♥ s♦♠❡ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ✏♠❛✐♥
q✉❛♥t✐t✐❡s✑ ❞✐s❝✉ss❡❞ ❛❜♦✈❡✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r s♦♠❡ ❧✐♥❡❛r✐③❡❞ ♠❡tr✐❝ ♣❡rt✉r❜❛t✐♦♥s ♦❢
t❤❡ ❑❡rr✲◆❡✇♠❛♥ ♠❡tr✐❝✱ ♥❛♠❡❧② g(M + δM, J + δJ,Q+ δQ)− g(M,J,Q) ❢♦r s♦♠❡ s♠❛❧❧
✈❛r✐❛t✐♦♥s δM ✱ δJ ❛♥❞ δQ✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t

❚❤❡♦r❡♠ ✷ ✭❋✐rst ❧❛✇✱ ❬✷✾✱✸✶✱✸✷❪✮✳ ❋♦r ❛♥② ♥♦♥✲s✐♥❣✉❧❛r✱ ❛s②♠♣t♦t✐❝❛❧❧② ✢❛t ♣❡rt✉r❜❛t✐♦♥
♦❢ ❛ st❛t✐♦♥❛r②✱ ❛①✐s②♠♠❡tr✐❝ ❜❧❛❝❦ ❤♦❧❡ ✇✐t❤ ❜✐❢✉r❝❛t❡ ❤♦r✐③♦♥✱ ✇❡ ❤❛✈❡ t❤❛t

κ c2

8 π GN

δA = c2 δM − Ω δJ + Φ δQ , ✭✷✳✷✮

✇❤❡r❡ GN ✐s ◆❡✇t♦♥✬s ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦♥st❛♥t ❛♥❞ c ❞❡♥♦t❡s t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t✳

❖♥❡ t❤❡ s❛♠❡ ❧✐♥❡ ♦❢ t❤♦✉❣❤t✱ ❛❢t❡r ❛♥❛❧②s✐♥❣ ❤♦✇ ❛ ❑❡rr✲◆❡✇♠❛♥ ❜❧❛❝❦ ❤♦❧❡ r❡❛❝ts t♦ ❛
s❧✐❣❤t ♣❡rt✉r❜❛t✐♦♥ ♦❢ (M,J,Q)✱ ♦♥❡ ❝♦✉❧❞ ✇♦♥❞❡r ✇❤❛t ❤❛♣♣❡♥s t♦ t❤❡s❡ ♣❛r❛♠❡t❡rs ✐❢ ✇❡
t❤r♦✇ ✐♥ s♦♠❡ ♠❛tt❡r✱ ♦r ✐❢ ✇❡ ❧❡t t✇♦ ❜❧❛❝❦ ❤♦❧❡s ❝♦❧❧✐❞❡✱ ♦♥❝❡ t❤❡ s②st❡♠s ❤❛s st❛❜✐❧✐③❡❞✳
❚❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s ✐♠♣♦rt❛♥t ❝♦♥✉♥❞r✉♠ ✇❛s ✜rst ♣r♦✈✐❞❡❞ ❜② ❍❛✇❦✐♥❣ ✐♥ ✶✾✼✷✱ t❤r♦✉❣❤
t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

❚❤❡♦r❡♠ ✸ ✭❙❡❝♦♥❞ ❧❛✇ ✲ ❍❛✇❦✐♥❣✬s ❛r❡❛ t❤❡♦r❡♠✱ ❬✷✾✱ ✸✵✱ ✸✸❪✮✳ ▲❡t (M, g) ❛ str♦♥❣❧②
❛s②♠♣t♦t✐❝❛❧❧② ♣r❡❞✐❝t❛❜❧❡ s♣❛❝❡t✐♠❡ s❛t✐s❢②✐♥❣ t❤❡ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ ♠❛tt❡r ❝♦♥t❡♥t
s❛t✐s❢②✐♥❣ t❤❡ ♥✉❧❧ ❡♥❡r❣② ❝♦♥❞✐t✐♦♥✳ ▲❡t U ⊂ M ❜❡ ❛ ❣❧♦❜❛❧❧② ❤②♣❡r❜♦❧✐❝ r❡❣✐♦♥ ❢♦r ✇❤✐❝❤
J−(I +) ⊂ U✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t Σ1 ❛♥❞ Σ2 ❜❡ s♣❛❝❡❧✐❦❡ ❈❛✉❝❤② s✉r❢❛❝❡s ❢♦r ❯ ✇✐t❤ Σ2 ⊂
J+(Σ1)✳ ❚❤❡♥✱ ❞❡♥♦t✐♥❣ ❜② H1 ≡ H + ∩ Σ1 ❛♥❞ H2 ≡ H + ∩ Σ2✱ ✇❡ ❤❛✈❡ t❤❛t

❆r❡❛(H2) ≥ ❆r❡❛(H1) . ✭✷✳✸✮

❖r✱ ✐♥ ❛ ❧❡ss ❢r✐❣❤t❡♥✐♥❣ ❢♦r♠

✶Pr♦✈✐❞❡❞ t❤❛t t❤❡ ♠❛tt❡r ❝♦♠♣♦♥❡♥t ✐s ❣♦✈❡r♥❡❞ ❜② ❤②♣❡r❜♦❧✐❝ ❡q✉❛t✐♦♥s✳



✷✳✶ ❇❧❛❝❦ ❤♦❧❡ t❡r♠♦❞②♥❛♠✐❝s ❛♥❞ t❤❡ ♥❡❡❞ ❢♦r ❛ q✉❛♥t✉♠ t❤❡♦r② ✶✺

Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ ❛r❡❛ A ♦❢ t❤❡ ❡✈❡♥t ❤♦r✐③♦♥ ♦❢ ❛ ❜❧❛❝❦ ❤♦❧❡ ❞♦❡s ♥♦t ❞❡❝r❡❛s❡ ✇✐t❤
t✐♠❡✱ ✐✳❡✳ δA ≥ 0✳

❆ ❧❛st ✐♥t❡r❡st✐♥❣ ❛♥❞ r❛t❤❡r ✉s❡❢✉❧ r❡s✉❧t ❝♦♠✐♥❣ ❢r♦♠ ❜❧❛❝❦ ❤♦❧❡ ♠❡❝❤❛♥✐❝s ❞❡❛❧s ✇✐t❤
t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s✉r❢❛❝❡ ❣r❛✈✐t② ♦❢ ❛ ❜❧❛❝❦ ❤♦❧❡ ❛♥❞ r❡✈❡rs✐❜❧❡ ✭❛♥❞ ✐rr❡✈❡rs✐❜❧❡✮
tr❛♥s❢♦r♠❛t✐♦♥s ❬✷✾✱✸✹❪✳ ❙♣❡❝✐✜❝❛❧❧② ♦♥❡ ✜♥❞s t❤❛t

❚❤❡♦r❡♠ ✹ ✭❚❤✐r❞ ❧❛✇✱ ❬✷✾✱✸✺❪✮✳ ❋♦r ❛ ❜❧❛❝❦ ❤♦❧❡✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ r❡❞✉❝❡ κ t♦ ③❡r♦ ❜②
❛ ✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ♦♣❡r❛t✐♦♥s✳

■t ✐s ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t✱ ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t ♦r✐❣✐♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ t❤✐r❞ ❧❛✇ ❜②
❇❛r❞❡❡♥✱ ❈❛rt❡r ❛♥❞ ❍❛✇❦✐♥❣ ❬✷✾❪ ❞❛t❡s ❜❛❝❦ t♦ ✶✾✼✸✱ ❛ ♣r❡❝✐s❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥
✭❛♥❞ ♣r♦♦❢✮ ♦❢ t❤❡ ❧❛tt❡r ✇❛s ✜rst ♣r❡s❡♥t❡❞✱ ✐♥ ✶✾✽✻✱ ❜② ■sr❛❡❧ ✐♥ ❬✸✺❪✳

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r ❛ ❝❤❛r❣❡❞ t❤❡r♠♦❞②♥❛♠✐❝ s②st❡♠ t❤❛t ✉♥❞❡r❣♦❡s ❛♥ ✐s♦❝❤♦r✐❝
♣r♦❝❡ss✳ ❙✉❝❤ ❛ ♣r♦❝❡ss ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ✜rst ❧❛✇ ♦❢ t❤❡r♠♦❞②♥❛♠✐❝s✱ t❤❛t r❡❛❞s

dE = T dS + µ dN − ΦdQ , ✭✷✳✹✮

✇❤❡r❡ E r❡♣r❡s❡♥ts t❤❡ ✐♥t❡r♥❛❧ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠✱ T ✐s t❤❡ t❡♠♣❡r❛t✉r❡✱ S ✐s t❤❡ ❡♥tr♦♣②
♦❢ t❤❡ s②st❡♠✱ µ ✐s t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧✱ ❛♥❞ N ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥st✐t✉❡♥ts✳ ▼♦r❡♦✈❡r✱
✇❡ ❛❧s♦ ❦♥♦✇♥ t❤❛t ✐❢ t❤✐s s②st❡♠ ✐s ✐s♦❧❛t❡❞✱ t❤❡♥ t❤✐s ♣r♦❝❡ss ♠✉st ✐♥❝r❡❛s❡ t❤❡ s②st❡♠✬s
❡♥tr♦♣②✳ ❇❡s✐❞❡s✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ t❤✐r❞ ❧❛✇ ♦❢ t❤❡r♠♦❞②♥❛♠✐❝s✱ t❤❡r❡ ✐s ♥♦ t❤❡r♠♦❞②♥❛♠✐❝
tr❛♥s❢♦r♠❛t✐♦♥ t❤❛t ❝❛♥ r❡❞✉❝❡ t❤❡ ❡♥tr♦♣② ♦❢ ❛ s②st❡♠ t♦ ✐ts ❛❜s♦❧✉t❡✲③❡r♦ ✈❛❧✉❡ ✐♥ ❛ ✜♥✐t❡
♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s✳

❋♦r♠ t❤✐s ✈❡r② s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦♥❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② s♣♦t ❛ str♦♥❣ s✐♠✐❧❛r✐t② ❜❡t✇❡❡♥
t❤❡ ❧❛✇s ♦❢ ❜❧❛❝❦ ❤♦❧❡ ♠❡❝❤❛♥✐❝s ❛♥❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣✐❧❧❛rs ♦❢ t❤❡r♠♦❞②♥❛♠✐❝s✳ ■♥❞❡❡❞✱
✐❢ ✇❡ ♠❛❦❡ t❤❡ r❡♣❧❛❝❡♠❡♥ts✿

E =M c2 , T = ακ , S = β
A

8 π
, µ = ηΩ , N = η−1 J , ✭✷✳✺✮

❢♦r s♦♠❡ ❞✐♠❡♥s✐♦♥❢✉❧ ❝♦♥st❛♥ts α, β, η✱ ✇❡ ✜♥❞ ❛ ♦♥❡ t♦ ♦♥❡ ♠❛♣ ❜❡t✇❡❡♥ t❤❡ ❧❛✇s ♦❢
❜❧❛❝❦ ❤♦❧❡ ♠❡❝❤❛♥✐❝s ❛♥❞ t❤❡ ❧❛✇s ♦❢ t❤❡r♠♦❞②♥❛♠✐❝s ❬✸✻❪✳ ❚❤✐s ❢♦r♠❛❧ ❛♥❛❧♦❣② s✉❣❣❡sts
t❤❛t ❜❧❛❝❦ ❤♦❧❡s ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s t❤❡r♠♦❞②♥❛♠✐❝ ♦❜❥❡❝ts✳ ❆ str♦♥❣❡r ❜♦✉♥❞ ❜❡t✇❡❡♥
❜❧❛❝❦ ❤♦❧❡s ❛♥❞ t❤❡r♠♦❞②♥❛♠✐❝s✱ t❤❛t ❣♦❡s ❜❡②♦♥❞ ❛ ♠❡r❡ ❢♦r♠❛❧ ❛♥❛❧♦❣②✱ ✐s ♣r♦✈✐❞❡❞
❜② ❇❡❦❡♥st❡✐♥✬s ❛r❣✉♠❡♥t ❬✸✼❪✳ ■♥❞❡❡❞✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t ❛♥ ♦❜s❡r✈❡r ❞❡❝✐❞❡s t♦ t❤r♦✇
❛♥ ♦❜❥❡❝t✱ ❝❛rr②✐♥❣ ❛ ❝❡rt❛✐♥ ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥✱ ✐♥t♦ ❛ ❜❧❛❝❦ ❤♦❧❡✳ ■❢ t❤❡ ❜❧❛❝❦ ❤♦❧❡
❝❛rr✐❡s ♥♦ t❤❡r♠♦❞②♥❛♠✐❝ ❡♥tr♦♣②✱ ❛♥❞ t❤❡ ♦♥❧② ❢❡❛t✉r❡ ♦❢ t❤❡ ❧❛tt❡r ❛r❡ t❤❡ ♦♥❡ s♣❡❝✐✜❡❞
❜② t❤❡ ♥♦✲❤❛✐r t❤❡♦r❡♠ ✭♦r ✉♥✐q✉❡♥❡ss t❤❡♦r❡♠✮ ❬✸✽✱ ✸✾❪✱ t❤❡♥✱ ♦♥❝❡ t❤❡ ❜❧❛❝❦ ❤♦❧❡ ❤❛s
s❡tt❧❡❞ ❞♦✇♥ t♦ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ❡♥tr♦♣② ♦❢ t❤❡ ❯♥✐✈❡rs❡ ✇♦✉❧❞ ❤❛✈❡ ❞❡❝r❡❛s❡❞ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ♦❜s❡r✈❡r✱ ✇❤♦ r❡♠❛✐♥s ♦✉ts✐❞❡ t❤❡ ❤♦❧❡✱ ♣♦t❡♥t✐❛❧❧② ✈✐♦❧❛t✐♥❣ t❤❡ s❡❝♦♥❞ ❧❛✇ ♦❢
t❤❡r♠♦❞②♥❛♠✐❝s✳ ❚❤✐s ♣♦t❡♥t✐❛❧ ✈✐♦❧❛t✐♦♥ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♦❜s❡r✈❡r ❤❛s ♥♦
✇❛② t♦ ✐♥❢❡r ❛♥②t❤✐♥❣ ❛❜♦✉t t❤❡ ✐♥t❡r✐♦r ❡♥tr♦♣② ♦❢ t❤❡ ❜❧❛❝❦ ❤♦❧❡✱ s✐♥❝❡ t❤❡ t✇♦ r❡❣✐♦♥s
♦❢ t❤❡ s♣❛❝❡t✐♠❡ ❛r❡ ❝❛✉s❛❧❧② ❞✐s❝♦♥♥❡❝t❡❞✳ ❋♦r t❤✐s r❡❛s♦♥✱ ❇❡❦❡♥st❡✐♥ ✐♥ ✶✾✼✸ s✉❣❣❡st❡❞
t❤❛t ❜❧❛❝❦ ❤♦❧❡s ❤❛❞ t♦ ❜❡ ♣r♦♣❡r t❤❡r♠♦❞②♥❛♠✐❝ ♦❜❥❡❝ts ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ❡♥tr♦♣② ❬✹✵❪



✶✻ ✷✳ ❙❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t② ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s

♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡✐r ❛r❡❛✱ ❧✐❦❡ ✐♥ ✭✷✳✹✮✳ ❚❤✐s ❡♥tr♦♣② ❢✉♥❝t✐♦♥ ✐s ♥♦✇ ❦♥♦✇♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
❛s ❇❡❦❡♥st❡✐♥✲❍❛✇❦✐♥❣ ❡♥tr♦♣②✳

❚❤❡ ♦♥❧② ✐ss✉❡ ✇✐t❤ t❤✐s ♣✐❝t✉r❡ ✐s t❤❛t✱ ✐❢ ❛ ❜❧❛❝❦ ❤♦❧❡ ✐s ❛ t❤❡r♠♦❞②♥❛♠✐❝s s②st❡♠✱ ✇✐t❤
❛ ❣✐✈❡♥ ❡♥tr♦♣② ❛♥❞ t❡♠♣❡r❛t✉r❡✱ t❤❡♥ ✐t ♠✉st ❡♠✐t r❛❞✐❛t✐♦♥✳ ❇✉t t❤✐s ✐s ✐♥❝♦♥s✐st❡♥t ✇✐t❤
t❤❡ ❝❧❛ss✐❝❛❧ ♥♦t✐♦♥ ♦❢ ❜❧❛❝❦ ❤♦❧❡✳ ❚❤✐s ✐ss✉❡ ✐s s♦♠❡❤♦✇ r❡s♦❧✈❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ q✉❛♥t✉♠
♠❡❝❤❛♥✐❝❛❧ ♠❛tt❡r ✜❡❧❞s ♣r♦♣❛❣❛t✐♥❣ ♦♥ ❛ ❝❧❛ss✐❝❛❧ ❜❧❛❝❦ ❤♦❧❡ ❜❛❝❦❣r♦✉♥❞✳ ❚❤✐s ❧✐♥❡ ♦❢
t❤♦✉❣❤t ✐s ❛❝t✉❛❧❧② ✇❤❛t ❧❡❞ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ❞✐s❝♦✈❡r② ♦❢ t❤❡ ❍❛✇❦✐♥❣ ❡✛❡❝t ❬✶✶❪✱ ✐♥ ✶✾✼✹✳

✷✳✷ ◗✉❛♥t✉♠ ✜❡❧❞s ♦♥ ❜❧❛❝❦ ❤♦❧❡ s♣❛❝❡t✐♠❡s

❆s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✱ ❇❡❦❡♥st❡✐♥✬s ❡♥tr♦♣✐❝ ♣✐❝t✉r❡ ❢♦r ❜❧❛❝❦ ❤♦❧❡s ❜❡❣s ❢♦r ❛ q✉❛♥t✉♠
♠❡❝❤❛♥✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ s♦♠❡ ❛s♣❡❝ts ♦❢ ❊✐♥st❡✐♥✬s ❣r❛✈✐t②✳ ◗✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r② ✭◗❋❚✮
♦♥ ❝✉r✈❡❞ s♣❛❝❡t✐♠❡s ❬✹✶✱ ✹✷❪ ♣r♦✈✐❞❡s ❛ r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❢♦r st✉❞②✐♥❣
q✉❛♥t✉♠ ♠❛tt❡r ✜❡❧❞s ♣r♦♣❛❣❛t✐♥❣ ♦♥ ❝❧❛ss✐❝❛❧ ❜❛❝❦❣r♦✉♥❞s✱ ♣r♦✈✐❞❡❞ t❤❛t ♦♥❡ ✇♦r❦s ✐♥ ❛
s❡tt✐♥❣ ❢♦r ✇❤✐❝❤ ♣✉r❡❧② q✉❛♥t✉♠ ❣r❛✈✐t❛t✐♦♥❛❧ ❡✛❡❝ts ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳

❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❧❡♥❣t❤ s❝❛❧❡ ❢♦r q✉❛♥t✉♠ ❣r❛✈✐t② ✐s ✉s✉❛❧❧② s❡t t♦ t❤❡ P❧❛♥❝❦ ❧❡♥❣t❤
ℓP =

√
~GN/c3 ∼ 10−35m ♦r✱ ❛s ❛♥ ❡♥❡r❣② s❝❛❧❡✱ t♦ t❤❡ P❧❛♥❝❦ ♠❛ss mP =

√
~ c/GN ∼

1019GeV/c2✳ ❚❤✐s s❝❛❧❡ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ ♠✐♥✐♠✉♠ ❧♦❝❛❧✐③❛t✐♦♥ s❝❛❧❡✱ ✐♥❞❡❡❞ ✐❢ ✇❡
✇✐s❤ t♦ ❧♦❝❛❧✐③❡ ❛ q✉❛♥t✉♠ ♣❛rt✐❝❧❡ ✐♥ ❛ r❡❣✐♦♥ ∆x . ℓP ✇❡ ❤❛✈❡ t♦ ❡q✉✐♣ ✐t ✇✐t❤ ❛♥ ❡♥❡r❣②
∆E & ~ c/∆x✱ ❜❡❝❛✉s❡ ♦❢ ❍❡✐s❡♥❜❡r❣✬s ✉♥❝❡rt❛✐♥t② ♣r✐♥❝✐♣❧❡✳ ❚❤❡♥ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧
r❛❞✐✉s ❢♦r t❤❡ ♣❛rt✐❝❧❡ ✇♦✉❧❞ ❡①❝❡❡❞ t❤❡ s✐③❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ✐ts❡❧❢✱ ✐✳❡✳ RH = 2GN ∆E/c2 &
ℓ2P/∆x & ∆x✱ s✐❣♥❛❧✐♥❣ t❤❛t ❣r❛✈✐t② ♣r❡✈❡♥ts ✉s ❢r♦♠ ❜❡✐♥❣ ❛❜❧❡ t♦ r❡s♦❧✈❡ s❝❛❧❡s s❤♦rt❡r
t❤❛♥ t❤❡ P❧❛♥❝❦ ❧❡♥❣t❤✳ ❖♥❡ ❝❛♥ ❛❧s♦ ♣r♦✈✐❞❡ ❛ s♦rt ♦❢ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r❡t✐❝ ❥✉st✐✜❝❛t✐♦♥
❢♦r ✐❞❡♥t✐❢②✐♥❣ t❤❡ P❧❛♥❝❦ ❧❡♥❣t❤ ❛s t❤❡ s❝❛❧❡ ♦❢ q✉❛♥t✉♠ ❣r❛✈✐t②✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r
♣✉r❡ ❊✐♥st❡✐♥✬s ❣r❛✈✐t② ❛s ❛♥ ❡✛❡❝t✐✈❡ ✭❝❧❛ss✐❝❛❧✮ ✜❡❧❞ t❤❡♦r② ♦❢ ❣r❛✈✐t❛t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❛t
t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❛❝t✐♦♥✱ ✐✳❡✳

SEH = − c4

16 π GN

∫
d4x

√
−❞❡t g R = − c ~

16 π ℓ2P

∫
d4x

√
−❞❡t g R ✭✷✳✻✮

✇✐t❤ R r❡♣r❡s❡♥t✐♥❣ t❤❡ ❘✐❝❝✐ s❝❛❧❛r✱ ♣❧❛②s t❤❡ r♦❧❡ ♦❢ ❛♥ ✏❡✛❡❝t✐✈❡ ❛❝t✐♦♥✑ ❢♦r t❤❡ ❣r❛✈✐t❛✲
t✐♦♥❛❧ ✜❡❧❞✳ ■❢ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ s♣❛❝❡t✐♠❡ ✇✐t❤ ❝✉r✈❛t✉r❡ r❛❞✐✉s L ✭✐✳❡✳ R ∼ L−2✮ ❛♥❞ ❢♦✉r
✈♦❧✉♠❡ L4✱ t❤❡♥ SEH(L) ∼ ~ (L/ℓP)

2 t❤❛t s✉❣❣❡sts t❤❛t q✉❛♥t✉♠ ❝✉r✈❛t✉r❡ ✢✉❝t✉❛t✐♦♥s
❛r❡ s✉❜st❛♥t✐❛❧❧② s✉♣♣r❡ss❡❞ ✐❢ L > ℓP✱ ✇❤❡r❡❛s t❤❡② ✇♦✉❧❞ ♣✐❧❡ ✉♣ ❛♥❞ ❣✐✈❡ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡
❝♦♥tr✐❜✉t✐♦♥s ❢♦r L . ℓP✳ ❲❤❡♥ st✉❞②✐♥❣ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r② ♦♥ ❝✉r✈❡❞ ❜❛❝❦❣r♦✉♥❞s
♦♥❡ t❤❡♥ ❤❛✈❡ t♦ ❛ss✉♠❡ t♦ ❜❡ ✇♦r❦✐♥❣ ✐♥ ❛ r❡❣✐♠❡ ✇❤✐❝❤ ✐s ❢❛✐r❧② ❢❛r ❢r♦♠ t❤❡ P❧❛♥❝❦
s❝❛❧❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❤❛✈❡ t♦ ❦❡❡♣ ♦✉rs❡❧✈❡s ❛✇❛② ❢r♦♠ ❤✐❣❤ ❝✉r✈❛t✉r❡ r❡❣✐♦♥s ♦❢ t❤❡
s♣❛❝❡t✐♠❡✱ s✉❝❤ ❛s r❡❣✐♦♥s ♥❡❛r ❜❧❛❝❦ ❤♦❧❡ s✐♥❣✉❧❛r✐t✐❡s✳

●✐✈❡♥ t❤❡s❡ ♣r❡♠✐s❡s✱ ✇❡ ❝❛♥ ♥♦✇ ❡♥t❡r ♠♦r❡ ❞❡❡♣❧② ✐♥t♦ t❤❡ ❦❡② ❢❡❛t✉r❡ ♦❢ ◗❋❚ ♦♥
❝✉r✈❡❞ s♣❛❝❡t✐♠❡✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t♦ tr② t♦ ♣✉t t♦❣❡t❤❡r t❤❡ ❢✉♥❞❛♠❡♥t❛❧
♣r✐♥❝✐♣❧❡s ♦❢ t❤❡ ❣❡♥❡r❛❧ t❤❡♦r② ♦❢ r❡❧❛t✐✈✐t② ✭●❘✮ ❛♥❞ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r② ✭♦♥ ▼✐♥❦♦✇s❦✐
s♣❛❝❡✮ ✐♥ t❤❡ ♠♦st ❝♦❤❡r❡♥t ✇❛② ♣♦ss✐❜❧❡✳



✷✳✷ ◗✉❛♥t✉♠ ✜❡❧❞s ♦♥ ❜❧❛❝❦ ❤♦❧❡ s♣❛❝❡t✐♠❡s ✶✼

❆s ❢❛r ❛s ●❘ ✐s ❝♦♥❝❡r♥❡❞✱ ✐t ✐s r❛t❤❡r ❡❛s② t♦ s♣♦t ♦♥ ✇❤✐❝❤ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡ ✐t ✐s ❜❛s❡❞✳
■♥❞❡❡❞✱ t❤❡ t✇♦ ❦❡② ❢❡❛t✉r❡ ♦❢ ●❘ ❛r❡ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❡ ❛ s♣❛❝❡t✐♠❡ ✐s ❛ ▲♦r❡♥t③✐❛♥
♠❛♥✐❢♦❧❞ (M, g)✱ ✇✐t❤ g ❜❡✐♥❣ ❛ ♠❡tr✐❝ ✇✐t❤ ▲♦r❡♥t③ s✐❣♥❛t✉r❡✱ ❛♥❞ t❤❛t ❜♦t❤ t❤❡ ♠❡tr✐❝
❛♥❞ ♠❛tt❡r ❛r❡ ❞②♥❛♠✐❝❛❧ ♦❜❥❡❝ts✱ ✇❤♦s❡ ❡✈♦❧✉t✐♦♥ ✐s ❧♦❝❛❧❧② ❞❡t❡r♠✐♥❡❞ ❜② ❊✐♥st❡✐♥✬s ✜❡❧❞
❡q✉❛t✐♦♥s✳ ❚❤❡ ❧❛st r❡q✉✐r❡♠❡♥t ❝❛♥ ❜❡ r❡♣❤r❛s❡❞ ✐♥ ❛ ♠♦r❡ r✐❣♦r♦✉s ❢♦r♠ ❜② ❞❡♠❛♥❞✐♥❣
❛ ✇❡❧❧✲♣♦s❡❞ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥s✳

❋✐♥❞✐♥❣ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❜r✐❝❦s ♦♥ ✇❤✐❝❤ ◗❋❚ ✐s ❜✉✐❧t ✐s✱ ❤♦✇❡✈❡r✱ ❛ ❜✐t tr✐❝❦✐❡r
✭s❡❡ ❬✹✶❪✮✳ ❚❤❡r❡❢♦r❡ ✇❡ ✇✐❧❧ ♥♦t ❛tt❡♠♣t t♦ ♣r♦✈✐❞❡ t❤❡ ♠♦st ❣❡♥❡r❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡
❢✉♥❞❛♠❡♥t❛❧ ❢❡❛t✉r❡ ♦❢ ◗❋❚ ♦♥ t❤❡ ▼✐♥❦♦✇s❦✐ s♣❛❝❡✱ ❜✉t r❛t❤❡r ✇❡ ✇✐❧❧ tr② t♦ ✐❞❡♥t✐❢②
s♦♠❡ ♠✐♥✐♠❛❧ ♣r✐♥❝✐♣❧❡s t❤❛t ❝❛♥ ❜❡ ❝♦♥s✐st❡♥t❧② ❣❡♥❡r❛❧✐③❡❞ t♦ ❝✉r✈❡❞ s♣❛❝❡s✳

❋✐rst ♦❢ ❛❧❧✱ ❛s ✇❡ s❤❛❧❧ s❡❡ ❧❛t❡r ♦♥✱ t❤❡ ♥♦t✐♦♥s ♦❢ ♣❛rt✐❝❧❡ ❛♥❞ ✈❛❝✉✉♠ st❛t❡ ❤❛✈❡
❛❧♠♦st ♥♦ ♠❡❛♥✐♥❣ ❢♦r ❣❡♥❡r❛❧ s♣❛❝❡t✐♠❡s✱ s♦ ✇❡ s❤❛❧❧ ❛❜❛♥❞♦♥ t❤❡♠ ❛s ❦❡② ❝♦♥❝❡♣ts✳
❇❡s✐❞❡s✱ ❛❧s♦ t❤❡ P♦✐♥❝❛ré ✐♥✈❛r✐❛♥❝❡ ♣r❡s❡♥ts s♦♠❡ ♣r♦❜❧❡♠s ❢♦r ❣❡♥❡r❛❧ s♣❛❝❡t✐♠❡✱ ❜✉t ✐t
st✐❧❧ ♣r♦✈✐❞❡s ❛ ♠❛❥♦r r❡q✉✐r❡♠❡♥t ❛t t❤❡ ❧♦❝❛❧ ❧❡✈❡❧✳

❋♦r s✉r❡✱ ❛♥ ✐❞❡❛ t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧② ❝❛rr✐❡❞ ❛❧♦♥❣ t♦ ❣❡♥❡r❛❧ s♣❛❝❡t✐♠❡s ✐s t❤❛t t❤❡
❢✉♥❞❛♠❡♥t❛❧ ❝♦♥st✐t✉❡♥ts ♦❢ ♠❛tt❡r ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❡♥s♦r ✜❡❧❞s✳ ■♥ t❤❡ ✢❛t ❝❛s❡ t❤❡s❡
✜❡❧❞s ❛r❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ▲♦r❡♥t③ ❣r♦✉♣✱ ❤♦✇❡✈❡r t❤✐s ✐❞❡❛ ♠✉st
♠❛❦❡ s❡♥s❡ ♦♥❧② ❛t t❤❡ ❧♦❝❛❧ ❧❡✈❡❧ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❣❡♥❡r❛❧ s♣❛❝❡s✳ ❆♥♦t❤❡r ❦❡② ♣r✐♥❝✐♣❧❡
♦❢ ◗❋❚ ♦♥ ▼✐♥❦♦✇s❦✐ ✐s t❤❛t q✉❛♥t✉♠ ✜❡❧❞s ❛r❡ ♦♣❡r❛t♦r✲✈❛❧✉❡❞ ❞✐str✐❜✉t✐♦♥s t❤❛t ❤❛✈❡
t♦ s❛t✐s❢② s♦♠❡ ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥s✳ ❚❤✉s ✇❡ ❝❛♥ t❛❦❡ ❛s ❛ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡ t❤❛t t❤❡s❡
✜❡❧❞s ❤❛✈❡ t♦ ❜❡ r❡❣❛r❞❡❞ ❛s ♦♣❡r❛t♦r✲✈❛❧✉❡❞ ❞✐str✐❜✉t✐♦♥s ✐♥ ❛♥ ❛❧❣❡❜r❛✳ ❋✐♥❛❧❧②✱ q✉❛♥t✉♠
✜❡❧❞s ❛r❡ ✉s✉❛❧❧② s✉♣♣♦s❡❞ t♦ s❛t✐s❢② s♦♠❡ ♠✐❝r♦❧♦❝❛❧ ❝♦♥❞✐t✐♦♥s ✭s❡❡ ❬✹✶❪✮✱ s✉❝❤ ❛s ❤❛✈✐♥❣
❛♥ ❤❛♠✐❧t♦♥✐❛♥ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇✳

❆❧❧ t❤❛t ❜❡✐♥❣ s❛✐❞✱ ❧❡t ✉s ❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥ ♦♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♠❛ss❧❡ss s❝❛❧❛r ✜❡❧❞
Φ(x) ♦♥ ❛ ❝❧❛ss✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ s♣❛❝❡t✐♠❡ ✇✐t❤ ❛ ♠❡tr✐❝ gµν(x)✳ ▲❡t ✉s t❤❡♥ ❝♦♥s✐❞❡r ❛
s♣❛❝❡t✐♠❡ (M, g) ✇❤✐❝❤ ✐s ❣❧♦❜❛❧❧② ❤②♣❡r❜♦❧✐❝ ❛♥❞ t❤❛t ❝❛♥ ❜❡ ❢♦❧✐❛t❡❞ ✭❆❉▼ t❤r❡❡✲♣❧✉s✲
♦♥❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❬✹✸❪✮ ❜② ✏✜①❡❞✲t✐♠❡✑ ❈❛✉❝❤② s✉r❢❛❝❡s Σt = {t = ❝♦♥st✳}✳ ❚❤❡ ❛❝t✐♦♥ ❢♦r
❛ ♠❛ss❧❡ss r❡❛❧ ❑❧❡✐♥✲●♦r❞♦♥ ✜❡❧❞ ♦♥ (M, g) r❡❛❞s

SΦ = −1

2

∫

M

d4x
√
−❞❡t g gµν ∂µΦ ∂νΦ , ✭✷✳✼✮

✇❤♦s❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✇✐❧❧ t❤❡♥ r❡❛❞

gµν ∇µ∇νΦ = 0 , ✭✷✳✽✮

✇❤❡r❡ ∇ ❞❡♥♦t❡s t❤❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡ ❛♥❞ [Φ] = ❡♥❡r❣②1/2 ❧❡♥❣t❤−1/2✳ ■♥ ♦r❞❡r t♦
❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ q✉❛♥t✐③❛t✐♦♥ ♦❢ t❤❡ ❢r❡❡ r❡❛❧ s❝❛❧❛r ✜❡❧❞ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦♥❥✉❣❛t❡
♠♦♠❡♥t✉♠ Π(x) t♦ t❤❡ ✜❡❧❞ Φ(x)✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②

Π(x) ≡ δSΦ

δ(∂0Φ(x))
= −

√
−❞❡t g g0µ ∂µΦ(x) , ✭✷✳✾✮

t❤❡♥ ✇❡ ✐♠♣♦s❡ t❤❡ ✭❡q✉❛❧ t✐♠❡✮ ❝❛♥♦♥✐❝❛❧ ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥s✱ ✐✳❡✳

[Φ(t,x),Π(t,x′)] = i ~ δ(3)(x− x′) , [Φ(t,x),Φ(t,x′)] = [Π(t,x),Π(t,x′)] = 0 . ✭✷✳✶✵✮



✶✽ ✷✳ ❙❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t② ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s

●✐✈❡♥ t❤✐s s❡tt✐♥❣✱ ✇❡ s❤❛❧❧ ♥♦✇ tr② t♦ ❜✉✐❧❞ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ♦♥ ✇❤✐❝❤ t❤❡s❡ ♦♣❡r❛t♦rs
❛❝t✳ ■❢ ✇❡ ❞❡♥♦t❡ A ✐s t❤❡ s♣❛❝❡ ♦❢ ❝♦♠♣❧❡① s♦❧✉t✐♦♥s ♦❢ ✭✷✳✽✮✱ t❤❡♥ ∀f1, f2 ∈ A ✇❡ ❝❛♥
❞❡✜♥❡ ❛ s❝❛❧❛r ♣r♦❞✉❝t

(f1, f2) =
i

~

∫

Σ0

d3x
√
❞❡t (3)g nµ (f ∗

1 ∂µf2 − f ∗
2 ∂µf1) , ✭✷✳✶✶✮

❢♦r s♦♠❡ Σ0 ✇✐t❤ ♥♦r♠❛❧ ✈❡❝t♦r n ❛♥❞ ✐♥❞✉❝❡❞ ♠❡tr✐❝ (3)g✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ ✇❡ ❞❡✜♥❡ ❛
❝✉rr❡♥t Jµ := −(i/~) (f ∗

1 ∂
µf2 − f ∗

2 ∂
µf1) ♦♥❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ t❤❛t ∇µJµ = 0✱ ✐✳❡✳ Jµ ✐s

❝♦♥s❡r✈❡❞✳ ❚❤✐s ❝♦♥s❡r✈❛t✐♦♥ ♣r♦♣❡rt② ♠❛❦❡s t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✭✷✳✶✶✮ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡
❝❤♦✐❝❡ ♦❢ Σ0✱ t❤❛t ❝❛♥ ♥♦✇ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛♥② ❝♦♥st❛♥t t✐♠❡ ❈❛✉❝❤② s✉r❢❛❝❡ Σt✳ ■t ✐s ❛❧s♦
❡❛s② t♦ s❡❡ t❤❛t ✭✷✳✶✶✮ ✐s ❛♥ ❤❡r♠✐t✐❛♥ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❢♦r♠✱ ❛❧t❤♦✉❣❤ ✐t ✐s ♥♦t ♣♦s✐t✐✈❡✱ ✐♥
❣❡♥❡r❛❧✳

❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ✐ss✉❡s ❢♦r ❣❡♥❡r❛❧ s♣❛❝❡t✐♠❡s ✐s t❤❛t✱ ✉♥❧❡ss ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦
st❛t✐♦♥❛r② ❝❛s❡s✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛ ♣r❡❢❡rr❡❞ ❝❤♦✐❝❡ ❢♦r t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ A ✐♥t♦ s♦❧✉t✐♦♥s
✇✐t❤ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❢r❡q✉❡♥❝✐❡s✱ ✐✳❡✳ ❢♦r ✇❤✐❝❤ t❤❡ sq✉❛r❡❞ ♥♦r♠ ✐♥❞✉❝❡❞ ❜② ✭✷✳✶✶✮
✐s✱ r❡s♣❡❝t✐✈❡❧②✱ ♣♦s✐t✐✈❡❧② ♦r ♥❡❣❛t✐✈❡❧② ❞❡✜♥❡❞✳ ❖♥❝❡ ✇❡ ♠❛❦❡ t❤❡ ❝❤♦✐❝❡ ❢♦r t❤❡ s♣❛❝❡
♦❢ ♣♦s✐t✐✈❡ ❢r❡q✉❡♥❝② s♦❧✉t✐♦♥s ♦❢ ✭✷✳✽✮✱ ❧❡t ✉s ❝❛❧❧ ✐t P✱ ✇❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② ♠❛❦❡ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ A = P ⊕ N✱ ✇✐t❤ N ❜❡✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡ ♦❢ ♥❡❣❛t✐✈❡ ❢r❡q✉❡♥❝②
s♦❧✉t✐♦♥s ♦❢ ✭✷✳✽✮✳ ●✐✈❡♥ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ♦♥❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❝r❡❛t✐♦♥ ❛♥❞ ❛♥♥✐❤✐❧❛t✐♦♥
♦♣❡r❛t♦rs ❛ss♦❝✐❛t❡❞ t♦ f ∈ P ❛s

a(f)† := −(f ∗,Φ) , a(f) := (f,Φ) , ✭✷✳✶✷✮

t❤❡♥✱ ❢r♦♠ t❤❡ ❝❛♥♦♥✐❝❛❧ ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥s ✇❡ ✐♠♠❡❞✐❛t❡❧② ✐♥❢❡r t❤❛t

[a(f1), a(f2)
†] = (f1, f2) , [a(f1), a(f2)] = 0 , [a(f1)

†, a(f2)
†] = 0 , ✭✷✳✶✸✮

❢♦r ❛❧❧ f1, f2 ∈ P✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ t❤❡ ✈❛❝✉✉♠ st❛t❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦✉r ❝❤♦✐❝❡ ♦❢ P✱
✐✳❡✳ |0P〉✱ ❛s

a(f) |0P〉 = 0 , ∀f ∈ P , ✭✷✳✶✹✮

t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ 〈P0 | 0P〉 = 1✳
❆t t❤✐s ♣♦✐♥t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ N ✲♣❛rt✐❝❧❡ ❋♦❝❦ s♣❛❝❡ ✐s r❛t❤❡r str❛✐❣❤t❢♦r✇❛r❞✱

✐♥❞❡❡❞ ✐❢ f1, . . . , fN ∈ P ❛r❡ N ♣♦s✐t✐✈❡ ❢r❡q✉❡♥❝② ✏♠♦❞❡s✑✱ t❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ N ✲
♣❛rt✐❝❧❡ ❋♦❝❦ st❛t❡ ✐s ❣✐✈❡♥ ❜② |f1, . . . , fN〉P ∝ a(f1) · · · a(fN) |0P〉✱ ✉♣ t♦ ♥♦r♠❛❧✐③❛t✐♦♥✳ ❖❢
❝♦✉rs❡✱ ✐❢ ✇❡ ♥♦✇ ❝❤♦♦s❡ ❛ ❞✐✛❡r❡♥t s♣❛❝❡ ♦❢ ♣♦s✐t✐✈❡ ❢r❡q✉❡♥❝② s♦❧✉t✐♦♥s✱ |0P〉 ✇✐❧❧ ♥♦t ❜❡
t❤❡ ✈❛❝✉✉♠ ❢♦r t❤✐s ♥❡✇ ✏♠♦❞❡ ❞❡❝♦♠♣♦s✐t✐♦♥✑✳ ▼♦r❡♦✈❡r✱ t❤❡ ♥❡✇ ✈❛❝✉✉♠ st❛t❡ ✇✐❧❧ ♥♦t
❡✈❡♥ ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❍✐❧❜❡rt s♣❛❝❡ ❞❡✜♥❡❞ st❛rt✐♥❣ ❢r♦♠ P✳ ❚❤✐s ❢❛❝t ✐s ❛❝t✉❛❧❧② ♦♥❡
♦❢ t❤❡ r❡❛s♦♥s t❤❛t ❧❡❛❞s t♦ t❤❡ ♣❛rt✐❝❧❡ ♣r♦❞✉❝t✐♦♥ ✐♥ ♥♦♥✲st❛t✐♦♥❛r② s♣❛❝❡t✐♠❡s✳

❚♦ s❡❡ t❤❡ ♣❛rt✐❝❧❡ ❝r❡❛t✐♦♥ ❡✛❡❝t ✇❡ ✜rst ❤❛✈❡ t♦ s❡❡ ❤♦✇ ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ❢♦r t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ A ❛r❡ r❡❧❛t❡❞✳ ❚❤✉s✱ ❧❡t ✉s ❝♦♥s✐❞❡r t✇♦ ❞✐st✐♥❝t ❝❤♦✐❝❡s ❢♦r t❤❡ s♣❛❝❡
♦❢ ♣♦s✐t✐✈❡ ❢r❡q✉❡♥❝② s♦❧✉t✐♦♥s ❛♥❞ ❞❡♥♦t❡ t❤❡♠ ❜② P ❛♥❞ P′✳ ◆♦✇✱ ♦♥ ❡❛❝❤ s♣❛❝❡ ✇❡ ❝❛♥



✷✳✷ ◗✉❛♥t✉♠ ✜❡❧❞s ♦♥ ❜❧❛❝❦ ❤♦❧❡ s♣❛❝❡t✐♠❡s ✶✾

❝❤♦♦s❡ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s✷✱ s❛② {fi} ❛♥❞ {f ′
i} r❡s♣❡❝t✐✈❡❧②✱ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ t❤❡ t✇♦

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡❛❧ s❝❛❧❛r ✜❡❧❞✱

Φ =
∑

k

[
fk a(fk) + f ∗

k a(fk)
†
]
, Φ =

∑

k

[
f ′

k a(f
′
k) + f ′∗

k a(f
′
k)

†
]
. ✭✷✳✶✺✮

❚❤❡s❡ t♦✇ ❜❛s✐s ❛r❡ r❡❧❛t❡ t♦ ♦♥❡ ❛♥♦t❤❡r t❤r♦✉❣❤ t❤❡ s♦ ❝❛❧❧❡❞ ❇♦❣♦❧✐✉❜♦✈ tr❛♥s❢♦r♠❛t✐♦♥✱
✐✳❡✳

f ′
i =

∑

j

[
αij fj + βij f

∗
j

]
, ✭✷✳✶✻✮

✇❤✐❝❤ ❛❧s♦ t❡❧❧ ✉s ❤♦✇ t❤❡ ❝r❡❛t✐♦♥ ❛♥❞ ❛♥♥✐❤✐❧❛t✐♦♥ ♦♣❡r❛t♦rs tr❛♥s❢♦r♠ ✇❤❡♥ s✇✐t❝❤✐♥❣
❢r♦♠ P t♦ P′✱ ✐✳❡✳

a(f ′
i) =

∑

j

[
α∗
ij a(fj)− β∗

ij a(fj)
†
]
. ✭✷✳✶✼✮

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r ❛ s♣❛❝❡t✐♠❡ M t❤❛t st❛rts ✐♥ ❛ st❛t✐♦♥❛r② ♣❤❛s❡ Min✱ ✉♥❞❡r❣♦❡s ❛
♥♦♥✲st❛t✐♦♥❛r② r❡❣✐♠❡ MNS ❛♥❞ ✉❧t✐♠❛t❡❧② s❡tt❧❡s ❞♦✇♥ t♦ ❛ ♥❡✇ st❛t✐♦♥❛r② ♣❤❛s❡ Mout✱
✐✳❡✳ M = Min∪MNS∪Mout✳ ❙✉❝❤ ❛ ❜❡❤❛✈✐♦r ❝❛♥ ♣♦t❡♥t✐❛❧❧② ❜❡ r❡❛❧✐③❡❞ ✭✐❞❡❛❧❧②✮ ❜② s❡✈❡r❛❧
❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ s❡tt✐♥❣s✳ ❆♥ ❡①❛♠♣❧❡ ❝♦✉❧❞ ❜❡ ❣✐✈❡♥ ❜② ❛ ♣❛rt✐❝❧❡ ✭♦r ❛ ♣❧❛♥❡t✮ ❢❛❧❧✐♥❣ ✐♥t♦
❛ ❙❝❤✇❛r③s❝❤✐❧❞ ❜❧❛❝❦ ❤♦❧❡✳ ■♥❞❡❡❞✱ ✇❤❡♥ t❤❡② ❛r❡ ❢❛r ❛✇❛② ❢r♦♠ ♦♥❡ ❛♥♦t❤❡r t❤❡ s♣❛❝❡t✐♠❡
✐s s✉❜st❛♥t✐❛❧❧② st❛t✐♦♥❛r② t❤❡♥✱ ✇❤❡♥ t❤❡ ❤♦❧❡ s✇❛❧❧♦✇s t❤❡ ♣❛rt✐❝❧❡✱ t❤❡ ✇❤♦❧❡ s②st❡♠
❣♦❡s t❤r♦✉❣❤ ❛ ♥♦♥✲st❛t✐♦♥❛r② ♣❤❛s❡ t❤❛t st❛❜✐❧✐③❡s✱ ❛❢t❡r s♦♠❡ t✐♠❡✱ t♦ ❛ ❙❝❤✇❛r③s❝❤✐❧❞
s♣❛❝❡t✐♠❡ ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡❞ ♠❛ss✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❣❧♦❜❛❧ ❤②♣❡r❜♦❧✐❝✐t② t❡❧❧ ✉s t❤❛t
❛♥② s♦❧✉t✐♦♥ ♦❢ ✭✷✳✽✮ ✐♥ ❛♥② ♦❢ t❤❡ t✇♦ ♣❛t❝❤❡s Min/out ❝❛♥ ❜❡ ✉♥✐q✉❡❧② ❡①t❡♥❞❡❞ t♦ t❤❡
✇❤♦❧❡ s♣❛❝❡t✐♠❡✳ ❚❤✐s s✐❣♥❛❧s t❤❛t ✇❡ ❤❛✈❡ t✇♦ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ❢♦r t❤❡ st❛t❡ ♦❢ ♣♦s✐t✐✈❡
❢r❡q✉❡♥❝② s♦❧✉t✐♦♥s ♦❢ ✭✷✳✽✮✱ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t Min/out ❛r❡ st❛t✐♦♥❛r② ❛♥❞ t❤❡r❡❢♦r❡ ✇❡
❤❛✈❡ ❛ ♣r❡❢❡rr❡❞ ✇❛② t♦ ❝❤♦♦s❡ Pin ❛♥❞ Pout✳

❆s ❛r❣✉❡❞ ❛❜♦✈❡✱ ✐♥ ❣❡♥❡r❛❧ t❤❡ t✇♦ ✈❛❝✉✉♠ st❛t❡s |0Pin
〉 ❛♥❞ |0Pout

〉 ✇✐❧❧ ❞✐✛❡r✱ ❛♥❞ t❤❡②
♠✐❣❤t ♥♦t ❡✈❡♥ ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❍✐❧❜❡rt s♣❛❝❡✳ ■❢ ♦♥❡ ♥♦✇ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ st❛t❡
♦❢ t❤❡ s②st❡♠ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ♠♦❞❡s✱ ✐✳❡✳ |in〉 = |0Pin

〉✱ ✐t ✐s r❛t❤❡r ✐♥str✉❝t✐✈❡ t♦ s❡❡
❤♦✇ ♠❛♥② ✏❧❛t❡✲t✐♠❡✑ ♠♦❞❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ |in〉✳ ❈♦♥s✐❞❡r✐♥❣ ❛ ♠♦❞❡ f out

i ♦❢ t❤❡ ❜❛s✐s ♦❢
Pout ❛♥❞ ❞❡♥♦t✐♥❣ t❤❡ ♥✉♠❜❡r ♦♣❡r❛t♦r ♦❢ t❤❡ ✏♦✉t ♠♦❞❡s✑ ❜② N̂(f out

i ) ≡ a(f out
i )† a(f out

i )✱
❜② ♠❡❛♥s ♦❢ t❤❡ ❇♦❣♦❧✐✉❜♦✈ tr❛♥s❢♦r♠❛t✐♦♥ ♦♥❡ ✜♥❞s

〈Pin
0 | N̂(f out

i ) | 0Pin
〉 =

∑

j

|βij|2 , ✭✷✳✶✽✮

s♦✱ ✐❢ N̂ out =
∑

i N̂(f out
i ) t❤❡♥

〈Pin
0 | N̂ out | 0Pin

〉 = ❚r
(
β β†

)
,

✷❲❤✐❝❤ ✐♠♣❧✐❡s t❤❛t [a(fh), a(fk)
†] = δhk✳



✷✵ ✷✳ ❙❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t② ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s

t❤❛t ♣r♦✈❡s t❤❡ ♣❛rt✐❝❧❡ ❝r❡❛t✐♦♥ ❡✛❡❝t ❬✶✶✱✹✹❪ ❢♦r ♥♦♥✲st❛t✐♦♥❛r② s♣❛❝❡t✐♠❡s✱ ❛s ❛♥t✐❝✐♣❛t❡❞✳
❋♦❧❧♦✇✐♥❣ ❛ s✐♠✐❧❛r ❧✐♥❡ ♦❢ t❤♦✉❣❤t✱ ✐♥ ✶✾✼✹ ❍❛✇❦✐♥❣ ❬✶✶❪ ✇❛s ❛❜❧❡ t♦ ♣r♦✈❡ t❤❛t ❜❧❛❝❦

❤♦❧❡s ❛r❡ ✭t❤❡♦r❡t✐❝❛❧❧②✮ ♥♦t ✐♥❡rt ♦❜❥❡❝ts✱ ❜✉t r❛t❤❡r t❤❡② ❡♠✐t t❤❡r♠❛❧ r❛❞✐❛t✐♦♥ ❦♥♦✇♥
❛s ❍❛✇❦✐♥❣ r❛❞✐❛t✐♦♥✳ ❖r✐❣✐♥❛❧❧② ❍❛✇❦✐♥❣ ❝♦♥s✐❞❡r❡❞ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ♠❛ss❧❡ss ❢r❡❡ r❡❛❧
s❝❛❧❛r ✜❡❧❞ ♦♥ ❛ ❝❧❛ss✐❝❛❧ ❞②♥❛♠✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♣r♦✈✐❞❡❞ ❜② ❛ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ t♦ ❢♦r♠
❛ ❙❝❤✇❛r③s❝❤✐❧❞ ❜❧❛❝❦ ❤♦❧❡✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ t❤❡ s②st❡♠ ✇❛s ♣r❡♣❛r❡❞ ✐♥
s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ s❝❛❧❛r ✜❡❧❞ ✇❛s ✐♥✐t✐❛❧❧② ✐♥ ✐ts ✈❛❝✉✉♠ st❛t❡✱ ❤❡ t❤❡♥ ❝♦♠♣✉t❡❞ t❤❡
♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❛t ✐♥✜♥✐t② ♠❡❛s✉r❡❞ ❛t ❧❛t❡ t✐♠❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❍❛✇❦✐♥❣ ❢♦✉♥❞ t❤❛t
❜❧❛❝❦ ❤♦❧❡ r❛❞✐❛t❡s t♦ ✐♥✜♥✐t② ✇✐t❤ ❛ s♣❡❝tr✉♠ ❣✐✈❡♥ ❜②

〈Pin
0 | N̂ out | 0Pin

〉 =
∑

i

Γi

exp (2 π ǫi/~ c κ)− 1
, ✭✷✳✶✾✮

✇❤❡r❡ Γi ✐s t❤❡ s♦✲❝❛❧❧❡❞ ❣r❡②❜♦❞② ❢❛❝t♦r t❤❛t ♠❡❛s✉r❡s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❛ ♠♦❞❡ ♦❢ ❢r❡q✉❡♥❝②
ǫi/~ t❤❛t ✇♦✉❧❞ ❜❡ ❛❜s♦r❜❡❞ ❜② t❤❡ ❜❧❛❝❦ ❤♦❧❡✳

❋r♦♠ ✭✷✳✶✾✮ ♦♥❡ ❝❛♥ ✐♥❢❡r s❡✈❡r❛❧ ✐♥t❡r❡st✐♥❣ t❤✐♥❣s✳ ❋✐rst ♦❢ ❛❧❧✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❞❡❞✉❝❡
t❤❛t ❛ ❜❧❛❝❦ ❤♦❧❡ ❡♠✐ts ❜❧❛❝❦ ❜♦❞② r❛❞✐❛t✐♦♥ ❛t ❛ t❡♠♣❡r❛t✉r❡✱ ❝❛❧❧❡❞ ❍❛✇❦✐♥❣ t❡♠♣❡r❛t✉r❡✱

TH =
~ c κ

2 π kB
, ✭✷✳✷✵✮

✇✐t❤ kB ❜❡✐♥❣ t❤❡ ❇♦❧t③♠❛♥♥ ❝♦♥st❛♥t ❛♥❞ κ ❞❡♥♦t✐♥❣ t❤❡ s✉r❢❛❝❡ ❣r❛✈✐t② ♦❢ t❤❡ ❜❧❛❝❦ ❤♦❧❡✳
❙❡❝♦♥❞❧②✱ ✭✷✳✷✵✮ ❛❧❧♦✇s ✉s t♦ ♣r♦♣❡r❧② ✜① t❤❡ ♣r♦♣♦rt✐♦♥❛❧✐t② ❝♦❡✣❝✐❡♥ts ✐♥ ✭✷✳✺✮✱ ✇❤✐❝❤
♠❡❛♥s t❤❛t ✇❡ ❝❛♥ ✉♥✐q✉❡❧② ✐❞❡♥t✐❢② t❤❡ ❇❡❦❡♥st❡✐♥✲❍❛✇❦✐♥❣ ❡♥tr♦♣② ✇✐t❤

SBH =
kBA

4 ℓ2P
. ✭✷✳✷✶✮

❋✉rt❤❡r♠♦r❡✱ ✐❢ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ ❝❛s❡ ♦❢ ❛ ❙❝❤✇❛r③s❝❤✐❧❞ ❜❧❛❝❦ ❤♦❧❡✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t
κ = c2/4GNM ❛♥❞ t❤✉s TH = ~ c3/8 π kBGNM ✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ✜rst ❧❛✇ ♦❢ ❜❧❛❝❦ ❤♦❧❡
t❤❡r♠♦❞②♥❛♠✐❝s r❡❞✉❝❡s t♦ c2 dM = TH dSBH✱ t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t❡ t❤❡
❤❡❛t ❝❛♣❛❝✐t② ❢♦r ❛ ❙❝❤✇❛r③s❝❤✐❧❞ ❜❧❛❝❦ ❤♦❧❡✱ ✐✳❡✳

CV =
dE

dT
= c2

(
dTH(M)

dM

)−1

= −8 π kBGN

c ~
M2 < 0 , ✭✷✳✷✷✮

t❤✉s✱ ❜❧❛❝❦ ❤♦❧❡s ❤❛✈❡ ♥❡❣❛t✐✈❡ ❤❡❛t ❝❛♣❛❝✐t②✳
❉❡s♣✐t❡ t❤✐s ❡①tr❡♠❡ ❝♦❤❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ r❡s✉❧ts ❢♦r ❜❧❛❝❦ ❤♦❧❡ t❤❡r♠♦❞②♥❛♠✐❝s ❛♥❞

q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r❡t✐❝ ❝♦♠♣✉t❛t✐♦♥s ♦♥ ❝✉r✈❡❞ ❜❛❝❦❣r♦✉♥❞s✱ t❤❡r❡ ✐s ❛ ♥❛st② ✐ss✉❡ ❤✐❞✐♥❣
✐♥ t❤❡ ❞❛r❦✳ ■♥❞❡❡❞✱ ❧❡t ✉s r❡❝❛❧❧ t❤❡ ❙t❡❢❛♥✲❇♦❧t③♠❛♥♥ ❧❛✇✱ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ t♦t❛❧
❡♥❡r❣② r❛❞✐❛t❡❞ ♣❡r ✉♥✐t s✉r❢❛❝❡ ❛r❡❛ ♦❢ ❛ ❜❧❛❝❦ ❜♦❞②✱ ❛❝r♦ss ❛❧❧ ❢r❡q✉❡♥❝✐❡s✱ ♣❡r ✉♥✐t
t✐♠❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❢♦✉rt❤ ♣♦✇❡r ♦❢ t❤❡ ❜❧❛❝❦ ❜♦❞②✬s t❡♠♣❡r❛t✉r❡✳ ❚❤❡♥✱ ❢♦r ❛
❙❝❤✇❛r③s❝❤✐❧❞ ❜❧❛❝❦ ❤♦❧❡ ✇❡ ❤❛✈❡

dE

dt
= −σ AH T

4
H , ✭✷✳✷✸✮



✷✳✷ ◗✉❛♥t✉♠ ✜❡❧❞s ♦♥ ❜❧❛❝❦ ❤♦❧❡ s♣❛❝❡t✐♠❡s ✷✶

✇✐t❤ σ ❞❡♥♦t✐♥❣ t❤❡ ❙t❡❢❛♥✲❇♦❧t③♠❛♥♥ ❝♦♥st❛♥t ❛♥❞ AH r❡♣r❡s❡♥t✐♥❣ t❤❡ ❛r❡❛ ♦❢ t❤❡ ❤♦r✐✲
③♦♥✳ ❍❡♥❝❡✱ r❡❝❛❧❧✐♥❣ t❤❛t E = M c2✱ AH = 4 π R2

H ❛♥❞ t❤❛t TH = ~ c3/8 π kBGNM ♦♥❡
❝❛♥ ❡❛s✐❧② ✐♥❢❡r t❤❛t

dM

dt
= − ~ c4

15360 π G2
NM

2
, ✭✷✳✷✹✮

✇❤✐❝❤ t❡❧❧s ✉s t❤❛t t❤❡ ❡♥❡r❣② ❝❛rr✐❡❞ ❜② t❤❡ ❍❛✇❦✐♥❣ r❛❞✐❛t✐♦♥ ✐s ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ❜❧❛❝❦
❤♦❧❡ ✐ts❡❧❢ ❛♥❞✱ t❤✉s✱ t❤❛t t❤❡ ❜❧❛❝❦ ❤♦❧❡ s❧♦✇❧② ❡✈❛♣♦r❛t❡s ❛✇❛② ❜❡❝❛✉s❡ ♦❢ t❤❡ ❍❛✇❦✐♥❣
❡✛❡❝t✳ ❋✉rt❤❡r♠♦r❡✱ ♦♥❡ ❝❛♥ ❡✈❡♥ ❡st✐♠❛t❡ t❤❡ t✐♠❡ t❤❛t ✇♦✉❧❞ ❜❡ ♥❡❡❞❡❞ ❢♦r t❤❡ ❜❧❛❝❦
❤♦❧❡ t♦ ❡✈❛♣♦r❛t❡ ❝♦♠♣❧❡t❡❧② ✭♣r♦✈✐❞❡❞ t❤❛t ✇❡ ♥❡❣❧❡❝t t❤❡ ❜❛❝❦r❡❛❝t✐♦♥ ♦❢ t❤❡ s♣❛❝❡t✐♠❡
t♦ t❤❡ r❛❞✐❛t✐♦♥✮✱ ✐♥❞❡❡❞ ✐❢ ✇❡ ✐♥t❡❣r❛t❡ t❤❡ ❧❛tt❡r ❡q✉❛t✐♦♥ ✇❡ ❣❡t

τ =
5120 π G2

N

~ c4
M3

initial . ✭✷✳✷✺✮

❍♦✇❡✈❡r✱ t❤❡ ✐❞❡❛ t❤❛t ❛ ❜❧❛❝❦ ❤♦❧❡ ❝❛♥ ♣♦t❡♥t✐❛❧❧② ❡✈❛♣♦r❛t❡ ❝♦♠♣❧❡t❡❧② ♣♦s❡s ❛ s❡r✐♦✉s
♣r♦❜❧❡♠ ❢♦r♠ ❛ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ♣❡rs♣❡❝t✐✈❡✳ ■♥❞❡❡❞✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t ✇❡ ♣r❡♣❛r❡
s♦♠❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♠❛tt❡r ✐♥ ❛ ♣✉r❡ st❛t❡✳ ❚❤❡♥ ✇❡ ❧❡t t❤✐s ♠❛tt❡r ❝♦❧❧❛♣s❡ t♦ ❢♦r♠ ❛
❜❧❛❝❦ ❤♦❧❡✳ ■❢ ✇❡ tr✉st ❍❛✇❦✐♥❣✬s ♠♦❞❡❧ ❛❧❧ t❤❡ ✇❛② t❤r♦✉❣❤ t❤❡ ❝♦♠♣❧❡t❡ ❡✈❛♣♦r❛t✐♦♥
♦❢ t❤❡ ❜❧❛❝❦ ❤♦❧❡✱ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦❝❡ss ✇❡ ✇♦✉❧❞ ❜❡ ❧❡❢t ♦♥❧② ✇✐t❤ t❤❡r♠❛❧ r❛❞✐❛t✐♦♥
✐♥ ♦✉r s②st❡♠✱ ✇❤✐❝❤ ✐s ❛ ♠✐①❡❞ st❛t❡✳ ❇✉t t❤✐s ✇♦✉❧❞ ✈✐♦❧❛t❡ ❛ ❢✉♥❞❛♠❡♥t❛❧ ♣r✐♥❝✐♣❧❡ ♦❢
q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✱ ♥❛♠❡❧② t❤❡ r❡q✉✐r❡♠❡♥t ❢♦r ❛ ✉♥✐t❛r② ❡✈♦❧✉t✐♦♥ ♦❢ q✉❛♥t✉♠ st❛t❡s✳
❚❤✐s ✐ss✉❡ ✐s ✇❤❛t ✐s ❦♥♦✇♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛s ✐♥❢♦r♠❛t✐♦♥ ♣❛r❛❞♦① ❬✹✺✕✹✽❪✳

■t ✐s ♥♦✇ ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t t❤❡ s❡❝♦♥❞ ❧❛✇ ♦❢ ❜❧❛❝❦ ❤♦❧❡ t❤❡r♠♦❞②♥❛♠✐❝s t❡❧❧s
✉s t❤❛t t❤❡ ❇❡❦❡♥st❡✐♥✲❍❛✇❦✐♥❣ ❡♥tr♦♣② ♠✉st ♥♦t ❞❡❝r❡❛s❡ ❝❧❛ss✐❝❛❧❧②✱ ❤♦✇❡✈❡r ✐t ❝❛♥
❞❡❝r❡❛s❡ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧❧② ✈✐❛ t❤❡ ❍❛✇❦✐♥❣ ❡✈❛♣♦r❛t✐♦♥ ♣r♦❝❡ss✳ ◆♦♥❡t❤❡❧❡ss✱ t❤❡r♠❛❧
r❛❞✐❛t✐♦♥ ✐ts❡❧❢ ❝❛rr✐❡s ❛♥ ❡♥tr♦♣②✱ s♦ t❤❡ t♦t❛❧ ❡♥tr♦♣② ✭r❛❞✐❛t✐♦♥ + ❇❡❦❡♥st❡✐♥✲❍❛✇❦✐♥❣✮
❞♦❡s ♥♦t ❞❡❝r❡❛s❡✳ ❚❤❡s❡ r❡♠❛r❦s ❧❡❛❞ t♦ t❤❡ s♦ ❝❛❧❧❡❞ ❣❡♥❡r❛❧✐③❡❞ s❡❝♦♥❞ ❧❛✇ ♦❢ ❜❧❛❝❦ ❤♦❧❡
t❤❡r♠♦❞②♥❛♠✐❝s ❬✹✵❪✱ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ t♦t❛❧ ❡♥tr♦♣② ✭❜❧❛❝❦ ❤♦❧❡ + ♠❛tt❡r✮ ♠✉st ♥♦t
❞❡❝r❡❛s❡ ✐♥ ❛♥② ♣❤②s✐❝❛❧ ♣r♦❝❡ss✳ ■❢ ✇❡ tr② t♦ ✐♥t❡r♣r❡t t❤❡ ❇❡❦❡♥st❡✐♥✲❍❛✇❦✐♥❣ ❡♥tr♦♣② ✐♥
st❛t✐st✐❝❛❧ t❡r♠s✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❝♦♠♣✉t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❜❡r ♦❢ ♠✐❝r♦st❛t❡s ✇❤✐❝❤
❛r❡ r❡s♣♦♥s✐❜❧❡ ❢♦r s✉❝❤ ❛♥ ❡♥tr♦♣②✱ ✐✳❡✳ N = exp (SBH/kB)✳ ❆ r❛t❤❡r ❝♦♠♠♦♥ ✈✐❡✇ ❞❡♣✐❝ts
t❤❡s❡ ♠✐❝r♦st❛t❡s ❛s ❧♦❝❛❧✐③❡❞ ♥❡❛r t❤❡ ❜❧❛❝❦ ❤♦❧❡ ❤♦r✐③♦♥✱ ✇❤✐❝❤ s✉❣❣❡sts ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥
♦❢ t❤❡ ❡♥tr♦♣②✲❛r❡❛ r❡❧❛t✐♦♥ ❛s ❛♥ ❤✐♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❜❧❛❝❦
❤♦❧❡ ✐s s✉❜st❛♥t✐❛❧❧② st♦r❡❞ ♦♥ ✐ts s✉r❢❛❝❡✱ r❛t❤❡r t❤❛♥ ✐♥ ✐ts ❝❛✉s❛❧❧② ✐♥❛❝❝❡ss✐❜❧❡ ✐♥t❡r✐♦r
✭s❡❡ ❡✳❣✳ ❬✹✾✱ ✺✵❪✮✳ ■♥ t❤✐s st❛t✐st✐❝❛❧ ♣❡rs♣❡❝t✐✈❡✱ t❤❡ ♥♦t✐♦♥ ♦❢ ❡♥t❛♥❣❧❡♠❡♥t ❡♥tr♦♣② ♣❧❛②s
❛❧s♦ ❛ ❦❡② r♦❧❡✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts ❝♦♠✐♥❣ ❢r♦♠ t❤❡s❡ ✐❞❡❛s ✐s t❤❛t t❤❡ ✏❜❧❛❝❦ ❤♦❧❡
s✉❜s②st❡♠✑ ✐s ♠❛①✐♠❛❧❧② ❡♥t❛♥❣❧❡❞ ✇✐t❤ t❤❡ ✏r❛❞✐❛t✐♦♥ s✉❜s②st❡♠✑ ❬✹✽✱ ✺✶❪✳ ◆♦♥❡t❤❡❧❡ss✱
❤❛❧❢ ✇❛② t❤♦r♦✉❣❤ t❤❡ ♣r♦❝❡ss ♦❢ ❡✈❛♣♦r❛t✐♦♥ ✭P❛❣❡ t✐♠❡✱ t✐♠❡ ✇❤❡♥ ❛ ❜❧❛❝❦ ❤♦❧❡ ❤❛s
❤❛❧❢ ♦❢ ✐ts ✐♥✐t✐❛❧ ❡♥tr♦♣②✮ ❛ ♠❛❥♦r ✐ss✉❡ ❡♠❡r❣❡s✳ ■♥❞❡❡❞✱ ❝♦♥t✐♥✉✐♥❣ ✇✐t❤ t❤❡ ❡✈❛♣♦r❛t✐♦♥
t❤❡ ❜❧❛❝❦ ❤♦❧❡ ✇♦✉❧❞ ❦❡❡♣ ♣✐❧✐♥❣ ✉♣ ❡♥t❛♥❣❧❡♠❡♥t ❡♥tr♦♣② ❜② t❤✐s ♣r♦❝❡ss ❡①❝❡❡❞✐♥❣ t❤❡
❇❡❦❡♥st❡✐♥ ❡♥tr♦♣② ❜♦✉♥❞ ❬✺✷✱ ✺✸❪✳ ■❢ ♦♥❡ t❤❡♥ tr✐❡s t♦ ♣r❡✈❡♥t t❤✐s ✐ss✉❡ ❜② ❛ss✉♠✐♥❣ t❤❡
r❛❞✐❛t✐♦♥ s✉❜s②st❡♠s✱ ❛t ❡❛r❧② ❛♥❞ ❧❛t❡ t✐♠❡s✱ t♦ ❜❡ ♠❛①✐♠❛❧❧② ❡♥t❛♥❣❧❡❞✱ t❤❡♥ t❤✐s ❢♦r❝❡s



✷✷ ✷✳ ❙❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t② ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s

❜✐♣❛rt✐t❡ ❡♥t❛♥❣❧❡♠❡♥ts t♦ ❡✈♦❧✈❡ ✐♥t♦ tr✐♣❛rt✐t❡ st❛t❡s✳ ❚❤✐s ✐s✱ ❤♦✇❡✈❡r✱ ♥♦t ♣♦ss✐❜❧❡ ✐❢ ✇❡
❛ss✉♠❡ ❛ ✉♥✐t❛r② t✐♠❡ ❡✈♦❧✉t✐♦♥ ❢♦r t❤❡ s②st❡♠✳ ❍❡♥❝❡✱ t❤❡ ✐❞❡❛ ✐s t❤❛t ✇❤❡♥ t❤❡ P❛❣❡ t✐♠❡
✐s r❡❛❝❤❡❞ ❡✐t❤❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ✉♥✐t❛r② ❡✈♦❧✉t✐♦♥ ♦r t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♣r✐♥❝✐♣❧❡ s❤♦✉❧❞
❢❛✐❧✳

✷✳✸ ❘❡♠❛r❦s ♦♥ ❣r❛✈✐t② ❛s ❛ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r②

■♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ q✉❛♥t✐③❡ ♠❛tt❡r ✜❡❧❞s ♦♥ ❛ ❝✉r✈❡❞
❝❧❛ss✐❝❛❧ ❜❛❝❦❣r♦✉♥❞✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✐♥st❡❛❞✱ ✇❡ ✇✐❧❧ tr② t♦ ♣r♦✈✐❞❡ ❛ ❜♦tt♦♠✲✉♣ ♣✐❝t✉r❡
♦❢ ❣r❛✈✐t② ❜❛s❡❞ ♦♥ ❛ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r❡t✐❝ ♣❡rs♣❡❝t✐✈❡✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ ✇❡ ✇✐❧❧
tr② t♦ ❞❡s❝r✐❜❡ ❣r❛✈✐t② ❛s ❛ ◗❋❚ ♦❢ ❙♣✐♥✲✷ ✜❡❧❞s✱ t❤❡ ❣r❛✈✐t♦♥s✱ ✇♦r❦✐♥❣ ✐♥ t❤❡ ✇❡❛❦✲✜❡❧❞
❧✐♠✐t ✭♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✐♥ t❤❡ ✇❡❛❦ ❣r❛✈✐t② r❡❣✐♠❡✮✳ ❆s ✐t ✇✐❧❧ ❛♣♣❡❛r ❝❧❡❛r ❧❛t❡r ♦♥✱
t❤✐s ♣✐❝t✉r❡ ♣r❡s❡♥ts s❡✈❡r❛❧ ✐ss✉❡s✱ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♦❢ ✇❤✐❝❤ ✐s t❤❡ ❢❛❝t t❤❛t ❊✐♥st❡✐♥✬s
❣r❛✈✐t② t✉r♥s ♦✉t t♦ ❜❡ ♥♦♥✲r❡♥♦r♠❛❧✐③❛❜❧❡ ❬✺✹✕✺✻❪✳ ❏✉st ❛s ❛ ❣❡♥❡r❛❧ r❡♠❛r❦✱ t❤❡ ❢♦❧❧♦✇✐♥❣
❞✐s❝✉ss✐♦♥ ✇✐❧❧ ❜❡ ❜❛s❡❞ ♠♦st❧② ♦♥ ❉♦♥♦❣❤✉❡✬s s❡♠✐♥❛❧ ✇♦r❦s ❬✺✼✕✺✾❪✳ ❇❡s✐❞❡s✱ ❢r♦♠ ♥♦✇
♦♥ ✇❡ ✇✐❧❧ s❡t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t c = 1✱ ❢♦r s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✳

▲❡t ✉s ❛ss✉♠❡ t♦ ❜❡ ✐♥t❡r❡st❡❞ ✐♥ ❜✉✐❧❞✐♥❣ ❛ t❤❡♦r② ♦❢ ❣r❛✈✐t②✱ ✇✐t❤♦✉t r❡❢❡rr✐♥❣ t♦
❣❡♥❡r❛❧ r❡❧❛t✐✈✐t② ❛t ❛♥② t✐♠❡✳ ❖✉r ✜rst ❣♦❛❧ ✇♦✉❧❞ ❜❡ t♦ ✜♥❞ t❤❡ ❛♣♣r♦♣r✐❛t❡ ✜❡❧❞ t❤❛t
❛❧❧♦✇s t♦ r❡♣r♦❞✉❝❡ t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜s❡r✈❡❞ ❣r❛✈✐t❛t✐♦♥❛❧ ❡✛❡❝ts✳

❋✐rst ♦❢ ❛❧❧✱ ♦♥❡ ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st❡❞ ✐♥ r❡❝♦✈❡r✐♥❣ t❤❡ ◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧

VN(r) = −GN
m1m2

r
, ✭✷✳✷✻✮

❣✐✈❡♥ t✇♦ ♠❛ss❡s m1 ❛♥❞ m2✱ ❢r♦♠ t❤❡ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ❧✐♠✐t ♦❢ s✉❝❤ ❛ t❤❡♦r②✱ s✐♥❝❡ ✐t
s❡❡♠s t♦ ✇♦r❦ q✉✐t❡ ✇❡❧❧ ✐❢ ✇❡ ✇✐s❤ t♦ ♠♦❞❡❧ ♠♦st ♦❢ t❤❡ ❢❡❛t✉r❡ ♦❢ t❤❡ ❙♦❧❛r s②st❡♠✳
◆♦✇✱ ◆❡✇t♦♥✬s ♣♦t❡♥t✐❛❧ ❝❧❡❛r❧② r❡s❡♠❜❧❡s t❤❡ ❈♦✉❧♦♠❜ ♦♥❡✳ ❍♦✇❡✈❡r✱ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧
♣♦t❡♥t✐❛❧ ✐s ❛❧✇❛②s ❛ttr❛❝t✐✈❡✱ ✇❤❡r❡❛s t❤❡ ❈♦✉❧♦♠❜ ♣♦t❡♥t✐❛❧ ❝❛♥ ❜❡ ❡✐t❤❡r ❛ttr❛❝t✐✈❡ ♦r
r❡♣✉❧s✐✈❡✳ ❚❤❡ ❧❛tt❡r ✐s ❛❝t✉❛❧❧② ❛ ❢❡❛t✉r❡ ♦❢ ❡❧❡❝tr♦❞②♥❛♠✐❝s✱ t❤❛t t❡❧❧s ✉s t❤❛t ❙♣✐♥✲
✶ ✜❡❧❞s✱ ❧✐❦❡ t❤❡ ♣❤♦t♦♥✱ ❝❛♥♥♦t r❡♣r❡s❡♥t ❛♥ ❛♣♣r♦♣r✐❛t❡ ♠❡❞✐❛t♦r ❢♦r t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧
✐♥t❡r❛❝t✐♦♥✳ ❍❡♥❝❡✱ ✇❡ ❛r❡ ❧❡❢t t♦ s❡❡ ✇❤✐❝❤ ✜❡❧❞ ❜❡t✇❡❡♥ t❤❡ ❙♣✐♥✲✵ ❛♥❞ ❙♣✐♥✲✷ ✜ts ❜❡st ❢♦r
♦✉r t❛s❦✱ s✐♥❝❡ ❤✐❣❤❡r s♣✐♥ ✜❡❧❞s ❛r❡ ❞✐✣❝✉❧t t♦ ✐♥❝❧✉❞❡ ✐♥ t❤❡ ◗❋❚ ♣✐❝t✉r❡ ✐♥ ❛ ❝♦♥s✐st❡♥t
✇❛②✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❙♣✐♥✲✵ ❝❛s❡✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② s♣♦t s♦♠❡ r❡❛s♦♥s ❢♦r ❝♦♥❝❡r♥✳ ■♥❞❡❡❞✱
✐t ✐s r❛t❤❡r ❛♣♣❛r❡♥t t❤❛t t❤❡ s♦✉r❝❡ ♦❢ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞ s❤♦✉❧❞ ❜❡ t❤❡ t♦t❛❧ ❡♥❡r❣②
❞❡♥s✐t②✱ ❛♥❞ t❤✉s ❜② t❤❡ str❡ss✲❡♥❡r❣② t❡♥s♦r Tµν ✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ❛ s❝❛❧❛r ✜❡❧❞ t❤❡♦r②✱ t❤❡
♦♥❧② ❛❧❧♦✇❡❞ ❝♦✉♣❧✐♥❣ ✇♦✉❧❞ ❜❡ ❣✐✈❡♥ ❜② Lint ∼ ϕT µ

µ ✳ ❍♦✇❡✈❡r✱ ✐♥s♣❡❝t✐♥❣ t❤❡ ❝❛s❡ ♦❢ ❛♥
❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❛s ❛ s♦✉r❝❡ ✇❡ ❤❛✈❡✱

T µν =
1

µ0

[
F µαF ν

α − 1

4
ηµνFαβF

αβ

]
, ✭✷✳✷✼✮

✇✐t❤ µ0 ❞❡♥♦t✐♥❣ t❤❡ ✈❛❝✉✉♠ ♣❡r♠❡❛❜✐❧✐t② ❛♥❞ Fµν r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞
str❡♥❣t❤✱ ❢♦r♠ ✇❤✐❝❤ ♦♥❡ ❝❛♥❡ ❡❛s✐❧② ❝♦♥❝❧✉❞❡ t❤❛t T µ

µ = 0✳ ❚❤✉s✱ s✉❝❤ ❛ ❝♦✉♣❧✐♥❣ ✇♦✉❧❞
✐♠♠❡❞✐❛t❡❧② ✈✐♦❧❛t❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♣r✐♥❝✐♣❧❡✱ s✐♥❝❡ t❤❡r❡ ✇♦✉❧❞ ❜❡ ♥♦ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥



✷✳✸ ❘❡♠❛r❦s ♦♥ ❣r❛✈✐t② ❛s ❛ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r② ✷✸

❧✐❣❤t ❛♥❞ ❣r❛✈✐t②✳ ❍❡♥❝❡✱ t❤❡ ♦♥❧② ♦♣t✐♦♥ t❤❛t r❡♠❛✐♥s ❛✈❛✐❧❛❜❧❡✱ ✇✐t❤✐♥ ◗❋❚✱ ✐s t❤❡ ❙♣✐♥✲✷
✜❡❧❞✳

◆♦✇✱ ❧❡t ✉s tr② t♦ q✉❛♥t✐③❡ t❤❡ t❤❡♦r② ♦❢ ❛ ❙♣✐♥✲✷ ✜❡❧❞ ❡♠❡r❣✐♥❣ ❢r♦♠ t❤❡ ✇❡❛❦✲✜❡❧❞
❧✐♠✐t ♦❢ t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❛❝t✐♦♥ ✭✷✳✻✮✳ ❙♦ ❛ss✉♠✐♥❣ t❤❡ ❛♥s❛t③ gµν = ηµν + hµν ✱ ✇✐t❤
ηµν ❞❡♥♦t✐♥❣ t❤❡ ✢❛t ♠❡tr✐❝ ❛♥❞ |hµν | ≪ 1✱ t❤❡♥ ✭✷✳✻✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

SEH = − 1

2χ

∫
d4x

√
−❞❡t g R =

≃ − 1

4χ

∫
d4x

(
1

2
∂µhνρ ∂

µhνρ − ∂µhνρ ∂
νhµρ + ∂µh ∂ρh

µρ − 1

2
∂µh∂

µh

)
✭✷✳✷✽✮

✇❤❡r❡ χ ≡ 8 π GN ❛♥❞ h ≡ ηµν hµν ✳ ❋♦r♠ t❤❡ ❧❛tt❡r ♦♥❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② r❡❝♦❣♥✐③❡ t❤❡
♠❛ss❧❡ss ❋✐❡r③✲P❛✉❧✐ ❧❛❣r❛♥❣✐❛♥ ❬✻✵✱ ✻✶❪✱ ✐✳❡✳

LFP = −1

2
∂µhνρ ∂

µhνρ + ∂µhνρ ∂
νhµρ − ∂µh ∂ρh

µρ +
1

2
∂µh∂

µh . ✭✷✳✷✾✮

❚❤✉s✱ ❝♦♠♣✉t✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ✭✷✳✷✽✮ ✇✐t❤ r❡s♣❡❝t t♦ hµν ♦♥❡ ✜♥❞s✱

Gµν ≃ 1

2
Eµναβ h

αβ

≡ 1

2

(
−�hµν + ηµν �h+ ∂µ∂

λhλν + ∂ν∂
λhλµ − ηµν ∂

λ∂ρhλρ − ∂µ∂νh
)

= 0 , ✭✷✳✸✵✮

♦r✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ❋✐❡r③✲P❛✉❧✐ ❧❛❣r❛♥❣✐❛♥ ✭✷✳✷✾✮✱ s✐♠♣❧② Eµναβ h
αβ = 0✳

❈❧❡❛r❧②✱ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ gµν = ηµν + hµν ✐s ♥♦t ✉♥✐q✉❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞✐✛❡♦✐♥✈❛r✐✲
❛♥❝❡ ♦❢ t❤❡ t❤❡♦r②✳ ❍❡r❡ ✇❡ ❛r❡ r❡str✐❝t✐♥❣ ♦✉rs❡❧✈❡s t♦ t❤❡ ❝❧❛ss ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s t❤❛t
♣r❡s❡r✈❡s t❤❡ ❝♦♥❞✐t✐♦♥ |hµν | ≪ 1✱ ♥♦♥❡t❤❡❧❡ss t❤❡ s❡t ♦❢ ❡q✉✐✈❛❧❡♥t ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ t❤✐s
❦✐♥❞ ✐s st✐❧❧ ♣r❡tt② ❧❛r❣❡✳ ❚❤✉s✱ ✐♥ ♦r❞❡r t♦ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ q✉❛♥t✐③❛t✐♦♥ ♦♥❡ ❤❛✈❡ t♦ ✜① t❤❡
❣❛✉❣❡✱ ❡✳❣✳ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❤❛r♠♦♥✐❝ ✭♦r ❞❡ ❉♦♥❞❡r✮ ❣❛✉❣❡ gµν Γα

µν = 0 ♦r ❡q✉✐✈❛❧❡♥t❧②
∂µh

µ
ν − (1/2)∂νh = 0✳ ◆♦✇✱ ♦♥❝❡ t❤❡ ❣❛✉❣❡ ❤❛s ❜❡❡♥ ✜①❡❞✱ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢♦r t❤❡

❢r❡❡ ❣r❛✈✐t♦♥ ✭✷✳✸✵✮ r❡❛❞

�hµν = 0 . ✭✷✳✸✶✮

❚❤❡ ❧❛tt❡r ❤❛s tr❛✈❡❧✐♥❣✲✇❛✈❡ s♦❧✉t✐♦♥s ✇✐t❤ ❢♦✉r✲♠♦♠❡♥t✉♠ p2 = 0✱ ✐✳❡✳

hµν ∼ ǫµν(p) e
±i p·x/~ , ✭✷✳✸✷✮

✇❤❡r❡ p · x ≡ pµ xµ = −Ep t + p · x✱ ✇✐t❤ p · x ❞❡♥♦t✐♥❣ t❤❡ ❊✉❝❧✐❞❡❛♥ s❝❛❧❛r ♣r♦❞✉❝t ♦♥
R

3 ❛♥❞ ✇✐t❤ ǫµν(p) = ǫνµ(p) ❞❡♥♦t✐♥❣ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ t❡♥s♦r✳
❉❡s♣✐t❡ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ❞❡ ❉♦♥❞❡r ❣❛✉❣❡✱ ✇❡ ❤❛✈❡ ♥♦t ②❡t ❜❡❡♥ ❛❜❧❡ t♦ ❝♦♠♣❧❡t❡❧②

✜① t❤❡ r❡❞✉♥❞❛♥❝② ♦❢ ♦✉r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❢r❡❡ ❣r❛✈✐t♦♥✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ♠❛❦❡ ❛ ❝♦♦r❞✐♥❛t❡
tr❛♥s❢♦r♠❛t✐♦♥ s✉❝❤ t❤❛t xµ → xµ + ξµ(x)✱ ✇✐t❤ ξµ(x) s✉❝❤ t❤❛t �ξµ = 0✳ ❚❤✉s✱ ✐t t✉r♥s
♦✉t t❤❛t ✇❡ ❝❛♥ ❝❤♦s❡ ξµ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t h0µ = 0✱ hii = 0 ❛♥❞ ∂ihij = 0 ❝♦♠♣❧❡t❡❧②



✷✹ ✷✳ ❙❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t② ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s

✜①✐♥❣ t❤❡ ❣❛✉❣❡✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❣❡t s♦♠❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ t❡♥s♦r✱ ♥❛♠❡❧②
ǫ0µ = 0✱ ǫii = 0 ❛♥❞ pi ǫij = 0✳ ❙✐♥❝❡ t❤❡ ❢r❡❡ ❣r❛✈✐t♦♥ ❤❛s t✇♦ ❤❡❧✐❝✐t② st❛t❡s ♦♥❡ ❤❛s
t❤❛t ǫµν(p) ✐s r❡♣❧❛❝❡❞ ❜② ǫµν(p, λ) ✇✐t❤ λ = ±✱ t❤❛t ❦❡❡♣s tr❛❝❦ ♦❢ t❤❡ ❤❡❧✐❝✐t②✱ ✇✐t❤ t❤❡
♥♦r♠❛❧✐③❛t✐♦♥ ǫµν(p, λ) ǫ

µν(p, λ′) = δλλ′ ✳ ◆♦✇✱ t❤❡ ❣❡♥❡r❛❧ ♣❧❛♥❡✲✇❛✈❡ ❡①♣❛♥s✐♦♥ ❢♦r hµν
r❡❛❞s

hµν =
∑

λ=+,−

∫
dµ(p)

[
a(p, λ) ǫµν(p, λ) e

i p·x/~ + ❤✳❝✳
]
. ✭✷✳✸✸✮

❘❡♠❛r❦✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♦❜s❡r✈❡ t❤❛t ✇❡ ❛r❡ ❡♠♣❧♦②✐♥❣ t❤❡ ♠♦st❧② ♣❧✉s ❝♦♥✈❡♥t✐♦♥ ❢♦r
t❤❡ ▲♦r❡♥t③ s✐❣♥❛t✉r❡✱ ✐✳❡✳ (−+++)✱ t❤❛t ✐♠♣❧✐❡s ηµν ≡ ❞✐❛❣(−1, 1, 1, 1)✳

❆t t❤✐s ♣♦✐♥t✱ ✇❡ ❤❛✈❡ t♦ ♣r♦♠♦t❡ a(p, λ) ❛♥❞ a(p, λ)∗ t♦ ❞✐str✐❜✉t✐♦♥✲✈❛❧✉❡❞ ♦♣❡r❛t♦rs
a(p, λ) ❛♥❞ a(p, λ)† ✇✐t❤ ❝❛♥♦♥✐❝❛❧ ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥s

[a(p, λ) , a(q, λ′)†] = δ(3)(p− q) δλλ′ . ✭✷✳✸✹✮

■♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❋❡②♥♠❛♥ ♣r♦♣❛❣❛t♦r ❢♦r t❤❡ ❣r❛✈✐t♦♥ ♦♥❡ ❤❛s t♦ ✐♥✈❡rt t❤❡ ❦✐♥❡t✐❝
t❡r♠ ♦❢ t❤❡ ❛❝t✐♦♥ ✭✷✳✷✾✮✱ t❤❛t ❣✐✈❡s ✭✐♥ t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡✮

iD
(F )
αβµν(p) =

i Pαβµν

p2 − i ε
, ✭✷✳✸✺✮

✇✐t❤ Pαβµν ❞❡♥♦t✐♥❣ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r✱ ❞❡✜♥❡❞ ❛s

Pαβµν ≡
∑

λ

ǫµν(p, λ) ǫ
∗
µν(p, λ) =

1

2

(
ηαµ ηβν + ηαν ηβµ − ηαβ ηµν

)
.

●✐✈❡♥ ❛❧❧ t❤❡s❡ ♣r❡♠✐s❡s✱ ✇❡ ❝❛♥ ♥♦✇ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❛ ♠❛ss✐✈❡ s❝❛❧❛r
✜❡❧❞ Φ ❛♥❞ t❤❡ ❣r❛✈✐t♦♥✳ ❆s ✇❡ s❛✐❞ ❜❡❢♦r❡✱ t❤❡ ❣r❛✈✐t♦♥ s❤♦✉❧❞ ✐♥t❡r❛❝t ✇✐t❤ ♠❛tt❡r ✜❡❧❞s
t❤r♦✉❣❤ t❤❡✐r str❡ss✲❡♥❡r❣② t❡♥s♦r✱ t❤✉s r❡❝❛❧❧✐♥❣ t❤❛t

T (Φ)
µν = ∂µΦ ∂νΦ− 1

2
ηµν
(
∂λΦ ∂λΦ +m2

Φ Φ2
)
, ✭✷✳✸✻✮

♦♥❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦✉♣❧✐♥❣ ✇✐t❤ ♠❛tt❡r ✐♥ t❤❡ ❛❝t✐♦♥ ❛s

S =

∫
d4x

(
1

4χ
LFP +

1

2
hµν T (Φ)

µν

)
, ✭✷✳✸✼✮

❋r♦♠ t❤✐s ❛❝t✐♦♥ ♦♥❡ ❝❛♥ t❤❡♥ r❡❛❞ ♦✛ t❤❡ ❋❡②♥♠❛♥ r✉❧❡s ❢♦r t❤❡ ❣r❛✈✐t♦♥✱ s❡❡ ❡✳❣✳ ❬✻✷✕✻✺❪✳
■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣✉t❡ t❤❡ ❛♠♣❧✐t✉❞❡ ❢♦r t❤❡ s❝❛tt❡r✐♥❣ ♦❢ t✇♦ s❝❛❧❛rs ♠❡❞✐❛t❡❞ ❜②

❛ ❣r❛✈✐t♦♥ ❛t t❤❡ tr❡❡✲❧❡✈❡❧✱ ♥❛♠❡❧② t❤❡ ❛♠♣❧✐t✉❞❡ ❢♦r t❤❡ ❋❡②♥♠❛♥ ❣r❛♣❤ ✐♥ ❋✐❣✉r❡ ✷✳✶✳



✷✳✸ ❘❡♠❛r❦s ♦♥ ❣r❛✈✐t② ❛s ❛ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r② ✷✺

p1

p3

p2

p4

q
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❋✐❣✉r❡ ✷✳✶✿ ❚r❡❡✲❧❡✈❡❧ s❝❛tt❡r✐♥❣ ♦❢ t✇♦ Φ ✜❡❧❞s ♦❢ ♠❛ss m ♠❡❞✐❛t❡❞ ❜② ❛ ❣r❛✈✐t♦♥✳

❙♣❡❝✐✜❝❛❧❧②✱ ✐♥ t❤❡ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ❧✐♠✐t pµ ∼ (m,0)✱ ♦♥❡ ✜♥❞s t❤❛t t❤✐s ❛♠♣❧✐t✉❞❡ r❡❛❞s

M = −χ m
2

q2
, ✭✷✳✸✽✮

t❤❛t✱ t❤❛♥❦s t♦ t❤❡ ❇♦r♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ r❡❝❛❧❧✐♥❣ t❤❛t χ = 8 π GN✱ ♦♥❝❡ ✇❡ ✐♥✈❡rt ❜❛❝❦
t♦ r✲s♣❛❝❡ ✇❡ ✜♥❞

V (r) = −GN
m2

r
, ✭✷✳✸✾✮

✇❤✐❝❤ ✐s ❡①❛❝t❧② ◆❡✇t♦♥✬s ❧❛✇✱ s❡❡ ❡✳❣✳ ❬✻✻❪✳ ❍♦✇❡✈❡r✱ t❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❛ ♠❛❥♦r ✐ss✉❡✳ ■❢ ✇❡
❝♦♥s✐❞❡r ❛ ❧♦♦♣✲❞✐❛❣r❛♠s ❧✐❦❡ t❤❡ ♦♥❡ ✐♥ ❋✐❣✉r❡ ✷✳✷✱ s✉❝❤ ❞✐❛❣r❛♠s ❝❛♥♥♦t ❜❡ r❡♥♦r♠❛❧✐③❡❞
✇✐t❤✐♥ t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❢r❛♠❡✇♦r❦✱ s✐♥❝❡ ✐t ✇♦✉❧❞ r❡q✉✐r❡ t❡r♠s ✇✐t❤ ❢♦✉r ❞❡r✐✈❛t✐✈❡ ♦❢
hµν ✐♥ t❤❡ ❛❝t✐♦♥✱ s❡❡ ❡✳❣✳ ❬✺✹✕✺✻✱ ✻✻❪✳ ◆♦♥❡t❤❡❧❡ss✱ ✐❢ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ♦❢ ♣✉r❡ ❣r❛✈✐t②
✭Tµν = 0✮ ♦♥❡ ❝❛♥ ✜♥❞ t❤❛t t❤✐s t❤❡♦r② ✐s ✜♥✐t❡ ❛t ♦♥❡ ❧♦♦♣✱ ❡✈❡♥ t❤♦✉❣❤t t❤✐s ❤♦❧❞s ♦♥❧②
✐♥ ❢♦✉r ❞✐♠❡♥s✐♦♥s ❜❡❝❛✉s❡ ♦❢ t❤❡ ●❛✉ss✲❇♦♥♥❡t t❡r♠ ❬✻✼❪

√
−❞❡tg G =

√
−❞❡tg

(
Rαβµν R

αβµν − 4Rαβ R
αβ +R2

)
,

✇❤✐❝❤ ❝❛♥ ❜❡ r❡❝❛st ❛s ❛ ❢♦✉r ❞✐✈❡r❣❡♥❝❡ ♦❢ ❛ t♦♣♦❧♦❣✐❝❛❧ ❝✉rr❡♥t ❛♥❞ s❡r✈❡ t❤❡ ♣✉r♣♦s❡
♦❢ r❡st♦r✐♥❣ t❤❡ ♦♥❡✲❧♦♦♣ ✜♥✐t❡♥❡ss ♦❢ ❣r❛✈✐t② ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✳
❍♦✇❡✈❡r✱ ❛s s❤♦✇♥ ❜② ●♦r♦✛ ❛♥❞ ❙❛❣♥♦tt✐ ✐♥ ❬✺✺❪✱ ✐❢ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ t✇♦✲❧♦♦♣s ❝♦♠♣✉t❛✲
t✐♦♥s ✇❡ ✜♥❞ t❤❛t✱ ❡✈❡♥ ❢♦r ♣✉r❡ ❣r❛✈✐t② ✐♥ ❢♦✉r ❞✐♠❡♥s✐♦♥s✱ t❤❡ ❡♠❡r❣✐♥❣ ❞✐✈❡r❣❡♥t ❣r❛♣❤s
❝❛♥♥♦t ❜❡ ❝✉r❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❛❝t✐♦♥✳ ❚❤✐s ❝❛♥
❜❡ s✉♠♠❛r✐③❡❞ ❜② s❛②✐♥❣ t❤❛t ❊✐♥st❡✐♥✬s ❣r❛✈✐t② ✐s ❛ ♥♦♥✲r❡♥♦r♠❛❧✐③❛❜❧❡ t❤❡♦r②✳

gαβ gγδ

❋✐❣✉r❡ ✷✳✷✿ Φ✲❧♦♦♣ ✐♥ t❤❡ ❣r❛✈✐t♦♥ ♣r♦♣❛❣❛t♦r✳



✷✻ ✷✳ ❙❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t② ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s



❈❤❛♣t❡r ✸

❆❧t❡r♥❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡s ♦♥ q✉❛♥t✉♠

❡✛❡❝ts ✐♥ ❣r❛✈✐t②

❈❤❡ ❝♦s✬è ✐❧ ❣❡♥✐♦❄ ➮ ❢❛♥t❛s✐❛✱
✐♥t✉✐③✐♦♥❡✱ ❞❡❝✐s✐♦♥❡ ❡ ✈❡❧♦❝✐tà
❞✬❡s❡❝✉③✐♦♥❡✳

■❧ P❡r♦③③✐

❆s ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✷✱ s❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t② ✐s ❝♦♠♠♦♥❧② ✉♥❞❡rst♦♦❞ ❛s t❤❡ st✉❞②
♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ q✉❛♥t✉♠ ✜❡❧❞s ❛s t❤❡② ♣r♦♣❛❣❛t❡s ♦♥ ❝❧❛ss✐❝❛❧ ❝✉r✈❡❞ ❜❛❝❦❣r♦✉♥❞s✱
❛ss✉♠✐♥❣ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❜❛❝❦r❡❛❝t✐♦♥ ✐s ♥❡❣❧✐❣✐❜❧❡✳ ❇❡s✐❞❡s✱ ❣r❛✈✐t② ✐ts❡❧❢
❤❛s ❛ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r❡t✐❝ ❞❡s❝r✐♣t✐♦♥ ✐♥ t❡r♠s ♦❢ ♠❛ss❧❡ss ❙♣✐♥✲✷ t❡♥s♦r ✜❡❧❞s ♦♥ t❤❡
▼✐♥❦♦✇s❦✐ s♣❛❝❡✱ ✐♥ t❤❡ ✇❡❛❦✲✜❡❧❞ ❧✐♠✐t✳ ❇♦t❤ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ♣r♦✈✐❞❡ ❛♥ ✐♥s✐❣❤t❢✉❧
✈✐❡✇ ♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❡✛❡❝ts ✐♥ ❣r❛✈✐t②✱ ❤♦✇❡✈❡r t❤❡② ❛❧s♦ ♣r❡❞✐❝t s♦♠❡ s❡r✐♦✉s
❝♦♥❝❡♣t✉❛❧ ✐ss✉❡s✿ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❧♦ss ♣❛r❛❞♦① ❛♥❞ ♥♦♥✲r❡♥♦r♠❛❧✐③❛❜✐❧✐t②✳

◆♦✇✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ r❡♠❛r❦ t❤❛t✱ ❢r♦♠ ❛ ♣✉r❡❧② q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r❡t✐❝ ♣❡rs♣❡❝t✐✈❡✱
t❤❡ ♥♦♥✲r❡♥♦r♠❛❧✐③❛❜✐❧✐t② ♦❢ ❣r❛✈✐t② ❞♦❡s ♥♦t r❡♣r❡s❡♥t ❛ ♠❛ss✐✈❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ t❤❡♦r②
♣❡r s❡✳ ■♥❞❡❡❞✱ ✐❢ ♦♥❡ ❢♦❧❧♦✇s t❤❡ ❲✐❧s♦♥✐❛♥ ✈✐❡✇♣♦✐♥t✱ ✐t ✐s ❡❛s② t♦ ❝♦♥❝❧✉❞❡ t❤❛t ❛ ♥♦♥✲
r❡♥♦r♠❛❧✐③❛❜❧❡ t❤❡♦r②✱ ❧✐❦❡ ❣r❛✈✐t②✱ ✐s st✐❧❧ ❛ ♣❡r❢❡❝t❧② ✜♥❡ ❧♦✇✲❡♥❡r❣② ❡✛❡❝t✐✈❡ ✜❡❧❞ t❤❡♦r②✱
♣r♦✈✐❞❡❞ t❤❛t ✇❡ ❦❡❡♣ ❛✇❛② ❢r♦♠ ✐ts ❝✉t✲♦✛ s❝❛❧❡ Λ ∼ mP✳ ■♥❞❡❡❞✱ ❝♦♠♣✉t✐♥❣ N ✲♣♦✐♥t
❛♠♣❧✐t✉❞❡s ❢♦r ❣r❛✈✐t② ✭✐♥ t❤❡ ✇❡❛❦ ✜❡❧❞ ❧✐♠✐t✮ ❬✺✼❪ ♦♥❡ ✜♥❞s

MN = M
(0)
N (E)

[
1 + c1

E2

m2
P

+ c2
E2

m2
P

log

(
E2

m2
P

)
+ · · ·

]
, ✭✸✳✶✮

✇❤❡r❡ M
(0)
N (E) ✐s t❤❡ ❜❛r❡ N ✲♣♦✐♥t ❛♠♣❧✐t✉❞❡ ❛♥❞ E ✐s t❤❡ ❡♥❡r❣② s❝❛❧❡ ♦❢ t❤❡ s❝❛tt❡r✐♥❣

♣r♦❝❡ss✳ ❈❧❡❛r❧②✱ t❤✐s t❤❡♦r② s❡❡♠s t♦ ✇♦r❦ r❛t❤❡r ✇❡❧❧ ♣r♦✈✐❞❡❞ t❤❛t E ≪ mP✱ ❛♥❞ ✐t
❡✈❡♥ ❛❧❧♦✇s t♦ ❝♦♠♣✉t❡ s♦♠❡ ❡①♣❧✐❝✐t q✉❛♥t✉♠ ❝♦rr❡❝t✐♦♥s t♦ ❝❧❛ss✐❝❛❧ s♣❛❝❡t✐♠❡s✱ s❡❡ ❡✳❣✳
❬✺✼✱ ✺✽✱✻✽❪✳ ❚❤❡r❡ ❛r❡✱ ❤♦✇❡✈❡r✱ s♦♠❡ ❝♦♥❝❡♣t✉❛❧ ✐ss✉❡s ✇✐t❤ t❤❡ ❡①tr❡♠❡ ❧♦✇✲❡♥❡r❣② ❧✐♠✐t
♦❢ t❤✐s ❛♣♣r♦❛❝❤✱ s✐♥❝❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❡✛❡❝ts ♠❛② ❜✉✐❧❞ ✉♣ t♦ t❤❡ ♣♦✐♥t t❤❛t t❤❡ ✐♥t❡❣r❛t❡❞



✷✽ ✸✳ ❆❧t❡r♥❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡s ♦♥ q✉❛♥t✉♠ ❡✛❡❝ts ✐♥ ❣r❛✈✐t②

❝✉r✈❛t✉r❡ ♠❛② ❜❡ ❧❛r❣❡ ❡✈❡♥ ✐♥ r❡❣✐♦♥s ✇❤❡r❡ t❤❡ ❧♦❝❛❧ ❝✉r✈❛t✉r❡ ✐s ♥♦t✳ ❲❡ ✐♥✈✐t❡ t❤❡
✐♥t❡r❡st❡❞ r❡❛❞❡r t♦ r❡❢❡r t♦ ❬✺✼✱✻✾❪✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ r❡✈✐❡✇ t✇♦ ❛♣♣r♦❛❝❤❡s t♦ q✉❛♥t✉♠ ❡✛❡❝ts ✐♥ ❣r❛✈✐t② ✇❤✐❝❤ ♦✛❡r
❛♥ ❛❧t❡r♥❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡ ♦♥ t❤❡ ♠❛tt❡rs ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✷✳

✸✳✶ ❍♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ r❡✈✐❡✇ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ ❤♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s
✭❍◗▼✮ ❢♦r♠❛❧✐s♠✱ ♣❛②✐♥❣ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ t♦ st❛t✐❝ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ ❛♥❞ r♦t❛t✲
✐♥❣ s♣❛❝❡t✐♠❡s✳ ❆s ❛ ❣❡♥❡r❛❧ ✐♥❢♦r♠❛t✐♦♥✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ r❡♠❛r❦ t❤❛t t❤❡ ❞✐s❝✉ss✐♦♥
♣r❡s❡♥t❡❞ ❤❡r❡ ✐s ❜❛s❡❞ ♠♦st❧② ♦♥ ❬✼✵✕✽✹❪✱ t❤✉s ✇❡ ✐♥✈✐t❡ t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r t♦ r❡❢❡r t♦
t❤❡s❡ ❛rt✐❝❧❡s ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s ♦♥ t❤❡ ❢♦r♠❛❧✐s♠✳

✸✳✶✳✶ ❚r❛♣♣❡❞ s✉r❢❛❝❡s ❛♥❞ ❡✈❡♥t ❤♦r✐③♦♥s ✐♥ ❣❡♥❡r❛❧ r❡❧❛t✐✈✐t②

❖♥❡ ♦❢ t❤❡ ❦❡② ♣r❡❞✐❝t✐♦♥ ♦❢ ●❘ ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♦❜❥❡❝ts ❢♦r ✇❤✐❝❤ t❤❡ ❝✉r✈❛t✉r❡ ♦❢
t❤❡ s♣❛❝❡t✐♠❡ t❤❛t s✉rr♦✉♥❞s t❤❡♠ ✐s s♦ ❤✐❣❤ t❤❛t ❡✈❡♥ t❤❡ ❧✐❣❤t ✐s ✉♥❛❜❧❡ t♦ ❡s❝❛♣❡
t❤❡✐r ❣r❛✈✐t❛t✐♦♥❛❧ ♣✉❧❧✳ ❚❤❡s❡ ❡①♦t✐❝ ♦❜❥❡❝ts ❛r❡ ❦♥♦✇♥ ❛s ❜❧❛❝❦ ❤♦❧❡s ❛♥❞ t❤❡✐r ♠♦st
❞✐st✐♥❝t✐✈❡ ❢❡❛t✉r❡✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ❝✉r✈❛t✉r❡ s✐♥❣✉❧❛r✐t✐❡s✱ ✐s t❤❡ ♥♦t✐♦♥ ♦❢
❡✈❡♥t ❤♦r✐③♦♥ t❤❛t ❝♦♠❡s ✇✐t❤ t❤❡♠✳ ◆❛✐✈❡❧②✱ ♦♥❡ ❝❛♥ ✉♥❞❡rst❛♥❞ ❛♥ ❡✈❡♥t ❤♦r✐③♦♥ ❛s t❤❡
r❡❣✐♦♥ t❤❛t ❝❛✉s❛❧❧② s❡♣❛r❛t❡s t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ ❜❧❛❝❦ ❤♦❧❡ ❢r♦♠ t❤❡ r❡st ♦❢ t❤❡ ✉♥✐✈❡rs❡✱
♥❛♠❡❧② ✐t ✐s ❛ r❡❣✐♦♥ ❜❡②♦♥❞ ✇❤✐❝❤ ❡✈❡♥ts ❝❛♥♥♦t ❛✛❡❝t ❛♥ ❡①t❡r♥❛❧ ♦❜s❡r✈❡r✳

◆♦✇✱ ❧❡t ✉s tr② t♦ ❜❡ ❛ ❜✐t ♠♦r❡ ♣r❡❝✐s❡ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❜❧❛❝❦ ❤♦❧❡ ❛♥❞ ❡✈❡♥t
❤♦r✐③♦♥✳ ❋✐rst ❧❡t ✉s ❞❡✜♥❡ s♦♠❡ ♣r❡❧✐♠✐♥❛r② ♥♦t✐♦♥s ❬✸✵✱✽✺❪

❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t (M, g) ❜❡ ❛ t✐♠❡✲♦r✐❡♥t❛❜❧❡ s♣❛❝❡t✐♠❡✱ ❛♥❞ ❧❡t U ⊂ M✳ ❚❤❡♥✱

✶✳ ❈❤r♦♥♦❧♦❣✐❝❛❧ ❢✉t✉r❡ ♦❢ U ✿

I+(U) :=
{
p ∈ M | ∃γt ❢✉t✉r❡✲❞✐r❡❝t❡❞ t✐♠❡❧✐❦❡ ❝✉r✈❡ , γt=0 ∈ U , t ≥ 0

}

❛♥❞ s✐♠✐❧❛r❧② ❢♦r t❤❡ ❝❤r♦♥♦❧♦❣✐❝❛❧ ♣❛st ♦❢ U ✱ ✐✳❡✳ I−(U)❀

✷✳ ❈❛✉s❛❧ ❢✉t✉r❡ ♦❢ U ✿

J+(U) :=
{
p ∈ M | ∃γt ❢✉t✉r❡✲❞✐r❡❝t❡❞ ❝❛✉s❛❧ ❝✉r✈❡ , γt=0 ∈ U , t ≥ 0

}

❛♥❞ s✐♠✐❧❛r❧② ❢♦r t❤❡ ❝❛✉s❛❧ ♣❛st ♦❢ U ✱ ✐✳❡✳ J−(U)❀

❉❡✜♥✐t✐♦♥ ✷ ✭❆s②♠♣t♦t✐❝❛❧❧② s✐♠♣❧❡ s♣❛❝❡t✐♠❡s✮✳ ▲❡t (M, g) ❜❡ ❛ t✐♠❡✲♦r✐❡♥t❛❜❧❡ s♣❛❝❡✲
t✐♠❡ ✇✐t❤ ♥♦ C1 ❝❧♦s❡❞ t✐♠❡❧✐❦❡ ❝✉r✈❡s✳ ❚❤❡♥✱ (M, g) ✐s ❛s②♠♣t♦t✐❝❛❧❧② s✐♠♣❧❡ ✐❢ ∃(M, g)
s♣❛❝❡t✐♠❡ ✇✐t❤ ❜♦✉♥❞❛r② I ✇❤♦s❡ ✐♥t❡r✐♦r ✐s ❝♦♥❢♦r♠❛❧ t♦ (M, g) ✇✐t❤ g = Ω2(x) g✱ Ω > 0
♦♥ M✱ t❤❛t s❛t✐s❢②✿

✭✐✮ Ω|
I
= 0 ❛♥❞ dΩ|

I
6= 0❀



✸✳✶ ❍♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ✷✾

✭✐✐✮ ❊✈❡r② ♠❛①✐♠❛❧❧② ❡①t❡♥❞❡❞ ♥✉❧❧ ❣❡♦❞❡s✐❝ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ M ✐♥t❡rs❡❝ts I ✐♥ ❡①❛❝t❧②
t✇♦ ♣♦✐♥ts✳

❚❤❡♥ ❢♦❧❧♦✇✐♥❣ ❬✸✵❪✱ ♦♥❡ ❤❛s t❤❛t I ❝♦♥s✐sts ♦❢ t✇♦ ♥✉❧❧ ❤②♣❡rs✉r❢❛❝❡s I + ❛♥❞ I −✱
r❡s♣❡❝t✐✈❡❧② ❦♥♦✇♥ ❛s ❢✉t✉r❡ ♥✉❧❧ ✐♥✜♥✐t② ❛♥❞ ♣❛st ♥✉❧❧ ✐♥✜♥✐t②✱ ✐✳❡✳ I = I + ∪ I −✳

❲❡ ❛r❡ t❤❡♥ r❡❛❞② t♦ ♣r♦✈✐❞❡ ❛ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ❢♦r ❜♦t❤ ❜❧❛❝❦ ❤♦❧❡s ❛♥❞ ❡✈❡♥t ❤♦r✐③♦♥s✱
✐✳❡✳

❉❡✜♥✐t✐♦♥ ✸ ✭❇❧❛❝❦ ❤♦❧❡✮✳ ▲❡t (M, g) ❜❡ ❛♥ ❛s②♠♣t♦t✐❝❛❧❧② ✢❛t s♣❛❝❡t✐♠❡✱ t❤❡♥ ❛ ❜❧❛❝❦
❤♦❧❡ r❡❣✐♦♥ ✐s ❞❡✜♥❡❞ ❛s

BH := M \
{
M ∩ J−(I +)

}
.

❉❡✜♥✐t✐♦♥ ✹ ✭❊✈❡♥t ❤♦r✐③♦♥✮✳ ▲❡t (M, g) ❜❡ ❛♥ ❛s②♠♣t♦t✐❝❛❧❧② ✢❛t ❜❧❛❝❦ ❤♦❧❡ s♣❛❝❡t✐♠❡✱
t❤❡♥ t❤❡ ❢✉t✉r❡ ❡✈❡♥t ❤♦r✐③♦♥ ✐s ❞❡✜♥❡❞ ❛s

H
+ := M ∩ J̇−(I +) ,

✇❤❡r❡ J̇−(I +) ❞❡♥♦t❡s t❤❡ ❜♦✉♥❞❛r② ♦❢ J−(I +) ✐♥ M✳

❘❡♠❛r❦✳ ❙✐♠✐❧❛r ❞❡✜♥✐t✐♦♥s ❝❛♥ ❜❡ ❣✐✈❡♥ ❢♦r t❤❡ ✇❤✐t❡ ❤♦❧❡ r❡❣✐♦♥ ❛♥❞ t❤❡ ♣❛st ❡✈❡♥t
❤♦r✐③♦♥✳

◆♦✇✱ ❢r♦♠ t❤❡s❡ ❞❡✜♥✐t✐♦♥s ♦♥❡ ❝❛♥ ❝❧❡❛r❧② ✐♥❢❡r t❤❛t✱ ✐♥ ♦r❞❡r t♦ ♣r♦♣❡r❧② ✐❞❡♥t✐❢② t❤❡
♥♦t✐♦♥ ♦❢ ❡✈❡♥t ❤♦r✐③♦♥ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ✇❤♦❧❡ ❢✉t✉r❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✳ ❆♥♦t❤❡r
✐♠♣♦rt❛♥t ✐♥❣r❡❞✐❡♥t✱ t❤❛t ♣❧❛②s ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ s✐♥❣✉❧❛r✐t② t❤❡♦r❡♠s ❬✽✻✱✽✼❪✱ ✐s t❤❡ ♥♦t✐♦♥
♦❢ ♠❛r❣✐♥❛❧❧② ♦✉t❡r tr❛♣♣❡❞ s✉r❢❛❝❡ ✭▼❖❚❙✮✳

❋✐rst ♦❢ ❛❧❧✱ ❧❡t (M, g) ❜❡ ❛♥ ❛s②♠♣t♦t✐❝❛❧❧② ✢❛t s♣❛❝❡t✐♠❡ ❛♥❞ ❧❡t ℓ ❛♥❞ n ❜❡✱ r❡s♣❡❝✲
t✐✈❡❧②✱ t❤❡ t❛♥❣❡♥t ✈❡❝t♦r t♦ t❤❡ ♦✉t❣♦✐♥❣ ♥✉❧❧ ❣❡♦❞❡s✐❝s ❛♥❞ t❤❡ t❛♥❣❡♥t ✈❡❝t♦r t♦ t❤❡
✐♥❣♦✐♥❣ ♥✉❧❧ ❣❡♦❞❡s✐❝s✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t Σ ⊂ M ❜❡ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✲❧✐❦❡ s✉r❢❛❝❡
❢♦r♠❡❞ ❜② s♣❛t✐❛❧ ❢♦❧✐❛t✐♦♥s ♦❢ t❤❡ ♥✉❧❧ ❤②♣❡rs✉r❢❛❝❡ ❣❡♥❡r❛t❡❞ ❜② ℓ ❛♥❞ n✳ ❚❤❡♥✱ ❞❡♥♦t✐♥❣
t❤❡ ✐♥❞✉❝❡❞ ♠❡tr✐❝ ♦♥ Σ ❜② (g|Σ)µν ≡ qµν = gµν + ℓµ nν + nµ ℓν ✭s❡❡ ❡✳❣✳ ❬✽✷✱ ✽✸❪✮ t❤❡♥ ♦♥❡
❝❛♥ ❞❡✜♥❡ t❤❡ ❡①♣❛♥s✐♦♥ s❝❛❧❛rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♦✉t❣♦✐♥❣ ❛♥❞ ✐♥❣♦✐♥❣ ❣❡♦❞❡s✐❝s ❛s

Θℓ = qµν ∇µℓν , Θn = qµν ∇µnν ✭✸✳✷✮

❉❡✜♥✐t✐♦♥ ✺ ✭▼❖❚❙✮✳ Σ ✐s ❛ ♠❛r❣✐♥❛❧❧② ♦✉t❡r tr❛♣♣❡❞ s✉r❢❛❝❡ ✐❢

Θℓ = 0 , Θn < 0 , ♦♥ Σ . ✭✸✳✸✮

❘❡♠❛r❦✳ ■t ✐s ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t✱

Θℓ =
1√
q
Lℓ
√
q , Θn =

1√
q
Ln

√
q , ✭✸✳✹✮

✇✐t❤ L ❞❡♥♦t✐♥❣ t❤❡ ▲✐❡ ❞❡r✐✈❛t✐✈❡ ❛♥❞ q := ❞❡t(qµν)✳ ❚❤❡♥✱ r❡❝❛❧❧✐♥❣ t❤❛t q ✐s ❛ s❝❛❧❛r✱
♦♥❡ ❛❧s♦ ✜♥❞s t❤❛t Θℓ = (1/

√
q) ℓµ ∂µ

√
q ❛♥❞ Θn = (1/

√
q)nµ ∂µ

√
q✳



✸✵ ✸✳ ❆❧t❡r♥❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡s ♦♥ q✉❛♥t✉♠ ❡✛❡❝ts ✐♥ ❣r❛✈✐t②

✸✳✶✳✷ ❙♣❤❡r✐❝❛❧ s②♠♠❡tr② ❛♥❞ q✉❛s✐✲❧♦❝❛❧ ♠❛ss

▲❡t ✉s ♥♦✇ ❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥ ♦♥ t❤❡ s♣❛❝✐❛❧ ❝❛s❡ ♦❢ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ s♣❛❝❡t✐♠❡s✱ ❛s
t❤❡② ♣r♦✈✐❞❡ ❛ ❢r❛♠❡✇♦r❦ ✐♥ ✇❤✐❝❤ t❤❡ ♥♦t✐♦♥ ♦❢ q✉❛s✐✲❧♦❝❛❧ ❡♥❡r❣② ❛♥❞ ▼❖❚❙ ❛r❡ ✇❡❧❧
✉♥❞❡rst♦♦❞ ❛♥❞ ❛♣♣❡❛r t♦ ❜❡ str✐❝t❧② ✐♥t❡rt✇✐♥❡❞✳

❋✐rst✱ ❧❡t ✉s r❡❝❛❧❧ t❤❛t ❛ s♣❛❝❡t✐♠❡ (M, g) ✐s s❛✐❞ t♦ ❜❡ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ ✐❢ ❛♥❞
♦♥❧② ✐❢ ✐t ❛❞♠✐ts ❛♥ SO(3) ❣r♦✉♣ ♦❢ ✐s♦♠❡tr✐❡s✳ ■❢ ✇❡ ❞❡♥♦t❡ ❜② S2(R) ❛ s♣❤❡r❡ ♦❢ r❛❞✐✉s
R > 0 ✐♥ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡✱ t❤✐s ✐s ❛ 2✲♠❛♥✐❢♦❧❞ t❤❛t✱ ✐♥ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✱ ❤❛s ❛♥
✐♥❞✉❝❡❞ ♠❡tr✐❝ gS2 ❣✐✈❡♥ ❜② t❤❡ ❧✐♥❡ ❡❧❡♠❡♥t

dσ2 = R2 dΩ2 = R2 (dθ2 + sin2 θ dφ2) . ✭✸✳✺✮

❋r♦♠ t❤❡ ❧❛st ❡①♣r❡ss✐♦♥✱ ♦♥❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t gS2 ❛❞♠✐ts t❤r❡❡ ❑✐❧❧✐♥❣ ✈❡❝t♦r
✜❡❧❞s✱ ♥❛♠❡❧②

ξ1 = − sinφ ∂θ − cot θ cosφ ∂φ , ✭✸✳✻✮

ξ2 = cosφ ∂θ − cot θ sinφ ∂φ , ✭✸✳✼✮

ξ3 = ∂φ ✭✸✳✽✮

s✉❝❤ t❤❛t

[ξa, ξb] = −εabc ξc , ✭✸✳✾✮

✐✳❡✳ ❝❧♦s✐♥❣ t❤❡ so(3) ❛❧❣❡❜r❛✳ ◆♦✇✱ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r (M, g) t♦ ❜❡ ❛ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝
s♣❛❝❡t✐♠❡ ✐s SO(3) ⊲ g = g✱ ♦r ❡q✉✐✈❛❧❡♥t❧②

L̟ g = 0 , ̟ =
∑

i

ai ξi , ai ∈ R , ∀i ∈ {1, 2, 3} , ✭✸✳✶✵✮

✇✐t❤ L̟ ❞❡♥♦t✐♥❣ t❤❡ ▲✐❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❡❝t♦r ✜❡❧❞ ̟✳ ❋r♦♠ t❤❡ ❧❛st
❝♦♥❞✐t✐♦♥ ♦♥❡ ❝❛♥ ❡❛s✐❧② ✐♥❢❡r t❤❛t t❤❡ ♠♦st ❣❡♥❡r❛❧ ❧✐♥❡ ❡❧❡♠❡♥t ❢♦r ❛ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝
s♣❛❝❡t✐♠❡✱ ✐♥ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✱ ✐s ❣✐✈❡♥ ❜②

ds2 = gA,B(x
1, x2) dxA dxB + r2(x1, x2) dΩ2 , ✭✸✳✶✶✮

✇❤❡r❡ A,B = 1, 2✱ gA,B(x
1, x2) ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ▲♦r❡♥t③✐❛♥ s✐❣♥❛t✉r❡ ❛♥❞ r2(x1, x2)

❞❡♥♦t❡s t❤❡ ❛r❡❛ r❛❞✐✉s✳
●✐✈❡♥ ❛❧❧ t❤❡s❡ ♣r❡♠✐s❡s✱ ✇❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ t❤❡ ▼✐s♥❡r✲❙❤❛r♣ ❬✽✽❪ ♦r q✉❛s✐✲❧♦❝❛❧ ♠❛ss

❬✽✾✕✾✶❪ ❛s

m :=
r

2GN

(
1− gAB ∇Ar∇Br

)
. ✭✸✳✶✷✮

■t ✐s ♥♦✇ ✇♦rt❤ r❡❝❛❧❧✐♥❣ ❛ ❢❡✇ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♦❜❥❡❝t✿

✶✳ ■❢ t❤❡ s♣❛❝❡t✐♠❡ ✐s st❛t✐❝✱ t❤❡♥ m ✐s ❝♦♥st❛♥t ♦♥ ❡❛❝❤ r♦✉♥❞ s♣❤❡r❡✳



✸✳✶ ❍♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ✸✶

✷✳ ■❢ ✇❡ ❝❤♦♦s❡ x1 = t ❛♥❞ x2 = r ❛s ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s ♦♥ gAB✱ t❤❡♥ ✇❡ ✜♥❞

grr = 1− 2GNm

r
, ✭✸✳✶✸✮

❛♥❞ t❤✉s✱ ❢♦r ❛ ❣❡♥❡r✐❝ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ s♣❛❝❡ ✇❡ ❤❛✈❡

ds2 = −e−2Φ

(
1− 2GNm

r

)
dt2 +

(
1− 2GNm

r

)−1

dr2 + r2 dΩ2 , ✭✸✳✶✹✮

❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ Φ = Φ(t, r)✳

✸✳ ■❢ ✇❡ ♣❧✉❣ ✭✸✳✶✹✮ ✐♥t♦ ✐♥ t❤❡ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s✱ ✇❡ ❣❡t

G0
0 = 8 π GN T

0
0 ≡ −8 π GN ρ , ✭✸✳✶✺✮

✇❤✐❝❤ ✐♠♣❧✐❡s

dm

dr
= 4 π r2 ρ , ✭✸✳✶✻✮

✇✐t❤ ρ = ρ(t, r) ❞❡♥♦t✐♥❣ t❤❡ ❡♥❡r❣② ❞❡♥s✐t② ♦❢ t❤❡ ♠❛tt❡r s♦✉r❝❡✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡
t❤❛t

m(t, r) = 4 π

∫ r

0

ρ(t, r̄) r̄2 dr̄ . ✭✸✳✶✼✮

❚❤✐s ❧❛st r❡s✉❧t t❡❧❧s ✉s t❤❛t t❤❡ ▼✐s♥❡r✲❙❤❛r♣ ♠❛ss ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ t♦t❛❧
❡♥❡r❣② ❝♦♥t❛✐♥❡❞ ✐♥ ❛ s♣❤❡r❡ ♦❢ r❛❞✐✉s r✳ ❇❡s✐❞❡s✱ s✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧ ✐s ♣❡r❢♦r♠❡❞
✉s✐♥❣ ❛ ✢❛t ♠❡❛s✉r❡✱ ✐✳❡✳ 4 π r2 dr✱ ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❜❛❝❦❣r♦✉♥❞ ❣❡♦♠❡tr②
✐s r❡q✉✐r❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤✐s q✉❛♥t✐t②✳

✹✳ ■❢ t❤❡ s♣❛❝❡t✐♠❡ ✐s st❛t✐❝✱ t❤❡♥

lim
r→∞

m(r) =M ,

✇❤❡r❡ M ✐s t❤❡ ❆❉▼ ♠❛ss✳

❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ t❤❡ q✉❛s✐✲❧♦❝❛❧ ♠❛ss✱ ✐♥ s♣❤❡r✐❝❛❧ s②♠♠❡tr②✱ ✐s t❤❛t ✐t
❛❧❧♦✇s t♦ ❧♦❝❛t❡ ▼❖❚❙ ✐♥ ❛ ✈❡r② s✐♠♣❧❡ ✇❛②✳ ■♥❞❡❡❞✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t

❚❤❡♦r❡♠ ✺✳ ▲❡t (M, g) ❜❡ ❛ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ ❛s②♠♣t♦t✐❝❛❧❧② ✢❛t s♣❛❝❡t✐♠❡✱ t❤❡♥ ❛❧❧
▼❖❚❙ ❛r❡ s♦❧✉t✐♦♥s ♦❢ 2GNm(t, r) = r ✭♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ❛r❡ r♦♦ts ♦❢ grr = 0✮✳

❍♦✇❡✈❡r✱ ✐❢ t❤❡ s♣❤❡r✐❝❛❧ s②♠♠❡tr② ✐s s♣♦✐❧❡❞ ♥♦ ❣❡♥❡r❛❧ ♥♦t✐♦♥ ♦❢ q✉❛s✐✲❧♦❝❛❧ ♠❛ss ✇✐t❤
s✉❝❤ ✭♣❤②s✐❝❛❧✮ ♣r♦♣❡rt✐❡s ✐s ❦♥♦✇♥✱ ❡✈❡♥ t❤♦✉❣❤ ❛ ❢❡✇ ♣r♦♣♦s❛❧s ❤❛✈❡ ❛♣♣❡❛r❡❞ ✐♥ t❤❡
❧✐t❡r❛t✉r❡✱ s❡❡ ❡✳❣✳ ❬✾✷❪✳



✸✷ ✸✳ ❆❧t❡r♥❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡s ♦♥ q✉❛♥t✉♠ ❡✛❡❝ts ✐♥ ❣r❛✈✐t②

✸✳✶✳✸ ❍◗▼ ❢♦r s♣❤❡r✐❝❛❧ s②st❡♠s

▲❡t ✉s st❛rt ✇✐t❤ ❛ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❍◗▼ ❢♦r♠❛❧✐s♠✱ ✐♥ ❜♦t❤ ✐ts ❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ ❢♦r♠✉❧❛✲
t✐♦♥s✱ ❢♦r st❛t✐❝ ❛♥❞ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ ❜❧❛❝❦ ❤♦❧❡s✳ ❚❤✐s s❡❝t✐♦♥✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐s ❜❛s❡❞
♦♥ ❬✼✽❪ ❛♥❞ ❤❡♥❝❡ ✇❡ ✐♥✈✐t❡ t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r t♦ r❡❢❡r t♦ t❤✐s ❛rt✐❝❧❡ ❢♦r t❤❡ s♣❡❝✐✜❝
❞❡t❛✐❧s ♦❢ t❤❡ ❛♥❛❧②s✐s s✉♠♠❛r✐③❡❞ ❤❡r❡✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s t❡❝❤♥✐q✉❡ ✐s t♦ ♣r♦✈✐❞❡ ❛ ❢✉❧❧② ✢❡❞❣❡❞ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❞❡s❝r✐♣t✐♦♥
♦❢ ▼❖❚❙ ❛♥❞✱ t♦ ❞♦ t❤❛t✱ t❤❡ ❦❡② ✐❞❡❛ ✐s t♦ ✐♥✈❡st✐❣❛t❡ ✇❤❛t ❤❛♣♣❡♥s t♦ t❤❡s❡ s✉r❢❛❝❡s ✐❢ ♦♥❡
❛ss✉♠❡s t❤❡ ♠❛tt❡r ❝♦♠♣♦♥❡♥t t❤❛t ❣❡♥❡r❛t❡s t❤❡ s♣❛❝❡t✐♠❡ t♦ ❜❡ ❛ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧
♦❜❥❡❝t✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡✛❡❝ts ♦♥ ▼❖❚❙ ❞✉❡ t♦ t❤❡ q✉❛♥t✉♠
♠❡❝❤❛♥✐❝❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ❡♥❡r❣②✲♠♦♠❡♥t✉♠ t❡♥s♦r✳ ◆♦✇✱ ✐❢ t❤❡ s♦✉r❝❡ ❜❡❤❛✈❡ ❧✐❦❡ ❛
♣✉r❡❧② q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠✱ t❤❡♥ q✉❛♥t✐t✐❡s ❧✐❦❡ t❤❡ q✉❛s✐✲❧♦❝❛❧ ♠❛ss ❛♥❞ t❤❡ ❆❉▼
♠❛ss s❤♦✉❧❞ ❜❡ ♣r♦♠♦t❡❞ t♦ q✉❛♥t✉♠ ♦❜s❡r✈❛❜❧❡s✳ ❍❡♥❝❡✱ ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ ❡①♣❡❝t t❤❛t
t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s♣❛❝❡t✐♠❡✱ ✉♥❞❡rst♦♦❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ ✭♦r
❙❝❤✇❛r③s❝❤✐❧❞✮ r❛❞✐✉s✱ ✇✐❧❧ ✐♥❤❡r✐t s♦♠❡ ❞❡❣r❡❡ ♦❢ q✉❛♥t✉♠ ❢✉③③✐♥❡ss ❢r♦♠ t❤❡ ♥❛t✉r❡ ♦❢
t❤❡ s♦✉r❝❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❡①♣❡❝t t♦ ❜❡ ❛❜❧❡ t♦ ❞❡s❝r✐❜❡✱ ✇✐t❤✐♥ ❛ ❝❡rt❛✐♥ ❞❡❣r❡❡ ♦❢
❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐✉s ❛s q✉❛♥t✉♠ ♦❜s❡r✈❛❜❧❡ ❛s ✇❡❧❧✳

❙✐♥❝❡ ✐♥ ❣r❛✈✐t② ❜♦t❤ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞ ❛♥❞ ✐ts s♦✉r❝❡ ❛r❡ ♥♦t✐♦♥s t❤❛t ❛♣♣❡❛r
str♦♥❣❧② ❡♥t❛♥❣❧❡❞ t♦ ♦♥❡ ❛♥♦t❤❡r✱ t❤❡♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r t❤❡ ✇❤♦❧❡ s②st❡♠ ❝❛♥ ❜❡
❞❡✜♥❡❞✱ ✐♥ ❛ ✈❡r② ❣❡♥❡r❛❧ ♠❛♥♥❡r✱ ❛s

H := HS ⊗HG ✭✸✳✶✽✮

✇✐t❤ HS ❛♥❞ HG ❞❡♥♦t✐♥❣ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r t❤❡ s♦✉r❝❡ ❛♥❞ ❢♦r t❤❡ ❣❡♦♠❡tr②✱ r❡s♣❡❝✲
t✐✈❡❧②✳

◆♦✇✱ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦ t❤❡ s✐♠♣❧❡st ✇❛② t♦ r❡♣r♦❞✉❝❡ t❤❡ str✐❝t ✐♥t❡rt✇✐♥✐♥❣ ❜❡t✇❡❡♥
♠❛tt❡r ❛♥❞ ❣r❛✈✐t②✱ ❛t t❤❡ q✉❛♥t✉♠ ❧❡✈❡❧✱ ✐s ♦❜t❛✐♥❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛♥ ❡♥t❛♥❣❧❡❞ st❛t❡

H ∋ |Ψ〉 =
∑

α , β

C(Eα , RHβ) |Eα〉 |RHβ〉 ✭✸✳✶✾✮

✇❤❡r❡ t❤❡ q✉❛♥t✉♠ st❛t❡s ♦❢ t❤❡ ✏♠❛tt❡r✑ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢
❛ ❝❡rt❛✐♥ ❤❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦r Ĥ ✭♣r❡❝✐s❡❧②✱ Ĥ ⊗ IG✮✱ ✇❤❡r❡❛s t❤❡ q✉❛♥t✉♠ st❛t❡s ♦❢
t❤❡ ❣❡♦♠❡tr② ❛r❡ ❧❛❜❡❧❧❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐✉s
♦♣❡r❛t♦r R̂H ✭♥❛♠❡❧②✱ IS⊗R̂H✮✳ ❖r✱ ✐♥ s✐♠♣❧❡r t❡r♠s✱ t❤❡ ❆❉▼ ♠❛ss ❛♥❞ t❤❡ ❙❝❤✇❛r③s❝❤✐❧❞
r❛❞✐✉s ❤❛✈❡ ❜❡❡♥ ❧✐❢t❡❞ t♦ ♦♣❡r❛t♦rs ♦♥ H✳ ❍♦✇❡✈❡r✱ ♥♦t ❛❧❧ st❛t❡s ♦❢ H ❛r❡ ♣❤②s✐❝❛❧❧②
r❡❧❡✈❛♥t✳ ■♥❞❡❡❞✱ ✇✐t❤✐♥ t❤✐s ❢♦r♠❛❧✐s♠✱ t❤❡ ♣❤②s✐❝❛❧ st❛t❡s ♦❢ H ❛r❡ t❤❡ ♦♥❡ t❤❛t ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s ✐♥ ✭✸✳✶✾✮ ❛♥❞ s✉❝❤ t❤❛t

(
Ĥ − 1

2GN

R̂H

)
|Ψ〉

♣❤②s
= 0 , ✭✸✳✷✵✮

✐✳❡✳ t❤❛t t❤❡ ♦♥❡ t❤❛t ❛❧❧♦✇ t♦ r❡❝♦✈❡r t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❆❉▼ ♠❛ss ❛♥❞ t❤❡
❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐✉s✳ ■❢ ✇❡ t❤❡♥ ♣❧✉❣ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✸✳✶✾✮ ✐♥ t❤❡ ❝♦♥str❛✐♥t ✭✸✳✷✵✮✱ ♦♥❡
✜♥❞s

C(Eα , RHβ) = C(Eα , 2GNEα) δαβ .



✸✳✶ ❍♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ✸✸

❚❤❡♥✱ ✐♥ t❤✐s ♣✐❝t✉r❡✱ ✐❢ ♦♥❡ ✇✐s❤❡s t♦ r❡❝♦✈❡r ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s♦✉r❝❡✱ ♦♥❡
❥✉st ♥❡❡❞ t♦ tr❛❝❡ ♦✉t t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ ✐✳❡✳

|Ψ〉S =
∑

γ

CS(Eγ) |Eγ〉 , CS(Eγ) ≡ C(Eγ , 2GNEγ) ✭✸✳✷✶✮

❤❡♥❝❡ r❡❝♦✈❡r✐♥❣ t❤❡ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡✱ ❛s ❡①♣❡❝t❡❞✳ ▼♦r❡♦✈❡r✱ ❛♥ t❤✐s
✐s r❛t❤❡r ♠♦r❡ ✐♥str✉❝t✐✈❡✱ tr❛❝✐♥❣ ♦✉t t❤❡ s♦✉r❝❡ ♦♥❡ ✜♥❞s

|Ψ〉H =
∑

γ

CS(RH γ/2GN) |RH γ〉 . ✭✸✳✷✷✮

❚❤❡ ❧❛tt❡r ✐s ❦♥♦✇♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛s t❤❡ ❤♦r✐③♦♥ ✇❛✈❡✲❢✉♥❝t✐♦♥ ✭❍❲❋✮ ❛♥❞ r❡♣r❡s❡♥ts
t❤❡ ❦❡② ✐♥❣r❡❞✐❡♥t ♦❢ t❤❡ ❍◗▼ ❢♦r♠❛❧✐s♠✳

❚❤❡ ♣♦✇❡r ♦❢ t❤✐s ❛♣♣r♦❛❝❤ r❡s✐❞❡s ✐♥ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♣r♦✈✐❞✐♥❣ ❛ ♣r♦❜❛❜✐❧✐st✐❝ ♥♦t✐♦♥
♦❢ ❜❧❛❝❦ ❤♦❧❡✳ ■♥❞❡❡❞✱

❉❡✜♥✐t✐♦♥ ✻✳ ✭Pr♦❜❛❜✐❧✐st✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ ❜❧❛❝❦ ❤♦❧❡✮ ▲❡t Ĥ ❛♥❞ R̂H ❜❡ ♦♣❡r❛t♦rs ✇✐t❤
❝♦♥t✐♥✉♦✉s s♣❡❝tr❛ ♦♥ H ✭❢♦r s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ t❤❡s❡ ❛r❣✉♠❡♥ts ❝❛♥ ❡❛s✐❧② ❜❡ ❡①t❡♥❞❡❞
❛❧s♦ t♦ t❤❡ ❝❛s❡ ♦❢ ❞✐s❝r❡t❡ s♣❡❝tr❛✮✳ ❚❤❡♥✿

✭✐✮ ❍❲❋ ✐♥ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐✉s r❡♣r❡s❡♥t❛t✐♦♥

ΨH(RH) := 〈RH |ΨH〉 = NHCS(RH γ/2GN) , ✭✸✳✷✸✮

✇✐t❤ NH ❞❡♥♦t✐♥❣ ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t✳

✭✐✐✮ ❍♦r✐③♦♥ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥

PH(rH) := 4 π r2H |ΨH(rH)|2 . ✭✸✳✷✹✮

✭✐✐✐✮ ❇❧❛❝❦ ❤♦❧❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥

P<(r < rH) := PS(r < RH)PH(RH) , ✭✸✳✷✺✮

✇❤❡r❡

PS(r < rH) = 4 π

∫ RH

0

r̄2 |ΨS(r̄)|2 dr̄ .

✭✐✈✮ ❇❧❛❝❦ ❤♦❧❡ ♣r♦❜❛❜✐❧✐t②

PBH :=

∫ ∞

0

P<(r < rH) drH . ✭✸✳✷✻✮

❘❡♠❛r❦✳ ■t ✐s ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t ✭✸✳✷✹✮ r❡♣r❡s❡♥ts t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ t❤❛t
♦♥❡ ✇♦✉❧❞ ❞❡t❡❝t ❛ ❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐✉s ♦❢ s✐③❡ rH ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✏♣❛rt✐❝❧❡✑ ✐♥ t❤❡ q✉❛♥✲
t✉♠ st❛t❡ |Ψ〉S✳ ❇❡s✐❞❡s✱ ✭✸✳✷✺✮ ❞❡♥♦t❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢♦r ❛ q✉❛♥t✉♠ ✏♣❛rt✐❝❧❡✑ t♦
❜❡ ❛ ❜❧❛❝❦ ❤♦❧❡✱ ✐✳❡✳ t❤❛t t❤❡ q✉❛♥t✉♠ s✐③❡ ♦❢ t❤❡ s♦✉r❝❡ ❢❛❧❧s ✇✐t❤✐♥ rH✳



✸✹ ✸✳ ❆❧t❡r♥❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡s ♦♥ q✉❛♥t✉♠ ❡✛❡❝ts ✐♥ ❣r❛✈✐t②

❙♦ ❢❛r ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ ❝♦♥s✐❞❡r s♣❛❝❡t✐♠❡s ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡
❝♦♥tr♦❧ ♦♥ t❤❡ ❣❧♦❜❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ❣❡♦♠❡tr② ❛♥❞ ♦❢ ✇❤✐❝❤ ✇❡ ❦♥♦✇ t❤❡ ✇❤♦❧❡ ❡✈♦❧✉t✐♦♥
♦❢ t❤❡ s②st❡♠✳ ❍♦✇❡✈❡r✱ ❛s str❡ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳✷✱ ❛ ♠✉❝❤ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ❝♦♥❝❡♣t ✐s
r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♥♦t✐♦♥ ♦❢ ▼❖❚❙✱ ✇❤✐❝❤ ❛♣♣❡❛r ♥❛t✉r❛❧❧② ❡q✉✐♣♣❡❞ ✇✐t❤ ❧♦❝❛❧ ❢❡❛t✉r❡s✳

■♥ ♦r❞❡r t♦ st✉❞② ▼❖❚❙ ✇✐t❤ t❤❡ ❍◗▼ ✇❡ ♥❡❡❞ ❛ ❧♦❝❛❧ ♥♦t✐♦♥ ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐✉s✱
✐✳❡✳ r❡❧❛t❡❞ t♦ ❧♦❝❛❧✐s❡❞ ❡♥❡r❣② ❡✐❣❡♥♠♦❞❡s ✭t❤❛t ✇♦✉❧❞ ♥❛t✉r❛❧❧② ❜❡ r❡❧❛t❡❞ t♦ ❞✐s❝r❡t❡
❡♥❡r❣② q✉❛♥t✉♠ ♥✉♠❜❡rs✮✳ ▲✉❝❦✐❧②✱ ❢♦r s♣❤❡r✐❝❛❧ s②st❡♠ ✇❡ ❤❛✈❡ ❛ ✇❡❧❧ ❞❡✜♥❡❞ ♥♦t✐♦♥ ♦❢
✏❧♦❝❛❧ ❡♥❡r❣②✑ ❢♦r ❛ s❡❧❢✲❣r❛✈✐t❛t✐♥❣ s②st❡♠✱ ✇❤✐❝❤ ✐s ✉❧t✐♠❛t❡❧② ❣✐✈❡♥ ❜② t❤❡ q✉❛s✐✲❧♦❝❛❧
♠❛ss✳ ❚❤✉s✱ ♦♥❡ ❝❛♥ r❡❛❞✐❧② ♠♦❞✐❢② t❤❡ ❍◗▼ ❢♦r♠❛❧✐s♠ ❢♦r s♣❤❡r✐❝❛❧ s②st❡♠s ✐♥ ♦r❞❡r
t♦ ♣r♦✈✐❞❡ ❛ t♦♦❧ ❢♦r ✐♥✈❡st✐❣❛t✐♥❣ ▼❖❚❙ ❛t t❤❡ q✉❛♥t✉♠ ❧❡✈❡❧✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❢♦❝✉s ♦♥
✇❤❛t ❤❛♣♣❡♥s ✇✐t❤✐♥ ❛ s♣❤❡r❡ ♦❢ r❛❞✐✉s r✱ t❤❡ r♦❧❡ t❤❡ ❆❉▼ ♠❛ss ✐s ♥♦✇ ♣❧❛②❡❞ ❜② t❤❡
q✉❛s✐✲❧♦❝❛❧ ♠❛ss m(r)✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳✷✳ ❍❡♥❝❡✱ ✐❢ ✇❡ ♠❛❦❡ t❤❡ r❡♣❧❛❝❡♠❡♥t
m(r) 7→ Ĥ(r)✱ ✇✐t❤ Ĥ(r) ❞❡♥♦t✐♥❣ ❛ s♦rt ♦❢ ❧♦❝❛❧ ❍❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦r ❢♦r t❤❡ s♦✉r❝❡✱
❛♥❞ ♣r♦❝❡❡❞ ❛s ❛❜♦✈❡ ♦♥❡ ✜♥❞s

Ĥ(r) =
∑

α

Pα(r)Eα |Eα〉 〈Eα| , Pα(r) := 4 π

∫ r

0

r̄2 |ΨEα
(r̄)|2 dr̄ . ✭✸✳✷✼✮

❘❡♠❛r❦✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ str❡ss t❤❛t

lim
r→∞

Pα(r) = 1 , ✭✸✳✷✽✮

♦♥❧② ✐❢ ΨEα
∈ L2(R

+)✱ ♥❛♠❡❧② ❢♦r ❧♦❝❛❧✐s❡❞ ❡♥❡r❣② ❡✐❣❡♥♠♦❞❡s✳ ❖❢ ❝♦✉rs❡✱ t❤✐s s♣❡❝✐✜❝
r❡str✐❝t✐♦♥ t✉r♥s ♦✉t t♦ ❜❡ ♥♦t ♥❡❝❡ss❛r② ✐♥ t❤❡ ❣❧♦❜❛❧ ❝❛s❡ s✐♥❝❡ t❤❡ ♥♦r♠ ♦❢ t❤❡s❡ ♠♦❞❡s
♥❡✈❡r ❡♥t❡rs ❡①♣❧✐❝✐t❧② ✐♥ t❤❡ ❛♥❛❧②s✐s ✐♥✈♦❧✈✐♥❣ t❤❡ ❤❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦r✳

◆♦✇✱ ✐❢ ✇❡ ❦❡❡♣ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❣✉✐❞❡❧✐♥❡s t❤❛t ✇❡ ♣r❡s❡♥t❡❞ ❢♦r t❤❡ ❣❧♦❜❛❧ ❝❛s❡✱ ✇❡
✜♥❞ ♦✉rs❡❧✈❡s ✇✐t❤ ❡♥♦✉❣❤ ✐♥❣r❡❞✐❡♥ts t♦ ♣r♦✈✐❞❡ ❛ ❧♦❝❛❧ ✭q✉❛♥t✉♠✲♠❡❝❤❛♥✐❝❛❧✮ ❝❤❛r❛❝t❡r✲
✐③❛t✐♦♥ ♦❢ ▼❖❚❙✱ s♣❡❝✐✜❝❛❧❧② ♦♥❡ ✜♥❞s

〈rH| r̂H(r) |rH〉 = r , rHα(r) := Pα(r)RHα , ✭✸✳✷✾✮

✇❤✐❝❤ ✐s t❤❡ ❧♦❝❛❧ q✉❛♥t✉♠ ✈❡rs✐♦♥ t❤❡ ❝♦♥❞✐t✐♦♥ grr = 0 ✐♥ t❡r♠s ♦❢ t❤❡ q✉❛s✐✲❧♦❝❛❧ ♠❛ss✳

❊①❛♠♣❧❡ ✶ ✭❙✐♥❣❧❡ ●❛✉ss✐❛♥ ✇❛✈❡✲♣❛❝❦❡t s♦✉r❝✐♥❣ ❙❝❤✇❛r③s❝❤✐❧❞✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♠❛s✲
s✐✈❡ q✉❛♥t✉♠ ♣❛rt✐❝❧❡✱ ❛t r❡st ✐♥ t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❢r❛♠❡✱ ❞❡s❝r✐❜❡❞ ❜② ❛ s♣❤❡r✐❝❛❧❧②
s②♠♠❡tr✐❝ ●❛✉ss✐❛♥ ✇❛✈❡✲❢✉♥❝t✐♦♥✱ ✐✳❡✳

ΨS(r) =
1

(ℓ2 π)3/4
exp

(
− r2

2 ℓ2

)
, ✭✸✳✸✵✮

✇❤❡r❡ r = |x| ❛♥❞ ❛ss✉♠✐♥❣ ℓ = λm = ℓPmP/m t❤❡ ❈♦♠♣t♦♥✭✲❞❡ ❇r♦❣❧✐❡✮ ✇❛✈❡❧❡♥❣t❤
♦❢ t❤❡ ♣❛rt✐❝❧❡✳ ❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ t✉r♥s ❛ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❝♦♦r❞✐♥❛t❡ s♣❛❝❡ f(x) ✐♥t♦
♦♥❡ ✐♥ t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡ f̃(p) = F [f(x) ; p]✱ ❤❡♥❝❡ ✇❡ ❝❛♥ ❡❛s✐❧② ✐♥❢❡r t❤❡ ❢♦r♠ ♦❢ t❤❡
✇❛✈❡✲❢✉♥❝t✐♦♥ ❢♦r t❤❡ s♦✉r❝❡ ✭✸✳✸✵✮ ✐♥ t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡✱ t❤❛t r❡❛❞s

Ψ̃S(p) =
1

(m2 π)3/4
exp

(
− |p|2
2m2

)
. ✭✸✳✸✶✮



✸✳✶ ❍♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ✸✺

■❢ ✇❡ ❛ss✉♠❡✱ ❢♦r s✐♠♣❧✐❝✐t②✱ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ r❡❧❛t✐✈✐st✐❝ ✢❛t ♠❛ss✲s❤❡❧❧ r❡❧❛t✐♦♥✱ ✐✳❡✳
E2 = |p|2 +m2✱ t❤❡♥ ✭✸✳✸✶✮ ❡♥t❛✐❧s t❤❡ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ s✐♥❝❡✱ r♦✉❣❤❧②
s♣❡❛❦✐♥❣✱ ♦♥❡ ❤❛s t❤❛t

ΨS(x) ∼
∫

d3p eix·p Ψ̃S(p) ∼
∫

dE ϕE(x)CS(E) , CS(E) ∼ Ψ̃S(p)
∣∣
|p|2=E2−m2

,

✇✐t❤ ϕE(x) ❞❡♥♦t✐♥❣ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❤❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦r✳
❆t t❤✐s ♣♦✐♥t✱ t❤❡ ❝♦♥str❛✐♥t ✭✸✳✷✵✮ t❡❧❧ ✉s t❤❛t RH = 2 ℓPm/mP ❛♥❞ rH = 2 ℓPE/mP✳

❍❡♥❝❡✱ ♣❧✉❣❣✐♥❣ t❤❡ ✢❛t ♠❛ss✲s❤❡❧❧ r❡❧❛t✐♦♥ ✐♥t♦ ✭✸✳✸✶✮✱ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❧❛st r❡♠❛r❦s
❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❝♦♥str❛✐♥t ❛♥❞ ✜①✐♥❣ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦♥ ✜♥❞s t❤❛t

ΨH(rH) =
1

4 ℓ3P

√
m3

P ℓ
3
P

πm3 Γ(3/2, 1)
Θ (rH −RH) exp

(
− m2

P

8m2 ℓ2P
r2H

)
, ✭✸✳✸✷✮

✇✐t❤ t❤❡ ❍❡❛✈✐s✐❞❡ ❞✐str✐❜✉t✐♦♥ ❛♣♣❡❛r✐♥❣ ✐♥ ♦r❞❡r t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❝♦♥❞✐t✐♦♥ E ≥ m✳
◆♦✇✱ ✐❢ ✇❡ ❝♦♠♣✉t❡ ❛❧❧ t❤❡ q✉❛♥t✐t✐❡s ✐♥tr♦❞✉❝❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✻✱ t❤❡♥ ✇❡ ❝♦♥ ♣❧♦t t❤❡

❜❧❛❝❦ ❤♦❧❡ ♣r♦❜❛❜✐❧✐t② PBH ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❛ss ♦❢ t❤❡ ♣❛rt✐❝❧❡✱ s❡❡ ❋✐❣✉r❡ ✸✳✶✳ ❋r♦♠
❋✐❣✉r❡ ✸✳✶ ♦♥❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t s✉❝❤ ❛ q✉❛♥t✉♠ ♣❛rt✐❝❧❡ ✐s ❧✐❦❡❧② t♦ ❜❡ ❛ ❜❧❛❝❦
❤♦❧❡ ♣r♦✈✐❞❡❞ t❤❛t ✐ts ♠❛ss m & mP ♦r✱ ✐♥ ♦t❤❡r t❡r♠s✱ λm . ℓP✳ ❚❤✐s r❡s✉❧ts ❛♣♣❡❛rs t♦
❜❡ ♣❡r❢❡❝t❧② ❝♦♥s✐st❡♥t ✇✐t❤ ✇❤❛t ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t ❢r♦♠ ❛ ♥❛✐✈❡ ❛r❣✉♠❡♥t ❜❛s❡❞ s♦r❡❧②
♦♥ s❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t② ❛♥❞ t❤❡ ✉♥❝❡rt❛✐♥t② ♣r✐♥❝✐♣❧❡✳ ❚❤✉s t❤✐s ❡①❛♠♣❧❡ ♣r♦✈✐❞❡s ❛♥
✐♠♣♦rt❛♥t ❝♦♥s✐st❡♥❝② ❝❤❡❝❦ ❢♦r t❤❡ ❍◗▼ ❢♦r♠❛❧✐s♠✳

❋✐❣✉r❡ ✸✳✶✿ P❧♦t ♦❢ PBH ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❛ss ♦❢ t❤❡ ♣❛rt✐❝❧❡✳

❘❡♠❛r❦✳ ❚❤✐s ❢♦r♠❛❧✐s♠ ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ s❡✈❡r❛❧ ❞✐✛❡r❡♥t s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ s❝❡✲
♥❛r✐♦s✱ t❤❡r❡❢♦r❡ ✇❡ ✐♥✈✐t❡ t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r t♦ r❡❢❡r t♦ ❬✼✷✕✼✼❪ ❢♦r ♠❛♥② ♦t❤❡r ✐♥s✐❣❤t❢✉❧
❡①❛♠♣❧❡s✳



✸✻ ✸✳ ❆❧t❡r♥❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡s ♦♥ q✉❛♥t✉♠ ❡✛❡❝ts ✐♥ ❣r❛✈✐t②

✸✳✶✳✹ ❍◗▼ ❢♦r r♦t❛t✐♥❣ s②st❡♠s

❆ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❍◗▼ t♦ ❑❡rr ❜❧❛❝❦ ❤♦❧❡s ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✼✾❪✳ ▲❡t ✉s r❡❝❛❧❧
s♦♠❡ ♦❢ t❤❡ ❦❡② ❢❡❛t✉r❡s ♦❢ r♦t❛t✐♥❣ ❜❧❛❝❦ ❤♦❧❡s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❑❡rr ❢❛♠✐❧②✳ ❋✐rst ♦❢ ❛❧❧✱
t❤❡ ❑❡rr s♣❛❝❡t✐♠❡ ❬✾✸✱ ✾✹❪ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✈❛❝✉✉♠ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s ❣✐✈❡♥ ❜② t❤❡
♠❡tr✐❝

ds2 = −
(
1− rs r

Σ

)
dt2 +

Σ

∆
dr2 + Σdθ2

+

(
r2 + a2 +

rs r a
2

Σ
sin2 θ

)
sin2 θ dφ2 − 2 rs r a sin2 θ

Σ
dt dφ ✭✸✳✸✸✮

✇✐t❤ M ❞❡♥♦t✐♥❣ t❤❡ ❆❉▼ ♠❛ss✱ rs = 2GNM t❤❡ ❙❝❤✇❛r③s❝❤✐❧❞ ✏♣❛r❛♠❡t❡r✑✱ a = J/M
t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ❞❡♥s✐t② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ J ♦❢ t❤❡
s②st❡♠✱ Σ = r2 + a2 cos2 θ ❛♥❞ ∆ = r2 − rs r + a2✳

❙t✉❞②✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ ▼❖❚❙ ✐♥ t❤✐s s♣❛❝❡t✐♠❡ ❬✾✺❪✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t ✐ts ❡✈❡♥t
❤♦r✐③♦♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥ ∆(r) = 0✱ ✇❤♦s❡ s♦❧✉t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②

R
(±)
H = GN

(
M ±

√
M2 − J2

M2

)
. ✭✸✳✸✹✮

❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ❛❧s♦ ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t ✐♥ t❤❡ ❡❛r❧② ✬✼✵✱ ❈❛rt❡r ❛♥❞ ❘♦❜✐♥s♦♥ ✐♥✲
❞❡♣❡♥❞❡♥t❧② ♣r♦✈✐❞❡❞ ♣r♦♦❢s ♦❢ t❤❡ ✉♥✐q✉❡♥❡ss t❤❡♦r❡♠ ❬✾✻✱ ✾✼❪ ❢♦r ❑❡rr ❜❧❛❝❦ ❤♦❧❡s✱ t❤❛t
st❛t❡s

❚❤❡♦r❡♠ ✻ ✭◆♦✲❤❛✐r ❢♦r r♦t❛t✐♥❣ ❜❧❛❝❦ ❤♦❧❡s✮✳ ❚❤❡ ♦♥❧② ♣♦ss✐❜❧❡ st❛t✐♦♥❛r②✱ ❛①✐s②♠♠❡tr✐❝
❛♥❞ ❛s②♠♣t♦t✐❝❛❧❧② ✢❛t ❜❧❛❝❦ ❤♦❧❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✈❛❝✉✉♠ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s ❛r❡ t❤❡ ❑❡rr
s♦❧✉t✐♦♥s ✭✸✳✸✸✮ s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥t M2 − a2 > 0✳

❚❤❡r❡❢♦r❡✱ ❜❧❛❝❦ ❤♦❧❡s ♦❢ t❤✐s ❦✐♥❞ ❛r❡ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② t✇♦ r❡❛❧ ♣❛r❛♠❡t❡rs✿
(M,J)✳

❋♦❧❧♦✇✐♥❣ t❤❡ ❛r❣✉♠❡♥t ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳✸✱ t❤❡ ♥❛t✉r❛❧ ✇❛② t♦ ♣r♦❝❡❡❞ ✇♦✉❧❞
✐♥✈♦❧✈❡ ♣r♦♠♦t✐♥❣ (M,J) t♦ ♦♣❡r❛t♦rs ♦♥ ❛ s✉✐t❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡ H✳ ❍♦✇❡✈❡r✱ ♦♥❡ s❤♦✉❧❞
❜❡ ❡①tr❡♠❡❧② ❝❛r❡❢✉❧ ✇❤✐❧❡ ❣♦✐♥❣ ❞♦✇♥ t❤✐s r♦❛❞ s✐♥❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠
✐♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❞✐✛❡rs ❛ ❧♦t ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡✳ ❍❡♥❝❡✱ t❤❡ ❝♦rr❡❝t ✇❛② ♦❢
t❛❝❦❧✐♥❣ t❤✐s ♣r♦❜❧❡♠ ✐s t♦ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♠♣❧❡t❡ s❡t ♦❢ ❝♦♠♠✉t✐♥❣ ♦♣❡r❛t♦rs
r❡❧❛t❡❞ t♦ t❤❡ q✉❛♥t✉♠ s♦✉r❝❡ {Ĥ, Ĵ2, Ĵz}✱ r❡s♣❡❝t✐✈❡❧② t❤❡ ❍❛♠✐❧t♦♥✐❛♥✱ t❤❡ t♦t❛❧ ❛♥❣✉❧❛r
♠♦♠❡♥t✉♠ sq✉❛r❡❞ ❛♥❞ t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ❛❧♦♥❣ t❤❡ ❛①✐s ♦❢ r♦t❛t✐♦♥✳ ❚❤❡♥✱ t❤❡
q✉❛♥t✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ r❡♣❧❛❝❡♠❡♥ts

M 7→ Ĥ =
∑

a,j,m

Ea j |a j m〉 〈a j m| , ✭✸✳✸✺✮

J2 7→ Ĵ2 = m4
p

∑

a,j,m

j(j + 1) |a j m〉 〈a j m| ≡
∑

a,j,m

λj |a j m〉 〈a j m| , ✭✸✳✸✻✮



✸✳✷ ❙❡❧❢❝♦♠♣❧❡t✐♦♥ ✈✐❛ ❈❧❛ss✐❝❛❧✐③❛t✐♦♥ ✸✼

Ĵz = m2
p

∑

a,j,m

m |a j m〉 〈a j m| ≡
∑

a,j,m

ξm |a j m〉 〈a j m| . ✭✸✳✸✼✮

✇❤❡r❡ j ∈ N0/2✱ m ∈ Z/2✱ ✇✐t❤ |m| ≤ j✱ ❛♥❞ a ∈ I✱ ✇✐t❤ I ❛ ❞✐s❝r❡t❡ s❡t ♦❢ ❧❛❜❡❧s t❤❛t ❝❛♥
❜❡ ❡✐t❤❡r ✜♥✐t❡ ♦❢ ✐♥✜♥✐t❡✳

❘❡♠❛r❦✳ ❈❧❡❛r❧② ❤❡r❡ t❤❡ st❛t❡s |a j m〉 ❜❡❧♦♥❣ t♦ HS ❛♥❞ ✇❡ ❛r❡ ♦♠✐tt✐♥❣ t❤❡ t❡♥s♦r
♣r♦❞✉❝t ✇✐t❤ t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r ♦❢ HG ❢♦r ♦♣❡r❛t♦rs ❛❝t✐♥❣ ♦♥❧② ♦♥ HS ❢♦r s❛❦❡ ♦❢
s✐♠♣❧✐❝✐t②✳

❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡ ♦✉t❧✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳✸ ❢♦r s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ s♣❛❝❡t✐♠❡s✱
t❤❡ q✉❛♥t✉♠ st❛t❡ ❢♦r t❤❡ ✇❤♦❧❡ s②st❡♠ ❝❛♥ ❤❡r❡ ❜❡ ❞❡✜♥❡❞ ❛s ❛ tr✐♣❧❡ ❡♥t❛♥❣❧❡❞ st❛t❡

|Ψ〉 =
∑

a,j,m

∑

α,β

C(Ea j, λj, ξm, RH
(+)
α , RH

(−)
β ) |a j m〉 |α〉+ |β〉− ✭✸✳✸✽✮

✇❤❡r❡ |α〉± ❛r❡ t❤❡ ❡✐❣❡♥st❛t❡s ♦❢ R̂(±)
H ✳

◆♦✇✱ ♦♥❡ ❝❛♥ ❣❡♥❡r❛❧✐③❡ t❤❡ ❝♦♥str❛✐♥t ❡q✉❛t✐♦♥ ✭✸✳✷✵✮ t♦ t❤❡ ❛①✐s②♠♠❡tr✐❝ ❝❛s❡ ❜②
r❡q✉✐r✐♥❣ t❤❡ ♣❤②s✐❝❛❧❧② r❡❧❡✈❛♥t st❛t❡s ♦❢ H t♦ s❛t✐s❢②

(
R̂

(+)
H − Ô+

)
|Ψ〉

♣❤②s
= 0 ,

(
R̂

(−)
H − Ô−

)
|Ψ〉

♣❤②s
= 0 , ✭✸✳✸✾✮

✇✐t❤

Ô± := Ĥ ±
(
Ĥ2 − Ĵ2 Ĥ−2

)1/2
,

♣r♦✈✐❞❡❞ t❤❛t Ô± ✐s ♣♦s✐t✐✈❡❧② s❡♠✐✲❞❡✜♥✐t❡✳ ❖♥❡ ❝❛♥ t❤❡♥ ❢♦❧❧♦✇ ❉❡✜♥✐t✐♦♥ ✻ ❛♥❞ ✐♥tr♦❞✉❝❡
❛♥ ❍❲❋ ❢♦r ❡❛❝❤ ❤♦r✐③♦♥ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ❝♦♠♣✉t❡ t❤❡ ❜❧❛❝❦ ❤♦❧❡ ♣r♦❜❛❜✐❧✐t②✳ ❲❡ s❤❛❧❧
s❡❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ❢♦r t❤✐s t❡❝❤♥✐q✉❡ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✳✸✳

❇❡❢♦r❡ ❝♦♥❝❧✉❞✐♥❣ t❤✐s s❡❝t✐♦♥✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ r❡♠❛r❦ t❤❛t✱ ❞✐✛❡r❡♥t❧② ❢r♦♠ t❤❡
s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ ❝❛s❡✱ ✇❡ ❝❛♥♥♦t ❡❛s✐❧② ♣❡r❢♦r♠ ❛ ❧♦❝❛❧ ❛♥❛❧②s✐s ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✲
✐❝❛❧ ❡✛❡❝ts ❢♦r t❤❡ ❤♦r✐③♦♥s s✐♥❝❡ ✇❡ ❧❛❝❦ ♦❢ ❛ ❣❡♥❡r❛❧ ❛♥❞ ✇❡❧❧ ❞❡✜♥❡❞ ♥♦t✐♦♥ ♦❢ q✉❛s✐✲❧♦❝❛❧
♠❛ss ❢♦r ❣❡♥❡r❛❧ s♣❛❝❡s✳

✸✳✷ ❙❡❧❢❝♦♠♣❧❡t✐♦♥ ✈✐❛ ❈❧❛ss✐❝❛❧✐③❛t✐♦♥

❚❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ♦❢ ❡✛❡❝t✐✈❡ ✜❡❧❞ t❤❡♦r② ✭❊❋❚✮ ✐s t❤❛t ✐t r❡♣r❡s❡♥ts ❛ s❡t ♦❢ ❣❡♥❡r❛❧
t❡❝❤♥✐q✉❡s ✇❤♦s❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ s✐♥❣❧❡ ♦✉t t❤❡ ♠♦st s✉✐t❛❜❧❡ ✭q✉❛♥t✉♠✮ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠
t❤❛t ✇♦✉❧❞ s❡r✈❡ ❛s ❛♥ ❛❞❡q✉❛t❡ r❡❢❡r❡♥❝❡ t♦ ❞❡s❝r✐❜❡ ❛ s②st❡♠ ❛t ❛ ❣✐✈❡♥ ❡♥❡r❣② s❝❛❧❡✳
❋r♦♠ ❛ ◗❋❚ ♣❡rs♣❡❝t✐✈❡✱ ✇❡ ✉♥❞❡rst❛♥❞ ❛s ✏s✉✐t❛❜❧❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✑ t❤❡ ♦♥❡ t❤❛t
❛❧❧♦✇ ✉s t♦ ❞❡s❝r✐❜❡ t❤❡ s②st❡♠ ❜② ♠❡❛♥s ♦❢ ❛ ♣❡rt✉r❜❛t✐✈❡ ♣✐❝t✉r❡✱ ✐✳❡✳ t♦ ✇♦r❦ ✐♥ ❛
✇❡❛❦ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡✳ ❖❢ ❝♦✉rs❡✱ ❛♥② ❊❋❚ ✐s ♥❛t✉r❛❧❧② ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❝❡rt❛✐♥ ❞♦♠❛✐♥ ♦❢
❛♣♣❧✐❝❛❜✐❧✐t② ✭✉s✉❛❧❧② ❡①♣r❡ss❡❞ ❛s ❛♥ ❡♥❡r❣② s❝❛❧❡✮✱ ❜❡②♦♥❞ ✇❤✐❝❤ t❤❡ t❤❡♦r② ❜r❡❛❦s ❞♦✇♥
❛♥❞ ✇❡ t❤❡r❡❢♦r❡ ♥❡❡❞ t♦ ✏❝♦♠♣❧❡t❡✑ t❤✐s ❞❡s❝r✐♣t✐♦♥ ❜② ♠❡❛♥s ♦❢ ❛ ♠♦r❡ ♣♦✇❡r❢✉❧ ❛♥❞
❣❡♥❡r❛❧ t❤❡♦r②✳



✸✽ ✸✳ ❆❧t❡r♥❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡s ♦♥ q✉❛♥t✉♠ ❡✛❡❝ts ✐♥ ❣r❛✈✐t②

❆s ❛ ✇♦r❦✐♥❣ ❡①❛♠♣❧❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❋❡r♠✐✬s ✐♥t❡r❛❝t✐♦♥ ❬✾✽✱✾✾❪✳ ❚❤✐s t❤❡♦r② ✐s ❣✐✈❡♥ ❜②
❛ ❉✐r❛❝ ▲❛❣r❛♥❣✐❛♥ t♦❣❡t❤❡r ✇✐t❤ ❛ ❢♦✉r✲❢❡r♠✐♦♥ ✐♥t❡r❛❝t✐♦♥ t❡r♠✱ ✐✳❡✳ Lint ∼ GF (ΨΨ)2✳
◆♦✇✱ ❢r♦♠ ❛ ♥❛✐✈❡ ❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②s✐s ♦♥❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t [Ψ] = ♠❛ss1/2 ·
❧❡♥❣t❤−1 ✭❢r♦♠ t❤❡ ❦✐♥❡t✐❝ t❡r♠✮ ✇❤✐❝❤ ✐♠♣❧✐❡s [GF ] = [GN] = ❧❡♥❣t❤ · ♠❛ss−1 ♦r✱ ✐♥
P❧❛♥❝❦ ✉♥✐ts ✭✐✳❡✳ c = ~ = GN = kB = 1✮✱ [GF ] = ♠❛ss−2 ✭s✐♥❝❡ ✐♥ t❤✐s s❡t ♦❢ ✉♥✐ts
❡♥❡r❣② = ♠❛ss = ♠♦♠❡♥t✉♠ = ❧❡♥❣t❤−1✮✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ✇r✐t❡ GF = ~/Λ2 ✇❤❡r❡ Λ
r❡♣r❡s❡♥t ❛♥ ✐♥tr✐♥s✐❝ ❡♥❡r❣② s❝❛❧❡s ♦❢ t❤❡ t❤❡♦r②✳

■♥ ◗❋❚ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡♦r✐❡s ✐♥✈♦❧✈✐♥❣ ✐♥t❡r❛❝t✐♦♥s ✇❤♦s❡ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥ts
❤❛✈❡ ♥❡❣❛t✐✈❡ ♠❛ss ❞✐♠❡♥s✐♦♥s ✭✐♥ P❧❛♥❝❦ ✉♥✐ts✮ ❛r❡ ♥♦♥✲r❡♥♦r♠❛❧✐③❛❜❧❡✳ ❚❤✐s ✐s t❤❡ ❝❛s❡
♦❢ ❋❡r♠✐ t❤❡♦r②✱ ✐♥❞❡❡❞ ♦♥❝❡ t❤❡ ❝❡♥t❡r ♦❢ ♠❛ss ❡♥❡r❣② ♦❢ ❛ ❝❡rt❛✐♥ ♣r♦❝❡ss ❛♣♣r♦❛❝❤❡s
Λ✱ t❤❡♥ ❛❧❧ t❤❡ ♦r❞❡rs ♦❢ t❤❡ ♣❡rt✉r❜❛t✐✈❡ ❡①♣❛♥s✐♦♥ ♦❢ ❛♥ ❛r❜✐tr❛r② ❛♠♣❧✐t✉❞❡ M ❜❡❝♦♠❡
r❡❧❡✈❛♥t ❧❡❛❞✐♥❣ t♦ ❛ ✈✐♦❧❛t✐♦♥ ♦❢ ✉♥✐t❛r✐t② ✭✐✳❡✳ t❤❡ ❝r♦ss✲s❡❝t✐♦♥ ❞✐✈❡r❣❡s✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱
s✐♥❝❡ ❛❧❧ t❤❡ t❡r♠s ♦❢ t❤❡ ♣❡rt✉r❜❛t✐✈❡ ❡①♣❛♥s✐♦♥ ❤❛✈❡ t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡ ❞❡❣r❡❡s
♦❢ ❢r❡❡❞♦♠ t❤❛t ✇❡ ❤❛✈❡ ❛❞♦♣t❡❞✱ s♦ ❢❛r✱ ❢♦r ❞❡s❝r✐❜✐♥❣ t❤❡ s②st❡♠ ❛r❡ ♥♦ ♠♦r❡ ✇❡❛❦❧②✲
✐♥t❡r❛❝t✐♥❣✱ ❜✉t t❤❡② ❤❛✈❡ r❛t❤❡r ❡♥t❡r❡❞ ❛ str♦♥❣ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡✳ ❍❡♥❝❡✱ t❤❡s❡ ❞❡❣r❡❡s
♦❢ ❢r❡❡❞♦♠ ❞♦ ♥♦t ♣r♦✈✐❞❡✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ ❛ s✉✐t❛❜❧❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❤②s✐❝s ❢♦r ❡♥❡r❣✐❡s
E & Λ✱ ❛♥❞ ✇❡ t❤❡r❡❢♦r❡ ♥❡❡❞ ❛♥ ❯❱✲❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ t❤❡♦r②✳

■♥ t❤❡ ✭st❛♥❞❛r❞✮ ❲✐❧s♦♥✐❛♥ ❛♣♣r♦❛❝❤ ❬✶✵✵✱ ✶✵✶❪✱ t❤❡ ❯❱✲❝♦♠♣❧❡t✐♦♥ ♦❢ ❛ t❤❡♦r② ✐s
❛❝❤✐❡✈❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ ✐♥ s♦♠❡ ♥❡✇ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐♥ ❛ ✇❛② t❤❛t✱ ✉❧t✐♠❛t❡❧②✱ ❛❧❧♦✇s
t♦ r❡❝♦✈❡r ❛ ✇❡❛❦ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❡
❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦✇❡❛❦ t❤❡♦r②✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ❯❱✲❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ❋❡r♠✐
t❤❡♦r② ♦❢ ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥s✳ ■♥❞❡❡❞✱ t❤❡ s✐❝❦ ❜❡❤❛✈✐♦✉r ♦❢ ❋❡r♠✐✬s ✐♥t❡r❛❝t✐♦♥ ✐♥ t❤❡ ❯❱
✐s ❝✉r❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤r❡❡ ✈❡❝t♦r ❜♦s♦♥s ✭W± ❛♥❞ Z0✮ ❛❝t✐♥❣ ❛s ♠❡❞✐❛t♦rs ♦❢ t❤❡ ✇❡❛❦
✐♥t❡r❛❝t✐♦♥✳ ❍❡♥❝❡✱ ♦♥❡ ❝❛♥ ✉♥❞❡rst❛♥❞ ❋❡r♠✐ t❤❡♦r② ❛s t❤❡ ❧♦✇ ❡♥❡r❣② ❧✐♠✐t ♦❢ t❤❡ ♠♦r❡
❣❡♥❡r❛❧ ❡❧❡❝tr♦✇❡❛❦ t❤❡♦r②✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ✇♦r❦ ✇❡ ✇✐s❤ t♦ ❝♦♥s✐❞❡r ❛ ♥♦♥✲❲✐❧s♦♥✐❛♥
❛♣♣r♦❛❝❤✱ ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛s ♦❢ s❡❧❢❝♦♠♣❧❡t✐♦♥ ❛♥❞ ❝❧❛ss✐❝❛❧✐③❛t✐♦♥✱ s❡❡ ❡✳❣✳ ❬✶✵✷✕✶✵✹❪✳
❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤❡ ♥❡✇ s❝❤❡♠❡ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❡♥❡r❣② s❝❛❧❡ Λ ❜❡②♦♥❞ ✇❤✐❝❤ t❤❡ r❡❧❡✈❛♥t ❞❡❣r❡❡s
♦❢ ❢r❡❡❞♦♠ ♦❢ ♦✉r ❡✛❡❝t✐✈❡ t❤❡♦r② ❜❡❝♦♠❡ str♦♥❣❧② ❝♦✉♣❧❡❞✳ ❚❤❡♥✱ ✐♥st❡❛❞ ♦❢ ✐♥tr♦❞✉❝✐♥❣
s♦♠❡ ♥❡✇ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ t♦ r❡st♦r❡ t❤❡ ✇❡❛❦ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡
t❤❡♦r② ❝♦♠♣❧❡t❡s ✐ts❡❧❢ ❜② ♣r♦❞✉❝✐♥❣ s♦♠❡ ❤✐❣❤✲♠✉❧t✐♣❧✐❝✐t② st❛t❡s ♦❢ t❤❡ s❛♠❡ ♣❛rt✐❝❧❡s
t❤❛t ✇❡r❡ ❛❧r❡❛❞② ✐♥ t❤❡ t❤❡♦r②✳ ❊❛❝❤ ♦❢ t❤❡s❡ ❝♦♥st✐t✉❡♥ts ✇♦✉❧❞ t❤❡♥ ❜❡ ❡①tr❡♠❡❧② s♦❢t
❛♥❞ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ♦♥❡ ❛♥♦t❤❡r✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡r ♦❢ t❤❡
♥❡✇❧② ♣r♦❞✉❝❡❞ s♦❢t q✉❛♥t❛ ✐s ❡①tr❡♠❡❧② ❤✐❣❤✱ t❤❡ r❡s✉❧t✐♥❣ st❛t❡ ✇♦✉❧❞ ❛♣♣r♦①✐♠❛t❡❧②
❜❡❤❛✈❡ ❝❧❛ss✐❝❛❧❧②✳

■♥ t❤✐s ♣✐❝t✉r❡✱ t❤❡ r♦❧❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ✏♥❡✇ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✑✱ t❤❛t ♦♥❡ ✇♦✉❧❞
❡①♣❡❝t ✐♥ t❤❡ ❲✐❧s♦♥✐❛♥ ❛♣♣r♦❛❝❤✱ ✐s t❤❡♥ t❛❦❡♥ ✉♣ ❜② t❤❡ ❝♦❧❧❡❝t✐✈❡ ❡✛❡❝t ♦❢ t❤❡ ♠❛♥②
✇❡❛❦❧②✲✐♥t❡r❛❝t✐♥❣ s♦❢t q✉❛♥t❛ ♣r♦❞✉❝❡❞ ✐♥ t❤❡ ♣r♦❝❡ss✱ ✇❤✐❝❤ ❛❧s♦ ❛❝t ❛s ❢✉♥❞❛♠❡♥t❛❧
❝♦♥st✐t✉❡♥ts ♦❢ t❤❡ r❡s✉❧t✐♥❣ q✉❛s✐✲❝❧❛ss✐❝❛❧ ✜♥❛❧ st❛t❡✳ ❚❤✐s ✐s ✇❤② ✇❡ ❝❛♥ s❛② t❤❛t s✉❝❤ ❛
t❤❡♦r② s❡❧❢❝♦♠♣❧❡t❡s ✐♥ t❤❡ ❯❱ ❜② ❝❧❛ss✐❝❛❧✐③❛t✐♦♥✳

■t ✇❛s ❛r❣✉❡❞ ✐♥ ❬✶✵✷✱ ✶✵✺✱ ✶✵✻❪ t❤❛t ❊✐♥st❡✐♥✬s ❣r❛✈✐t② ♠✐❣❤t r❡♣r❡s❡♥t ❛ ♣❡r❢❡❝t ♣❧❛②✲
❣r♦✉♥❞ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧✐③❛t✐♦♥ s❝❤❡♠❡✳ ■♥❞❡❡❞✱ t❤❡ ✐❞❡❛ t❤❛t ♠❛♥②✲♣❛rt✐❝❧❡ st❛t❡s ♠✐❣❤t
r❡♣r❡s❡♥t t❤❡ r✐❣❤t ♣❛t❤ t♦✇❛r❞ ❛ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ s❡❧❢✲❣r❛✈✐t❛t✐♥❣ s②s✲



✸✳✷ ❙❡❧❢❝♦♠♣❧❡t✐♦♥ ✈✐❛ ❈❧❛ss✐❝❛❧✐③❛t✐♦♥ ✸✾

t❡♠s ✐s s♦♠❡t❤✐♥❣ t❤❛t ❡♠❡r❣❡s ♥❛t✉r❛❧❧②✱ ❢♦r ❡①❛♠♣❧❡✱ ❢r♦♠ t❤❡ ❍◗▼ ❢♦r♠❛❧✐s♠✳ ❆s
❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ ✐❢ ✇❡ r❡❝❛❧❧ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❊①❛♠♣❧❡ ✶✱ ♦♥❡ ❝❛♥ r❡❛❞✐❧② ❝♦♠♣✉t❡ t❤❡
✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ❤♦r✐③♦♥ r❛❞✐✉s ❛s✱

∆R2
H := 〈ΨH | R̂2

H |ΨH〉 − 〈ΨH | R̂H |ΨH〉
2
, ✭✸✳✹✵✮

t❤✉s✱ ❢♦r t❤❡ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ❝❛s❡ ♦♥❡ ✜♥❞s ❬✼✼❪✱

∆RH ∼ λ−1
m ∼ m ∼ RH . ✭✸✳✹✶✮

❚❤✐s t❡❧❧ ✉s t❤❛t ✐❢ m≫ mP✱ t❤❡♥ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ❤♦r✐③♦♥
❛r❡ ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ❤♦r✐③♦♥ ✐ts❡❧❢✳ ❚❤✐s ✐s ❝❧❡❛r❧② ♥♦t ❛❝❝❡♣t❛❜❧❡ s✐♥❝❡✱ ✐♥ t❤✐s r❡❣✐♠❡✱
❜❧❛❝❦ ❤♦❧❡s ❛r❡ ❡①♣❡❝t❡❞ t♦ ❜❡❤❛✈❡ ✭s❡♠✐✲✮❝❧❛ss✐❝❛❧❧②✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ✈❡r② s✐♠♣❧❡ ❛r❣✉♠❡♥t
s✉❣❣❡sts t❤❛t t❤❡ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❜❧❛❝❦ ❤♦❧❡s✱ ❛t t❤❡ q✉❛♥t✉♠ ❧❡✈❡❧✱ ❜r❡❛❦s
❞♦✇♥ ✇❤❡♥ t❤❡ ❡♥❡r❣② s❝❛❧❡ ❡①❝❡❡❞s t❤❡ P❧❛♥❝❦ ❡♥❡r❣②✳

▲❡t ✉s t❤❡♥ ♣r♦✈✐❞❡ ❛ q✉❛❧✐t❛t✐✈❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❜❧❛❝❦ ❤♦❧❡ ❢♦r♠❛t✐♦♥ ❢r♦♠ ❤✐❣❤ ❡♥❡r❣②
s❝❛tt❡r✐♥❣ ♣r♦❝❡ss❡s ❜❛s❡❞ ♦♥ t❤❡ ❝❧❛ss✐❝❛❧✐③❛t✐♦♥ s❝❤❡♠❡ ✭s❡❡ ❡✳❣✳ ❬✶✵✼✱✶✵✽❪✮✳ ❍❡♥❝❡✱ ❢♦r t❤❡
s❛❦❡ ♦❢ ❛r❣✉♠❡♥t✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ❝♦❧❧✐s✐♦♥ ♦❢ t✇♦ ❡❧❡♠❡♥t❛r② ♣❛rt✐❝❧❡s ✇✐t❤ ❝❡♥t❡r ♦❢ ♠❛ss
❡♥❡r❣②

√
s ≫ mP✳ ❲❡ s❤❛❧❧ ❛❧s♦ ❛ss✉♠❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ ❚❤♦r♥❡✬s ❍♦♦♣ ❈♦♥❥❡❝t✉r❡ ✭s❡❡

❡✳❣✳ ❬✶✵✾✱✶✶✵❪ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ❬✼✷❪ ❢♦r ✐ts q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❡①t❡♥s✐♦♥✮✱
✇❤✐❝❤ st❛t❡s t❤❛t ❛ ❜❛❝❦ ❤♦❧❡ ❢♦r♠s ✐♥ ❛ ❝♦❧❧✐s✐♦♥ ✐❢ t❤❡ t✇♦ ❝♦❧❧✐❞✐♥❣ ♦❜❥❡❝ts ❢❛❧❧ ✇✐t❤✐♥
t❤❡✐r ✏❜❧❛❝❦ ❞✐s❦✑✱ ✐✳❡✳ ✐❢ t❤❡ s②st❡♠ r❡❛❝❤❡s ❛ ♣♦✐♥t ✇❤❡r❡ ✐t ♦❝❝✉♣✐❡s ❛ r❡❣✐♦♥ ♦❢ s✐③❡ r s✉❝❤
t❤❛t r . RH(s) ≡ ℓP

√
s/mP✳ ❚❤❡♥✱ ✐❢ ❛❧❧ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❛ss✉♠♣t✐♦♥s ❛r❡ ❢✉❧✜❧❧❡❞✱ ♦♥❡

❝❛♥ ❛r❣✉❡ t❤❛t t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ ❝❧❛ss✐❝❛❧✐③❛t✐♦♥ ❢♦r ❣r❛✈✐t② ❛r❡ ❡♥❝❧♦s❡❞ ✐♥ ❛ 2 → N
s❝❛tt❡r✐♥❣ ♣r♦❝❡ss✱ ✇❤❡r❡ t❤❡ t✇♦ ❤✐❣❤ ❡♥❡r❣② q✉❛♥t❛ s❝❛tt❡r ♣r♦❞✉❝✐♥❣ N ≫ 1 s♦❢t ✈✐rt✉❛❧
❣r❛✈✐t♦♥s ✇✐t❤ t②♣✐❝❛❧ q✉❛♥t✉♠ s✐③❡ λG ≃ RH(s) ✭♦r ❡♥❡r❣② ǫG = ~/λG ≃ ~/RH(s)✮✳
◆♦✇✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❡♥❡r❣②✱ ♦♥❡ ✜♥❞s t❤❛t

√
s = N ǫG ✇❤✐❝❤ ✐♠♣❧✐❡s

N ≃ s/m2
P ≫ 1✳

❉❡♥♦t✐♥❣ ✇✐t❤ α (p) := GN|p|2/~ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❡✛❡❝t✐✈❡ ❝♦✉♣❧✐♥❣ ❢♦r ❛ ♠♦♠❡♥t✉♠
❡①❝❤❛♥❣❡ p ✭❢♦r ❛ ♣r❡❝✐s❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ r✉♥♥✐♥❣ ♦❢ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦✉♣❧✐♥❣ s❡❡ ❡✳❣✳
❬✶✶✶✕✶✶✸❪✮✱ ♦♥❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t t❤❡ ❡✛❡❝t✐✈❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ N ❣r❛✈✐t♦♥s ✐♥ t❤❡
✜♥❛❧ st❛t❡ ✐s ❣✐✈❡♥ ❜②

αG =
GN |pG|2

~
=

~GN

λ2G
≃ m2

P

s
≃ 1

N
, ✭✸✳✹✷✮

✇❤❡r❡✱ ✐♥ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t②✱ ✇❡ ✉s❡❞ t❤❡ ❞❡ ❇r♦❣✐❧❡ r❡❧❛t✐♦♥ λG = ~/|pG|✳ ❚❤❡ ❧❛tt❡r
t❡❧❧s ✉s t❤❛t ✇❤✐❧❡ t❤❡ s②st❡♠ ✐s ❣❧♦❜❛❧❧② ✐♥ ❛ str♦♥❣ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡✱ ❛s ✐♥❞✐❝❛t❡❞ ❜②
t❤❡ ❝♦❧❧❡❝t✐✈❡ ✭❞✐♠❡♥s✐♦♥❧❡ss✮ ❝♦✉♣❧✐♥❣ g = αGN ≃ 1✱ ❡❛❝❤ ❝♦♥st✐t✉❡♥t ✐♥t❡r❛❝ts ✈❡r②
✇❡❛❦❧② ✇✐t❤ t❤❡ ♦t❤❡r ❢✉♥❞❛♠❡♥t❛❧ ❡❧❡♠❡♥ts ♦❢ t❤s s②st❡♠✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ s②st❡♠ ♦❢
N ❣r❛✈✐t♦♥s r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ s❝❛tt❡r✐♥❣✱ ✐♥ t❤❡ ❧❡♥❣✉❛❣❡ ♦❢ ❇♦s❡✲❊✐♥st❡✐♥ ❝♦♥❞❡♥s❛t❡s✱
✐s ❛t ✐ts q✉❛♥t✉♠ ❝r✐t✐❝❛❧ ♣♦✐♥t ❬✶✶✹✕✶✶✻❪✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t t❤❡
❝♦♥st✐t✉❡♥ts ♦❢ t❤❡ ✜♥❛❧ st❛t❡ ❛r❡ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣✱ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ ❡✛❡❝ts ❞✉❡ t♦ t❤❡
❝♦❧❧❡❝t✐✈❡ ✐♥t❡r❛❝t✐♦♥ ❛♠♦♥❣ t❤❡ ❣r❛✈✐t♦♥s ❜❡❝♦♠❡ ❡①tr❡♠❡❧② r❡❧❡✈❛♥t ❛♥❞ ❧❡❛❞ t♦ t❤❡ ❣❧♦❜❛❧
✭❛♣♣r♦①✐♠❛t❡❧②✮ ❝❧❛ss✐❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s②st❡♠✳



✹✵ ✸✳ ❆❧t❡r♥❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡s ♦♥ q✉❛♥t✉♠ ❡✛❡❝ts ✐♥ ❣r❛✈✐t②

■t ✐s ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t t❤❡ r❛t❡ ♦❢ t❤❡ 2 → N ♣r♦❝❡ss ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞✱ ✐♥ t❤❡
❦✐♥❡♠❛t✐❝ r❡❣✐♠❡✱ ✐♥ ❬✶✵✻❪ ❛♥❞ ✐ts ❜❡❤❛✈✐♦✉r ✐s ❣✐✈❡♥ ❜②

Γ2→N ∼ αN
G N ! ∼ e−N , N ≫ 1 . ✭✸✳✹✸✮

❙✉❝❤ ❛♥ ❡①♣♦♥❡♥t✐❛❧ s✉♣♣r❡ss✐♦♥ ✐s ✐♥❞❡❡❞ ♣❡r❢❡❝t❧② ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❡①♣❡❝t❡❞ ❡♥tr♦♣②
s✉♣♣r❡ss✐♦♥ ❢❛❝t♦r t❤❛t ♦♥❡ ✇♦✉❧❞ ✜♥❞ ❢♦r ❛ tr❛♥s✐t✐♦♥ ❢r♦♠ ❛ t✇♦✲♣❛rt✐❝❧❡ st❛t❡ t♦ ❛ ❜❧❛❝❦
❤♦❧❡ ♠✐❝r♦✲st❛t❡✱ ✐♥ t❤❡ tr❛❞✐t✐♦♥❛❧ s❡♠✐❝❧❛ss✐❝❛❧ ♣✐❝t✉r❡✳ ■♥❞❡❡❞✱ s✐♥❝❡ t❤❡ ❇❡❦❡♥st❡✐♥✲
❍❛✇❦✐♥❣ ❡♥tr♦♣② s❝❛❧❡s ❛s SBH ∼ R2

H ∼ N ✱ t❤✉s M(2 → N) ∼ e−SBH ∼ e−N ✳ ❇❡s✐❞❡s✱ ♦♥❡
❝❛♥ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t SBH ∼ N ∼ 1/αG✱ ♥❛♠❡❧② t❤❡ ❡♥tr♦♣② s❝❛❧❡s ❧✐❦❡ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡
❝♦✉♣❧✐♥❣✱ t❤✐s ✐♠♣❧✐❡s t❤❛t M(2 → N) ∼ e−1/αG ✳

✸✳✷✳✶ ❇❧❛❝❦ ❍♦❧❡✬s ◗✉❛♥t✉♠ N✲P♦rtr❛✐t

❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥✱ ✇❡ ❝❛♥ ❞r❛✇ ❛♥ ✐♥t❡r❡st✐♥❣ ✭♥♦♥✲❣❡♦♠❡tr✐❝✮ q✉❛♥t✉♠
♣✐❝t✉r❡ ❢♦r ❜❧❛❝❦ ❤♦❧❡s ❬✶✵✼✱✶✵✽❪✳

❋♦r t❤❡ s❛❦❡ ♦❢ ❛r❣✉♠❡♥t✱ ❧❡t ✉s tr② t♦ ❢♦r♠ ❛ ❣r❛✈✐t♦♥ ✇❛✈❡✲♣❛❝❦❡t ♠❛❞❡ ♦❢ ❛s ♠❛♥②
❣r❛✈✐t♦♥s ❛s ♣♦ss✐❜❧❡✱ ❧❡t ✉s s❛② N ✱ ✇✐t❤ ❛ t②♣✐❝❛❧ ✇❛✈❡❧❡♥❣t❤ λG ≫ ℓP✳ ❈❧❡❛r❧②✱ s✐♥❝❡

αG =
~GN

λ2G
=
ℓ2P
λ2G

≪ 1 ,

t❤✐s ❜✉♥❝❤ ♦❢ ❣r❛✈✐t♦♥s ✇✐❧❧ ✐♥t❡r❛❝t ✈❡r② ✇❡❛❦❧② ✇✐t❤ ♦♥❡ ❛♥♦t❤❡r✳ ❍♦✇❡✈❡r✱ ✐❢ ②♦✉ ♣✉t
t♦❣❡t❤❡r s❡✈❡r❛❧ ❣r❛✈✐t♦♥s✱ ❡❛❝❤ ♦❢ t❤❡♠ ✇✐❧❧ st❛rt ♣❡r❝❡✐✈✐♥❣ ❛ ❝♦❧❧❡❝t✐✈❡ ♣♦t❡♥t✐❛❧ ♣r♦❞✉❝❡❞
❜② t❤❡ ♦t❤❡r N − 1 ❝♦♥st✐t✉❡♥ts ♦❢ t❤❡ s②st❡♠✳

❚❤❡ ❝♦❧❧❡❝t✐✈❡ ❜✐♥❞✐♥❣ ♣♦t❡♥t✐❛❧ ❢❡❧t ❜② ❡❛❝❤ ❣r❛✈✐t♦♥✱ ❛t ✜rst ♦r❞❡r ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥✱
❝❛♥ ❜❡ ❡st✐♠❛t❡❞ t♦ ❜❡ ❣✐✈❡♥ ❜② U ≃ −αGN~/λG✱ ❢♦r r ≃ λG✳ ❇❡s✐❞❡s✱ ❡❛❝❤ ❣r❛✈✐t♦♥
✇✐❧❧ ❤❛✈❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❣✐✈❡♥ ❜② K ≃ |pG| ≃ ~/λG✳ ❍❡♥❝❡✱ ✐❢ ✇❡ ✇❛♥t t♦ ❢♦r♠ ❛ ❜♦✉♥❞
st❛t❡ ♦✉t ♦❢ t❤❡s❡ N ❣r❛✈✐t♦♥s ♦♥❡ ❥✉st ♥❡❡❞s t♦ r❡q✉✐r❡ t❤❡ ❡♥❡r❣② ❜❛❧❛♥❝❡ K + U ≃ 0
✭♠❛r❣✐♥❛❧❧② ❜♦✉♥❞ ❝♦♥❞✐t✐♦♥✮ ❢♦r ❡❛❝❤ ❣r❛✈✐t♦♥✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

αGN ≃ 1 , ✭✸✳✹✹✮

✇❤✐❝❤ ✐s t❤❡ s❛♠❡ s❝❛❧✐♥❣ t❤❛t ✇❡ ❢♦✉♥❞ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧✐③❛t✐♦♥ ♣✐❝t✉r❡✳ ❚❤✉s✱ ❣✐✈❡♥ ❛
❜❧❛❝❦ ❤♦❧❡ ♦❢ ❆❉▼ ♠❛ss M ✱ ✇❡ ❝❛♥ ✉♥❞❡rst❛♥❞ ✐t✱ ✐♥ t❤✐s ✏❝♦r♣✉s❝✉❧❛r ♣✐❝t✉r❡✑✱ ❛s ❛
s❡❧❢✲s✉st❛✐♥❡❞ ❜♦✉♥❞ st❛t❡ ✭♦r ❇♦s❡✲❊✐♥st❡✐♥ ❝♦♥❞❡♥s❛t❡✮ ♦❢ N ❣r❛✈✐t♦♥s ✇✐t❤ t②♣✐❝❛❧ ✇❛✈❡✲
❧❡♥❣t❤ λG ≃ RH ❛♥❞ ♠✉t✉❛❧ ✐♥t❡r❛❝t✐♦♥ str❡♥❣t❤ αG = 1/N ✳ ◆♦✇✱ s✐♥❝❡ αG = ℓ2P/λ

2
G✱ t❤❡♥

λG ≃
√
N ℓP ✇❤✐❝❤ ✐♠♣❧✐❡s M ≃

√
N mP✳ ■❢ ✇❡ t❤❡♥ ♣✉t ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r✱ ✇❡ ❣❡t t❤❡

s♦ ❝❛❧❧❡❞ s❝❛❧✐♥❣ ❧❛✇s ♦❢ ❝♦r♣✉s❝✉❧❛r ❜❧❛❝❦ ❤♦❧❡s✱ ✐✳❡✳

M =
√
N mP , λG ≃

√
N ℓP , αG ≃ 1

N
. ✭✸✳✹✺✮

❆♥♦t❤❡r ✐♠♣♦rt❛♥t t❤✐♥❣ t♦ str❡ss ✐s t❤❛t✱ ❛s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ t❤❡ q✉❛♥t✉♠ ❝r✐t✐❝❛❧✐t②
❝♦♥❞✐t✐♦♥ αGN ≃ 1 t❡❧❧s ✉s t❤❛t ✇❤❛t ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ✐s ❛ s❡❧❢✲s✉st❛✐♥❡❞ ❜♦✉♥❞ st❛t❡ ♦♥



✸✳✷ ❙❡❧❢❝♦♠♣❧❡t✐♦♥ ✈✐❛ ❈❧❛ss✐❝❛❧✐③❛t✐♦♥ ✹✶

t❤❡ ✈❡r❣❡ ♦❢ ❛ q✉❛♥t✉♠ ♣❤❛s❡ tr❛♥s✐t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ q✉❛♥t✉♠ ❝r✐t✐❝❛❧✐t②✱
t❤❡ s②st❡♠ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❝♦❧❧❡❝t✐✈❡ ❇♦❣♦❧✐✉❜♦✈ ♠♦❞❡s✱ ❧✐❣❤t❧② ❣❛♣♣❡❞ ✐✳❡✳ ∆ǫ ∼ 1/N ✱
✇❤✐❝❤ ❛r❡ r❡s♣♦♥s✐❜❧❡ ❢♦r ❝❛rr②✐♥❣ t❤❡ ❡♥tr♦♣② ♦❢ t❤❡ ❜❧❛❝❦ ❤♦❧❡ ❬✶✶✹❪✳

◆♦✇✱ s✐♥❝❡ t❤✐s ❜♦✉♥❞ st❛t❡ ✐s ❢♦r♠❡❞ ❛t t❤❡ ✈❡r❣❡ ♦❢ ❞❡❝❛②✱ s♦ ✐t ❝❛♥♥♦t r❡❛❧❧② ❤♦❧❞ ♦♥
t♦ ✐ts ❝♦♥st✐t✉❡♥ts✳ ❚❤✉s t❤❡ s②st❡♠ ✐s ❝♦♥t✐♥✉♦✉s❧② ❧♦♦s✐♥❣ ❣r❛✈✐t♦♥s t❤r♦✉❣❤ ❛ q✉❛♥t✉♠
❞❡♣❧❡t✐♦♥ ♣r♦❝❡ss✱ ❛s ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t ❢♦r ❛♥ ✐♥t❡r❛❝t✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ❇♦s❡✲❊✐♥st❡✐♥ ❝♦♥✲
❞❡♥s❛t❡ ❬✶✶✼❪✳ ❇❡s✐❞❡s✱ t❤✐s ❧❡❛❦❛❣❡ ❜❡❤❛✈❡s ❧✐❦❡ ❛ ❝♦r♣✉s❝✉❧❛r q✉❛♥t✉♠ ♣r❡❝✉rs♦r ♦❢ ❍❛✇❦✲
✐♥❣✬s r❛❞✐❛t✐♦♥✳ ■♥❞❡❡❞✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ 2 → 2 s❝❛tt❡r✐♥❣ ♦❢ t✇♦ ❝♦♥st✐t✉❡♥t ❣r❛✈✐t♦♥s ✐♥
✇❤✐❝❤ ♦♥❡ ♦❢ t❤❡♠ ❣❛✐♥s ❡♥♦✉❣❤ ❡♥❡r❣② t♦ ❧❡❛✈❡ t❤❡ ❣r♦✉♥❞ st❛t❡✱ ♥❛♠❡❧② ❧❡❛✈❡s t❤❡ ❝♦♥✲
❞❡♥s❛t❡ ✐♥ t❤✐s ❝❛s❡✳ ❚❤❡ r❛t❡ ❢♦r s✉❝❤ ❛ ♣r♦❝❡ss ✐s s✐♠♣❧② ❣✐✈❡♥ ❜② Γ ∼ α2

GN (N − 1) ǫG/~
✭s❡❡ ❬✶✵✼✱✶✵✽❪✮✱ t❤❛t ②✐❡❧❞s

Γ ≃ 1√
NℓP

+ O

(
1

ℓPN3/2

)
,

❢♦r♠ ✇❤✐❝❤ ✇❡ ❣❡t t❤❡ ❞❡♣❧❡t✐♦♥ ❧❛✇

dN

dt
≃ − 1√

NℓP
+ O

(
1

ℓPN3/2

)
, ✭✸✳✹✻✮

t❤❛t✱ t❤r♦✉❣❤ t❤❡ s❝❛❧✐♥❣ ❧❛✇s ✭✸✳✹✺✮✱ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ❆❉▼ ♠❛ss M ❛s

dM

dt
≃ − m3

P

ℓPM2
+ O

(
m5

P

ℓPM3

)
≃ −T

2

~
+ O

(
T 4

~m2
P

)
, ✭✸✳✹✼✮

✇❤❡r❡ T := ~/GNM = ~/
√
N ℓP✳ ❚❤❡ r❡s✉❧t ✐♥ ✭✸✳✹✼✮ t❤❡♥ ♠❛t❝❤❡s ❍❛✇❦✐♥❣✬s ❛r❣✉♠❡♥t

✐♥ t❤❡ s❡♠✐❝❧❛ss✐❝❛❧ ❧✐♠✐t✱ ✐✳❡✳ N → ∞✱ ℓP → 0✱ ❦❡❡♣✐♥❣
√
N ℓP ❛♥❞ ~ ✜♥✐t❡✳

❚❤❡ ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❍❛✇❦✐♥❣✬s t❤❡♦r② ❛♥❞ t❤❡ ❝♦r♣✉s❝✉❧❛r ♣✐❝t✉r❡ ✐s t❤❛t✱ ✐♥
t❤❡ ❧❛tt❡r ❝❛s❡✱ ❍❛✇❦✐♥❣✬s r❛❞✐❛t✐♦♥ ❤❛s ♥♦t❤✐♥❣ t♦ ❞♦ ✇✐t❤ t❤❡r♠♦❞②♥❛♠✐❝s✱ s✐♥❝❡ ✇❡ ❛r❡
❞❡❛❧✐♥❣ ✇✐t❤ ❛ ❝♦❧❞ ❇♦s❡✲❊✐♥st❡✐♥ ❝♦♥❞❡♥s❛t❡ ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ s②st❡♠ ✐s✱ ❛❝t✉❛❧❧②✱
③❡r♦✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❝♦r♣✉s❝✉❧❛r ❜❧❛❝❦ ❤♦❧❡s ❡✈❛♣♦r❛t❡ t❤♦✉❣❤ ❛ ❝♦❧❞ q✉❛♥t✉♠ ❞❡♣❧❡❛t✐♦♥
♣r♦❝❡ss✳ ◆♦♥❡t❤❡❧❡ss✱ t❤❡ ❢❛❝t t❤❛t ✇❡ r❡❝♦✈❡r ❛ t❤❡r♠❛❧ s♣❡❝tr✉♠ ✐♥ t❤❡ s❡♠✐❝❧❛ss✐❝❛❧ ❧✐♠✐t
❝♦♠❡s ❛s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❜♦t❤ ❝♦♠❜✐♥❛t♦r✐❝s ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ❣r❛✈✐t♦♥s t❤❛t
❞❡♣❧❡t❡ ❛r❡ s♦❢t ❬✶✵✼✱✶✶✽❪✳



✹✷ ✸✳ ❆❧t❡r♥❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡s ♦♥ q✉❛♥t✉♠ ❡✛❡❝ts ✐♥ ❣r❛✈✐t②



❈❤❛♣t❡r ✹

❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s

■♥ t❤✐s ❈❤❛♣t❡r ✇❡ s❤❛❧❧ ♥♦✇ tr② t♦ r❡✜♥❡ t❤❡ q✉❛❧✐t❛t✐✈❡ ❛r❣✉♠❡♥ts ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝✲
t✐♦♥ ✸✳✷ ❛♥❞ ✸✳✷✳✶ ❜② ♠❡❛♥s ♦❢ s♦♠❡ ❡✛❡❝t✐✈❡ t♦② ♠♦❞❡❧s ✇❤❡r❡ t❤❡ ❣r❛✈✐t♦♥s ❛r❡ r❡♣❧❛❝❡❞
✇✐t❤ ♠❛ss❧❡ss s❝❛❧❛r ✜❡❧❞s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✜rst ✇❡ s❤❛❧❧ ♣r♦✈✐❞❡ ❛ ♠♦r❡ ❛❝❝✉r❛t❡ ❞❡s❝r✐♣t✐♦♥
♦❢ ❜❧❛❝❦ ❤♦❧❡s ❛s s❡❧❢✲s✉st❛✐♥❡❞ ❜♦✉♥❞ st❛t❡s✱ ❛s ✇❡❧❧ ❛s ♦❢ t❤❡✐r r❡❧❛t✐♦♥ ✇✐t❤ t❤❡ ❡♠❡r❣❡♥❝❡
♦❢ ♥♦♥✲tr✐✈✐❛❧ ❝❛✉s❛❧ str✉❝t✉r❡s ♦❢ t❤❡ s♣❛❝❡t✐♠❡✳ ❚♦ ❞♦ t❤❛t✱ ✇❡ ✇✐❧❧ ❡♠♣❧♦② t❤❡ ❍◗▼
❢♦r♠❛❧✐s♠✱ s✐♥❝❡ ✐t ❛❧❧♦✇s t♦ ❧✐♥❦ t❤❡ q✉❛♥t✉♠ ❢❡❛t✉r❡s ♦❢ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s♣❛❝❡t✐♠❡ t♦
t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ q✉❛♥t✉♠ s♦✉r❝❡✱ ♥❛♠❡❧② t❤❡ s❡❧❢✲s♦✉r❝✐♥❣ ♦❢ t❤❡ ❣r❛✈✐t♦♥ ✜❡❧❞ ✐♥ t❤✐s
❝❛s❡✳ ❚❤❡♥✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❣❡♥❡r❛❧ ❛r❣✉♠❡♥t✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss ✐♥ ❞❡t❛✐❧ t❤❡ ❡♠❡r❣❡♥❝❡
♦❢ t❤❡ ❍❛✇❦✐♥❣ ❡✛❡❝t ✐♥ ✈✐❡✇ ♦❢ t❤❡ q✉❛♥t✉♠ ❝r✐t✐❝❛❧✐t② ♦❢ t❤❡ s②st❡♠✳ ❆❢t❡r t❤✐s ❣❡♥❡r❛❧
❛♥❛❧②s✐s✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss ✇❤❛t ❛r❡ t❤❡ ❡①♣❡❝t❡❞ ❡✛❡❝t ♦❢ t❤✐s ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧ ✇❤❡♥ ❞❡❛❧✲
✐♥❣ ✇✐t❤ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ♦❢ ❛ ♠❛tt❡r s♦✉r❝❡ t♦ ❢♦r♠ ❛ ❜❧❛❝❦ ❤♦❧❡✳ ❊①t❡♥❞✐♥❣ t❤❡s❡
❛r❣✉♠❡♥t✱ ✇❡ ✇✐❧❧ t❤❡♥ st✉❞② ❛♥ ❡✛❡❝t✐✈❡ q✉❛♥t✉♠ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ st❛t✐❝ ❣r❛✈✐t❛t✐♦♥❛❧
♣♦t❡♥t✐❛❧✱ ❢♦r s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ s②st❡♠s✱ ✉♣ t♦ t❤❡ ✜rst ♦r❞❡r ✐♥ t❤❡ ♣♦st✲◆❡✇t♦♥✐❛♥
❡①♣❛♥s✐♦♥✳ ❋✉rt❤❡r✱ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ ❛ ❞❡t❛✐❧❡❞ st✉❞② ♦❢ t❤❡ ❡♠❡r❣✐♥❣ ❣❡♦♠❡tr✐❝❛❧ str✉❝t✉r❡
♦❢ ❛ r♦t❛t✐♥❣ ❝♦r♣✉s❝✉❧❛r ❜❧❛❝❦ ❤♦❧❡ ❜② ♠❡❛♥s ♦❢ t❤❡ ❍◗▼ ❢♦r♠❛❧✐s♠ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝✲
t✐♦♥ ✸✳✶✳✹✳ ❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ❝♦♥❝❧✉❞❡ t❤✐s ❈❤❛♣t❡r ❜② ♣r❡s❡♥t✐♥❣ s♦♠❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣
t❤❡ ♣❤②s✐❝s ♦❢ ❝♦r♣✉s❝✉❧❛r ❜❧❛❝❦ ❤♦❧❡s ✐♥ ❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s✳

✹✳✶ ❇❧❛❝❦ ❤♦❧❡s ❛s s❡❧❢✲s✉st❛✐♥❡❞ q✉❛♥t✉♠ st❛t❡s

❚❤❡ ✜rst ♣r❡❝✐s❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ ♥♦t✐♦♥ ♦❢ s❡❧❢✲s✉st❛✐♥❡❞ ❜♦✉♥❞
st❛t❡s ♦❢ s♦❢t ❣r❛✈✐t♦♥s ❛♥❞ ❝r✐t✐❝❛❧ s❡❧❢✲❣r❛✈✐t❛t✐♥❣ s②st❡♠s ❝❛♥ ❜❡ tr❛❝❡❞ ❜❛❝❦ t♦ t❤❡
♣✐✈♦t❛❧ ✇♦r❦s ❬✶✶✾✕✶✷✶❪ ❜② ❈❛s❛❞✐♦ ❡t ❛❧✱ t❤❛t ✇❡ ✇✐❧❧ tr② t♦ s✉♠♠❛r✐③❡ ❤❡r❡✳

❆s s✉❣❣❡st❡❞ ❛❜♦✈❡✱ t❤❡ s✐♠♣❧❡st ✇❛② t♦ ♣r♦❝❡❡❞ ✐♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❛ ♠♦r❡ ✐♥✲❞❡♣t❤
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ q✉❛♥t✉♠ ♣♦rtr❛✐t ❢♦r ❜❧❛❝❦ ❤♦❧❡s✱ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✶✱ ✐s t♦ ✉s❡
♠❛ss❧❡ss s❝❛❧❛r ✜❡❧❞s ❛s t♦② ❣r❛✈✐t♦♥s✳ ❙♦✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ♠❛ss❧❡ss s❝❛❧❛r ✜❡❧❞ Φ(x)
❝♦✉♣❧❡❞ t♦ ❛ ✭s❝❛❧❛r✮ ❝✉rr❡♥t J(x) ♦♥ t❤❡ ▼✐♥❦♦✇s❦✐ s♣❛❝❡✳ ❚❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ❢♦r
Φ(x) ✇✐❧❧ t❤❡♥ r❡❛❞

�Φ(x) = J(x) , � := ηµν ∂µ ∂ν , ✭✹✳✶✮



✹✹ ✹✳ ❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s

✇❤❡r❡ [Φ] = ❧❡♥❣t❤−1✳
❙✐♥❝❡✱ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ tr② t♦ r❡❝♦✈❡r t❤❡ ❝❧❛ss✐❝❛❧ ❛♥❞ s❡♠✐❝❧❛ss✐❝❛❧

❢❡❛t✉r❡s ♦❢ t❤❡ ❙❝❤✇❛r③s❝❤✐❧❞ s♦❧✉t✐♦♥✱ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r ❛ s②st❡♠ ✇❤✐❝❤ ✐s ❜♦t❤ st❛t✐❝ ❛♥❞
s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝✳ ❚❤❡s❡ t✇♦ ❝♦♥❞✐t✐♦♥s s❤♦✉❧❞ t❤❡♥ r❡✢❡❝t ♦♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ s♦✉r❝❡
J(x)✱ ♥❛♠❡❧② ✇❡ s❤❛❧❧ r❡q✉✐r❡ t❤❛t ∂tJ(x) = 0 ❛♥❞ J(x) ≡ J(t,x) = J(t, |x|)✳

❉❡♥♦t✐♥❣ ✇✐t❤ kµ = (k0,k) t❤❡ r❡s❝❛❧❡❞ ♠♦♠❡♥t✉♠ ❛♥❞ r❡❝❛❧❧✐♥❣ t❤❛t t❤❡ r❛❞✐❛❧ ❋♦✉r✐❡r
tr❛♥s❢♦r♠ ♦❢ ❢✉♥❝t✐♦♥ f(x) = f(r)✱ ✇✐t❤ r ≡ |x|✱ ♦♥ R

3 r❡❛❞s

f̃(k) =

∫
d3x e−ik·x f(x) = 4 π

∫ ∞

0

j0(ξ r) f(r) r
2 dr ≡ f̃(ξ) , ✭✹✳✷✮

✇❤❡r❡ ξ ≡ |k|✱ j0(ξ r) = sin(ξr)/ξr ✐s t❤❡ s♣❤❡r✐❝❛❧ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞ ♦❢
♦r❞❡r ν = 0 ❛♥❞ [k] = [ξ] = ❧❡♥❣t❤−1 ✭t❤❛t ✐s ✇❤② ✇❡ ❝❛❧❧ ✐t ❛ r❡s❝❛❧❡❞ ♠♦♠❡♥t✉♠✱ s✐♥❝❡
[k] = [p/~]✮✳ ❚❤✉s✱ t❤❡ ❢♦✉r ❞✐♠❡♥s✐♦♥❛❧ ❋♦✉r✐❡r tr❛♥s❢♦r♠ r❡❞✉❝❡s t♦

f̃(k) =

∫
d4x e−ik·x f(x) = 4 π

∫
dt eik

0 t

∫ ∞

0

j0(ξ r) f(t, r) r
2 dr ≡

∫
dt eik

0 tf̃(t, ξ) . ✭✹✳✸✮

❘❡♠❛r❦✳ ■t ✐s ❛❧s♦ ✇♦rt❤ str❡ss✐♥❣ t❤❛t [f̃(k)] = ❧❡♥❣t❤3 ·[f(x)] ❛♥❞ [f̃(k)] = ❧❡♥❣t❤4 ·[f(x)]✳
❆❧❧ t❤❛t s❛✐❞✱ t❤❡ st❛t✐❝✐t② ♦❢ s♦✉r❝❡ t❤❡♥ ✐♠♣❧✐❡s k0 J̃(k) = 0✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐s s♦❧✈❡❞

❜② J̃(k) = δ(k0) f(k) ✇✐t❤ f ∗(k) = f(−k) ✭r❡❛❧✐t② ❝♦♥❞✐t✐♦♥s✮✳ ❋♦r s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱
✇❡ ✇✐❧❧ ♠❛❦❡ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ f(k) ≡ J̃(k) t❤❛t✱ ❢♦r t❤❡ t✐♠❡ ❜❡✐♥❣✱ ♦♥❧② r❡♣r❡s❡♥ts t❤❡
t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ❛ ❝❡rt❛✐♥ ❢✉♥❝t✐♦♥ J(x) ♦♥ R

3✳ ❚❤❡ r❡q✉✐r❡♠❡♥t ♦❢
s♣❤❡r✐❝❛❧ s②♠♠❡tr② t❤❡♥ ✐♠♣❧✐❡s t❤❛t J̃(k) = J̃(ξ)✱ t❤✉s t❤❡ ♠♦♠❡♥t✉♠ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
❛ st❛t✐❝ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ s❝❛❧❛r s♦✉r❝❡ J(x) ✐s ❣✐✈❡♥ ❜② J̃(k) = δ(k0) J̃(ξ)✳

■t ✐s ♥♦✇ ❡❛s② t♦ s❡❡ t❤❛t✱ ❢♦r♠ t❤✐s ✈❡r② s✐♠♣❧❡ ❝❧❛ss✐❝❛❧ ✜❡❧❞ t❤❡♦r❡t✐❝ s❡tt✐♥❣ ♦♥❡ ❝❛♥
r❡❝♦✈❡r ❛♥ ❛s②♠♣t♦t✐❝ ◆❡✇t♦♥✐❛♥ ❜❡❤❛✈✐♦✉r✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r✐♥❣ ❛ ●❛✉ss✐❛♥ s♦✉r❝❡✱ ✐✳❡✳
J(r) ∝ exp[−r2/(2σ2)]✱ ❛♥❞ s♦❧✈✐♥❣ ❢♦r Φ(x) ♦♥❡ ✜♥❞s ΦC(x) = ΦC(r) ∝ −(1/r)❡r❢(r/

√
2σ)✱

✇✐t❤ ❡r❢ ❞❡♥♦t✐♥❣ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ❬✶✷✷❪✳ ■t ✐s t❤❡♥ ❡❛s② t♦ s❡❡ t❤❛t Φ(r) ∼ −1/r ❛s
r ≫ σ t❤✉s✱ ✇✐t❤ s✉✐t❛❜❧❡ ❞✐♠❡♥s✐♦♥❛❧ ❢❛❝t♦rs✱ ♦♥❡ ❝❛♥ ♠❛❦❡ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ VN ≃
4 π GNM ΦC(r) ❢♦r r ≫ σ✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ ❛❧r❡❛❞② ✇✐t❤ t❤✐s ✈❡r② s✐♠♣❧❡ ❝❧❛ss✐❝❛❧ s❝❛❧❛r
t❤❡♦r②✱ ✇❡ r❡❝♦✈❡r ❛ ❜❡❤❛✈✐♦✉r ❛❦✐♥ t♦ ◆❡✇t♦♥✬s ❣r❛✈✐t② ❢♦r ❛ st❛t✐❝ ❛♥❞ s♣❤❡r✐❝❛❧ s②♠♠❡t✲
r✐❝ s♦✉r❝❡✳ ❚❤✉s✱ t❤✐s s❡tt✐♥❣ ❛❧❧♦✇s ✉s t♦ r♦✉❣❤❧② ♠✐♠✐❝ ❣r❛✈✐t② ✇✐t❤ ❛ ♠❛ss❡❧❡ss s❝❛❧❛r
✜❡❧❞ t❤❡♦r②✳

❆t t❤❡ q✉❛♥t✉♠ ❧❡✈❡❧✱ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ❛r❡ r❡❝♦✈❡r❡❞ t❤r♦✉❣❤ ✭q✉❛♥t✉♠✮ ❝♦❤❡r❡♥t
st❛t❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✭r❡s❝❛❧❡❞✮ ❍❛♠✐❧t♦♥✐❛♥ ❞❡♥s✐t② ✐♥ t❤❡ ♠♦♠❡♥t✉♠
s♣❛❝❡

: H : = ξ a′
†
k a

′
k + Eg , Eg = −|J̃(ξ)|2

2 ξ2
, ✭✹✳✹✮

✇✐t❤ Eg ❞❡♥♦t✐♥❣ t❤❡ ❡♥❡r❣② ❞❡♥s✐t② ♦❢ t❤❡ ❣r♦✉♥❞ st❛t❡ ❛♥❞ a′k t❤❡ ❝r❡❛t✐♦♥✲❛♥♥✐❤✐❧❛t✐♦♥
♦♣❡r❛t♦rs s❤✐❢t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛♥❞❛r❞ ♦♥❡ ❛❝❝♦r❞✐♥❣ t♦ a′k = ak + J̃(ξ)/

√
2ξ3✳



✹✳✶ ❇❧❛❝❦ ❤♦❧❡s ❛s s❡❧❢✲s✉st❛✐♥❡❞ q✉❛♥t✉♠ st❛t❡s ✹✺

❚❤❡ ❣r♦✉♥❞ st❛t❡ |g〉 ✐s t❤❡♥ ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ a′k |g〉 = 0 ✇❤✐❝❤✱ ✐♥ t❡r♠s ♦❢ t❤❡
st❛♥❞❛r❞ ❝r❡❛t✐♦♥✲❛♥♥✐❤✐❧❛t✐♦♥ ♦♣❡r❛t♦rs✱ r❡❛❞s ak |g〉 = −(J̃(ξ)/

√
2ξ3) |g〉 ≡ αg(k) |g〉✳

❚❤✉s |g〉 ✐s ❛♥ ✏❡✐❣❡♥st❛t❡✑ ♦❢ ak✱ ❛s ❡①♣❡❝t❡❞ ❢♦r ❛ ❝♦❤❡r❡♥t st❛t❡✳ ❋♦r s✉❝❤ ❛ st❛t❡ ♦♥❡
❝❛♥ ✐♠♠❡❞✐❛t❡❧② ❝♦♠♣✉t❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥st✐t✉❡♥t q✉❛♥t❛✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②

N ≃
∫

d3k 〈g|a†k ak|g〉 ≃
∫

d3k |αg(k)|2 .

❇❡s✐❞❡s✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t
〈g|Φ̃(k)|g〉 = Φ̃C(ξ) ,

t❤✉s r❡❝♦✈❡r✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧t✳
■❢ ✇❡ ♥♦✇ ✇✐s❤ t♦ ❞❡s❝r✐❜❡ ❛ st❛r✲❧✐❦❡ ♦❜❥❡❝t ♦❢ ❆❉▼ ♠❛ss M ❛♥❞ ❡♥❡r❣② ❞❡♥s✐t② ρ(r)

✇✐t❤ t❤✐s s✐♠♣❧✐✜❡❞ ♠♦❞❡❧✱ ✇❡ ❥✉st ♥❡❡❞ ♠❛❦❡ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ J(r) = ρ(r)/M ❢♦r t❤❡
s❝❛❧❛r ❝✉rr❡♥t✳ ❚❤❡ ◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ❢♦r t❤✐s st❛r ✐s t❤❡♥ ❣✐✈❡♥ ❜② UM =M VN✱
✇❤❡r❡ VN ✐s ❞❡t❡r♠✐♥❡❞ t❤r♦✉❣❤ ✐ts ❝❧❛ss✐❝❛❧ r❡❧❛t✐♦♥ ✇✐t❤ ΦC ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❜② ♠❡❛♥s ♦❢
t❤❡ q✉❛♥t✉♠ ❝♦❤❡r❡♥t st❛t❡ |g〉✳ ■t ✐s t❤❡♥ ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t✱ ❢♦r ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡
♠❛ssM ✱ t❤❡ ❝♦♥st✐t✉❡♥ts ♦❢ |g〉 ❝❛rr② ❛♥ ❛✈❡r❛❣❡ ❡♥❡r❣② ǫ ∼ UM/N ✇❤✐❧❡ t❤❡✐r t♦t❛❧ ♥✉♠❜❡r
N ∼M2✳

❆❧❧ t❤❛t s❛✐❞✱ t❤❡ ❜❧❛❝❦ ❤♦❧❡ q✉❛♥t✉♠ N ✲♣♦rtr❛✐t ✐♥❤❡r❡♥t❧② ❛ss✉♠❡s t❤❛t t❤❡ ❝♦♥tr✐❜✉✲
t✐♦♥ ♦❢ ♠❛tt❡r ❜❡❝♦♠❡s ♥❡❣❧✐❣✐❜❧❡ ♦♥❝❡ t❤❡ ❜❧❛❝❦ ❤♦❧❡ ❤❛s ❢♦r♠❡❞✱ ✇❤❡r❡❛s t❤❡ ❝♦♥✜♥❡♠❡♥t
♦❢ t❤❡ s②st❡♠ ✐s s♦✉r❝❡❞ ❜② t❤❡ s❡❧❢✲✐♥t❡r❛❝t✐♦♥ ❛♠♦♥❣st t❤❡ ❝♦♥st✐t✉❡♥ts✳ ❚❤❡ ❧❛tt❡r ❝❛♥
r♦✉❣❤❧② ❜❡ ❛❝❝♦✉♥t❡❞ ❢♦r ❜② ♠❡❛♥s ♦❢ ❛ ♠♦❞✐✜❡❞ ❦✐♥❡t✐❝ ♦♣❡r❛t♦r ✐♥ ✭✹✳✶✮✳ ❍❡♥❝❡✱ ✇❡ ❥✉st
♥❡❡❞ t♦ r❡❝❛st t❤❡ ♠❛r❣✐♥❛❧❧② ❜♦✉♥❞ ❝♦♥❞✐t✐♦♥ ✐♥ ❛ ✜❡❧❞ t❤❡♦r❡t✐❝ ❢♦r♠✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐❢ t❛❦❡
ρ(r) = −NUǫ/(4πR

3/3)✱ ✐✳❡✳ t❤❡ ✭♣♦s✐t✐✈❡✮ ❛✈❡r❛❣❡ t♦t❛❧ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ♦✈❡r t❤❡ ✈♦❧✉♠❡
♦❢ t❤❡ ✷✲s♣❤❡r❡ ♦❢ r❛❞✐✉s R ✇❤❡r❡ t❤❡ s♦✉r❝❡ ❤❛s s✉♣♣♦rt ✭❝♦♥✜♥❡♠❡♥t✮✱ t❤❡♥

J(r) ≃ −N GN ǫ

R3
ΦC(r) . ✭✹✳✺✮

■❢ ✇❡ ♥♦✇ t❛❦❡ ❊q✳ ✭✹✳✶✮ t♦ t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡ ❛♥❞ ✇❡ t❤❡♥ r❡♣❧❛❝❡ J(r) ✇✐t❤ t❤❡
❡①♣r❡ss✐♦♥ ✭✹✳✺✮✱ ✇❡ ❣❡t

ξ2 ≃ N GN ǫ

R3
. ✭✹✳✻✮

❚❤✉s✱ r❡❝❛❧❧✐♥❣ t❤❛t M = N ǫ ✭✐✳❡✳ t❤❡ t♦t❛❧ ❡♥❡r❣② ❡q✉❛❧s t❤❡ s✉♠ ♦❢ t❤❡ ❡♥❡r❣✐❡s ♦❢ t❤❡
❝♦♥st✐t✉❡♥ts✮ ❛♥❞ ❞❡♥♦t✐♥❣ ❜② RH = 2GNM t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐✉s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
♠❛ss M ✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❧❛st ❡q✉❛t✐♦♥ ❛s

ξ2 ≃ RH

R3
. ✭✹✳✼✮

❚❤✐s ❝❧❡❛r❧② t❡❧❧ ✉s t❤❛t ❛ s❡❧❢✲s✉st❛✐♥❡❞ q✉❛♥t✉♠ s②st❡♠ s❤♦✉❧❞ ♦♥❧② ❝♦♥t❛✐♥ q✉❛♥t❛ ✇✐t❤
r❡s❝❛❧❡❞ ♠♦♠❡♥t✉♠

ξ ≃ 1

R

√
RH

R
. ✭✹✳✽✮



✹✻ ✹✳ ❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s

■❢ ✇❡ t❤❡♥ t❛❦❡ t❤❡ ❧✐♠✐t R → R+
H✱ r❡❝❛❧❧✐♥❣ t❤❛t t❤❡ t②♣✐❝❛❧ ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤❡ ❝♦♥st✐t✉❡♥ts

✐s λ = ~/|p| = 1/|k| ≡ 1/ξ ❛♥❞ t❤❛t ǫ ≃ |p| = ~ ξ✱ ✇❡ ❣❡t

λ ≃ RH ≃
√
N ℓP , ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ǫ ≃ mP√

N
, ✭✹✳✾✮

❛s ❡①♣❡❝t❡❞ ✐♥ ❢♦r ❛ ❝♦r♣✉s❝✉❧❛r ❜❧❛❝❦ ❤♦❧❡✳
■t ✐s ♥♦✇ ✐♠♣♦rt❛♥t t♦ st✉❞② t❤❡ ❝❛✉s❛❧ str✉❝t✉r❡ ❣❡♥❡r❛t❡❞ ❜② t❤✐s s②st❡♠✳ ❚♦ ❞♦ t❤❛t

✇❡ ✇✐❧❧ ❡♠♣❧♦② t❤❡ t❡❝❤♥✐q✉❡s ♦❢ t❤❡ ❍◗▼ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳✸✱ ❢♦r s♣❤❡r✐❝❛❧ s②st❡♠s✳
❋✐rst✱ ✐♥ ♦r❞❡r t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❢♦r♠❛❧✐s♠✱ ✇❡ s❤❛❧❧ ❝❤❛r❛❝t❡r✐③❡ t❤❡ q✉❛♥t✉♠ st❛t❡

♦❢ t❤❡ s♦✉r❝❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ s②st❡♠ ✐s ♠❛❞❡ ♦❢ N ♠❛r❣✐♥❛❧❧② ❜♦✉♥❞ s❝❛❧❛r ♣❛rt✐❝❧❡s✱
❧❛❜❡❧❧❡❞ ❜② t❤❡ ✐♥❞❡① i = 1, . . . , N ✳ ❚❤❡ ♠❛r❣✐♥❛❧❧② ❜♦✉♥❞ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞
✐♥ t❤❡ s✐♥❣❧❡✲♣❛rt✐❝❧❡ s♣❡❝tr✉♠ ❜② r❡q✉✐r✐♥❣ ❡❛❝❤ q✉❛♥t❛ t♦ ❤❛✈❡ ❛ s✐♥❣❧❡✲♣❛rt✐❝❧❡ ❍✐❧❜❡rt
s♣❛❝❡ ❝♦♥t❛✐♥✐♥❣ ❛ ❣r♦✉♥❞ st❛t❡ |ǫ〉✱ ♦❢ ❡♥❡r❣② ǫ = mP/

√
N ✱ ❛♥❞ ❛ ❝♦♥t✐♥✉♦✉s ❝♦♠♣♦♥❡♥t

♦❢ ✭q✉❛s✐✲✮❣❛♣❧❡ss ❡①❝✐t❛t✐♦♥s |ωi〉✱ ♦❢ ❡♥❡r❣② ωi > ǫ✳ ❚❤❡s❡ q✉❛♥t✉♠ ❤❛✐r ❛r❡ ♠❡❛♥t t♦
r❡♣r❡s❡♥t t❤❡ q✉❛♥t✉♠ ❝r✐t✐❝❛❧✐t② ♦❢ t❤❡ s②st❡♠✱ ✐✳❡✳ t❤❡ ❢❛❝t t❤❛t t❤❡ s②st❡♠ ✐s ♦♥ t❤❡
✈❡r❣❡ ♦❢ ❛ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❛♥❞ q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s ❝❛♥ ♣✉s❤ t❤❡ ❝♦♥st✐t✉❡♥ts ♦✉t ♦❢ t❤❡
❣r♦✉♥❞ st❛t❡ ✭q✉❛♥t✉♠ ❞❡♣❧❡t✐♦♥✮✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ s✐♥❣❧❡✲♣❛rt✐❝❧❡ ✇❛✈❡✲❢✉♥❝t✐♦♥ ❢♦r ❡❛❝❤
❝♦♥st✐t✉❡♥t ♦❢ t❤❡ s②st❡♠✱ ✐✳❡✳ ∀i = 1, . . . , N ✱ t❛❦❡s t❤❡ ❢♦r♠

|Ψ(i)
S 〉 = |ǫ〉+ γ |ψ(i)

cont.〉√
1 + γ2

, ✭✹✳✶✵✮

✇✐t❤ γ ≥ 0 ❞❡♥♦t✐♥❣ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦r ❛ ♣❛rt✐❝❧❡ t♦ ❜❡❧♦♥❣ ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s ♣❛rt ♦❢ t❤❡
s♣❡❝tr✉♠ r❛t❤❡r t❤❛♥ ✐♥ t❤❡ ❣r♦✉♥❞ st❛t❡✱ ❛♥❞

|ψ(i)
cont.〉 =

∫ ∞

ǫ

dωi̟i(ωi | ǫ) |ωi〉 , ✭✹✳✶✶✮

✇❤❡r❡ ̟i(ωi | ǫ) ❞❡♥♦t❡s t❤❡ ❡♥❡r❣② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ st❛t❡s ✐♥ t❤❡ ❝♦♥t✐♥✉✉♠✳
❚❤❡♥ t❤❡ t♦t❛❧ ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ t❤❡ N ✲♣❛rt✐❝❧❡ ✇❛✈❡✲❢✉♥❝t✐♦♥ ❢♦r t❤❡ s②st❡♠ ✇✐❧❧ ❜❡

❣✐✈❡♥ ❜②

Ĥ =
N⊕

i=1

Ĥ(i) , |ΨS〉 =
S⊗

i=1,...,N

|Ψ(i)
S 〉 , ✭✹✳✶✷✮

✇❤❡r❡ Ĥ(i) ✐s ❛ s✐♥❣❧❡✲♣❛rt✐❝❧❡ ❍❛♠✐❧t♦♥✐❛♥✱ ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❛❜♦✈❡✱ ❛♥❞⊗S ✐s ❛ s②♠♠❡tr✐③❡❞
t❡♥s♦r ♣r♦❞✉❝t ✭s✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ ❜♦s♦♥✐❝ N ✲♣❛rt✐❝❧❡ st❛t❡✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t♦t❛❧
❍❛♠✐❧t♦♥✐❛♥ ❤❛s ❛ s♣❡❝tr✉♠ ❣✐✈❡♥ ❜② ❛ ❞✐s❝r❡t❡ ♣❛rt✱ ♥❛♠❡❧②

|M〉 =
S⊗

i=1,...,N

|ǫ〉 , Ĥ |M〉 =M |M〉 ✇✐t❤ M = N ǫ ,

❛♥❞ ❛ ❝♦♥t✐♥✉♦✉s ❝♦♠♣♦♥❡♥t s✉❝❤ t❤❛t Ĥ |E〉 = E |E〉✱ ✇✐t❤ E > M ✳



✹✳✷ ●r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ✹✼

❙✐♥❝❡ ✐♥ t❤❡ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧ ✇❡ ✇❛♥t ♠♦st ♦❢ ♦✉r ❝♦♥st✐t✉❡♥t ❣r❛✈✐t♦♥s t♦ ❜❡ ✐♥ t❤❡
❣r♦✉♥❞ st❛t❡✱ ❛t ❧❡❛st ❢♦r ♠♦st ♦❢ t❤❡ ❧✐❢❡ ♦❢ ❛ ❜❧❛❝❦ ❤♦❧❡ ♦❢ ♠❛ss M ≫ mP✱ ✐t ✐s r❡❛s♦♥❛❜❧❡
t♦ ✇♦r❦ ✐♥ t❤❡ ❧✐♠✐t γ ≪ 1✱ ❛s ✐♥ ❬✶✶✾❪✳ ❆ ♠♦r❡ ❣❡♥❡r❛❧ ❞✐s❝✉ss✐♦♥ ❝❛♥ t❤❡ ❜❡ ❢♦✉♥❞
✐♥ ❬✶✷✵✱✶✷✶❪✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts CS(E)✱ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳✸✱ t❤❡♥ r❡❛❞ ❬✶✶✾❪✱

CS(E < M) = 0 , CS(E =M) ≃ 1 , CS(E > M) ≃ γ ̟i(ωi | ǫ, M) . ✭✹✳✶✸✮

❋✐♥❛❧❧②✱ s♣❡❝✐❢②✐♥❣ ̟i(ωi | ǫ) ♦♥❡ ❝❛♥ ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r t❤✐s s②st❡♠
t♦ ❢♦r♠ ❛ ❜❧❛❝❦ ❤♦❧❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐t ✐s ❡❛s② t♦ s❡❡✱ ❢♦r ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❝❡♥t❡r❡❞
❛r♦✉♥❞ ǫ✱ ♦r ❢♦r ❛ t❤❡r♠❛❧ s♣❡❝tr✉♠ ❛t ❛ t❡♠♣❡r❛t✉r❡ T ≃ ǫ ≃ TH✱ t❤❛t PBH ≃ 1✱ ❝♦♠♣✉t❡❞
❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✻✳ ❚❤✐s ❝♦♥✜r♠s t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ❛ ♥♦♥✲tr✐✈✐❛❧ ❝❛✉s❛❧ str✉❝t✉r❡ ❢♦r
s✉❝❤ ❝r✐t✐❝❛❧ s❡❧❢✲s✉st❛✐♥❡❞ st❛t❡s✳ ▼♦r❡♦✈❡r✱ ❛♥❛❧②③✐♥❣ t❤❡ s②st❡♠✱ s❡♣❛r❛t❡❧②✱ ✇✐t❤ ❜♦t❤ ❛
●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❝❡♥t❡r❡❞ ❛r♦✉♥❞ ǫ ❛♥❞ ❛ t❤❡r♠❛❧ s♣❡❝tr✉♠ ❛t ❛ t❡♠♣❡r❛t✉r❡ T ≃ ǫ
t❡❧❧ ✉s ❛ ❧♦t ♠♦r❡ t❤❡♥ ❥✉st s♦♠❡ ❣❡♥❡r❛❧ ❢❡❛t✉r❡s ♦❢ ✐ts ❝❛✉s❛❧ str✉❝t✉r❡✳ ■♥❞❡❡❞✱ ✐♥ ❜♦t❤
❝❛s❡s✱ ♦♥❡ ✜♥❞s t❤❛t

∆E

〈Ĥ〉S
∼ γ

N
,

∆RH

〈R̂H〉H
∼ 1

N
, ✭✹✳✶✹✮

✐♥ t❤❡ ❧✐♠✐t N ≫ 1✱ ✇❤❡r❡ ∆E2 := 〈Ĥ2〉S−〈Ĥ〉2S ❛♥❞ ∆R2
H := 〈R̂2

H〉H−〈R̂H〉
2

H✳ ❚❤✐s ♠❡❛♥s
t❤❛t✱ ❢♦r ❛ ❜❧❛❝❦ ❤♦❧❡ ♦❢ ♠❛ss M ≫ mP ✭✐✳❡✳ N ≫ 1✮✱ t❤❡ q✉❛♥t✉♠ ❝♦rr❡❝t✐♦♥s t♦ t❤❡
❝❧❛ss✐❝❛❧ ●❘ ♣✐❝t✉r❡ ❛r❡ s✉❜❥❡❝t t♦ ❛ 1/N s✉♣♣r❡ss✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ tr❛❝❡❞ ❜❛❝❦ t♦ t❤❡
s♦❢t♥❡ss ♦❢ t❤❡ ❝♦♥st✐t✉❡♥ts ❛s ❛♥t✐❝✐♣❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✶✳ ❇❡s✐❞❡s✱ t❤❡ ❢❛❝t t❤❛t✱ ✐♥ t❤❡
❧❛r❣❡ N ❧✐♠✐t✱ ✇❡ r❡❝♦✈❡r t❤❡ s❛♠❡ t❤❡r♠❛❧ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❍❛✇❦✐♥❣ r❛❞✐❛t✐♦♥✱ ❡✈❡♥ ✐❢
✇❡ ❝♦♥s✐❞❡r q✉❛♥t✉♠ ❤❛✐r ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♥♦♥✲t❤❡r♠❛❧ ❞✐str✐❜✉t✐♦♥✳ ❚❤✐s ❝♦♥✜r♠s t❤❛t
t❤❡ ❍❛✇❦✐♥❣ ❡✛❡❝t✱ ✐♥ t❤✐s ♠♦❞❡❧✱ ✐s ❛♥ ❡♠❡r❣✐♥❣ ♣❤❡♥♦♠❡♥❛ t❤❛t ❝❛♥ ❜❡ tr❛❝❡❞ ❜❛❝❦ t♦
❝♦♠❜✐♥❛t♦r✐❝s ❛♥❞ t❤❡ s♦❢t♥❡ss ♦❢ t❤❡ ❝♦♥st✐t✉❡♥ts✳

❋✐♥❛❧❧②✱ ✐t ✐s ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t t❤✐s s②st❡♠ ❤❛s ❜❡❡♥ ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡❞✱ ❛t t❤❡
t❤❡r♠♦❞②♥❛♠✐❝ ❧❡✈❡❧✱ ✐♥ ❬✶✷✵❪✳ ■♥ t❤✐s ♣❛♣❡r t❤❡ ❛✉t❤♦rs ❝♦♠♣✉t❡❞ t❤❡ ✭❡✛❡❝t✐✈❡✮ ❝♦r✲
♣✉s❝✉❧❛r ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ❇❡❦❡♥st❡✐♥✲❍❛✇❦✐♥❣ ❡♥tr♦♣②✱ ✇❤♦s❡ ❜❡❤❛✈✐♦✉r ✐s ❣✐✈❡♥ ❜②
S − SBH ∼ logN ✐♥ t❤❡ ❧❛r❣❡ N ❧✐♠✐t✱ ❛s ✇❡❧❧ ❛s t❤❡ s♣❡❝✐✜❝ ❤❡❛t ♦❢ t❤❡ s②st❡♠✳

✹✳✷ ●r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ✇✐❧❧ tr② t♦ ♣r♦✈✐❞❡ ❛ s✐♠♣❧✐✜❡❞ ❝♦r♣✉s❝✉❧❛r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧
❝♦❧❧❛♣s❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ❣❡♥❡r❛❧ ❛r❣✉♠❡♥t ♣r❡s❡♥t❡❞ ✐♥ ❬✶✷✸❪✳

❋✐rst✱ ❧❡t ✉s ✜rst ✐♥tr♦❞✉❝❡ ❛ ✈❡r② ♥❛✐✈❡ ♠♦❞❡❧ ❢♦r ❛str♦♣❤②s✐❝❛❧ ♦❜❥❡❝ts✱ ❢♦r ✇❤✐❝❤ ✇❡
❛ss✉♠❡ t❤❛t ❛ ❝♦♠♣❛❝t st❡❧❧❛r ♦❜❥❡❝t ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❡r♠s ♦❢NB ✐❞❡♥t✐❝❛❧ ❝♦♥st✐t✉❡♥ts✱
t♦ ✇❤✐❝❤ ✇❡ r❡❢❡r t♦ ❛s ❜❛r②♦♥s ❢♦r s✐♠♣❧✐❝✐t②✱ ❡❛❝❤ ♦♥❡ ✇✐t❤ ❛ r❡st ♠❛ss µ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡
✇✐s❤ t♦ ✐♥✈❡st✐❣❛t❡ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ r❛❞✐✉s R ♦❢ t❤✐s s♦rt✱ ❛ss✉♠✐♥❣
t❤❛t ✇❡ ❝❛♥ ♥❡❣❧❡❝t ❛♥② ❡♠✐ss✐♦♥ ♦❢ r❛❞✐❛t✐♦♥✳ ❚❤✐s ❧❛st ❛ss✉♠♣t✐♦♥ ❣✉❛r❛♥t❡❡s t❤❡ ❝♦♥✲
s❡r✈❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ t❤✐s s②st❡♠✱ ✇❤✐❝❤ ✐♥ t✉r♥s ✐s r❡✢❡❝t❡❞ ✐♥ t❤❡ ❝♦♥s❡r✈❛t✐♦♥
♦❢ t❤❡ ❆❉▼ ♠❛ss M ✳



✹✽ ✹✳ ❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s

■t ✐s ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❡♥❡r❣②✱ ✐♥ ❝❧❛ss✐❝❛❧ ❣r❛✈✐t②✱ ✐s ✐♥❤❡r❡♥t❧②
❧✐♥❦❡❞ t♦ t❤❡ t✐♠❡ r❡♣❛r❛♠❡tr✐③❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ✇❤✐❝❤✱ ❛t t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❧❡✈❡❧✱ ✐s ❛ss♦✲
❝✐❛t❡❞ t♦ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ♦❢ ●❘ ❬✹✸✱ ✻✸✱ ✶✷✹✱ ✶✷✺❪✳ ❚❤✉s✱ ❢♦r ❛♥ ❛s②♠♣t♦t✐❝❛❧❧②
✢❛t s♣❛❝❡t✐♠❡✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ♦❢ ●❘ r❡❛❞s ❬✻✸✱✶✷✹❪✱

H = HB +HG =M ✭✹✳✶✺✮

✇❤❡r❡ HB ❛♥❞ HG ❛r❡ t❤❡ ✭s✉♣❡r✲✮❍❛♠✐❧t♦♥✐❛♥s ❢♦r ♠❛tt❡r ❛♥❞ ❣r❛✈✐t②✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❧❡
M ✐s t❤❡ ❆❉▼ ♠❛ss ✭❝♦♠✐♥❣ ❢r♦♠ ❜♦✉♥❞❛r② t❡r♠s✮✳

◆♦✇✱ t❤❡r❡ ❛r❡ t✇♦ ✐♥t❡r❡st✐♥❣ ❝❛s❡s ❢♦r ❛ s❡❧❢✲❣r❛✈✐t❛t✐♥❣ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ s②st❡♠
❞❡s❝r✐❜❡❞ ❛s ❛❜♦✈❡✿

• ❙t❛❜❧❡ st❛r✱ ✐✳❡✳ R = RS❀

• ❇❧❛❝❦ ❤♦❧❡✱ ✐✳❡✳ R = RH = 2GNM ✳

◆♦t❡ t❤❛t✱ ❢♦r t❤❡ ✜rst ❝❛s❡✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t s✐♠♣❧② ❧❡❛❞s t♦ t❤❡ ❚♦❧♠❛♥✲
❖♣♣❡♥❤❡✐♠❡r✲❱♦❧❦♦✛ ❡q✉❛t✐♦♥ ❬✶✷✻✱✶✷✼❪✳

▲❡t ✉s ♥♦✇ tr② t♦ ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧ ❛r❣✉♠❡♥t ❜❛s❡❞ ♦♥ ❛♥ ❡♥❡r❣② ❜❛❧❛♥❝❡ ❢♦r t❤❡s❡ s❡❧❢✲
❣r❛✈✐t❛t✐♥❣ ♦❜❥❡❝ts✳ ❍❡♥❝❡✱ ❧❡t ✉s st❛rt ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✇❤❡r❡ ❛❧❧ t❤❡ ❜❛r②♦♥s
✐♥ t❤❡ s②st❡♠ ❛r❡ ❡①tr❡♠❡❧② ❢❛r ❛♣❛rt✳ ❚❤✉s✱ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❣✐✈❡♥
❜②

Hin =M ≃ µNB . ✭✹✳✶✻✮

■❢ ✇❡ t❤❡♥ s❤r✐♥❦ t❤❡ s②st❡♠ ❞♦✇♥ t♦ ❛ s♣❤❡r❡ ♦❢ r❛❞✐✉s R ✇❡ ✜♥❞ t❤❛t

H(R) =M +KB(R) + UBG(R) + UBB(R) , ✭✹✳✶✼✮

✇❤❡r❡ KB(R) ✐s t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ❜❛r②♦♥s✱ UBG ❞❡♥♦t❡s t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧
❡♥❡r❣② ❜❡t✇❡❡♥ ❜❛r②♦♥s ♠❡❞✐❛t❡❞ ❜② t❤❡ ❣r❛✈✐t♦♥s ✭UBG(R) ≤ 0✮ ❛♥❞ UBB(R) ≥ 0 ✐s ❛♥
❛❞❞✐t✐♦♥❛❧ r❡♣✉❧s✐✈❡ ✐♥t❡r❛❝t✐♦♥ ❛♠♦♥❣ ❜❛r②♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❧❛st t❡r♠ ✐s r❡s♣♦♥s✐❜❧❡
❢♦r t❤❡ ♥❡❝❡ss❛r② ♣r❡ss✉r❡ t❤❛t ❛❧❧♦✇s t❤❡ s②st❡♠ t♦ s✉st❛✐♥ st❛t✐❝ ❝♦♥✜❣✉r❛t✐♦♥s✳

■♥ ❛ ♣✉r❡❧② ❝❧❛ss✐❝❛❧ ❢r❛♠❡✇♦r❦ Hin = H(R)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

KB(R) + UBG(R) + UBB(R) = 0 , ✭✹✳✶✽✮

❤♦✇❡✈❡r✱ ❜❛r②♦♥s ❛♥❞ ❣r❛✈✐t♦♥s ❛r❡ ✐♥tr✐♥s✐❝❛❧❧② q✉❛♥t✉♠ ♦❜❥❡❝ts✳ ❙♦✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡
❝❛s❡ ♦❢ ❛ st❛t✐❝ s②st❡♠ s❡t✲✉♣ ♦❢ s✐③❡ R✱ ✐✳❡✳ KB(R) = 0✳ ❍❡♥❝❡✱ ❛ ◆❡✇t♦♥✐❛♥ ❡st✐♠❛t❡ ❢♦r
t❤❡ ❜❛r②♦♥✲❜❛r②♦♥ ✐♥t❡r❛❝t✐♦♥ ♠❡❞✐❛t❡❞ ❜② ❣r❛✈✐t♦♥s ❣✐✈❡s✱

UBG(R) ≃ µNB VN(R) ≃ −GNM
2

R
, ✭✹✳✶✾✮

✇✐t❤ VN(R) ❞❡♥♦t✐♥❣ t❤❡ ◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧✳
■♥ ❙❡❝t✐♦♥ ✹✳✶ ✇❡ ❤❛✈❡ ❛r❣✉❡❞ t❤❛t t❤❡ ◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❛ r❡s✉❧t

♦❢ ❛ ❝♦❤❡r❡♥t st❛t❡ ♦❢ s♦❢t ✈✐rt✉❛❧ ❣r❛✈✐t♦♥s ❬✶✶✾❪✳ ❇❡s✐❞❡s✱ ❢♦r ❛ s❡❧❢✲❣r❛✈✐t❛t✐♥❣ ♦❜❥❡❝t ♦❢



✹✳✷ ●r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ✹✾

❆❉▼ ♠❛ss M ✱ ✐t ✇❛s ❛❧s♦ s❤♦✇♥ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ q✉❛♥t❛ ✐♥ t❤✐s st❛t❡ ✐s ❛♣♣r♦①✐♠❛t❡❧②
❣✐✈❡♥ ❜②

NG ≃ M2

m2
P

≃ R2
H

ℓ2P
, ✭✹✳✷✵✮

r❡❣❛r❞❧❡ss ❢♦r t❤❡ s✐③❡ R ♦❢ t❤❡ s②st❡♠✱ ♥❛♠❡❧② NG ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ R✳
■♥ t❤✐s ♣✐❝t✉r❡✱ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❜❛r②♦♥s ❝❛♥ ♥♦✇ ❜❡ ✇r✐tt❡♥ ✐♥

t❡r♠s ♦❢ ❣r❛✈✐t♦♥s ❛s

UBG = −NG ǫG , ✭✹✳✷✶✮

✇❤❡r❡ ǫG ✐s t❤❡ t②♣✐❝❛❧ ❡♥❡r❣② ✭♣♦s✐t✐✈❡✮ ♦❢ t❤❡ ❝♦♥st✐t✉❡♥ts ♦❢ t❤❡ ❝♦❤❡r❡♥t st❛t❡ ✇❤✐❧❡ t❤❡
♠✐♥✉s s✐❣♥ t❡❧❧ ✉s t❤❛t t❤❡ ❝♦❧❧❡❝t✐✈❡ ✐♥t❡r❛❝t✐♦♥ ✐s ❛ttr❛❝t✐✈❡✳

❈♦♠♣❛r✐♥❣ ✭✹✳✶✾✮ ❛♥❞ ✭✹✳✷✶✮✱ ♦♥❡ ✜♥❞s

ǫG(R) ≃
~

R
, ✭✹✳✷✷✮

♥❛♠❡❧②✱ t❤❡ t②♣✐❝❛❧ ❡♥❡r❣② ♦❢ t❤❡ ❝♦♥st✐t✉❡♥ts ♦❢ t❤❡ ❝♦❤❡r❡♥t st❛t❡ ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞
❜② ✐ts t②♣✐❝❛❧ s✐③❡ R✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❤✐❧❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❝♦♥st✐t✉❡♥ts ♦❢ t❤❡ st❛t❡
❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ s②st❡♠✱ t❤❡ t②♣✐❝❛❧ ❡♥❡r❣② ♦❢ ✐ts ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ❞♦❡s✳

◆♦✇✱ s✐♥❝❡ ❣r❛✈✐t♦♥s s❡❧❢✲✐♥t❡r❛❝t✱ ✇❡ s❤♦✉❧❞ ✐♥❝❧✉❞❡ ❛ ❣r❛✈✐t♦♥✲❣r❛✈✐t♦♥ ✐♥t❡r❛❝t✐♦♥
t❡r♠✱ UGG(R)✱ ✐♥ t❤❡ t♦t❛❧ ❡♥❡r❣② ✭✹✳✶✼✮✱ ❤❡♥❝❡

H(R) =M +KB(R) + UBG(R) + UGG(R) + UBB(R) . ✭✹✳✷✸✮

❙✐♥❝❡ ❡❛❝❤ ♦❢ t❤❡s❡ NG ❣r❛✈✐t♦♥s ✇✐❧❧ ✐♥t❡r❛❝t ✇✐t❤ t❤❡ ❝♦❤❡r❡♥t st❛t❡ tr♦✉❣❤ t❤❡ ❝♦❧❧❡❝✲
t✐✈❡ ♣♦t❡♥t✐❛❧ VN✱ ✇❡ ❝❛♥ t❤❡♥ ❣✐✈❡ ❛ ◆❡✇t♦♥✐❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② ❝♦♥tr✐❜✉t✐♦♥
❞✉❡ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❡❛❝❤ ❝♦♥st✐t✉❡♥t ✇✐t❤ t❤❡ ❝♦❧❧❡❝t✐✈❡ st❛t❡✱ ✐✳❡✳

UGG(R) ≃ NG [−ǫG(R)]VN(R) ≃ G2
N

M3

R2
, ✭✹✳✷✹✮

✇❤✐❝❤ ❤❛s t❤❡ ❢♦r♠ ♦❢ ❛ ♣♦st✲◆❡✇t♦♥✐❛♥ ❝♦rr❡❝t✐♦♥✳
◆♦t❡ t❤❛t✱

∣∣∣∣
UGG(R)

UBG(R)

∣∣∣∣ ∼
RH

R
, ✭✹✳✷✺✮

✇❤✐❝❤ ✐s t②♣✐❝❛❧❧② ✈❡r② s♠❛❧❧ ❢♦r ❛ ❧❛r❣❡ st❛r✱ ✐✳❡✳ R ≫ RH✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥
♦❢ t❤❡ s❡❧❢✲✐♥t❡r❛❝t✐♦♥ ❜❡❝♦♠❡s r❡❧❡✈❛♥t ❢♦r ✈❡r② ❝♦♠♣❛❝t ♦❜❥❡❝ts✱ ✐✳❡✳ R ∼ RH✳

■t ✐s ♥♦✇ ✐♥t❡r❡st✐♥❣ t♦ s❡❡ ✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ s❤r✐♥❦ t❤❡ s✐③❡ R ♦❢ t❤❡ s②st❡♠ ❞♦✇♥ t♦
✐ts ❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐✉s RH✳ ❲❤❛t ✇❡ ✜♥❞ ✐s t❤❛t✱

UGG(RH) ≃ −UBG(RH) ≃M , ✭✹✳✷✻✮



✺✵ ✹✳ ❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s

t❤❛t ❧❡❛❞s t♦

αGNG ∼ 1 , ✭✹✳✷✼✮

✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ❡①♣❡❝t❡❞ q✉❛♥t✉♠ ❝r✐t✐❝❛❧✐t② ❝♦♥❞✐t✐♦♥ ✭✇❤❡r❡✱ ❛❣❛✐♥✱ αG = ǫ2G(RH)/m
2
P

✐s t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❡✛❡❝t✐✈❡ ❣r❛✈✐t♦♥ ❝♦✉♣❧✐♥❣✮✳ ❇❡s✐❞❡s✱ s✐♥❝❡ t❤❡ ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥ ✭✹✳✷✵✮
✐♠♣❧✐❡s RH ≃

√
NG ℓP✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t

ǫG(RH) ≃
mP√
NG

✭✹✳✷✽✮

t❤✉s r❡❝♦✈❡r✐♥❣ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ t②♣✐❝❛❧ ❡♥❡r❣② ✭❡✛❡❝t✐✈❡ ♠❛ss✮ ♦❢ t❤❡ ❣r❛✈✐t♦♥s ✐♥ t❤❡
❝♦♥❞❡♥s❛t❡✳

❋♦r s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✐t ✐s ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t ✇❡ ❤❛✈❡ ❡♠♣❧♦②❡❞ s♦♠❡ s✐♠♣❧❡
◆❡✇t♦♥✐❛♥ ❛r❣✉♠❡♥ts t♦ ✐♥❢❡r t❤❡ ❢♦r♠ ♦❢ UBG ❛♥❞ UGG✳ ❍♦✇❡✈❡r✱ ♦♥❡ ❝♦✉❧❞ ♣♦t❡♥t✐❛❧❧②
✐♠♣r♦✈❡ t❤❡ ✈✐♥❞✐❝❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ❜② t❛❦✐♥❣ ♣r♦✜t ♦❢ s♦♠❡ ♠♦r❡
❛❝❝✉r❛t❡ ♣♦t❡♥t✐❛❧s ❢♦r s❡❧❢✲❣r❛✈✐t❛t✐♥❣ s②st❡♠✱ s✉❝❤ ❛s t❤❡ ❤❛r♠♦♥✐❝ ❬✶✷✽❪ ♦r t❤❡ Pös❝❤❧✲
❚❡❧❧❡r ❬✶✷✾❪ ♣♦t❡♥t✐❛❧✳

✹✳✸ ❈♦r♣✉s❝✉❧❛r ♣♦st✲◆❡✇t♦♥✐❛♥ t❤❡♦r②

❲❡ s❤❛❧❧ ♥♦✇ tr② t♦ r❡✜♥❡ t❤❡ ❛r❣✉♠❡♥ts ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ ❜② ❝♦♥str✉❝t✐♥❣ ❛♥
❡✛❡❝t✐✈❡ t❤❡♦r② ❢♦r t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ♣♦t❡♥t✐❛❧ ♦❢ ❛ st❛t✐❝ s♣❤❡r✐❝❛❧ s②♠♠❡tr✐❝ s②st❡♠ ✉♣ t♦
t❤❡ ✜rst ♣♦st✲◆❡✇t♦♥✐❛♥ ❝♦rr❡❝t✐♦♥✳ ❲❡ ✇✐❧❧ t❤❛♥ ♠❛♣ t❤✐s ❡♠❡r❣✐♥❣ t❤❡♦r② ✐♥t♦ ❛ s❝❛❧❛r
✜❡❧❞ t❤❡♦r②✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ r❡❝♦✈❡r t❤❡ ❝❧❛ss✐❝❛❧ ◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧ ❛s ❛ r❡s✉❧t ♦❢
❛ q✉❛♥t✉♠ ❝♦❤❡r❡♥t st❛t❡✳ ❇❡s✐❞❡✱ ✇❡ ❢✉rt❤❡r ❛♥❛❧②s❡ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❝♦rr❡❝t✐♦♥s t♦ t❤❡
❝♦❤❡r❡♥t st❛t❡ r❡q✉✐r❡❞ t♦ ♣r♦♣❡r❧② ❛❝❝♦♠♠♦❞❛t❡ t❤❡ ❡①♣❡❝t❡❞ ✭❝❧❛ss✐❝❛❧✮ ♣♦st✲◆❡✇t♦♥✐❛♥
❝♦rr❡❝t✐♦♥✳

■t ✐s ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t t❤✐s ❙❡❝t✐♦♥ ✐s ♠♦st❧② ❜❛s❡❞ ♦♥ ❬✶✸✵✕✶✸✷❪ s♦✱ ❢♦r t❤❡ ❞❡t❛✐❧s
♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ✐♥✈✐t❡ t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r t♦ r❡❢❡r t♦ t❤❡s❡ ❛rt✐❝❧❡s✳

✹✳✸✳✶ ❈❧❛ss✐❝❛❧ ❡✛❡❝t✐✈❡ s❝❛❧❛r t❤❡♦r②

▲❡t ✉s st❛rt ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣♦st✲◆❡✇t♦♥✐❛♥ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❙❝❤✇❛r③s❝❤✐❧❞ ♠❡tr✐❝ ❛t
t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❛❝t✐♦♥ ✭✷✳✻✮ ❝♦✉♣❧❡❞ t♦ s♦♠❡ ♠❛tt❡r ▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t②
LM✱ ✐✳❡✳

S = SEH +

∫
d4x

√
−❞❡t gLM . ✭✹✳✷✾✮

■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤❡ ♣♦st✲◆❡✇t♦♥✐❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ✇♦r❦✐♥❣ ✐♥ t❤❡ ✇❡❛❦
✜❡❧❞ r❡❣✐♠❡✱ ✐✳❡✳ gµν = ηµν + hµν ✇✐t❤ |hµν | ≪ 1✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡
♠❛tt❡r ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s②st❡♠ ♠♦✈❡s ✇✐t❤ ❛ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❧♦❝✐t②✳ ❋♦r
t❤❡ s❛❦❡ ♦❢ ❛❝❝✉r❛❝②✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ str❡ss t❤❛t ❛❧❧ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❤❛✈❡ t♦ ❤♦❧❞ ✐♥ t❤❡



✹✳✸ ❈♦r♣✉s❝✉❧❛r ♣♦st✲◆❡✇t♦♥✐❛♥ t❤❡♦r② ✺✶

❝❤♦s❡♥ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ❢♦r st❛t✐❝ ♦❜s❡r✈❡rs✳ ❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ ❛♥❞ ✐♥ t❤✐s r❡❢❡r❡♥❝❡
❢r❛♠❡✱ ❛❧❧ t❤❡ ❦❡② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❧❡❞ ❛r❡ ❝❛rr✐❡❞ ❜② h00(x)✳ ❇❡s✐❞❡s✱
t❤❡ ❡♥❡r❣②✲♠♦♠❡♥t✉♠ t❡♥s♦r ❢♦r t❤❡ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ♠❛tt❡r ❝♦♠♣♦♥❡♥t ✐s ❣✐✈❡♥ ✐♥ t❡r♠s
♦❢ t❤❡ ❡♥❡r❣② ❞❡♥s✐t② ❜② Tµν ≃ ρ(x) uµ uν ✱ ✇✐t❤ u ≡ ∂t ✭♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ uµ = δµ0 ✮✳ ❚❤✐s
✐s tr✉❡ s✐♥❝❡ ✇❡ ❛r❡ ♥♦t ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♠❛tt❡r ❞②♥❛♠✐❝s✱ ❜✉t r❛t❤❡r ♦♥❧② ♦♥ ❤♦✇ t❤✐s
st❛t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ ♠❛tt❡r ❣❡♥❡r❛t❡s t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞ ✐♥ t❤❡ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ❧✐♠✐t
✐♥ ✇❤✐❝❤ t❤❡ ♠❛tt❡r ♣r❡ss✉r❡ ✐s ♥❡❣❧✐❣✐❜❧❡ ❬✶✸✸✱ ✶✸✹❪✳ ◆♦✇✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤✐s Tµν
❢♦❧❧♦✇s ❢r♦♠ ❛ ✈❡r② s✐♠♣❧❡ ♠❛tt❡r ▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t②✱ ✐✳❡✳ LM ≃ −ρ(x)✳ ❘❡❝❛❧❧✐♥❣ t❤❛t
t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢♦r hµν ✱ ✐♥ t❤❡ ❞❡ ❉♦♥❞❡r ❣❛✉❣❡✱ r❡❛❞

−�hµν = 16 π GN

(
Tµν −

1

2
ηµν T

)
, T := ηµν Tµν , ✭✹✳✸✵✮

t❤❡♥✱ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ✇❡ ✜♥❞

∆h00(x) = −8 πGN ρ(x) , ✭✹✳✸✶✮

✇✐t❤ ∆ ❞❡♥♦t✐♥❣ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✱ t❤❛t r❡❞✉❝❡s t♦ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ◆❡✇✲
t♦♥✐❛♥ ♣♦t❡♥t✐❛❧ VN(x)✱

∆VN(x) = 4 πGN ρ(x) , ✭✹✳✸✷✮

♦♥❝❡ ✇❡ ♠❛❦❡ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ h00(x) ≡ −2VN(x)✳
❙t❛rt✐♥❣ ❢r♦♠ t❤✐s ❧❛st r❡s✉❧t✱ ✐t ✐s ♥♦✇ ❡❛s② t♦ ❢♦r♠✉❧❛t❡ ❛♥ ❡✛❡❝t✐✈❡ s❝❛❧❛r ✜❡❧❞ t❤❡♦r②

❢♦r t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ♣♦t❡♥t✐❛❧✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r✐♥❣ ❛ st❛t✐❝ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ s②st❡♠
✇❡ ❤❛✈❡ t❤❛t VN(x) ≡ VN(r) ❛♥❞ ρ(x) ≡ ρ(r)✱ ✇✐t❤ r ❞❡♥♦t✐♥❣ t❤❡ r❛❞✐❛❧ ❝♦♦r❞✐♥❛t❡✳
◆♦✇✱ s✐♥❝❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❡✛❡❝t✐✈❡ t❤❡♦r✐❡s ❢r♦♠ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt
❛❝t✐♦♥ ❝♦✉♣❧❡❞ t♦ ♠❛tt❡r✱ ❜❡②♦♥❞ t❤❡ ❧✐♥❡❛r ♦r❞❡r✱ ♣r❡s❡♥ts s❡✈❡r❛❧ t❡❝❤♥✐❝❛❧ ❛♥❞ ❝♦♥❝❡♣t✉❛❧
❞✐✣❝✉❧t✐❡s✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ❤❡r❡ ✇✐❧❧ ❜❡ ❜✉✐❧t str❛t✐♥❣ ❢r♦♠ t❤❡
✭♠❛ss❧❡ss✮ ❋✐❡r③✲P❛✉❧✐ ❛❝t✐♦♥ ✭✷✳✷✾✮✱ s❡❡ ❬✶✸✵❪ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s✳ ❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ t❤❡
✭❛♣♣r♦①✐♠❛t❡❞✮ ▲❛❣r❛♥❣✐❛♥

L[VN] ≃
∫

d3xLFP+M ≃ 4 π

∫ ∞

0

r2 dr

(
1

32 π GN

h00 ∆h00 +
h00
2
T00

)

≃ 4 π

∫ ∞

0

r2 dr

(
1

8 π GN

VN ∆VN − ρ VN

)

≃ −4 π

∫ ∞

0

r2 dr

[
1

8 π GN

(V ′
N)

2
+ ρ VN

]
, ✭✹✳✸✸✮

✇❤❡r❡ t❤❡ ♣r✐♠❡ ❞❡♥♦t❡s t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ r✳ ■t ✐s ♥♦✇ ❡❛s② t♦ s❡❡ t❤❛t t❤❡
P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ✭✹✳✸✸✮ ❜② ✈❛r②✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❛❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦
VN(r)✳

■♥ ♦r❞❡r t♦ ♣✉s❤ t❤✐s ❡✛❡❝t✐✈❡ ♠♦❞❡❧ ❜❡②♦♥❞ t❤❡ ◆❡✇t♦♥✐❛♥ ❧✐♠✐t✱ ✇❡ ♥❡❡❞ t♦ ✐♥❝❧✉❞❡ t❤❡
s❡❧❢✲s♦✉r❝✐♥❣ ♦❢ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❧❡❞✱ ♥❛♠❡❧② ❛❞❞✐♥❣ ♥♦♥✲❧✐♥❡❛r t❡r♠s t♦ t❤❡ ▲❛❣r❛♥❣✐❛♥



✺✷ ✹✳ ❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s

✭✹✳✸✸✮✳ ❚❤❡ ✜rst st❡♣ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ❡✛❡❝t✐✈❡ ❍❛♠✐❧t♦♥✐❛♥ ❢r♦♠ ✭✹✳✸✸✮✱
✐✳❡✳

H[VN] = −L[VN] ≃ 4 π

∫ ∞

0

r2 dr

(
− 1

8 π GN

VN ∆VN + ρ VN

)

≃ 4 π

∫ ∞

0

r2 dr

[
1

8 π GN

(V ′
N)

2
+ ρ VN

]
. ✭✹✳✸✹✮

■❢ ✇❡ t❤❡♥ ❡✈❛❧✉❛t❡ t❤❡ ✜rst ❧✐♥❡ ♦♥✲s❤❡❧❧ ✭♥❛♠❡❧②✱ ♣❧✉❣❣✐♥❣ ✐♥ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✮ ✇❡ ❣❡t
t❤❡ ◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②✱ ✐✳❡✳

UN(R) ≃ 2 π

∫ R

0

r2 dr ρ(r)VN(r) , ✭✹✳✸✺✮

✉♥❞❡rst♦♦❞ ❛s t❤❡ ❡♥❡r❣② ❞✉❡ t♦ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ♠❛tt❡r ❞✐str✐❜✉t✐♦♥
✇✐t❤ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞ ✇✐t❤✐♥ ❛ ✷✲s♣❤❡r❡ ♦❢ r❛❞✐✉s R✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣ ❛❣❛✐♥
t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✱ ✐t ✐s ❡❛s② t♦ s♣♦t t❤❛t

UN(R) ≃ − 1

2GN

∫ R

0

r2 dr [V ′
N(r)]

2 , ✭✹✳✸✻✮

❤❡♥❝❡✱ ✐❢ ✇❡ ♥♦✇ ❢♦❧❧♦✇ t❤❡ ❛r❣✉♠❡♥ts ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ s♦✉r❝❡
♦❢ t❤❡ s❡❧❢✲❣r❛✈✐t❛t✐♥❣ ❢❡❛t✉r❡s ♦❢ t❤❡ s②st❡♠ ✐s ❧✐♥❦❡❞ t♦ t❤❡ ◆❡✇t♦♥✐❛♥ ❡♥❡r❣② ❞❡♥s✐t②✱
♥❛♠❡❧②

J [VN; r] =
1

4 π r2
d

dr
UN(r) = − [V ′

N(r)]
2

8 π GN

. ✭✹✳✸✼✮

■t ✐s ♥♦✇ ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t ❛ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❢♦r♠ ❞♦❡s ✐♥❞❡❡❞ ❛♣♣❡❛r ✐♥ t❤❡
♥❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r ♦❢ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt t❤❡♦r② ❝♦✉♣❧❡❞ t♦ ♠❛tt❡r✱
s❡❡ ❬✶✸✵❪ ❢♦r ❛ ❞❡t❛✐❧❡❞ ♣r♦♦❢ ♦❢ t❤✐s st❛t❡♠❡♥t✳

❆ ♠♦r❡ r❡✜♥❡❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣♦st✲◆❡✇t♦♥✐❛♥ ❡①♣❛♥s✐♦♥ ♦❢ ✭✹✳✷✾✮✱ ✉♣ t♦ t❤❡ ♥❡①t✲t♦✲
❧❡❛❞✐♥❣ ♦r❞❡r ❝♦♥tr✐❜✉t✐♦♥✱ t❤❡♥ ❛❧❧♦✇s ✉s t♦ ♣r♦♣❡r❧② ✐♥❝❧✉❞❡ t❤❡ s❡❧❢✲s♦✉r❝✐♥❣ t❡r♠ J [V ; r]
✐♥t♦ ♦✉r ❡✛❡❝t✐✈❡ s❝❛❧❛r t❤❡♦r②✱ ❣✐✈✐♥❣ r✐s❡ t♦ t❤❡ ✐♠♣r♦✈❡❞ ▲❛❣r❛♥❣✐❛♥

L̄[V ] = 4 π

∫ ∞

0

r2 dr

[
1

8 π GN

V ∆V − qB ρ V + 2 qΦ (qB V ρ− 2 J [V ; r]V )

]
, ✭✹✳✸✽✮

♦r✱ ✐♥ s✐♠♣❧❡r t❡r♠s✱

L̄[V ] = −4 π

∫ ∞

0

r2 dr

[
1

8 π GN

(1− 4 qΦ V ) (V ′)
2
+ qB V ρ (1− 2 qΦ V )

]
, ✭✹✳✸✾✮

✇❤❡r❡ qB ❛♥❞ qΦ ❛r❡ ❥✉st s♦♠❡ ❞✐♠❡♥s✐♦♥❧❡ss ♣❛r❛♠❡t❡rs t♦ ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢
V ✇✐t❤ ♠❛tt❡r ❛♥❞ t❤❡ s❡❧❢✲❝♦✉♣❧✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥
✐s t❤❡♥ ❣✐✈❡♥ ❜②✱

(1− 4 qΦ V )∆V = 4 π qBGN ρ (1− 4 qΦ V ) + 2 qΦ (V ′)
2
. ✭✹✳✹✵✮



✹✳✸ ❈♦r♣✉s❝✉❧❛r ♣♦st✲◆❡✇t♦♥✐❛♥ t❤❡♦r② ✺✸

❚❤❡♥✱ t❤❡ ♦♥✲s❤❡❧❧ ✐♠♣r♦✈❡❞ ❍❛♠✐❧t♦♥✐❛♥ r❡❛❞s✱

H̄[V ] = 2 π

∫ ∞

0

dr r2
[
qB ρ V (1− 4 qΦ V )︸ ︷︷ ︸

❇❛r②♦♥✲●r❛✈✐t♦♥

− 3 qΦ
2 π GN

V
(
V ′2
)

︸ ︷︷ ︸
●r❛✈✐t♦♥✲●r❛✈✐t♦♥

]
+ O(q2Φ) , ✭✹✳✹✶✮

t❤❛t ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ t✇♦ ❝♦♥tr✐❜✉t✐♦♥s✱ ♥❛♠❡❧② t❤❡ ♦♥❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ♠❛tt❡r ❞❡♥s✐t②✱ ✐✳❡✳

UBG = 2 π qB

∫ ∞

0

r2 dr ρ
[
V(0) + qΦ

(
V(1) − 4V 2

(0)

)]
+ O(q2Φ) , ✭✹✳✹✷✮

❛♥❞ ❛ s❡❝♦♥❞ ♦♥❡ ❞✉❡ t♦ t❤❡ s❡❧❢✲s♦✉r❝✐♥❣✱

UGG = −3 qΦ
ℓP
mP

∫ ∞

0

r2 dr V(0)
(
V ′
(0)

)2
+ O(q2Φ) . ✭✹✳✹✸✮

❘❡♠❛r❦✳ ◆♦t❡ t❤❛t ✐❢ ✇❡ st❡t qB = 1 ❛♥❞ qΦ = 0 ✇❡ r❡❝♦✈❡r ❊q✳ ✭✹✳✸✻✮✱ ❛s ❡①♣❡❝t❡❞✳

◆♦✇✱ s✐♥❝❡ t❤❡ ♣r♦❜❧❡♠ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✹✵✮ ✐s r❛t❤❡r ✐♥✈♦❧✈❡❞✱ ✇❡
s❤❛❧❧ tr② t♦ s❡❡ ✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ tr❡❛t qΦ V ❛♥❞ qΦ (V ′)2 ❛s ♣❡rt✉r❜❛t✐♦♥s t♦ t❤❡ P♦✐ss♦♥
❡q✉❛t✐♦♥✳ ❚❤✉s✱ ❧❡t V(0)(r) ❜❡ s✉❝❤ t❤❛t

∆V(0) = 4 πGN qB ρ ,

t❤❡♥✱ ❧❡t ✉s ❡①♣❛♥❞ V (r) ✉♣ t♦ ✜rst ♦r❞❡r ✐♥ t❤❡ ❝♦✉♣❧✐♥❣ qΦ✱ ✐✳❡✳

V (r) = V(0)(r) + qΦ V(1)(r) + O(q2Φ) .

P❧✉❣❣✐♥❣ t❤✐s ❛♥s❛t③ ✐♥t♦ ✭✹✳✹✵✮ ✇❡ ✜♥❞

∆V(1) = 2
(
V ′
(0)

)2
, ✭✹✳✹✹✮

✇❤♦s❡ s♦❧✉t✐♦♥ ❣✐✈❡s t❤❡ ❝♦rr❡❝t✐♦♥ ♦❢ ♦r❞❡r O(qΦ) t♦ t❤❡ ◆❡✇t♦♥✐❛♥ ❡st✐♠❛t❡s✳

❊①❛♠♣❧❡ ✷ ✭❯♥✐❢♦r♠ ♠❛tt❡r ❞✐str✐❜✉t✐♦♥✮✳ ▲❡t ✉s tr② t♦ ♠❛❦❡ s♦♠❡ ♠♦r❡ ❡①♣❧✐❝✐t st❛t❡✲
♠❡♥ts ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ s♣❡❝✐✜❝ ♠❛tt❡r ❞✐str✐❜✉t✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ♠❛tt❡r
s♦✉r❝❡ ✇❤✐❝❤ ✐s ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ✇✐t❤✐♥ ❛ s♣❤❡r❡ ♦❢ r❛❞✐✉s R✱ ✐✳❡✳

ρ(r) =
3M0

4 π R3
Θ(R− r) , ✭✹✳✹✺✮

✇✐t❤ M0 t❤❡ ♠❛ss ♦❢ t❤❡ s♦✉r❝❡ ❛♥❞ Θ t❤❡ ❍❡❛✈✐s✐❞❡ t❤❡t❛ ❞✐str✐❜✉t✐♦♥✳
❇② ❡♠♣❧♦②✐♥❣ t❤❡ ✇❤♦❧❡ ❛♥❛❧②s✐s ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ♦♥❡ ✜♥❞s ❛ t♦t❛❧ ❣r❛✈✐t❛t✐♦♥❛❧ ❡♥❡r❣②

U(R) = UBG + UGG ≃ −q2B
3GNM

2

5R
+ q3B qΦ

249G2
NM

3

175R2
+ O(q2Φ) , ✭✹✳✹✻✮

✇✐t❤ M ❜❡✐♥❣ t❤❡ ❆❉▼✱ ❣✐✈❡♥ ❜②

M =M0

(
1 + qΦ qB

12 ℓPM0

5mPR

)
+ O(q2Φ)



✺✹ ✹✳ ❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s

s❡❡ ❬✶✸✵❪ ❢♦r ❛❧❧ t❤❡ ❞❡t❛✐❧s✳
❋r♦♠ ❊q✳ ✭✹✳✹✻✮ ✇❡ ✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t t❤❡ t♦t❛❧ ❣r❛✈✐t❛t✐♦♥❛❧ ❡♥❡r❣② ✐s ❝♦♥s✐st❡♥t

✇✐t❤ t❤❡ ❡st✐♠❛t❡s ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳ ❇❡s✐❞❡s✱ t❤❡ ♣♦st✲◆❡✇t♦♥✐❛♥ ❡♥❡r❣② ✭♥❛♠❡❧②✱ t❤❡ t❡r♠ ♦❢
♦r❞❡r qΦ ✐♥ t❤✐s t❤❡♦r②✮ ✐s ♣♦s✐t✐✈❡ ❛♥❞ ❜❡❝♦♠❡s ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ◆❡✇t♦♥✐❛♥ ❝♦♥tr✐❜✉t✐♦♥
✭✐✳❡✳ t❡r♠ ♦❢ ♦r❞❡r q0Φ ✐♥ t❤✐s ♠♦❞❡❧✮ ✐❢

R ≃ 1.2RH , ✭✹✳✹✼✮

✇❤❡r❡ ✇❡ s❡t qB = qΦ = 1✳ ❚❤✉s✱ ✇❡ r❡❝♦✈❡r t❤❡ ♠❛①✐♠❛❧ ♣❛❝❦✐♥❣ ❝♦♥❞✐t✐♦♥ ❢♦r R ∼ RH✳
◆♦♥❡t❤❡❧❡ss✱ ✐t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤✐s ✈❛❧✉❡ ♦❢ R ❢❛❧❧s ♦✉ts✐❞❡ t❤❡ r❡❣✐♠❡ ♦❢ ✈❛❧✐❞✐t② ♦❢
♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ❬✶✸✵✱✶✸✷❪✳ ❍♦✇❡✈❡r✱ s♦♠❡ ❜❡tt❡r ✇♦r❦✐♥❣ ❡①❛♠♣❧❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✸✵❪✳

✹✳✸✳✷ ◗✉❛♥t✉♠ ✉♣❧✐❢t✐♥❣ ♦❢ t❤❡ ♠♦❞❡❧

◆♦✇✱ ❧❡t ✉s tr② t♦ s❡❡ ❤♦✇ ✇❡ ❝❛♥ r❡♣r♦❞✉❝❡ t❤❡s❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ✐♥ ❛ q✉❛♥t✉♠ t❤❡♦r②✳ ❚♦
❞♦ t❤❛t ✇❡ ✇✐❧❧ q✉❛♥t✐③❡ ❝❛♥♦♥✐❝❛❧❧② ❛♥ ❛♣♣r♦♣r✐❛t❡ r❡s❝❛❧❡❞ ♣♦t❡♥t✐❛❧ ❛♥❞ t❤❡♥ ✇❡ ✇✐❧❧ tr②
t♦ ✐♥❢❡r t❤❡ ❢♦r♠ ♦❢ t❤❡ q✉❛♥t✉♠ st❛t❡ t❤❛t ❛♣♣r♦♣r✐❛t❡❧② ②✐❡❧❞s ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡s ❝❧♦s❡
t♦ t❤❡ ❝❧❛ss✐❝❛❧ ♣✐❝t✉r❡ ❞✐s❝✉ss❡❞ ❛❜♦✈❡✳

❙✐♥❝❡ ✇❡ ✇✐s❤ t♦ r❡❝❛st ♦✉r ❡✛❡❝t✐✈❡ t❤❡♦r② ✭✹✳✸✽✮ ✐♥t♦ ❛ ❝❛♥♦♥✐❝❛❧❧② ♥♦r♠❛❧✐③❡❞ s❝❛❧❛r
✜❡❧❞ t❤❡♦r②✱ ✇❡ ❤❛✈❡ t♦ ♠❛❦❡ t❤❡ r❡♣❧❛❝❡♠❡♥ts

Φ =
1√
GN

V , JB = 4 π
√
GN ρ , ✭✹✳✹✽✮

✇❤✐❝❤ ❧❡❛❞ t♦ ❛ r❡s❝❛❧❡❞ ✐♠♣r♦✈❡❞ ▲❛❣r❛♥❣✐❛♥✱

L[Φ] = 4 π

∫ ∞

0

r2 dr

[
1

2
Φ�Φ − qB JBΦ

(
1− 2 qΦ

√
GN Φ

)

+ 4 π qΦ
√
GN (∂µΦ)

2 Φ

]
, ✭✹✳✹✾✮

t❤❛t ✇❡ ❞❡♥♦t❡ ❜② L ✐♥st❡❛❞ ♦❢ L̄ ❢♦r s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ❛♥❞ ✇❤❡r❡ ✇❡✱ ❛❣❛✐♥✱ ❛ss✉♠❡❞
Φ = Φ(t, r)✳

▲❡t ✉s ✜rst ❢♦❝✉s ♦♥ t❤❡ ✏◆❡✇t♦♥✐❛♥ ❝❛s❡✑✱ ♥❛♠❡❧② s❡tt✐♥❣ qΦ = 0✳ ❲✐t❤ t❤✐s ❛ss✉♠♣t✐♦♥
t❤❡ ✭❝❧❛ss✐❝❛❧✮ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ r❡❞✉❝❡s t♦ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥

∆ΦC(r) = qB JB(r) . ✭✹✳✺✵✮

❲❡ ❝❛♥ t❤❡♥ ❜r✐♥❣ t❤✐s ❡q✉❛t✐♦♥ t♦ t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡✱ ❞❡♥♦t✐♥❣ k ≡ |k|✱ ❛s

Φ̃C(k) = −qB
J̃B(k)

k2
, ✭✹✳✺✶✮

❛♥❞ ✇❡ ❝❛♥ ❝♦♥s❡q✉❡♥t❧② ❞❡✜♥❡ t❤❡ ❝♦❤❡r❡♥t st❛t❡ |g〉 ❛s

ak |g〉 = exp (i γk(t)) gk |g〉 , ✭✹✳✺✷✮



✹✳✸ ❈♦r♣✉s❝✉❧❛r ♣♦st✲◆❡✇t♦♥✐❛♥ t❤❡♦r② ✺✺

✇✐t❤

gk =

√
k

2 ~
Φ̃C(k) = −qB

J̃B(k)√
2 ~ k3

, ✭✹✳✺✸✮

✐♥ str✐❝t ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ♣r♦❝❡❞✉r❡ ❧❛✐❞ ❞♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳ ◆♦✇✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t

〈g|Φ(t, r)|g〉 = ΦC(r) , ✭✹✳✺✹✮

❛ss✉♠✐♥❣ 〈g|g〉 = 1 ❛♥❞ γk(t) = −kt✱ s❡❡ ❬✶✸✵❪✳ ❇❡s✐❞❡s✱ ❢r♦♠ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ✐t ✐s ❛❧s♦
♣♦ss✐❜❧❡ t♦ r❡❛❞✲♦✛ t❤❡ ♥✉♠❜❡r ♦❢ q✉❛♥t❛ ✐♥ t❤❡ ❝♦❤❡r❡♥t st❛t❡✱ ♥❛♠❡❧②

NG =

∫ ∞

0

k2 dk

2 π2
〈g|a†k ak|g〉 =

∫ ∞

0

k2 dk

2 π2
|gk|2 . ✭✹✳✺✺✮

■❢ ✇❡ t❤❡♥ ❝♦♥s✐❞❡r ❛ s♦✉r❝❡ ♦❢ ♠❛ss M ♦❢ ✜♥✐t❡ s♣❛t✐❛❧ ❡①t❡♥s✐♦♥ R✱ ♦♥❡ ✜♥❞s ❬✶✸✵❪

NG ∼ M2

m2
P

log

(
R∞

R

)
, ✭✹✳✺✻✮

✇✐t❤ R∞ = k−1
0 ≫ R ❞❡♥♦t✐♥❣ ❛♥ ✐♥❢r❛r❡❞ ❝✉t✲♦✛ ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ s✐③❡ ♦❢ t❤❡ ❯♥✐✈❡rs❡

R∞✱ ✇✐t❤✐♥ ✇❤✐❝❤ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞ ✐s st❛t✐❝✳ ■t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ ♦❜s❡r✈❡ t❤❛t t❤❡
❞❡♣❡♥❞❡♥❝❡ ♦❢ NG ✐s ❝❧❡❛r❧② ✇❡❛❦❡r ♦♥ R t❤❛♥ ♦♥ t❤❡ ♠❛ss M ✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ r❡❝♦✈❡r
t❤❡ s❝❛❧✐♥❣ NG ∼M2/m2

P ✇❤❡♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❯♥✐✈❡rs❡ ✐s ❛r❜✐tr❛r✐❧② ❧❛r❣❡✳
❙♦ ❢❛r ✇❡ ❤❛✈❡ ❢♦✉♥❞ t❤❛t

√
GN 〈g|Φ(t, r)|g〉 = VN(r) = V(0)(r) , ✭✹✳✺✼✮

✐t ✐s ♥♦✇ ✐♥t❡r❡st✐♥❣ t♦ s❡❡ ✇❤❛t ❤❛♣♣❡♥s t♦ V(1)(r) ❛t t❤❡ q✉❛♥t✉♠ ❧❡✈❡❧✳ ❈❧❡❛r❧②✱ ✇❡ ❝❛♥
r❡✇r✐t❡ ❊q✳ ✭✹✳✹✹✮ ❛s✱

∆V(1) = 2GN 〈g| (Φ′)
2 |g〉 . ✭✹✳✺✽✮

❇❡s✐❞❡s✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱

2GN 〈g| (Φ′)
2 |g〉 = 8 ℓ2P

[∫ ∞

0

k5/2 dk

2
√
2 π2

j1(k r) gk

]2
+ 2 ℓ2P

∫ ∞

0

k3 dk

4 π2
[j1(k r)]

2

≡ Jg + J0 , ✭✹✳✺✾✮

✇✐t❤ j1 ❞❡♥♦t✐♥❣ t❤❡ s♣❤❡r✐❝❛❧ ♦❢ t❤❡ ✜rst ❦✐♥❞ ♦❢ ♦r❞❡r ♦♥❡✳
■t ✐s t❤❡♥ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ t❡r♠ J0 ✐s ❥✉st ❛ ✭❞✐✈❡r❣✐♥❣✮ ✈❛❝✉✉♠ ❝♦♥tr✐❜✉t✐♦♥ t❤❛t

❝❛♥ ❜❡ r❡♠♦✈❡❞ ❜② ♥♦r♠❛❧ ♦r❞❡r✐♥❣✱ ❜❡s✐❞❡s ❢♦r♠ ❊q✳ ✭✹✳✺✸✮ ♦♥❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② ✐♥❢❡r
t❤❛t

Jg = 2GN 〈g| (Φ′)
2 |g〉 = 2

(
V ′
(0)

)2
, ✭✹✳✻✵✮



✺✻ ✹✳ ❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s

❢♦r ❛♥② ❝✉rr❡♥t s♦✉r❝✐♥❣ t❤❡ s❝❛❧❛r ✜❡❧❞✳ ❚❤✐s ❝❧❡❛r❧② ✉♥❞❡r❧✐♥❡s t❤❡ ❢❛❝t t❤❛t |g〉 r❡♣r❡s❡♥t
❛ s♦❧✐❞ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ♦✉r ♣❡rt✉r❜❛t✐✈❡ q✉❛♥t✉♠ ❛♥❛❧②s✐s✳ ■♥❞❡❡❞✱ ✐t ✐s ♥♦✇ ✐♥t❡r❡st✐♥❣
t♦ s❡❡ ✇❤❛t ❦✐♥❞ ♦❢ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝♦❤❡r❡♥t st❛t❡ |g〉✱ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ◆❡✇t♦♥✐❛♥
♣♦t❡♥t✐❛❧✱ ❛r❡ r❡q✉✐r❡❞ ✐♥ ♦r❞❡r t♦ r❡♣r♦❞✉❝❡ t❤❡ ✜rst ♣♦st✲◆❡✇t♦♥✐❛♥ ❝♦rr❡❝t✐♦♥✱ ✐✳❡✳

√
GN 〈g′|Φ(t, r)|g′〉 = V(0)(r) + qΦ V(1)(r) , ✭✹✳✻✶✮

❢♦r s♦♠❡ |g′〉 ≃ N (|g〉+ qΦ |δg〉) ✇✐t❤ ak |g′〉 ≃ gk |g〉 + qΦ δgk |δg〉 ❛♥❞ |N|2 ≃ 1 −
2 qΦ ❘❡ 〈δg|g〉✳ P❧✉❣❣✐♥❣ ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❡①♣r❡ss✐♦♥s ❢♦r |g′〉 ✇❡ ✜♥❞✱

〈g′|Φ(t, r)|g′〉 ≃ 〈g|Φ|g〉+ 2qΦ❘❡ 〈δg|Φ|g〉 − 2qΦ 〈g|Φ|g〉 ❘❡ 〈δg|g〉 , ✭✹✳✻✷✮

t❤❛t✱ ❜❡❝❛✉s❡ ♦❢ ✭✹✳✺✼✮ ❛♥❞ ✭✹✳✻✶✮✱ r❡❞✉❝❡s t♦

❘❡ 〈δg|Φ|g〉 − 〈g|Φ|g〉 ❘❡ 〈δg|g〉 ≃ V(1)(r)

2GN

. ✭✹✳✻✸✮

❇② ❛♣♣❧②✐♥❣ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r t♦ ❜♦t❤ s✐❞❡s✱ ✇❡ ❣❡t

∆❘❡ 〈δg|Φ|g〉 − ❘❡ 〈δg|g〉 ∆ 〈g|Φ|g〉 =
√
GN 〈g| (Φ′)

2 |g〉 , ✭✹✳✻✹✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❧s♦ t❛❦❡♥ ♣r♦✜t ♦❢ ✭✹✳✻✵✮✳
❲❡ s❤❛❧❧ ♥♦✇ tr② t♦ s♦❧✈❡ ✭✹✳✻✹✮ ✐♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s

δgk ❛♥❞ t❤❡ ♦♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ◆❡✇t♦♥✐❛♥ ❝♦❤❡r❡♥t st❛t❡✱ ✐✳❡✳ gk✳ ■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢②
♦✉r ❞✐s❝✉ss✐♦♥✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t ❛❧♠♦st t❤❡ ✇❤♦❧❡ s❡t ♦❢ t♦② ❣r❛✈✐t♦♥s ❜❡❧♦♥❣s t♦ ♦♥❡ ♠♦❞❡
♦❢ ✇❛✈❡❧❡♥❣t❤ λ̄ ≃ R✱ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❙❡❝t✐♦♥s✱ t❤❡♥ ❛❢t❡r s♦♠❡ ♠❛♥✐♣✉❧❛t✐♦♥s ♦♥❡ ✜♥❞s

δgk̄ ∼ −ℓP k̄5/2 g2k̄ , ✭✹✳✻✺✮

✇✐t❤ k̄ ≃ δk̄ ≃ 1/R✳

❊①❛♠♣❧❡ ✸ ✭●❛✉ss✐❛♥ s♦✉r❝❡✱ s❡❡ ❬✶✸✵❪✮✳ ■❢ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ ❝❛s❡ ♦❢ ❛ ●❛✉ss✐❛♥ s♦✉r❝❡✱

JB(r) =
4
√
GNM0

π1/2 σ3
exp

(
− r2

σ2

)
, ✭✹✳✻✻✮

s❡tt✐♥❣ k̄ ≃ σ−1 ♦♥❡ ✜♥❞s✱

δgk̄ ∼ RH

σ
gk̄ , ✭✹✳✻✼✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t δgk̄ ≪ gk̄ ❢♦r ❛ s♦✉r❝❡ t❤❛t ✐s ♠✉❝❤ ♠♦r❡ ❡①t❡♥❞❡❞ t❤❛♥ ✐ts ❣r❛✈✐t❛t✐♦♥❛❧
r❛❞✐✉s ✭R ≃ σ ≫ RH✮✱ ✇❤✐❝❤ ✐s ✐♥❞❡❡❞ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ✇❡ ✇❡r❡ tr②✐♥❣
t♦ r❡♣r♦❞✉❝❡ ❛t t❤❡ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❧❡✈❡❧✳



✹✳✹ ❘♦t❛t✐♥❣ ❛♥❞ ♥♦♥✲s✐♥❣✉❧❛r ❜❧❛❝❦ ❤♦❧❡s ✺✼

✹✳✹ ❘♦t❛t✐♥❣ ❛♥❞ ♥♦♥✲s✐♥❣✉❧❛r ❜❧❛❝❦ ❤♦❧❡s

■♥ t❤✐s ❙❡❝t✐♦♥✱ ❛❢t❡r r❡✈✐❡✇✐♥❣ t❤❡ ❤❛r♠♦♥✐❝ ♠♦❞❡❧ ♦❢ ❝♦r♣✉s❝✉❧❛r ❜❧❛❝❦ ❤♦❧❡s ❜② ❈❛s❛❞✐♦
❛♥❞ ❖r❧❛♥❞✐ ❬✶✷✽❪✱ ✇❡ ✇✐❧❧ ❡♠♣❧♦② t❤❡ ❍◗▼ ❢♦r♠❛❧✐s♠ t♦ ❛♥❛❧②s❡ s♦♠❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ❑❡rr
❛♥❞ ❍❛②✇❛r❞ s♣❛❝❡t✐♠❡s ✇✐t❤✐♥ t❤❡ q✉❛♥t✉♠ N ✲♣♦rtr❛✐t✳

■t ✐s ✐♠♣♦rt❛♥t t♦ str❡ss t❤❛t t❤❡ ❍◗▼ ♣❧❛②s ❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ ✐♥ t❤✐s st✉❞② s✐♥❝❡✱
st❛rt✐♥❣ ❢r♦♠ ❛♥ ❡✛❡❝t✐✈❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ st❛t❡ ♣r♦❞✉❝❡❞ ❜② t❤❡ ❝♦♥st✐t✉❡♥t ❣r❛✈✐t♦♥s✱
✐t ❛❧❧♦✇s t♦ ✐♥❢❡r t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦r ❛ ❝❡rt❛✐♥ ❡✛❡❝t✐✈❡ ❣❡♦♠❡tr② t♦ ♣r♦♣❡r❧② ❞❡s❝r✐❜❡ t❤❡
❝❛✉s❛❧ str✉❝t✉r❡ ♦❢ t❤❡ s②st❡♠✳

✹✳✹✳✶ ◗✉❛♥t✉♠ ❤❛r♠♦♥✐❝ ❜❧❛❝❦ ❤♦❧❡s

❆s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶ ❛♥❞ ✹✳✷✱ ✐♥ t❤❡ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧ ❜❧❛❝❦ ❤♦❧❡s ❛r❡ ✉♥❞❡rst♦♦❞
❛s s♦♠❡ s♦rt ♦❢ ❇♦s❡✲❊✐♥st❡✐♥ ❝♦♥❞❡♥s❛t❡s ♦❢ ♠❛r❣✐♥❛❧❧② ❜♦✉♥❞ s♦❢t ✈✐rt✉❛❧ ❣r❛✈✐t♦♥s✳ ❚❤❡
❝♦♥✜♥❡♠❡♥t ♦❢ t❤❡s❡ ♣❛rt✐❝❧❡s ✐s r❡❛❧✐③❡❞ t❤r♦✉❣❤ t❤❡✐r ◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② UN ❛♥❞
t❤❡ ♠❛r❣✐♥❛❧❧② ❜♦✉♥❞ ❝♦♥❞✐t✐♦♥ ✐s t❤❡♥ ❣✐✈❡♥ ❜②

ǫG + UN ≃ 0 . ✭✹✳✻✽✮

❆ ✜rst r♦✉❣❤ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❜✐♥❞✐♥❣ ♣♦t❡♥t✐❛❧ ✐s ❣✐✈❡♥ ❜② ❛ sq✉❛r❡ ✇❡❧❧ ♣♦t❡♥t✐❛❧

Us.w.(r) ≃ UN(λG) ≃ −N αG ~

λG
Θ(λG − r) , ✭✹✳✻✾✮

✇✐t❤ λG = ~/ǫG ≃ RH ❛♥❞ αG = ℓ2P/λ
2
G = ǫ2G/m

2
P✳ ■❢ ✇❡ t❤❡♥ ♣❧✉❣ t❤✐s ❛♣♣r♦①✐♠❛t❡❞

♣♦t❡♥t✐❛❧ ✐♥t♦ ✭✹✳✻✽✮ ✇❡ r❡❝♦✈❡r t❤❡ s❝❛❧✐♥❣ ❧❛✇s ✭✸✳✹✺✮✳
❆ ♠♦r❡ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❜✐♥❞✐♥❣ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❛

❢♦r♠ ❛♥❛❧♦❣♦✉s t♦ t❤❡ ❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧✱ ✐✳❡✳

Uh(r) = Ū(r)Θ(d− r) , Ū(r) :=
1

2
µω2 (r2 − d2) , ✭✹✳✼✵✮

s❡❡ ❋✐❣✉r❡ ✹✳✶✳
◆♦✇✱ ♠❛❦✐♥❣ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ µ = ǫG✱ t❤❡ ♣❛r❛♠❡t❡rs d ❛♥❞ ω ♥❡❡❞ t♦ ❜❡ ❝❤♦s❡♥

✐♥ ❛ ✇❛② t❤❛t ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ❤✐❣❤❡st ❡♥❡r❣② st❛t❡ ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ❣r❛✈✐t♦♥s ✐s ❛
♠❛r❣✐♥❛❧❧② ❜♦✉♥❞ ♦♥❡✳ ◆❡❣❧❡❝t✐♥❣ t❤❡ ✜♥✐t❡ s✐③❡ ♦❢ t❤✐s ❤❛r♠♦♥✐❝ ✇❡❧❧✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ r❡❛❞s

− ~
2

2 ǫG
∆ψ + Ū(r)ψ = Eψ , ✭✹✳✼✶✮

✇✐t❤∆ ❞❡♥♦t✐♥❣ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ✐♥ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✳ ❙♦❧✈✐♥❣ t❤❡ ❧❛tt❡r ❡✐❣❡♥✈❛❧✉❡
♣r♦❜❧❡♠ ♦♥❡ ✜♥❞s✱

ψnjm(r, θ, φ;λG) = N rl exp

(
− r2

2λ2G

)
1F1(−n, l + 3/2, r2/λ2G)Ylm(θ, φ) , ✭✹✳✼✷✮



✺✽ ✹✳ ❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s

U(r)
<latexit sha1_base64="3tk78KN4R+BOohPyyKpG3I66wOs=">AAAB/HicbVC7TsNAEDzzDOYVoKQ5ESOFJrLTQBlBQxkk8hCJFZ0vm3DK+WzdrZGiKHwFLVR0iJZ/oeBfsI0LSJhqNLOrnZ0glsKg635aK6tr6xubpS17e2d3b798cNg2UaI5tHgkI90NmAEpFLRQoIRurIGFgYROMLnK/M4DaCMidYvTGPyQjZUYCc4wle4cx25V9ZntOINyxa25Oegy8QpSIQWag/JXfxjxJASFXDJjep4boz9jGgWXMLf7iYGY8QkbQy+lioVg/FmeeE5PE8MwojFoKiTNRfi9MWOhMdMwSCdDhvdm0cvE/7xegqMLfyZUnCAonh1CISE/ZLgWaRVAh0IDIsuSAxWKcqYZImhBGeepmKTd2Gkf3uL3y6Rdr3luzbupVxqXRTMlckxOSJV45Jw0yDVpkhbhRJEn8kxerEfr1Xqz3n9GV6xi54j8gfXxDdOskx0=</latexit><latexit sha1_base64="3tk78KN4R+BOohPyyKpG3I66wOs=">AAAB/HicbVC7TsNAEDzzDOYVoKQ5ESOFJrLTQBlBQxkk8hCJFZ0vm3DK+WzdrZGiKHwFLVR0iJZ/oeBfsI0LSJhqNLOrnZ0glsKg635aK6tr6xubpS17e2d3b798cNg2UaI5tHgkI90NmAEpFLRQoIRurIGFgYROMLnK/M4DaCMidYvTGPyQjZUYCc4wle4cx25V9ZntOINyxa25Oegy8QpSIQWag/JXfxjxJASFXDJjep4boz9jGgWXMLf7iYGY8QkbQy+lioVg/FmeeE5PE8MwojFoKiTNRfi9MWOhMdMwSCdDhvdm0cvE/7xegqMLfyZUnCAonh1CISE/ZLgWaRVAh0IDIsuSAxWKcqYZImhBGeepmKTd2Gkf3uL3y6Rdr3luzbupVxqXRTMlckxOSJV45Jw0yDVpkhbhRJEn8kxerEfr1Xqz3n9GV6xi54j8gfXxDdOskx0=</latexit><latexit sha1_base64="3tk78KN4R+BOohPyyKpG3I66wOs=">AAAB/HicbVC7TsNAEDzzDOYVoKQ5ESOFJrLTQBlBQxkk8hCJFZ0vm3DK+WzdrZGiKHwFLVR0iJZ/oeBfsI0LSJhqNLOrnZ0glsKg635aK6tr6xubpS17e2d3b798cNg2UaI5tHgkI90NmAEpFLRQoIRurIGFgYROMLnK/M4DaCMidYvTGPyQjZUYCc4wle4cx25V9ZntOINyxa25Oegy8QpSIQWag/JXfxjxJASFXDJjep4boz9jGgWXMLf7iYGY8QkbQy+lioVg/FmeeE5PE8MwojFoKiTNRfi9MWOhMdMwSCdDhvdm0cvE/7xegqMLfyZUnCAonh1CISE/ZLgWaRVAh0IDIsuSAxWKcqYZImhBGeepmKTd2Gkf3uL3y6Rdr3luzbupVxqXRTMlckxOSJV45Jw0yDVpkhbhRJEn8kxerEfr1Xqz3n9GV6xi54j8gfXxDdOskx0=</latexit><latexit sha1_base64="3tk78KN4R+BOohPyyKpG3I66wOs=">AAAB/HicbVC7TsNAEDzzDOYVoKQ5ESOFJrLTQBlBQxkk8hCJFZ0vm3DK+WzdrZGiKHwFLVR0iJZ/oeBfsI0LSJhqNLOrnZ0glsKg635aK6tr6xubpS17e2d3b798cNg2UaI5tHgkI90NmAEpFLRQoIRurIGFgYROMLnK/M4DaCMidYvTGPyQjZUYCc4wle4cx25V9ZntOINyxa25Oegy8QpSIQWag/JXfxjxJASFXDJjep4boz9jGgWXMLf7iYGY8QkbQy+lioVg/FmeeE5PE8MwojFoKiTNRfi9MWOhMdMwSCdDhvdm0cvE/7xegqMLfyZUnCAonh1CISE/ZLgWaRVAh0IDIsuSAxWKcqYZImhBGeepmKTd2Gkf3uL3y6Rdr3luzbupVxqXRTMlckxOSJV45Jw0yDVpkhbhRJEn8kxerEfr1Xqz3n9GV6xi54j8gfXxDdOskx0=</latexit>

r
<latexit sha1_base64="gugu+Wug2GDXCU0BadKShOOLf6Y=">AAAB+HicbVC7TsNAEDyHVzCvACXNiRiJKrLTQBlBQxkkkiAlVnS+bMKR89m6WyMFK/9ACxUdouVvKPgXbOMCEqYazexqZyeIpTDoup9WZWV1bX2jumlvbe/s7tX2D7omSjSHDo9kpG8DZkAKBR0UKOE21sDCQEIvmF7mfu8BtBGRusFZDH7IJkqMBWeYSV3HsbXjDGt1t+EWoMvEK0mdlGgPa1+DUcSTEBRyyYzpe26Mfso0Ci5hbg8SAzHjUzaBfkYVC8H4aZF2Tk8SwzCiMWgqJC1E+L2RstCYWRhkkyHDO7Po5eJ/Xj/B8bmfChUnCIrnh1BIKA4ZrkVWA9CR0IDI8uRAhaKcaYYIWlDGeSYmWS921oe3+P0y6TYbntvwrpv11kXZTJUckWNySjxyRlrkirRJh3ByT57IM3mxHq1X6816/xmtWOXOIfkD6+MbJ9ySRQ==</latexit><latexit sha1_base64="gugu+Wug2GDXCU0BadKShOOLf6Y=">AAAB+HicbVC7TsNAEDyHVzCvACXNiRiJKrLTQBlBQxkkkiAlVnS+bMKR89m6WyMFK/9ACxUdouVvKPgXbOMCEqYazexqZyeIpTDoup9WZWV1bX2jumlvbe/s7tX2D7omSjSHDo9kpG8DZkAKBR0UKOE21sDCQEIvmF7mfu8BtBGRusFZDH7IJkqMBWeYSV3HsbXjDGt1t+EWoMvEK0mdlGgPa1+DUcSTEBRyyYzpe26Mfso0Ci5hbg8SAzHjUzaBfkYVC8H4aZF2Tk8SwzCiMWgqJC1E+L2RstCYWRhkkyHDO7Po5eJ/Xj/B8bmfChUnCIrnh1BIKA4ZrkVWA9CR0IDI8uRAhaKcaYYIWlDGeSYmWS921oe3+P0y6TYbntvwrpv11kXZTJUckWNySjxyRlrkirRJh3ByT57IM3mxHq1X6816/xmtWOXOIfkD6+MbJ9ySRQ==</latexit><latexit sha1_base64="gugu+Wug2GDXCU0BadKShOOLf6Y=">AAAB+HicbVC7TsNAEDyHVzCvACXNiRiJKrLTQBlBQxkkkiAlVnS+bMKR89m6WyMFK/9ACxUdouVvKPgXbOMCEqYazexqZyeIpTDoup9WZWV1bX2jumlvbe/s7tX2D7omSjSHDo9kpG8DZkAKBR0UKOE21sDCQEIvmF7mfu8BtBGRusFZDH7IJkqMBWeYSV3HsbXjDGt1t+EWoMvEK0mdlGgPa1+DUcSTEBRyyYzpe26Mfso0Ci5hbg8SAzHjUzaBfkYVC8H4aZF2Tk8SwzCiMWgqJC1E+L2RstCYWRhkkyHDO7Po5eJ/Xj/B8bmfChUnCIrnh1BIKA4ZrkVWA9CR0IDI8uRAhaKcaYYIWlDGeSYmWS921oe3+P0y6TYbntvwrpv11kXZTJUckWNySjxyRlrkirRJh3ByT57IM3mxHq1X6816/xmtWOXOIfkD6+MbJ9ySRQ==</latexit><latexit sha1_base64="gugu+Wug2GDXCU0BadKShOOLf6Y=">AAAB+HicbVC7TsNAEDyHVzCvACXNiRiJKrLTQBlBQxkkkiAlVnS+bMKR89m6WyMFK/9ACxUdouVvKPgXbOMCEqYazexqZyeIpTDoup9WZWV1bX2jumlvbe/s7tX2D7omSjSHDo9kpG8DZkAKBR0UKOE21sDCQEIvmF7mfu8BtBGRusFZDH7IJkqMBWeYSV3HsbXjDGt1t+EWoMvEK0mdlGgPa1+DUcSTEBRyyYzpe26Mfso0Ci5hbg8SAzHjUzaBfkYVC8H4aZF2Tk8SwzCiMWgqJC1E+L2RstCYWRhkkyHDO7Po5eJ/Xj/B8bmfChUnCIrnh1BIKA4ZrkVWA9CR0IDI8uRAhaKcaYYIWlDGeSYmWS921oe3+P0y6TYbntvwrpv11kXZTJUckWNySjxyRlrkirRJh3ByT57IM3mxHq1X6816/xmtWOXOIfkD6+MbJ9ySRQ==</latexit>

❋✐❣✉r❡ ✹✳✶✿ ❍❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧ ✇✐t❤ µ = ω = 1 ❛♥❞ d = 5✳

✇❤❡r❡ N ✐s ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t✱ 1F1 t❤❡ ❑✉♠♠❡r ❝♦♥✢✉❡♥t ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ✜rst ❦✐♥❞ ❬✶✷✷❪ ❛♥❞ Ylm(θ, φ) ❛r❡ t❤❡ ✉s✉❛❧ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ❬✶✷✷❪✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❡✐❣❡♥✈❛❧✉❡s ❛r❡ t❤❡♥ ❣✐✈❡♥ ❜②✱

Enl = ~ω

(
2n+ l +

3

2

)
+ Ū(0) , ✭✹✳✼✸✮

✇❤❡r❡ n ✐s t❤❡ r❛❞✐❛❧ q✉❛♥t✉♠ ♥✉♠❜❡r✳
❉❡♥♦t✐♥❣ ❜② n0 ❛♥❞ l0 t❤❡ q✉❛♥t✉♠ ♥✉♠❜❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❤✐❣❤❡st ❡♥❡r❣② st❛t❡

♦❢ t❤❡ ✇❡❧❧✱ ✐✳❡✳ En0l0 ≃ 0✱ ✇❡ ✜♥❞ t❤❛t

Ū(0) ≃ −~ω

(
2n0 + l0 +

3

2

)
, ✭✹✳✼✹✮

✇❤✐❝❤✱ ✉♣♦♥ ❛ss✉♠✐♥❣ d ≃ λG✱ ②✐❡❧❞s

ω ≃ 2

λG

(
2n0 + l0 +

3

2

)
. ✭✹✳✼✺✮

❚❤✉s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

Ū(r) = 2 ǫG

(
2n0 + l0 +

3

2

)2
r2 − λ2G
λ2G

, ✭✹✳✼✻✮

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ t❤❡♥ ❣✐✈❡♥ ❜②

Enl ≃ −2 ǫG

(
2n0 + l0 +

3

2

)
[2 (n0 − n) + (l0 − l)] , ✭✹✳✼✼✮

♣r♦✈✐❞❡❞ t❤❛t n ≤ n0 ❛♥❞ l ≤ l0✳



✹✳✹ ❘♦t❛t✐♥❣ ❛♥❞ ♥♦♥✲s✐♥❣✉❧❛r ❜❧❛❝❦ ❤♦❧❡s ✺✾

✹✳✹✳✷ ❍❛②✇❛r❞ s♣❛❝❡t✐♠❡

❖♥❡ ♦❢ t❤❡ ♠♦st ❢❛♠♦✉s ❡①❛♠♣❧❡s ♦❢ r❡❣✉❧❛r ❜❧❛❝❦ ❤♦❧❡s ❬✶✸✺✕✶✹✷❪ ✐♥ s❡♠✐❝❧❛ss✐❝❛❧ ❣r❛✈✐t②
✐s ❣✐✈❡♥ ❜② t❤❡ ❍❛②✇❛r❞ s♣❛❝❡t✐♠❡ ❬✶✹✸❪✱ ❞❡✜♥❡❞ ❜② t❤❡ ❧✐♥❡ ❡❧❡♠❡♥t

ds2 = −f(r) dv2 + 2dv dr + r2 dΩ2 , f(r) = 1− 2GNM r2

r3 + 2GNM ℓ2
, ✭✹✳✼✽✮

✇❤❡r❡ v ❞❡♥♦t❡s t❤❡ ❛❞✈❛♥❝❡❞ t✐♠❡ ❝♦♦r❞✐♥❛t❡✱ r ✐s t❤❡ ❛r❡❛❧ r❛❞✐✉s✱ dΩ2 = dθ2+sin2 θ dϕ2✱
M ✐s t❤❡ ❆❉▼ ♠❛ss ♦❢ t❤❡ s②st❡♠ ❛♥❞ ℓ ❞❡♥♦t❡s ❛♥ ❯❱ ❝✉t✲♦✛ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ s✐♥❣✉✲
❧❛r✐t② r❡s♦❧✉t✐♦♥✳

f(r)
<latexit sha1_base64="Ake7S9PDkD3UKUB6gPemX2gONrg=">AAAB/HicbVC7TsNAEDzzDOYVoKQ5ESOFJrLTQBlBQxkk8hCJFZ0vm3DK+WzdrZGiKHwFLVR0iJZ/oeBfsI0LSJhqNLOrnZ0glsKg635aK6tr6xubpS17e2d3b798cNg2UaI5tHgkI90NmAEpFLRQoIRurIGFgYROMLnK/M4DaCMidYvTGPyQjZUYCc4wle4cxx5V9ZntOINyxa25Oegy8QpSIQWag/JXfxjxJASFXDJjep4boz9jGgWXMLf7iYGY8QkbQy+lioVg/FmeeE5PE8MwojFoKiTNRfi9MWOhMdMwSCdDhvdm0cvE/7xegqMLfyZUnCAonh1CISE/ZLgWaRVAh0IDIsuSAxWKcqYZImhBGeepmKTd2Gkf3uL3y6Rdr3luzbupVxqXRTMlckxOSJV45Jw0yDVpkhbhRJEn8kxerEfr1Xqz3n9GV6xi54j8gfXxDe6Rky4=</latexit><latexit sha1_base64="Ake7S9PDkD3UKUB6gPemX2gONrg=">AAAB/HicbVC7TsNAEDzzDOYVoKQ5ESOFJrLTQBlBQxkk8hCJFZ0vm3DK+WzdrZGiKHwFLVR0iJZ/oeBfsI0LSJhqNLOrnZ0glsKg635aK6tr6xubpS17e2d3b798cNg2UaI5tHgkI90NmAEpFLRQoIRurIGFgYROMLnK/M4DaCMidYvTGPyQjZUYCc4wle4cxx5V9ZntOINyxa25Oegy8QpSIQWag/JXfxjxJASFXDJjep4boz9jGgWXMLf7iYGY8QkbQy+lioVg/FmeeE5PE8MwojFoKiTNRfi9MWOhMdMwSCdDhvdm0cvE/7xegqMLfyZUnCAonh1CISE/ZLgWaRVAh0IDIsuSAxWKcqYZImhBGeepmKTd2Gkf3uL3y6Rdr3luzbupVxqXRTMlckxOSJV45Jw0yDVpkhbhRJEn8kxerEfr1Xqz3n9GV6xi54j8gfXxDe6Rky4=</latexit><latexit sha1_base64="Ake7S9PDkD3UKUB6gPemX2gONrg=">AAAB/HicbVC7TsNAEDzzDOYVoKQ5ESOFJrLTQBlBQxkk8hCJFZ0vm3DK+WzdrZGiKHwFLVR0iJZ/oeBfsI0LSJhqNLOrnZ0glsKg635aK6tr6xubpS17e2d3b798cNg2UaI5tHgkI90NmAEpFLRQoIRurIGFgYROMLnK/M4DaCMidYvTGPyQjZUYCc4wle4cxx5V9ZntOINyxa25Oegy8QpSIQWag/JXfxjxJASFXDJjep4boz9jGgWXMLf7iYGY8QkbQy+lioVg/FmeeE5PE8MwojFoKiTNRfi9MWOhMdMwSCdDhvdm0cvE/7xegqMLfyZUnCAonh1CISE/ZLgWaRVAh0IDIsuSAxWKcqYZImhBGeepmKTd2Gkf3uL3y6Rdr3luzbupVxqXRTMlckxOSJV45Jw0yDVpkhbhRJEn8kxerEfr1Xqz3n9GV6xi54j8gfXxDe6Rky4=</latexit><latexit sha1_base64="Ake7S9PDkD3UKUB6gPemX2gONrg=">AAAB/HicbVC7TsNAEDzzDOYVoKQ5ESOFJrLTQBlBQxkk8hCJFZ0vm3DK+WzdrZGiKHwFLVR0iJZ/oeBfsI0LSJhqNLOrnZ0glsKg635aK6tr6xubpS17e2d3b798cNg2UaI5tHgkI90NmAEpFLRQoIRurIGFgYROMLnK/M4DaCMidYvTGPyQjZUYCc4wle4cxx5V9ZntOINyxa25Oegy8QpSIQWag/JXfxjxJASFXDJjep4boz9jGgWXMLf7iYGY8QkbQy+lioVg/FmeeE5PE8MwojFoKiTNRfi9MWOhMdMwSCdDhvdm0cvE/7xegqMLfyZUnCAonh1CISE/ZLgWaRVAh0IDIsuSAxWKcqYZImhBGeepmKTd2Gkf3uL3y6Rdr3luzbupVxqXRTMlckxOSJV45Jw0yDVpkhbhRJEn8kxerEfr1Xqz3n9GV6xi54j8gfXxDe6Rky4=</latexit>

r
<latexit sha1_base64="d8sU8RIg2AaX1IRigyS8UPZvzSI=">AAAB+XicbVC7TsNAEDzzDOYVoKQ5kSBRRXYaKCNoKINEHlJiRevLJpxyfuhujRRZ+QhaqOgQLV9Dwb9gGxeQMNVoZlc7O36spCHH+bTW1jc2t7YrO/bu3v7BYfXouGuiRAvsiEhFuu+DQSVD7JAkhf1YIwS+wp4/u8n93iNqI6PwnuYxegFMQzmRAiiTevW6re16fVStOQ2nAF8lbklqrER7VP0ajiORBBiSUGDMwHVi8lLQJIXChT1MDMYgZjDFQUZDCNB4aRF3wc8TAxTxGDWXihci/t5IITBmHvjZZAD0YJa9XPzPGyQ0ufJSGcYJYSjyQyQVFoeM0DLrAflYaiSCPDlyGXIBGohQSw5CZGKSFWNnfbjL36+SbrPhOg33rllrXZfNVNgpO2MXzGWXrMVuWZt1mGAz9sSe2YuVWq/Wm/X+M7pmlTsn7A+sj29dQ5JZ</latexit><latexit sha1_base64="d8sU8RIg2AaX1IRigyS8UPZvzSI=">AAAB+XicbVC7TsNAEDzzDOYVoKQ5kSBRRXYaKCNoKINEHlJiRevLJpxyfuhujRRZ+QhaqOgQLV9Dwb9gGxeQMNVoZlc7O36spCHH+bTW1jc2t7YrO/bu3v7BYfXouGuiRAvsiEhFuu+DQSVD7JAkhf1YIwS+wp4/u8n93iNqI6PwnuYxegFMQzmRAiiTevW6re16fVStOQ2nAF8lbklqrER7VP0ajiORBBiSUGDMwHVi8lLQJIXChT1MDMYgZjDFQUZDCNB4aRF3wc8TAxTxGDWXihci/t5IITBmHvjZZAD0YJa9XPzPGyQ0ufJSGcYJYSjyQyQVFoeM0DLrAflYaiSCPDlyGXIBGohQSw5CZGKSFWNnfbjL36+SbrPhOg33rllrXZfNVNgpO2MXzGWXrMVuWZt1mGAz9sSe2YuVWq/Wm/X+M7pmlTsn7A+sj29dQ5JZ</latexit><latexit sha1_base64="d8sU8RIg2AaX1IRigyS8UPZvzSI=">AAAB+XicbVC7TsNAEDzzDOYVoKQ5kSBRRXYaKCNoKINEHlJiRevLJpxyfuhujRRZ+QhaqOgQLV9Dwb9gGxeQMNVoZlc7O36spCHH+bTW1jc2t7YrO/bu3v7BYfXouGuiRAvsiEhFuu+DQSVD7JAkhf1YIwS+wp4/u8n93iNqI6PwnuYxegFMQzmRAiiTevW6re16fVStOQ2nAF8lbklqrER7VP0ajiORBBiSUGDMwHVi8lLQJIXChT1MDMYgZjDFQUZDCNB4aRF3wc8TAxTxGDWXihci/t5IITBmHvjZZAD0YJa9XPzPGyQ0ufJSGcYJYSjyQyQVFoeM0DLrAflYaiSCPDlyGXIBGohQSw5CZGKSFWNnfbjL36+SbrPhOg33rllrXZfNVNgpO2MXzGWXrMVuWZt1mGAz9sSe2YuVWq/Wm/X+M7pmlTsn7A+sj29dQ5JZ</latexit><latexit sha1_base64="d8sU8RIg2AaX1IRigyS8UPZvzSI=">AAAB+XicbVC7TsNAEDzzDOYVoKQ5kSBRRXYaKCNoKINEHlJiRevLJpxyfuhujRRZ+QhaqOgQLV9Dwb9gGxeQMNVoZlc7O36spCHH+bTW1jc2t7YrO/bu3v7BYfXouGuiRAvsiEhFuu+DQSVD7JAkhf1YIwS+wp4/u8n93iNqI6PwnuYxegFMQzmRAiiTevW6re16fVStOQ2nAF8lbklqrER7VP0ajiORBBiSUGDMwHVi8lLQJIXChT1MDMYgZjDFQUZDCNB4aRF3wc8TAxTxGDWXihci/t5IITBmHvjZZAD0YJa9XPzPGyQ0ufJSGcYJYSjyQyQVFoeM0DLrAflYaiSCPDlyGXIBGohQSw5CZGKSFWNnfbjL36+SbrPhOg33rllrXZfNVNgpO2MXzGWXrMVuWZt1mGAz9sSe2YuVWq/Wm/X+M7pmlTsn7A+sj29dQ5JZ</latexit>

M < Mext
<latexit sha1_base64="k5M3tiNvLs7qqNd/4CxZtUEAF2I=">AAACCXicbVC7TsNAEDzzDOYVQFQ0J2IkqshOAwVFBA1NpCCRh5RE1vmyCafc2dbdGhFZ+QK+ghYqOkTLV1DwL9ghBSRMNZrZ1c5OEEth0HU/raXlldW19cKGvbm1vbNb3NtvmijRHBo8kpFuB8yAFCE0UKCEdqyBqUBCKxhd5X7rHrQRUXiL4xh6ig1DMRCcYSb5xUPHsWv0gtb8tKsVhQec2I7jF0tu2Z2CLhJvRkpkhrpf/Or2I54oCJFLZkzHc2PspUyj4BImdjcxEDM+YkPoZDRkCkwvncaf0JPEMIxoDJoKSaci/N5ImTJmrIJsUjG8M/NeLv7ndRIcnPdSEcYJQsjzQygkTA8ZrkXWC9C+0IDI8uRARUg50wwRtKCM80xMsqLsrA9v/vtF0qyUPbfs3VRK1ctZMwVyRI7JKfHIGamSa1InDcJJSp7IM3mxHq1X6816/xldsmY7B+QPrI9vT2KXvQ==</latexit><latexit sha1_base64="k5M3tiNvLs7qqNd/4CxZtUEAF2I=">AAACCXicbVC7TsNAEDzzDOYVQFQ0J2IkqshOAwVFBA1NpCCRh5RE1vmyCafc2dbdGhFZ+QK+ghYqOkTLV1DwL9ghBSRMNZrZ1c5OEEth0HU/raXlldW19cKGvbm1vbNb3NtvmijRHBo8kpFuB8yAFCE0UKCEdqyBqUBCKxhd5X7rHrQRUXiL4xh6ig1DMRCcYSb5xUPHsWv0gtb8tKsVhQec2I7jF0tu2Z2CLhJvRkpkhrpf/Or2I54oCJFLZkzHc2PspUyj4BImdjcxEDM+YkPoZDRkCkwvncaf0JPEMIxoDJoKSaci/N5ImTJmrIJsUjG8M/NeLv7ndRIcnPdSEcYJQsjzQygkTA8ZrkXWC9C+0IDI8uRARUg50wwRtKCM80xMsqLsrA9v/vtF0qyUPbfs3VRK1ctZMwVyRI7JKfHIGamSa1InDcJJSp7IM3mxHq1X6816/xldsmY7B+QPrI9vT2KXvQ==</latexit><latexit sha1_base64="k5M3tiNvLs7qqNd/4CxZtUEAF2I=">AAACCXicbVC7TsNAEDzzDOYVQFQ0J2IkqshOAwVFBA1NpCCRh5RE1vmyCafc2dbdGhFZ+QK+ghYqOkTLV1DwL9ghBSRMNZrZ1c5OEEth0HU/raXlldW19cKGvbm1vbNb3NtvmijRHBo8kpFuB8yAFCE0UKCEdqyBqUBCKxhd5X7rHrQRUXiL4xh6ig1DMRCcYSb5xUPHsWv0gtb8tKsVhQec2I7jF0tu2Z2CLhJvRkpkhrpf/Or2I54oCJFLZkzHc2PspUyj4BImdjcxEDM+YkPoZDRkCkwvncaf0JPEMIxoDJoKSaci/N5ImTJmrIJsUjG8M/NeLv7ndRIcnPdSEcYJQsjzQygkTA8ZrkXWC9C+0IDI8uRARUg50wwRtKCM80xMsqLsrA9v/vtF0qyUPbfs3VRK1ctZMwVyRI7JKfHIGamSa1InDcJJSp7IM3mxHq1X6816/xldsmY7B+QPrI9vT2KXvQ==</latexit><latexit sha1_base64="k5M3tiNvLs7qqNd/4CxZtUEAF2I=">AAACCXicbVC7TsNAEDzzDOYVQFQ0J2IkqshOAwVFBA1NpCCRh5RE1vmyCafc2dbdGhFZ+QK+ghYqOkTLV1DwL9ghBSRMNZrZ1c5OEEth0HU/raXlldW19cKGvbm1vbNb3NtvmijRHBo8kpFuB8yAFCE0UKCEdqyBqUBCKxhd5X7rHrQRUXiL4xh6ig1DMRCcYSb5xUPHsWv0gtb8tKsVhQec2I7jF0tu2Z2CLhJvRkpkhrpf/Or2I54oCJFLZkzHc2PspUyj4BImdjcxEDM+YkPoZDRkCkwvncaf0JPEMIxoDJoKSaci/N5ImTJmrIJsUjG8M/NeLv7ndRIcnPdSEcYJQsjzQygkTA8ZrkXWC9C+0IDI8uRARUg50wwRtKCM80xMsqLsrA9v/vtF0qyUPbfs3VRK1ctZMwVyRI7JKfHIGamSa1InDcJJSp7IM3mxHq1X6816/xldsmY7B+QPrI9vT2KXvQ==</latexit>

M = Mext
<latexit sha1_base64="5Ttla3FakdZhbWEM7HCX79aZwW8=">AAACCXicbVC7TsNAEDzzDOYVQFQ0J2IkqshOAw1SBA1NpCCRh5RE1vmyCafc2dbdGhFZ+QK+ghYqOkTLV1DwL9ghBSRMNZrZ1c5OEEth0HU/raXlldW19cKGvbm1vbNb3NtvmijRHBo8kpFuB8yAFCE0UKCEdqyBqUBCKxhd5X7rHrQRUXiL4xh6ig1DMRCcYSb5xUPHsWv0gtb8tKsVhQec2I7jF0tu2Z2CLhJvRkpkhrpf/Or2I54oCJFLZkzHc2PspUyj4BImdjcxEDM+YkPoZDRkCkwvncaf0JPEMIxoDJoKSaci/N5ImTJmrIJsUjG8M/NeLv7ndRIcnPdSEcYJQsjzQygkTA8ZrkXWC9C+0IDI8uRARUg50wwRtKCM80xMsqLsrA9v/vtF0qyUPbfs3VRK1ctZMwVyRI7JKfHIGamSa1InDcJJSp7IM3mxHq1X6816/xldsmY7B+QPrI9vUQCXvg==</latexit><latexit sha1_base64="5Ttla3FakdZhbWEM7HCX79aZwW8=">AAACCXicbVC7TsNAEDzzDOYVQFQ0J2IkqshOAw1SBA1NpCCRh5RE1vmyCafc2dbdGhFZ+QK+ghYqOkTLV1DwL9ghBSRMNZrZ1c5OEEth0HU/raXlldW19cKGvbm1vbNb3NtvmijRHBo8kpFuB8yAFCE0UKCEdqyBqUBCKxhd5X7rHrQRUXiL4xh6ig1DMRCcYSb5xUPHsWv0gtb8tKsVhQec2I7jF0tu2Z2CLhJvRkpkhrpf/Or2I54oCJFLZkzHc2PspUyj4BImdjcxEDM+YkPoZDRkCkwvncaf0JPEMIxoDJoKSaci/N5ImTJmrIJsUjG8M/NeLv7ndRIcnPdSEcYJQsjzQygkTA8ZrkXWC9C+0IDI8uRARUg50wwRtKCM80xMsqLsrA9v/vtF0qyUPbfs3VRK1ctZMwVyRI7JKfHIGamSa1InDcJJSp7IM3mxHq1X6816/xldsmY7B+QPrI9vUQCXvg==</latexit><latexit sha1_base64="5Ttla3FakdZhbWEM7HCX79aZwW8=">AAACCXicbVC7TsNAEDzzDOYVQFQ0J2IkqshOAw1SBA1NpCCRh5RE1vmyCafc2dbdGhFZ+QK+ghYqOkTLV1DwL9ghBSRMNZrZ1c5OEEth0HU/raXlldW19cKGvbm1vbNb3NtvmijRHBo8kpFuB8yAFCE0UKCEdqyBqUBCKxhd5X7rHrQRUXiL4xh6ig1DMRCcYSb5xUPHsWv0gtb8tKsVhQec2I7jF0tu2Z2CLhJvRkpkhrpf/Or2I54oCJFLZkzHc2PspUyj4BImdjcxEDM+YkPoZDRkCkwvncaf0JPEMIxoDJoKSaci/N5ImTJmrIJsUjG8M/NeLv7ndRIcnPdSEcYJQsjzQygkTA8ZrkXWC9C+0IDI8uRARUg50wwRtKCM80xMsqLsrA9v/vtF0qyUPbfs3VRK1ctZMwVyRI7JKfHIGamSa1InDcJJSp7IM3mxHq1X6816/xldsmY7B+QPrI9vUQCXvg==</latexit><latexit sha1_base64="5Ttla3FakdZhbWEM7HCX79aZwW8=">AAACCXicbVC7TsNAEDzzDOYVQFQ0J2IkqshOAw1SBA1NpCCRh5RE1vmyCafc2dbdGhFZ+QK+ghYqOkTLV1DwL9ghBSRMNZrZ1c5OEEth0HU/raXlldW19cKGvbm1vbNb3NtvmijRHBo8kpFuB8yAFCE0UKCEdqyBqUBCKxhd5X7rHrQRUXiL4xh6ig1DMRCcYSb5xUPHsWv0gtb8tKsVhQec2I7jF0tu2Z2CLhJvRkpkhrpf/Or2I54oCJFLZkzHc2PspUyj4BImdjcxEDM+YkPoZDRkCkwvncaf0JPEMIxoDJoKSaci/N5ImTJmrIJsUjG8M/NeLv7ndRIcnPdSEcYJQsjzQygkTA8ZrkXWC9C+0IDI8uRARUg50wwRtKCM80xMsqLsrA9v/vtF0qyUPbfs3VRK1ctZMwVyRI7JKfHIGamSa1InDcJJSp7IM3mxHq1X6816/xldsmY7B+QPrI9vUQCXvg==</latexit>

M > Mext
<latexit sha1_base64="CHElvc280cjQZmbRYSrnAMA6g2I=">AAACCXicbVC7TsNAEDzzDOYVQFQ0J2IkqshOAxWKoKGJFCTykJLIOl824ZQ727pbIyIrX8BX0EJFh2j5Cgr+BTukgISpRjO72tkJYikMuu6ntbS8srq2XtiwN7e2d3aLe/tNEyWaQ4NHMtLtgBmQIoQGCpTQjjUwFUhoBaOr3G/dgzYiCm9xHENPsWEoBoIzzCS/eOg4do1e0JqfdrWi8IAT23H8Ysktu1PQReLNSInMUPeLX91+xBMFIXLJjOl4boy9lGkUXMLE7iYGYsZHbAidjIZMgeml0/gTepIYhhGNQVMh6VSE3xspU8aMVZBNKoZ3Zt7Lxf+8ToKD814qwjhBCHl+CIWE6SHDtch6AdoXGhBZnhyoCClnmiGCFpRxnolJVpSd9eHNf79ImpWy55a9m0qpejlrpkCOyDE5JR45I1VyTeqkQThJyRN5Ji/Wo/VqvVnvP6NL1mzngPyB9fENUp6Xvw==</latexit><latexit sha1_base64="CHElvc280cjQZmbRYSrnAMA6g2I=">AAACCXicbVC7TsNAEDzzDOYVQFQ0J2IkqshOAxWKoKGJFCTykJLIOl824ZQ727pbIyIrX8BX0EJFh2j5Cgr+BTukgISpRjO72tkJYikMuu6ntbS8srq2XtiwN7e2d3aLe/tNEyWaQ4NHMtLtgBmQIoQGCpTQjjUwFUhoBaOr3G/dgzYiCm9xHENPsWEoBoIzzCS/eOg4do1e0JqfdrWi8IAT23H8Ysktu1PQReLNSInMUPeLX91+xBMFIXLJjOl4boy9lGkUXMLE7iYGYsZHbAidjIZMgeml0/gTepIYhhGNQVMh6VSE3xspU8aMVZBNKoZ3Zt7Lxf+8ToKD814qwjhBCHl+CIWE6SHDtch6AdoXGhBZnhyoCClnmiGCFpRxnolJVpSd9eHNf79ImpWy55a9m0qpejlrpkCOyDE5JR45I1VyTeqkQThJyRN5Ji/Wo/VqvVnvP6NL1mzngPyB9fENUp6Xvw==</latexit><latexit sha1_base64="CHElvc280cjQZmbRYSrnAMA6g2I=">AAACCXicbVC7TsNAEDzzDOYVQFQ0J2IkqshOAxWKoKGJFCTykJLIOl824ZQ727pbIyIrX8BX0EJFh2j5Cgr+BTukgISpRjO72tkJYikMuu6ntbS8srq2XtiwN7e2d3aLe/tNEyWaQ4NHMtLtgBmQIoQGCpTQjjUwFUhoBaOr3G/dgzYiCm9xHENPsWEoBoIzzCS/eOg4do1e0JqfdrWi8IAT23H8Ysktu1PQReLNSInMUPeLX91+xBMFIXLJjOl4boy9lGkUXMLE7iYGYsZHbAidjIZMgeml0/gTepIYhhGNQVMh6VSE3xspU8aMVZBNKoZ3Zt7Lxf+8ToKD814qwjhBCHl+CIWE6SHDtch6AdoXGhBZnhyoCClnmiGCFpRxnolJVpSd9eHNf79ImpWy55a9m0qpejlrpkCOyDE5JR45I1VyTeqkQThJyRN5Ji/Wo/VqvVnvP6NL1mzngPyB9fENUp6Xvw==</latexit><latexit sha1_base64="CHElvc280cjQZmbRYSrnAMA6g2I=">AAACCXicbVC7TsNAEDzzDOYVQFQ0J2IkqshOAxWKoKGJFCTykJLIOl824ZQ727pbIyIrX8BX0EJFh2j5Cgr+BTukgISpRjO72tkJYikMuu6ntbS8srq2XtiwN7e2d3aLe/tNEyWaQ4NHMtLtgBmQIoQGCpTQjjUwFUhoBaOr3G/dgzYiCm9xHENPsWEoBoIzzCS/eOg4do1e0JqfdrWi8IAT23H8Ysktu1PQReLNSInMUPeLX91+xBMFIXLJjOl4boy9lGkUXMLE7iYGYsZHbAidjIZMgeml0/gTepIYhhGNQVMh6VSE3xspU8aMVZBNKoZ3Zt7Lxf+8ToKD814qwjhBCHl+CIWE6SHDtch6AdoXGhBZnhyoCClnmiGCFpRxnolJVpSd9eHNf79ImpWy55a9m0qpejlrpkCOyDE5JR45I1VyTeqkQThJyRN5Ji/Wo/VqvVnvP6NL1mzngPyB9fENUp6Xvw==</latexit>

❋✐❣✉r❡ ✹✳✷✿ ❍❛②✇❛r❞✬s ♠❡tr✐❝ ❢✉♥❝t✐♦♥ f(r) ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ❆❉▼ ♠❛ss M ✱
❦❡❡♣✐♥❣ ℓ ✜①❡❞✳

■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t

f(r)
r→∞∼ 1− 2GNM

r
, f(r)

r→0∼ 1− r2

ℓ2
, ✭✹✳✼✾✮

♥❛♠❡❧②✱ ✇❡ r❡❝♦✈❡r ❙❝❤✇❛r③s❝❤✐❧❞ ❢♦r ❧❛r❣❡ r ✇❤❡r❡❛s t❤❡ ❝❡♥tr❛❧ s✐♥❣✉❧❛r✐t② ❣❡ts r❡♠♦✈❡❞
❜② ❛ ❞❡ ❙✐tt❡r✲❧✐❦❡ ❝♦r❡✱ s❡❡ ❬✶✹✵✱✶✹✸❪✳

❚❤❡ ❤♦r✐③♦♥ str✉❝t✉r❡ ✐s ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ✐♥❡q✉❛❧✐t②

0 ≤ 3
√
3

4GN

ℓ ≤M , ✭✹✳✽✵✮

❛♥❞ t❤❡ ❤♦r✐③♦♥s ❛r❡ t❤❡♥ ❣✐✈❡♥ ❜②

R
(j)
H =

4GNM

3
cos

[
1

3
arccos

(
1− 27ℓ2

8G2
NM

2

)
+

2πj

3

]
+

2GNM

3
, j = 2, 3 , ✭✹✳✽✶✮



✻✵ ✹✳ ❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s

❢r♦♠ ✇❤✐❝❤ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t R(2)
H ≤ R

(3)
H ✱ t❤❛t ❛❧❧♦✇s ✉s t♦ ♠❛❦❡ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥s

R
(<)
H ≡ R

(2)
H ❛♥❞ R(>)

H ≡ R
(3)
H ❢♦r t❤❡ ✐♥♥❡r ❛♥❞ ♦✉t❡r ❤♦r✐③♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳ ❇❡s✐❞❡s✱ ✐t ✐s

✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ ❡①tr❡♠❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✐s r❡❛❝❤❡❞ ✇❤❡♥ R(<)
H = R

(>)
H ❛♥❞ ❝♦rr❡s♣♦♥❞s

t♦ ❛ r❛❞✐✉s RH, ext = 4GNM/3 ✭s❡❡ ❛❧s♦ ❋✐❣✉r❡ ✹✳✷✮✳
■❢ ✇❡ t❤❡♥ ❝♦♥s✐❞❡r ❛ ✈❡r② s♠❛❧❧ r❡❣✉❧❛r ❝♦r❡✱ ♥❛♠❡❧② ℓ≪ GNM ✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ✜♥❞

R
(<)
H ≃ ℓ+

ℓ2

4GNM
, R

(>)
H ≃ 2GNM − ℓ2

2GNM
. ✭✹✳✽✷✮

❚✉r♥✐♥❣ ♥♦✇ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧✱ ❧❡t ✉s ♣r❡♣❛r❡ ❛ ❜♦✉♥❞ st❛t❡ ♦❢
N t♦② ❣r❛✈✐t♦♥s ❤❡❧❞ t♦❣❡t❤❡r ❜② ❛ ❝♦❧❧❡❝t✐✈❡ ❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧ ✭✹✳✼✵✮ ✇✐t❤ d ≃ λG ≃√
N ℓP✳ ❲✐t❤ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ♦♥❡ ✜♥❞s t❤❛t t❤❡ ✇❛✈❡✲❢✉♥❝t✐♦♥ ♦❢ ❡❛❝❤ t♦② ❣r❛✈✐t♦♥ ✐♥

t❤❡ ♠❛r❣✐♥❛❧❧② ❜♦✉♥❞ st❛t❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

φ0(r) ≃
(
4n0 + 3

π N ℓ2P

)3/4

exp

[
−
(
2n0 +

3

2

)
r2

N ℓ2P

]
, ✭✹✳✽✸✮

s✐♥❝❡ t❤❡ t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ♦❢ t❤❡ ❍❛②✇❛r❞ s♣❛❝❡ ✈❛♥✐s❤❡s ❛♥❞ ✇❡ ❛r❡ t❤❡r❡❢♦r❡
❛❧❧♦✇❡❞ t♦ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ t❤❡ ❝❛s❡ l = l0 = 0✱ ❢♦r s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✳ ❚❤✉s✱ ❛ss✉♠✐♥❣
t❤❡ ❍❛②✇❛r❞ ❜❧❛❝❦ ❤♦❧❡ t♦ ❜❡ t❤❡ r❡s✉❧t ♦❢ ✭s♦✉r❝❡❞ ❜②✮ ❛ ❝♦❤❡r❡♥t st❛t❡ ♦❢ t❤❡s❡ t♦②
❣r❛✈✐t♦♥s ❬✽✶❪✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ q✉❛♥t✉♠ st❛t❡ ♦❢ t❤❡ s♦✉r❝❡✱ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡
❍◗▼✱ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜②

|ΨS〉 ≃
N⊗

i=1

|φ(i)
0 〉 =

[
|φ0〉

]N
, ✭✹✳✽✹✮

✇✐t❤ 〈r |φ0〉 = φ0(r)✳ ▲❡t ✉s ❛❧s♦ r❡♠❛r❦ t❤❛t ✭✹✳✽✹✮ ✐s ❛♥ ❡✐❣❡♥st❛t❡ ♦❢ t❤❡ t♦t❛❧ ❍❛♠✐❧t♦✲
♥✐❛♥ Ĥ✱ ✐✳❡✳

〈ΨS|Ĥ|ΨS〉 =M ≃ N ǫG .

❲❡ ❝❛♥ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② PBH(ℓ;N) ❢♦r t❤✐s N ✲♣❛rt✐❝❧❡ st❛t❡ t♦ ❜❡ ❛ ❜❧❛❝❦
❤♦❧❡✳ ❋✐rst✱ ❢♦❧❧♦✇✐♥❣ ❉❡✜♥✐t✐♦♥ ✻✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t

PS (r1 < RH , . . . , rN < RH) =
N∏

i=1

PS (ri < RH) . ✭✹✳✽✺✮

❇❡s✐❞❡s✱ ✇❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡ t♦t❛❧ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②✱ ❢♦r t❤❡ ♦✉t❡r ❤♦r✐③♦♥✱ ❜② ✭s❡❡
❬✽✶❪✮

P
(>)
H (RH) ≃ δ

(
RH − 〈 R̂(>)

H 〉
)
, ✭✹✳✽✻✮

✇❤✐❝❤ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❜❧❛❝❦ ❤♦❧❡s ♦❢ ❛str♦♣❤②s✲
✐❝❛❧ s✐③❡✱ ✐✳❡✳ N ≫ 1✱ ❛♥❞ t❤✉s t❤❡ ✉♥❝❡rt❛✐♥t② ♦✈❡r t❤❡ ❤♦r✐③♦♥ r❛❞✐✉s ✐s ♥❡❣❧✐❣✐❜❧❡✳ ◆♦t❡
t❤❛t✱ ✉s✐♥❣ t❤❡ s❝❛❧✐♥❣ ❧❛✇s ✭✸✳✹✺✮✱ ✇❡ ❤❛✈❡ t❤❛t

〈 R̂(>)
H 〉 ≃ 2

√
N ℓP − ℓ2

2
√
N ℓP

, ✭✹✳✽✼✮



✹✳✹ ❘♦t❛t✐♥❣ ❛♥❞ ♥♦♥✲s✐♥❣✉❧❛r ❜❧❛❝❦ ❤♦❧❡s ✻✶

✐♥ t❤❡ ❧✐♠✐t ℓ ≪ 2GNM ≃ 2
√
N ℓP✳ ❲❡ ✐♥✈✐t❡ t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r t♦ r❡❢❡r t♦ ❬✽✶❪ ❢♦r ❛

♣r❡❝✐s❡ ❝♦♥str✉❝t✐♦♥ ♦❢ R̂(≶)
H ✱ ✇❤✐❝❤ ❤♦✇❡✈❡r ✐s ♥♦t t❤❛t ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ✐♥

❙❡❝t✐♦♥ ✸✳✶✳✹ ❢♦r t❤❡ r♦t❛t✐♥❣ ❝❛s❡✳
❆❢t❡r s♦♠❡ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥s ♦♥❡ ✜♥❞s t❤❛t

PBH(ℓ;N) ≃
N∏

i=1

PS

(
ri < 〈 R̂(>)

H 〉
)
≃
[
PS

(
r < 〈 R̂(>)

H 〉
)]N

, ✭✹✳✽✽✮

t❤❛t ✉❧t✐♠❛t❡❧② ❧❡❛❞s t♦

PBH(ℓ;N) ≃
[

2√
π
γ

(
3

2
, 4(4n0 + 3)

)]N−1

×
[

2√
π
γ

(
3

2
, 4(4n0 + 3)

)
− 8(4n0 + 3)3/2√

πN
e−4(4n0+3) ℓ

2

ℓ2P

]
. ✭✹✳✽✾✮

✇✐t❤

γ(s, x) =

∫ x

0

dt ts−1 e−t , ✭✹✳✾✵✮

❞❡♥♦t✐♥❣ t❤❡ ❧♦✇❡r✲✐♥❝♦♠♣❧❡t❡ ❊✉❧❡r ❣❛♠♠❛ ❢✉♥❝t✐♦♥ ❬✶✷✷❪✳
◆♦t✐❝❡ t❤❛t✱ ✐❢ ✇❡ s❡t ℓ = 0 ✐♥ ✭✹✳✼✽✮✱ ✇❡ r❡❝♦✈❡r t❤❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❜❧❛❝❦ ❤♦❧❡✳ ❚❤✉s✱

t❤❡ q✉❛♥t✐t② σ(ℓ;N) = |PBH(0;N)−PBH(ℓ;N)| ♠❡❛s✉r❡s t❤❡ ❜r❡❛❦✐♥❣ ♦❢ ❛ ❙❝❤✇❛r③s❝❤✐❧❞✲
❧✐❦❡ ❜❧❛❝❦ ❤♦❧❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞✉❡ t♦ q✉❛♥t✉♠ ❣r❛✈✐t❛t✐♦♥❛❧ ❡✛❡❝ts✱ ✐♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ ❯❱
❝✉t✲♦✛✳ ◆♦♥❡t❤❡❧❡ss✱ ✐t ✇❛s s❤♦✇♥ ✐♥ ❬✽✶❪ t❤❛t σ(ℓ;N) ≪ 1 ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ r❡❣✐♠❡✱ ✐✳❡✳
ℓ/ℓP ≪M/mP ∼

√
N ✱ ❢♦r ❛❧❧ ✜①❡❞ ✈❛❧✉❡ ♦❢ n0 ❛♥❞ ∀N ≫ 1✳

❚✉r♥✐♥❣ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ✐♥♥❡r ❤♦r✐③♦♥✱ ✐♠♣❧❡♠❡♥t✐♥❣ ❛ s✐♠✐❧❛r ♣r♦❝❡❞✉r❡ t♦ t❤❡
♦♥❡ ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ♦♥❡ ✜♥❞s

PIH(ℓ;N) ≃





2√
π
γ


3
2
,
4n0 + 3

N

(
ℓ

ℓP
+

ℓ2

4
√
Nℓ2P

)2






N

. ✭✹✳✾✶✮

❚❤✐s ✐♠♣❧✐❡s t❤❛t
lim

N→∞
PIH(ℓ; N) = 0 ,

❢♦r ❛❧❧ ✜①❡❞ ✈❛❧✉❡s ♦❢ n0✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ ✐♥ t❤❡ ❝♦r♣✉s❝✉❧❛r ♣✐❝t✉r❡✱ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❛
♥♦♥✲s✐♥❣✉❧❛r ❜❧❛❝❦ ❤♦❧❡ ♦❢ t❤❡ ❍❛②✇❛r❞✲t②♣❡ ✐s r❛t❤❡r ✉♥❧✐❦❡❧②✳

✹✳✹✳✸ ❑❡rr s♣❛❝❡t✐♠❡

❚❤❡ ❝❛s❡ ♦❢ s♣✐♥♥✐♥❣ ✭❝❤❛r❣❡❧❡ss✮ ❜❧❛❝❦ ❤♦❧❡s✱ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❧✐♥❡ ❡❧❡♠❡♥t ✭✸✳✸✸✮ ❛♥❞
✇✐t❤ ❤♦r✐③♦♥s ❣✐✈❡♥ ❜② ✭✸✳✸✹✮✱ ✐s ❛ ❜✐t ♠♦r❡ ✐♥✈♦❧✈❡❞ ❛t t❤❡ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❧❡✈❡❧ ❬✼✾❪✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❑❡rr ❜❧❛❝❦ ❤♦❧❡✱ ♦❢ ❆❉▼ ♠❛ss M ❛♥❞ t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠
J ✱ s♦✉r❝❡❞ ❜② ❛ s②st❡♠ ♦❢ ♠❛r❣✐♥❛❧❧② ❜♦✉♥❞ t♦② ❣r❛✈✐t♦♥s ❤❡❧❞ t♦❣❡t❤❡r ❜② ❛♥ ❤❛r♠♦♥✐❝



✻✷ ✹✳ ❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s

♣♦t❡♥t✐❛❧✱ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ q✉❛♥t✉♠ N ✲♣♦rtr❛✐t ♦❢ ❜❧❛❝❦ ❤♦❧❡s✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ♠♦❞❡❧
t❤❡ q✉❛♥t✉♠ st❛t❡ ♦❢ t❤❡ s②st❡♠ ❛s

|ΨS〉 ≡ |M J〉 =
N⊗

α=1

|g〉α , ✭✹✳✾✷✮

✇❤❡r❡ |g〉 ❞❡♥♦t❡s t❤❡ ✇❛✈❡✲❢✉♥❝t✐♦♥ ♦❢ ❡❛❝❤ ❝♦♥st✐t✉❡♥t t♦② ❣r❛✈✐t♦♥✳ ❇❡s✐❞❡s✱ ✐t ✐s ❛❧s♦
✇♦rt❤ r❡❝❛❧❧✐♥❣ t❤❛t 〈Ĥ〉 ≡ 〈ΨS|Ĥ|ΨS〉 =M ≃ N ǫG✳

❆s ✐♥ ❙❡❝t✐♦♥ ✹✳✹✳✷✱ ✇❡ ❝❛♥ ❡♠♣❧♦② t❤❡ ❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧ ✭✹✳✼✵✮✱ ✇✐t❤ d ≃ λG ≃√
N ℓP✱ t♦ ♠♦❞❡❧ t❤❡ ❝♦❧❧❡❝t✐✈❡ ✐♥t❡r❛❝t✐♦♥ t❤❛t ❦❡❡♣s t❤❡ ✏❝♦♥❞❡♥s❛t❡✑ t♦❣❡t❤❡r✳ ❙✐♥❝❡

t❤❡ s♣❛❝❡t✐♠❡ ❤❛s ❛ ♥♦♥✲✈❛♥✐s❤✐♥❣ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠✱ ✇❡ ❛r❡ ♥♦t ❛❧❧♦✇❡❞ t♦ s✐♠♣❧✐❢②
♦✉r ❞✐s❝✉ss✐♦♥ ❜② ✐❣♥♦r✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ q✉❛♥t✉♠ ♥✉♠❜❡rs l ❛♥❞ m✱ ❛s ✇❡ ❞✐❞
✐♥ t❤❡ ❍❛②✇❛r❞ ❝❛s❡✳ ◆♦♥❡t❤❡❧❡ss✱ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ❧❡t ✉s r❡str✐❝t ♦✉rs❡❧✈❡s t♦
n = n0 = 0✱ l = l0 = 2 ❛♥❞ m = ±2✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❣❡t

〈r, θ, φ|g〉 = ψ02±2(r, θ, φ;λG) =
4

√
15 π1/4 λ

7/2
G

r2 exp

(
− r2

2λ2G

)
Y2±2(θ, φ) . ✭✹✳✾✸✮

■❢ ✇❡ t❤❡♥ ❞❡♥♦t❡ ❜② N+ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥st✐t✉❡♥ts ✇✐t❤ m = +2 ✭s♣✐♥✲✉♣✮ ❛♥❞ ❜②
N− = N − N+ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥st✐t✉❡♥ts ✇✐t❤ m = −2 ✭s♣✐♥✲❞♦✇♥✮✱ t❤❡♥ ❛ss✉♠✐♥❣
N+ ≥ N− ♦♥❡ ✜♥❞s t❤❛t

〈Ĵ〉 ≡ 〈ΨS|Ĵ2|ΨS〉 = 4 (N+ −N−)(N+ −N− + 1/2)m2
P = 4L2N2m2

P , ✭✹✳✾✹✮

✇✐t❤

L2 :=

(
N+

N
− N−

N

)(
N+

N
− N−

N
+

1

2N

)
. ✭✹✳✾✺✮

■♥ t❤❡ ❧✐♠✐t N ≫ 1✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ N+ ≥ N− ✭✇✐t❤ N+ = N− r❡♣r❡s❡♥t✲
✐♥❣ t❤❡ ♥♦♥✲r♦t❛t✐♥❣ ❝❛s❡✮✱ ✐❢ ✇❡ ❞❡✜♥❡ n+ := N+/N ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t L2 ≃ (2n+− 1)2✱
✇❤✐❝❤ ✐♠♣❧✐❡s

〈Ĵ〉 ≃ 4 (2n+ − 1)2N2m2
P , ✭✹✳✾✻✮

✐♥ t❤❡ ❧❛r❣❡ N ❧✐♠✐t✳ ❍❡♥❝❡✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡s ❢♦r t❤❡ ✐♥♥❡r ❛♥❞ ♦✉t❡r ❤♦r✐③♦♥s✱ ❛s
❢✉♥❝t✐♦♥s ♦❢ N ❛♥❞ n+✱ ❛r❡ t❤❡♥ ❣✐✈❡♥ ❜②

〈 R̂(±)
H 〉 = N ℓP

ǫG
mP

(
1±

√
1− 4

L2m4
P

N2 ǫ4G

)
, ✭✹✳✾✼✮

s❡❡ ❬✼✾❪ ❛♥❞ ❙❡❝t✐♦♥ ✸✳✶✳✹ ❢♦r ❛ ♣r❡❝✐s❡ ❝♦♥str✉❝t✐♦♥ ♦❢ R̂(±)
H ✳

◆♦✇✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❝♦r♣✉s❝✉❧❛r ♣✐❝t✉r❡✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❛♥❛❧②s❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s
❝♦♠✐♥❣ ❢r♦♠ ❛ss✉♠✐♥❣ t❤❛t ❛❧❧ t❤❡ ❝♦♥st✐t✉❡♥ts ♦❢ ♦✉r s②st❡♠ ❧✐❡ ✐♥s✐❞❡ t❤❡ ♦✉t❡r ❤♦r✐③♦♥
R

(+)
H ✳ ❚❤✉s✱ ❞❡✜♥✐♥❣ t❤❡ ♣❛r❛♠❡t❡r✱

γ(n+, N) :=
〈 R̂(+)

H 〉
2λG

, ✭✹✳✾✽✮



✹✳✺ ▲♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ ❝♦r♣✉s❝✉❧❛r ❣r❛✈✐t② ✻✸

❛❢t❡r s♦♠❡ ❝✉♠❜❡rs♦♠❡ ♠❛♥✐♣✉❧❛t✐♦♥s ✇❡ ✜♥❞ ✭s❡❡ ❬✼✾❪✮✱

P
(+)
< (r < 〈 R̂(+)

H 〉) ≡ P(+)(γ) = ❡r❢ (2 γ)− 4

15
√
π
γ
(
64 γ4 + 40 γ2 + 15

)
e−4 γ2

, ✭✹✳✾✾✮

❜② ♠❡❛♥s ♦❢ ✇❤✐❝❤ ✇❡ ❝❛♥ ❝♦♠♣✉t❡✱

PBH(n+, N) =
N∏

α=1

P
(+)
< (rα < 〈 R̂(+)

H 〉) =
[
P(+)(γ)

]N
, ✭✹✳✶✵✵✮

❛ss✉♠✐♥❣ PH(+)(RH) = δ(RH − 〈 R̂(+)
H 〉)✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✹✳✹✳✷✳

❋r♦♠ t❤✐s st✉❞② ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❛ ❑❡rr✲❧✐❦❡ ♦✉t❡r ❤♦r✐③♦♥ ✐s r❛t❤❡r ❧✐❦❡❧② t♦
❢♦r♠ ❢♦r ❛ s♣✐♥♥✐♥❣ ❝♦r♣✉s❝✉❧❛r ❜❧❛❝❦ ❤♦❧❡✱ s❡❡ ❬✽✶❪ ❢♦r ❞❡t❛✐❧s ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s✳
❍♦✇❡✈❡r✱ ✐❢ ✇❡ r❡♣❡❛t t❤✐s ❛r❣✉♠❡♥t ❢♦r t❤❡ ✐♥♥❡r ❤♦r✐③♦♥ ✇❡ ✜♥❞ t❤❛t ✐ts ❢♦r♠❛t✐♦♥ ❛♣♣❡❛rs
t♦ ❜❡ r❛t❤❡r ✉♥❧✐❦❡❧②✱ ♣❛rt✐❝✉❧❛r❧② ❢♦r ❧❛r❣❡ ❜❧❛❝❦ ❤♦❧❡s✳

✹✳✺ ▲♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ ❝♦r♣✉s❝✉❧❛r ❣r❛✈✐t②

■t ✐s ❛ ✇❡❧❧ ❦♥♦✇♥ ❢❛❝t t❤❛t ❣r❛✈✐t② ❜❡❤❛✈❡s ✐♥ ❛ ✈❡r② ✇❡✐r❞ ✇❛② ✐❢ ✇❡ ❝♦♥s✐❞❡r ❧♦✇❡r
❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡t✐♠❡s✱ ✐✳❡✳ (1 + d)✲s♣❛❝❡t✐♠❡s ✇✐t❤ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ d < 3✳ ❚❤❡ ♠❛✐♥
♠♦t✐✈❛t✐♦♥ ❢♦r ✐♥✈❡st✐❣❛t✐♥❣ t❤❡s❡ ❦✐♥❞ ♦❢ s♣❛❝❡s ✐s ❣✐✈❡♥ ❜② t❤❡ ❢❛❝t t❤❛t ❛❧❧ ❛♣♣r♦❛❝❤❡s t♦
q✉❛♥t✉♠ ❣r❛✈✐t② ♣r❡❞✐❝t ❛ s♦rt ♦❢ ❡✛❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥❛❧ r❡❞✉❝t✐♦♥ ❛t ✈❡r② ❤✐❣❤ ❡♥❡r❣②✱ s❡❡
❡✳❣✳ ❬✶✹✹✕✶✺✵❪✳

❖♥❡ ♦❢ t❤❡ ❦❡② r❡s✉❧ts ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❞✐♠❡♥s✐♦♥❛❧ r❡❞✉❝t✐♦♥ ❛♣♣r♦❛❝❤ t♦ ❣r❛✈✐t② ✐s
t❤❛t t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦♥st❛♥t ❣❛✐♥s ❛ ♣❡❝✉❧✐❛r ❜❡❤❛✈✐♦✉r ❬✶✹✼❪✱ ♥❛♠❡❧②

Gd = 2 π1− d

2 Γ

(
d

2

)
ℓd−1
d

~
≃ ℓd−1

d

~
, ✭✹✳✶✵✶✮

✇❤❡r❡ Gd ❛♥❞ ℓd ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦♥st❛♥t ❛♥❞ t❤❡ P❧❛♥❝❦ ❧❡♥❣t❤ ❢♦r
❛ (1 + d)✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡t✐♠❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐t ✐s ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t G3 = GN ❛♥❞
ℓ3 = ℓP✳

❇② ✐♥s♣❡❝t✐♦♥ ♦❢ ✭✹✳✶✵✶✮ ✐t ✐s tr✐✈✐❛❧ t♦ ♥♦t✐❝❡ t❤❡ ♣❛rt✐❝✉❧❛r❧② str❛♥❣❡ ❜❡❤❛✈✐♦✉r ♦❢ Gd

✇❤❡♥ d = 1✱ ✐✳❡✳

G1 ≃
1

~
, ✭✹✳✶✵✷✮

✐♥ ♦t❤❡r ✇♦r❞s✱ G1 ✐s ❞✉❛❧ t♦ ~✳ ❇❡s✐❞❡s✱ ✐t ✐s ❢♦✉♥❞ t❤❛t t❤❡ d = 1 ❛♥❛❧♦❣✉❡ t♦ t❤❡
❙❝❤✇❛r③s❝❤✐❧❞ s♦❧✉t✐♦♥ ❬✶✹✹❪ ✐s ❣✐✈❡♥ ❜② t❤❡ ❧✐♥❡ ❡❧❡♠❡♥t

ds2 = − (1− 2G1M r) dt2 + (1− 2G1M r)−1 dr2 , ✭✹✳✶✵✸✮



✻✹ ✹✳ ❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s

✇❤✐❝❤ ✐s ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ ❊✐♥st❡✐♥✬s ✜❡❧❞ ❡q✉❛t✐♦♥s ✐♥ (1 + 1)✲❞✐♠❡♥s✐♦♥s ❛♥❞ ✇❤❡r❡ M
❞❡♥♦t❡s t❤❡ ♠❛ss ♦❢ t❤❡ s②st❡♠✳ ❋♦r♠ ✭✹✳✶✵✸✮ ✐t ✐s ♥♦✇ ❡❛s② t♦ ❝♦♠♣✉t❡ t❤❡ ❧♦❝❛t✐♦♥ ♦❢
t❤❡ ❤♦r✐③♦♥✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②

RH1 =
1

2G1M
. ✭✹✳✶✵✹✮

■t ✐s ♠♦st❧② ❛❣r❡❡❞ ✉♣♦♥ t❤❛t q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❧❛✇s s❤♦✉❧❞ ❜❡ ✭s♦♠❡❤♦✇✮ ✐♥❞❡♣❡♥✲
❞❡♥t ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s♣❛❝❡t✐♠❡ ✐♥ ✇❤✐❝❤ t❤❡② ❧✐✈❡ ✐♥✳ ❚❤✉s✱ q✉❛♥t✐t✐❡s ❧✐❦❡ t❤❡
❞❡ ❇r♦❣❧✐❡ ♦r ❈♦♠♣t♦♥ ✇❛✈❡❧❡♥❣t❤s r❡♣r❡s❡♥t ❧❡♥❣t❤ s❝❛❧❡s ✇❤✐❝❤ ❛r❡ t②♣✐❝❛❧ ♦❢ t❤❡ ♦❜❥❡❝t
❛t ❤❛♥❞ ❛♥❞ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ s♣❛❝❡t✐♠❡✳ ◆♦✇✱ r❡❝❛❧❧✐♥❣ t❤❛t t❤❡ t②♣✐❝❛❧
q✉❛♥t✉♠ s✐③❡ ♦❢ ❛♥ ♦❜❥❡❝t ♦❢ ❡♥❡r❣② E✱ ❛s str❡ss❡❞ ♠❛♥② t✐♠❡s ✐♥ t❤✐s ✇♦r❦✱ ✐s ❣✐✈❡♥ ❜②
λE ≃ ~/E✱ t❤❡♥ ✇❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② ♦❜s❡r✈❡ t❤❛t✱

RH1 =
1

2G1M
=

~

2M
≃ λM . ✭✹✳✶✵✺✮

❚❤✐s ♠❡❛♥s t❤❛t✱ ✐♥ d = 1✱ t❤❡ t②♣✐❝❛❧ q✉❛♥t✉♠ s✐③❡ ♦❢ ❛ ❜❧❛❝❦ ❤♦❧❡ ♦❢ ♠❛ssM ❛♥❞ t❤❡ s✐③❡
♦❢ t❤❡ ❤♦r✐③♦♥ ❛r❡ ❡ss❡♥t✐❛❧❧② ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡ ❢❡❛t✉r❡s ♦❢ t❤❡ s②st❡♠✳ ❚❤✐s st❛t❡♠❡♥t ✐s
❢✉rt❤❡r s✉♣♣♦rt❡❞ ❜② t❤❡ ❢❛❝t t❤❛t d = 1 ❜❧❛❝❦ ❤♦❧❡s ❞♦ ♥♦t ❛❞♠✐t ❛ ❣❡♥❡r❛❧✐③❡❞ ✉♥❝❡rt❛✐♥t②
♣r✐♥❝✐♣❧❡ ✭●❯P✱ s❡❡ ❡✳❣✳ ❬✼✶✱ ✶✺✶✱ ✶✺✷❪✮ ❬✼✻❪✳ ❚❤❡ ♠❡tr✐❝ ✭✹✳✶✵✹✮ t✉r♥s ♦✉t t♦ ❜❡ r❛t❤❡r
♣❡❝✉❧✐❛r ❛❧s♦ ❢r♦♠ ❛ t❤❡r♠♦❞②♥❛♠✐❝ ♣❡rs♣❡❝t✐✈❡✱ ✐♥❞❡❡❞ ♦♥❡ ✜♥❞s t❤❛t

TH1 ∼M , SBH1 ∼ log

(
M

m⋆

)
, ✭✹✳✶✵✻✮

✇❤❡r❡ TH1 ❛♥❞ SBH1 ❞❡♥♦t❡ t❤❡ ❍❛✇❦✐♥❣ t❡♠♣❡r❛t✉r❡ ❛♥❞ t❤❡ ❡♥tr♦♣② ♦❢ t❤❡ ❜❧❛❝❦ ❤♦❧❡✱
✇❤✐❧❡ m⋆ ❞❡♥♦t❡s ❛♥ ❡♠❡r❣✐♥❣ ♠❛ss s❝❛❧❡ ✭♥♦t ♥❡❝❡ss❛r✐❧② r❡❧❛t❡❞ t♦ mP✮✳ ❚❤✐s ❝❧❡❛r❧②
s❤♦✇s t❤❛t t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ❡♥tr♦♣② ✐s ♥♦t ❤♦❧♦❣r❛♣❤✐❝✳

■♥ t❤❡ ✭t②♣✐❝❛❧✱ d = 3✮ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧ ♦❢ ❜❧❛❝❦ ❤♦❧❡s ✇❡ ✜♥❞ t❤❛t ❡❛❝❤ ❣r❛✈✐t♦♥ ✐♥
t❤❡ ❝♦❤❡r❡♥t st❛t❡ ❤❛s ❛ t②♣✐❝❛❧ ❡♥❡r❣② ǫG✱ ✇❤✐❧❡ t❤❡ t♦t❛❧ ❡♥❡r❣② st♦r❡❞ ✐♥ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧
✜❡❧❞ ✭✇✐t❤✐♥ ❛ s♣❤❡r❡ ♦❢ r❛❞✐✉s R✮ t❛❦❡s t❤❡ ❢♦r♠

U3(R) ≃
GNM

2

R
≡ G3M

2

R
, ✭✹✳✶✵✼✮

✇✐t❤ λG(R) ≃ ~/ǫG(R) ≃ R✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ♥✉♠❜❡r ♦❢ ❣r❛✈✐t♦♥s ✐♥ t❤❡ ❜♦✉♥❞
st❛t❡ ❛s

N3 =
U3(R)

ǫG(R)
. ✭✹✳✶✵✽✮

■❢ ✇❡ t❤❡♥ t❛❦❡ R3 → 2GNM ✇❡ ❣❡t t❤❡ s❝❛❧✐♥❣ ❧❛✇ ǫG ≃ mP/
√
N ✱ ✇❤✐❝❤ ✐s ✈❡r✐✜❡❞ ♦♥❧②

✐♥ t❤❡ ❝r✐t✐❝❛❧ ❧✐♠✐t ✭✐✳❡✳ ✇❤❡♥ t❤❡ ❜❧❛❝❦ ❤♦❧❡ ❤❛s ❢♦r♠❡❞✮✳
◆♦✇✱ s✐♥❝❡ ǫG ✐s t❤❡ t②♣✐❝❛❧ q✉❛♥t✉♠ ❡♥❡r❣② s❝❛❧❡ ❢♦r t❤❡ ❣r❛✈✐t♦♥s ✐♥ t❤❡ ❝♦♥❞❡♥s❛t❡✱

✐t s❤♦✉❧❞ ❜❡ ✐♥s❡♥s✐t✐✈❡ t♦ ❛♥ ❡✛❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥❛❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ s♣❛❝❡✳ ❚❤✉s✱ ❧❡t ✉s tr②



✹✳✺ ▲♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ ❝♦r♣✉s❝✉❧❛r ❣r❛✈✐t② ✻✺

t♦ s❡❡ ✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ d = 1 ❜❧❛❝❦ ❤♦❧❡ ✐♥ ✭✹✳✶✵✹✮✱ ✇✐t❤✐♥ t❤❡ ❝♦r♣✉s❝✉❧❛r
♣✐❝t✉r❡ ✭s❡❡ ❬✶✺✸❪✮✳ ■♥ t❤❡ d = 1 ❝❛s❡ ✇❡ ✜♥❞ t❤❛t t❤❡ t♦t❛❧ ❣r❛✈✐t❛t✐♦♥❛❧ ❜✐♥❞✐♥❣ ❡♥❡r❣②
r❡❛❞s✱

U1(R) ≃ G1M
2R . ✭✹✳✶✵✾✮

❚❤✉s✱ r❡❝❛❧❧✐♥❣ t❤❛t ǫG(R) ≃ ~/R✱ ✇❡ ✜♥❞

N1 =
U3(R)

ǫG(R)
≃ M2R2

~2
. ✭✹✳✶✶✵✮

■❢ ✇❡ t❤❡♥ t❛❦❡ t❤❡ ❧✐♠✐t R → RH1 = (2G1M)−1✱ ✇❡ ✜♥❞ N1 ≃ 1✳ ❇❡s✐❞❡s✱ ✐❢ ✇❡ ❝♦♠♣❛r❡
t❤✐s r❡s✉❧t ✇✐t❤ t❤❡ d = 3 ❝❛s❡✱ ♥❛♠❡❧② N3 ≃M2/m2

P✱ ✇❡ ✜♥❞ t❤❛t N3 ∼ 1 ♦♥❧② ✐❢M ∼ mP✳
❚❤✐s s✉❣❣❡sts t❤❛t d = 1 ❜❧❛❝❦ ❤♦❧❡s ❛r❡ str✐❝t❧② P❧❛♥❝❦✐❛♥ ♦❜❥❡❝ts ✐♥ t❤❡ ❝♦r♣✉s❝✉❧❛r ♣✐❝t✉r❡
❛♥❞✱ s✐♥❝❡ t❤❡② s❤♦✉❧❞ ❜❡ ♠❛❞❡ ♦❢ r♦✉❣❤❧② ❛ s✐♥❣❧❡ ❝♦♥st✐t✉❡♥t✱ t❤❡② ❛r❡ ❛❧s♦ ✐♥tr✐♥s✐❝❛❧❧②
q✉❛♥t✉♠✳



✻✻ ✹✳ ❈♦r♣✉s❝✉❧❛r ❇❧❛❝❦ ❍♦❧❡s



❈❤❛♣t❡r ✺

❈♦r♣✉s❝✉❧❛r ❝♦s♠♦❧♦❣②

❙♦ ❢❛r ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ❤♦✇ t❤❡ ❝❧❛ss✐❝❛❧✐③❛t✐♦♥ s❝❡♥❛r✐♦ ❝❛♥ ❤❡❧♣ ✉s ✉♥❞❡rst❛♥❞✐♥❣ t❤❡
str♦♥❣ ❣r❛✈✐t② r❡❣✐♠❡✱ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦s ♦❢ ❤✐❣❤ ❡♥❡r❣② s❝❛tt❡r✐♥❣ ♣r♦❝❡ss❡s ❛♥❞ t❤❡
❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ♣r♦✈✐❞❡ ❛ ❢✉❧❧② q✉❛♥t✉♠ ✭❡✛❡❝t✐✈❡✮
t❤❡♦r② ♦❢ ❜❧❛❝❦ ❤♦❧❡s ✐♥ t❡r♠s ♦❢ ❝♦♥❞❡♥s❛t❡s ♦❢ ❣r❛✈✐t♦♥s ♦♥ t❤❡ ✈❡r❣❡ ♦❢ ❛ q✉❛♥t✉♠ ♣❤❛s❡
tr❛♥s✐t✐♦♥✳ ■t ✐s ♥♦✇ ✐♥t❡r❡st✐♥❣ t♦ s❡❡ t❤❛t✱ ✐❢ ✇❡ ❡①t❡♥❞ t❤✐s s✐♠♣❧❡ ♣✐❝t✉r❡ t♦ ❧❛r❣❡r s❝❛❧❡s✱
♦♥❡ r❡❝♦✈❡rs s♦♠❡ ❦♥♦✇♥ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ♣❤②s✐❝s ♦❢ t❤❡ ❡❛r❧② ❯♥✐✈❡rs❡ ❛♥❞ ❣❛❧❛❝t✐❝
❞②♥❛♠✐❝s✳

■♥ t❤✐s ❈❤❛♣t❡r ✇❡ ✇✐❧❧ ✜rst ♣r❡s❡♥t ❛ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ s❧♦✇✲r♦❧❧ ✐♥✢❛t✐♦♥❛r② s❝❡♥❛r✐♦
❜❛s❡❞ ♦♥ t❤❡ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧✱ ✜rst ♣r❡s❡♥t❡❞ ✐♥ ❬✶✺✹❪ ❛♥❞ ❢✉rt❤❡r ❞✐s❝✉ss❡❞ ✐♥ ❬✶✺✺✱✶✺✻❪
✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ♠♦❞✐✜❡❞ t❤❡♦r✐❡s ♦❢ ❣r❛✈✐t②✳ ❚❤❡ ❦❡② ❢❡❛t✉r❡ ♦❢ t❤❡ ❧❛tt❡r✱ ✐♥
♣❛rt✐❝✉❧❛r✱ ✐s t❤❛t t❤❡ ❡①♣❡❝t❡❞ ❡①♣♦♥❡♥t✐❛❧ ❡①♣❛♥s✐♦♥ ✐s ♥♦✇ ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
❣r❛✈✐t♦♥ s❡❧❢✲✐♥t❡r❛❝t✐♦♥✱ ✇❤✐❝❤ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ❜❛❧❛♥❝✐♥❣ t❤❡ ✈❛r✐♦✉s ❝♦♥tr✐❜✉t✐♦♥s ✐♥
t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ❬✶✺✺✱ ✶✺✻❪✱ r❛t❤❡r t❤❛♥ ❝♦♠✐♥❣ ❢r♦♠ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞❡♥s❛t❡
♦❢ s♦♠❡ ❡①♦t✐❝ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭✐♥✢❛t♦♥✮✱ ❛ss✐st✐♥❣ ❜♦t❤ t❤❡ ❡①♣❛♥s✐♦♥ ❛♥❞ t❤❡ ❣r❛✈✐✲
t♦♥ ❞❡♣❧❡t✐♦♥ ❬✶✺✹❪✳ ❚❤❡♥✱ ❢♦❧❧♦✇✐♥❣ ❛ s✐♠✐❧❛r ♣❤✐❧♦s♦♣❤② ❛♥❞ ❛ss✉♠✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢
❛ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥❞❡♥s❛t❡ ♦❢ ❣r❛✈✐t♦♥s✱ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ t❤❡ ♦❜s❡r✈❡❞
❞②♥❛♠✐❝s ❛t ❣❛❧❛❝t✐❝ s❝❛❧❡s✳ Pr❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ▼♦❞✐✜❡❞ ◆❡✇✲
t♦♥✐❛♥ ❞②♥❛♠✐❝s ✭▼❖◆❉✮ ❡✛❡❝ts✱ ❛t ❣❛❧❛❝t✐❝ s❝❛❧❡s✱ ❛s t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧
❝♦♥❞❡♥s❛t❡ t♦ t❤❡ ❧♦❝❛❧ ♣r❡s❡♥❝❡ ♦❢ ❜❛r②♦♥✐❝ ♠❛tt❡r ❬✶✺✼✱✶✺✽❪✳

✺✳✶ ❈♦r♣✉s❝✉❧❛r ❞❡ ❙✐tt❡r s♣❛❝❡

❆s ✜st st❡♣ t♦✇❛r❞ ❛ ❝♦r♣✉s❝✉❧❛r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❧❛r❣❡ s❝❛❧❡ str✉❝t✉r❡ ♦❢ t❤❡ ❯♥✐✈❡rs❡ ♦♥❡
❤❛s t♦ ♣r♦✈✐❞❡ ❛ ❢✉♥❞❛♠❡♥t❛❧ ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤❡ ♦❜s❡r✈❡❞ ❝♦s♠✐❝ ❡①♣❛♥s✐♦♥✳ ❚❤❡ Λ❈❉▼
♠♦❞❡❧ ✭✐✳❡✳ Λ ❝♦❧❞ ❞❛r❦ ♠❛tt❡r ♠♦❞❡❧✮ r❡♣r❡s❡♥ts t❤❡ r❡❢❡r❡♥❝❡ ♣✐❝t✉r❡ ❢♦r ♠♦❞❡❧❧✐♥❣ t❤❡
❯♥✐✈❡rs❡✱ ❛t ❧❛r❣❡ s❝❛❧❡s✱ ❛♥❞ ❡♥t❛✐❧s ♦♥❧② ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ❜❛r②♦♥✐❝ ♠❛tt❡r✱ r❛❞✐❛t✐♦♥✱
❞❛r❦ ❡♥❡r❣② ❛♥❞ ❝♦❧❞ ❞❛r❦ ♠❛tt❡r✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤✐s ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ ❢❡✇ ❝❛r❞✐♥❛❧ ❛s✲
s✉♠♣t✐♦♥s ❬✶✺✾❪✿ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✐♥t❡r❛❝t✐♦♥ ✐s ♣r♦♣❡r❧② ❞❡s❝r✐❜❡❞ ✐♥ t❡r♠s ♦❢ ❊✐♥st❡✐♥✬s
✜❡❧❞ ❡q✉❛t✐♦♥ ✇✐t❤ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t Λ✱ ❛t ❝♦s♠♦❧♦❣✐❝❛❧ s❝❛❧❡s❀ t❤❡ ❞♦♠✐♥❛♥t ❢♦r♠s



✻✽ ✺✳ ❈♦r♣✉s❝✉❧❛r ❝♦s♠♦❧♦❣②

♦❢ ❡♥❡r❣② ❛♥❞ ♠❛tt❡r ❛r❡ ❞✐str✐❜✉t❡❞ ✐♥ ❛ ✉♥✐❢♦r♠ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ✇❛② ❛t t❤❡s❡ s❝❛❧❡s❀
♠❛tt❡r ❛♥❞ r❛❞✐❛t✐♦♥ ❛r❡ ❛❝❝✉r❛t❡❧② ❞❡s❝r✐❜❡❞ ❛s ♣❡r❢❡❝t ❜❛r♦tr♦♣✐❝ ✢✉✐❞s✳ ❯♥❞❡r t❤❡s❡
❛ss✉♠♣t✐♦♥s✱ ✐t ✐s ❡❛s② t♦ s❡❡ ✭s❡❡ ❡✳❣✳ ❬✶✺✾❪✮ t❤❛t t❤❡ ❣❡♦♠❡tr② ♦❢ ♦✉r ❯♥✐✈❡rs❡✱ ❛t ❧❛r❣❡
s❝❛❧❡s✱ ✐s ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ❋r✐❡❞♠❛♥✲▲❡♠❛îtr❡✲❘♦❜❡rts♦♥✲❲❛❧❦❡r ✭❋▲❘❲✮ ♠❡tr✐❝✱
✐✳❡✳

ds2 = −dt2 + a2(t)

(
dr2

1− k r2
+ r2 dΩ2

)
✭✺✳✶✮

✇❤❡r❡ t ❞❡♥♦t❡s t❤❡ ❝♦s♠✐❝ t✐♠❡✱ k ✐s t❤❡ ❝✉r✈❛t✉r❡ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ✸✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡❧✐❦❡
s❧✐❝❡s ❛♥❞ a(t) ✐s t❤❡ ✇❡❧❧ ❦♥♦✇♥ s❝❛❧❡ ❢❛❝t♦r✳ ■❢ ✇❡ t❤❡♥ r❡q✉✐r❡ t❤✐s s♣❛❝❡t✐♠❡ t♦ ❜❡ ❛
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s ✇✐t❤ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t✱ ❛♥❞ s♦✉r❝❡❞ ❜② ❛ ♣❡r❢❡❝t
✢✉✐❞ ✲ ❛❝❝♦✉♥t✐♥❣ ❢♦r ♦r❞✐♥❛r② ♠❛tt❡r ✭❜❛r②♦♥✐❝✮✱ ❝♦❧❞ ❞❛r❦ ♠❛tt❡r ✭♥♦♥✲❜❛r②♦♥✐❝✮ ❛♥❞
r❛❞✐❛t✐♦♥ ✲ ✇❡ ✜♥❞ t❤❛t t❤✐s s❡t ♦❢ ❡q✉❛t✐♦♥s r❡❞✉❝❡s t♦ t❤❡ ❋r✐❡❞♠❛♥ ❡q✉❛t✐♦♥s✱

H2 ≡
(
ȧ

a

)2

=
8 π GN

3
ρ− k

a2
, ✭✺✳✷✮

ä

a
= −4 π GN

3
(ρ+ 3 p) , ✭✺✳✸✮

✇❤❡r❡ t❤❡ ❞♦t r❡♣r❡s❡♥ts t❤❡ t♦t❛❧ t✐♠❡ ❞❡r✐✈❛t✐✈❡✱ H := ȧ/a ✐s t❤❡ ❍✉❜❜❧❡ ♣❛r❛♠❡t❡r✱ ❛♥❞
ρ ❛♥❞ p ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❡♥❡r❣② ❞❡♥s✐t② ❛♥❞ ♣r❡ss✉r❡ ♦❢ t❤❡ ♣❡r❢❡❝t ❜❛r♦tr♦♣✐❝ ✭✐✳❡✳
ρ = ρ(p)✮ ✢✉✐❞✳ ■t ✐s ♥♦✇ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ ✜rst ❋r✐❡❞♠❛♥ ❡q✉❛t✐♦♥ ✭✺✳✷✮ ✐s ♥♦t ❛♥
❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥✱ s✐♥❝❡ ✐t ✐♥✈♦❧✈❡s ♦♥❧② ✜rst ♦r❞❡r ❞❡r✐✈❛t✐✈❡s✳ ■♥❞❡❡❞✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ ✭s❡❡
❡✳❣✳ ❬✶✻✵❪✮ t❤❛t ✐t ✐♠♣❧❡♠❡♥ts t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ♦❢ ❣r❛✈✐t② ♦r✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ✭✺✳✷✮
✐s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ❢♦r t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❛❝t✐♦♥ ✇✐t❤ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t
r❡str✐❝t❡❞ t♦ t❤❡ ❝❧❛ss ♦❢ ♠❛①✐♠❛❧❧② s②♠♠❡tr✐❝ s♣❛❝❡t✐♠❡s✳

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ❛ ✢❛t ❯♥✐✈❡rs❡ ✭k = 0✱ ✢❛t ✸❞ s❧✐❝❡s✮ ✜❧❧❡❞ ♦♥❧② ✇✐t❤
❞❛r❦ ❡♥❡r❣② ✇❤✐❝❤✱ ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ♦❢ ❝♦s♠♦❧♦❣②✱ ✐s ❢✉❧❧② ❛❝❝♦✉♥t❡❞ ❢♦r ❜② t❤❡
❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t t❡r♠ Λ✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♥❡r❣② ❞❡♥s✐t② ✐s t❤❡♥ ❣✐✈❡♥ ❜②

ρΛ = −pΛ =
Λ

8 π GN

, ✭✺✳✹✮

❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❋r✐❡❞♠❛♥ ❡q✉❛t✐♦♥s r❡❞✉❝❡ t♦

H2 =
Λ

3
, ✭✺✳✺✮

ä

a
=

Λ

3
, ✭✺✳✻✮

✇❤✐❝❤ ❛r❡ ✉❧t✐♠❛t❡❧② s♦❧✈❡❞ ❜②

a(t) ∝ exp

(√
Λ

3
t

)
, ✭✺✳✼✮



✺✳✶ ❈♦r♣✉s❝✉❧❛r ❞❡ ❙✐tt❡r s♣❛❝❡ ✻✾

t❤❛t ❞❡s❝r✐❜❡s ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② ❡①♣❛♥❞✐♥❣ ❯♥✐✈❡rs❡✳ ❚❤❡ ❧❛tt❡r ✐s ❦♥♦✇♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
❛s t❤❡ ❞❡ ❙✐tt❡r s♦❧✉t✐♦♥✳ ❲❡ ❝❛♥ t❤✉s ✐♥❢❡r t❤❛t ✐♥ ❛♥ ❡r❛ ✐♥ ✇❤✐❝❤ t❤❡ ❞❛r❦ ❡♥❡r❣② ✐s t❤❡
❞♦♠✐♥❛t✐♥❣ ❝♦♠♣♦♥❡♥t✱ t❤❡ s♣❛❝❡t✐♠❡ ✉♥❞❡r❣♦❡s ❛ ♣❤❛s❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧ ❡①♣❛♥s✐♦♥✳ ❚❤❡
❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ ♣❤❛s❡ ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❯♥✐✈❡rs❡✱ ❦♥♦✇♥ ❛s ❝♦s♠✐❝ ✐♥✢❛t✐♦♥ ❬✷✶✕✷✹❪✱
✐s ♦❢ ♣❛r❛♠♦✉♥t ✐♠♣♦rt❛♥❝❡ s✐♥❝❡ ✐t ♣r♦✈✐❞❡s ❛ ♥❛t✉r❛❧ s♦❧✉t✐♦♥ ❢♦r s❡✈❡r❛❧ ✐ss✉❡s ❧✐❦❡ t❤❡
❤♦r✐③♦♥ ♣r♦❜❧❡♠✱ t❤❡ ✢❛t♥❡ss ♣r♦❜❧❡♠ ❛♥❞ ❛❜s❡♥❝❡ ♦❢ st❛❜❧❡ ♠❛❣♥❡t✐❝ ♠♦♥♦♣♦❧❡s✳ ❍♦✇❡✈❡r✱
s✐♥❝❡ ♦✉r ❯♥✐✈❡rs❡ ✐s ❝✉rr❡♥t❧② ❡①♣❛♥❞✐♥❣✱ ❜✉t ♥♦t ❛t ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛t❡✱ ❝♦s♠✐❝ ✐♥✢❛t✐♦♥
s❤♦✉❧❞ ✐♥✈♦❧✈❡ ❛ ♠❡❝❤❛♥✐s♠ t❤❛t ♠❛❦❡s t❤❡ ✐♥✢❛t✐♦♥❛r② s❝❡♥❛r✐♦ ❧❛st ❧♦♥❣ ❡♥♦✉❣❤ t♦ s♦❧✈❡
❛❧❧ t❤❡ ♣r♦❜❧❡♠s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ❛♥❞ t❤❡♥ ❞r✐✈❡s t❤❡ s②st❡♠ ♦✉t ♦❢ t❤✐s ♣❤❛s❡✱ ♥❛♠❡❧② ✐t
s❤♦✉❧❞ ✐♥✈♦❧✈❡ ❛ s♦rt ♦❢ ❣r❛❝❡❢✉❧ ❡①✐t✳

❲❡ s❤❛❧❧ ❝♦♠❡ ❜❛❝❦ t♦ ❝♦s♠✐❝ ✐♥✢❛t✐♦♥ ❛♥❞ ✐ts r❡❧❛t✐♦♥ t♦ t❤❡ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧ ✐♥
❙❡❝t✐♦♥ ✺✳✷✳ ❋♦r t❤❡ t✐♠❡ ❜❡✐♥❣✱ ❧❡t ✉s ❥✉st ❢♦❝✉s ♦♥ t❤❡ ❞❡ ❙✐tt❡r ❯♥✐✈❡rs❡ ❛♥❞ s❡❡ ❤♦✇ ✇❡
❝❛♥ r❡❧❛t❡ ✐t t♦ t❤❡ ❝❧❛ss✐❝❛❧✐③❛t✐♦♥ ♣✐❝t✉r❡✳ ■♥ ❋▲❘❲ ❝♦s♠♦❧♦❣②✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❡①♣r❡ss✐♦♥
♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ t❤r♦✉❣❤ t❤❡ ❧❛♣s❡ ❢✉♥❝t✐♦♥
N(t)✱ ♥❛♠❡❧② H = N H ✇✐t❤ H = 0 ❞❡♥♦t✐♥❣ t❤❡ ❝♦♥str❛✐♥t ✭s❡❡ ❡✳❣✳ ❬✶✻✵❪✮✳ ❖♥❡ ❝❛♥ t❤❡♥
s❡♣❛r❛t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❛♥❞ ♠❛tt❡r ♣❛rts ♦❢ H✱ t❤✉s
r❡✇r✐t✐♥❣ t❤❡ ❝♦♥str❛✐♥t ❛s

H = HG +HM = 0 , ✭✺✳✽✮

✐♥ ❢✉❧❧ ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳ ■♥ t❤❡ ❝♦r♣✉s❝✉❧❛r ♣✐❝t✉r❡ HG ✇✐❧❧ t❤❡♥
r❡♣r❡s❡♥t t❤❡ ❡♥❡r❣② ❝♦♥t❡♥t ❞✉❡ t♦ t❤❡ ♣✉r❡❧② ❣r❛✈✐t❛t✐♦♥❛❧ ♣❛rt ♦❢ t❤❡ s②st❡♠✱ ✇❤❡r❡❛s
HM ✇✐❧❧ ❣✐✈❡ ✉s ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♠❛tt❡r ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ t♦t❛❧ ❡♥❡r❣②✳

◆♦✇✱ ❣♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ✜rst ❋r✐❡❞♠❛♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❞❡ ❙✐tt❡r s♣❛❝❡ ✭✺✳✺✮✱ ✐❢ ✇❡
✐♥t❡❣r❛t❡ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❧❛tt❡r ♦✈❡r t❤❡ ✈♦❧✉♠❡ ✇✐t❤✐♥ ❛ s♣❤❡r❡ ♦❢ t❤❡ ❍✉❜❜❧❡ r❛❞✐✉s✱
❞❡✜♥❡❞ ❛s LΛ := 1/HΛ =

√
3/Λ✱ ♦♥❡ ✐♠♠❡❞✐❛t❡❧② ✜♥❞s t❤❛t t❤❡ ❝♦♥str❛✐♥t ❡q✉❛t✐♦♥

r❡❞✉❝❡s t♦

LΛ ≃ GNMΛ , ✇✐t❤ MΛ ≃ L3
Λ ρΛ , ✭✺✳✾✮

✐✳❡✳ ✇❡ r❡❝♦✈❡r ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❍✉❜❜❧❡ r❛❞✐✉s ♦❢ ❞❡ ❙✐tt❡r ❛♥❞ t❤❡ ✏❡♥❡r❣②✑ ❝♦♥✲
tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t ✐♥s✐❞❡ ❛♥ ❍✉❜❜❧❡ s♣❤❡r❡ t❤❛t r❡s❡♠❜❧❡s t❤❡ ♦♥❡
❝♦♥♥❡❝t✐♥❣ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐✉s ❛♥❞ t❤❡ ❆❉▼ ♠❛ss ❢♦r ❛ ❙❝❤✇❛r③s❝❤✐❧❞ ❜❧❛❝❦ ❤♦❧❡✳ ❲❡
❝❛♥ t❤❡♥ tr② t♦ ❞r❛✇ ❛♥ ❛♥❛❧♦❣② ❜❡t✇❡❡♥ t❤❡ q✉❛♥t✉♠ N ✲♣♦rtr❛✐t ❢♦r ❜❧❛❝❦ ❤♦❧❡s ❛♥❞ t❤❡
❢✉♥❞❛♠❡♥t❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞❡ ❙✐tt❡r s♣❛❝❡t✐♠❡ ❬✶✺✹❪✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t
t❤❡ ❣r❛✈✐t♦♥ s❡❧❢✲✐♥t❡r❛❝t✐♦♥ ❝❛♥ ✐♥❞✉❝❡ ❛ ❝♦♥❞❡♥s❛t✐♦♥ ♦❢ NΛ q✉❛♥t❛ ♦❢ t②♣✐❝❛❧ ✇❛✈❡❧❡♥❣t❤
λG ≃ LΛ✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ✉❧t✐♠❛t❡❧② ❧❡❛❞ t♦ t❤❡ t②♣✐❝❛❧ ❝♦r♣✉s❝✉❧❛r s❝❛❧✐♥❣ ❧❛✇s ✭✸✳✹✺✮✱
❛s ❞✐s❝✉ss❡❞ ✐♥ ❬✶✺✹❪✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡s❡ ❧❛✇s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢
❛ s✐♠♣❧❡ ❡♥❡r❣② ❜❛❧❛♥❝❡ ❛r❣✉♠❡♥t✱ ❛♥❛❧♦❣♦✉s t♦ t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ ❢♦r t❤❡
❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ❛♥❞ ❜❛s❡❞ ♦♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ♦❢ ❈♦s♠♦❧♦❣②✳ Pr❡❝✐s❡❧②✱
♦♥❡ ❤❛s t❤❛t ❬✶✺✺❪

H = HG = 0 . ✭✺✳✶✵✮



✼✵ ✺✳ ❈♦r♣✉s❝✉❧❛r ❝♦s♠♦❧♦❣②

❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ❛ ❯♥✐✈❡rs❡ ✜❧❧❡❞ ♦♥❧② ✇✐t❤ ❞❛r❦ ❡♥❡r❣②
t❤❛t✱ ❛❝❝♦r❞✐♥❣ t♦ ♦✉r ❛ss✉♠♣t✐♦♥s✱ s❤♦✉❧❞ ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ ❝♦♥❞❡♥s❛t❡ ♦❢ s❡❧❢✲✐♥t❡r❛❝t✐♥❣
❣r❛✈✐t♦♥s✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ t❤❛t HM = 0✳

◆♦✇✱ t❤❡ ❝♦❤❡r❡♥t st❛t❡ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❝♦♥❞❡♥s❛t✐♦♥ ♦❢ NΛ ✭❛ss✉♠❡❞ t♦ ❜❡ ❧❛r❣❡✮
❣r❛✈✐t♦♥s ❣✐✈❡s r✐s❡ t♦ ❛ ◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶ ❛♥❞ ✹✳✷✱
t❤❛t r❡❛❞s

UN =MΛ VN(LΛ) ≃ −NΛ ǫG ≃ −NΛ
~

LΛ

, ✭✺✳✶✶✮

✇❤❡r❡ ǫG ≃ ~/λG ✐s t❤❡ t②♣✐❝❛❧ ❡♥❡r❣② ♦❢ t❤❡ ❝♦♥st✐t✉❡♥t ❣r❛✈✐t♦♥s✱ ❛s ✉s✉❛❧✳ ❇❡s✐❞❡s✱
❞✉❡ t♦ t❤❡ s❡❧❢✲✐♥t❡r❛❝t✐♥❣ ♥❛t✉r❡ ♦❢ t❤❡s❡ q✉❛♥t❛✱ ❡❛❝❤ ❝♦♥st✐t✉❡♥t ✇✐❧❧ t❤❡♥ ✐♥t❡r❛❝t ✇✐t❤
t❤❡ ❝♦❧❧❡❝t✐✈❡ st❛t❡ ❣✐✈✐♥❣ r✐s❡ t♦ ❛ ❝♦♥tr✐❜✉t✐♦♥ s✐♠✐❧❛r ✭✐♥ ❢♦r♠✮ t♦ t❤❡ ♣♦st✲◆❡✇t♦♥✐❛♥
❡♥❡r❣②✱ ✐✳❡✳

UPN ≃ −NΛ ǫG VN ≃ N
3/2
Λ

mP ℓ
2
P

L2
Λ

. ✭✺✳✶✷✮

❚❤✉s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

H = HG ≃ UN + UPN = 0 , ✭✺✳✶✸✮

t❤❛t ②✐❡❧❞s✱

LΛ ≃
√
NΛ ℓP . ✭✺✳✶✹✮

❇❡s✐❞❡s✱ r❡❝❛❧❧✐♥❣ t❤❛t λG ≃ ~/ǫG ≃ LΛ ❛♥❞ t❤❛t MΛ ≃ LΛ/GN✱ ✐t ✐s ❡❛s② t♦ ✐♥❢❡r t❤❛t

ǫG ≃ mP√
NΛ

≡ ǫΛ , ❛♥❞ MΛ ≃
√
NΛmP , ✭✺✳✶✺✮

✇❤✐❝❤ r❡♣r❡s❡♥t t❤❡ t②♣✐❝❛❧ ❝♦r♣✉s❝✉❧❛r s❝❛❧✐♥❣ ❧❛✇s ❢♦r ❛ ❞❡ ❙✐tt❡r s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡
❝♦♥❞❡♥s❛t✐♦♥ ♦❢ NΛ s♦❢t ❣r❛✈✐t♦♥s ✇✐t❤ λG ≃ LΛ✳

■t ✐s ♥♦✇ ✐♥t❡r❡st✐♥❣ t♦ ♦❜s❡r✈❡ t❤❛t t❤❡ ❞❡ ❙✐tt❡r s♣❛❝❡ ❝❛♥ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❛♥ ❡①❛❝t
s♦❧✉t✐♦♥ ♦❢ ❛ ♠♦❞✐✜❡❞ t❤❡♦r② ♦❢ ❣r❛✈✐t② ❬✶✻✶✕✶✻✽❪✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r

S =
1

16 π GN

∫
d4x

√
−❞❡t g f(R) , ✇✐t❤ f(R) = γ ℓ2PR

2 , ✭✺✳✶✻✮

✇✐t❤ γ ❛ ❞✐♠❡♥s✐♦♥❧❡ss ❝♦♥st❛♥t✱ ♦♥❡ ✜♥❞s t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥✱ ✐♥ ❛
❋▲❘❲ ❜❛❝❦❣r♦✉♥❞✱ r❡❛❞

12RH2 = R2 − 12H Ṙ , ✭✺✳✶✼✮

✇❤✐❝❤ ✐s s♦❧✈❡❞ ❜② a(t) = exp (HΛ t) ✇✐t❤ HΛ =
√
Λ/3✳ ■❢ ✇❡ t❤❡♥ ❡①♣❛♥❞ ✭✺✳✶✼✮ ❛r♦✉♥❞

t❤❡ ❞❡ ❙✐tt❡r s♦❧✉t✐♦♥ a(t) = exp (HΛ t)✱ ✇❡ ✜♥❞ t❤❛t ✭✺✳✶✼✮ r❡❞✉❝❡s t♦ H2
Λ = Λ/3✱ ❛s



✺✳✷ ❙❧♦✇✲r♦❧❧ ✐♥✢❛t✐♦♥ ❛♥❞ ❞♦♠❡st✐❝ ✐♥✢❛t♦♥ ✼✶

❡①♣❡❝t❡❞✳ ❚❤✉s✱ ✐♥t❡❣r❛t✐♥❣ s❡♣❛r❛t❡❧② H2
Λ ❛♥❞ Λ/3 ♦✈❡r t❤❡ ✈♦❧✉♠❡ ✇✐t❤✐♥ ❛ s♣❤❡r❡ ♦❢ t❤❡

❍✉❜❜❧❡ r❛❞✐✉s LΛ ✇❡ ✜♥❞ t❤❛t

L3
ΛH

2
Λ ≃ L3

Λ

Λ

3
≃ LΛ . ✭✺✳✶✽✮

■t ✐s ♥♦✇ ✐♥t❡r❡st✐♥❣ t♦ s❡❡ t❤❛t✱ ✉♣♦♥ r❡♣❧❛❝✐♥❣ t❤❡ s❝❛❧✐♥❣ ❧❛✇s ✭✺✳✶✹✮ ❛♥❞ ✭✺✳✶✹✮ ✐♥t♦
✭✺✳✶✶✮ ❛♥❞ ✭✺✳✶✷✮ ♦♥❡ ✜♥❞s✱

UN = −mP LΛ

ℓP
, UPN =

mP LΛ

ℓP
, ✭✺✳✶✾✮

t❤❛t✱ ♦♥❝❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ✭✺✳✶✽✮✱ s✉❣❣❡st ✉s t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❛✐✈❡ ✭❜✉t ❣❡♥❡r❛❧✮ ✐❞❡♥t✐✜❝❛t✐♦♥s✱

UN = −L
3
ΛH

2
Λ

GN

, UPN =
L3
Λ Λ

3GN

. ✭✺✳✷✵✮

❚❤❡s❡ r❡❧❛t✐♦♥s ✇✐❧❧ s❡r✈❡ ❛s st❛rt✐♥❣ ♣♦✐♥t t♦ ❜✉✐❧❞ ❛ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦r♣✉s❝✉❧❛r
♠♦❞❡❧ ❛♥❞ ❙t❛r♦❜✐♥s❦②✬s ✐♥✢❛t✐♦♥✱ s❡❡ ❙❡❝t✐♦♥ ✺✳✷✳

❘❡♠❛r❦✳ ◆♦t✐❝❡ t❤❛t ✐♥ ✭✺✳✶✻✮ ✇❡ ❤❛✈❡ ❝❤❛♥❣❡❞ t❤❡ ❣❧♦❜❛❧ s✐❣♥ ♦❢ t❤❡ ❛❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t
t♦ ✭✷✳✻✮✳ ❚❤✐s ❞♦❡s ♥♦t r❡❛❧❧② ❝❤❛♥❣❡ ♠✉❝❤ ✐❢ ♥♦ ♠❛tt❡r ❝♦♥tr✐❜✉t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞✳ ■♥❞❡❡❞✱
t❤❡s❡ t✇♦ r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡✱ ✐♥ ❣❡♥❡r❛❧✱ ❡q✉✐✈❛❧❡♥t ♣r♦✈✐❞❡❞ t❤❛t ✇❡ ❝❤❛♥❣❡ t❤❡ s✐❣♥ ✐♥
t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣②✲♠♦♠❡♥t✉♠ t❡♥s♦r✳

✺✳✷ ❙❧♦✇✲r♦❧❧ ✐♥✢❛t✐♦♥ ❛♥❞ ❞♦♠❡st✐❝ ✐♥✢❛t♦♥

■♥ t❤❡ ♣r❡✈✐♦✉s ❙❡❝t✐♦♥ ❤❛✈❡ ❞✐s❝✉ss❡❞ ❤♦✇ t❤❡ ❞❡ ❙✐tt❡r s♣❛❝❡ ❝❛♥ ❡♠❡r❣❡ ✐♥ t❤❡ ❝♦r♣✉s❝✉❧❛r
t❤❡♦r② ♦❢ ❣r❛✈✐t②✳ ❍♦✇❡✈❡r✱ ✐t ✐s r❛t❤❡r ❝❧❡❛r t❤❛t s✉❝❤ ❛ s♣❛❝❡t✐♠❡ ❝❛♥♥♦t s✉✐t❛❜❧② ❞❡s❝r✐❜❡
t❤❡ ✇❤♦❧❡ ❞②♥❛♠✐❝❛❧ ❤✐st♦r② ♦❢ ♦✉r ❯♥✐✈❡rs❡✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❡①♣❡r✐♠❡♥t❛❧
♦❜s❡r✈❛t✐♦♥s ❝❧❡❛r❧② s❤♦✇ t❤❛t ♦✉r ❯♥✐✈❡rs❡ ✐s ✐♥❞❡❡❞ ❡①♣❛♥❞✐♥❣✱ ❜✉t ✇✐t❤ ❛ ♠✉❝❤ s❧♦✇❡r
r❛t❡ t❤❛♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦♥❡ ❬✶✻✾✱ ✶✼✵❪✳ ◆♦♥❡t❤❡❧❡ss✱ ❛♥ ✐♥✐t✐❛❧ ♣❤❛s❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧
❡①♣❛♥s✐♦♥ ✐s t❤❡ ❦❡② t♦ r❡s♦❧✈❡ ♠❛♥② ❝♦♥❝❡♣t✉❛❧ ✐ss✉❡s ♦❢ ♠♦❞❡r♥ ❝♦s♠♦❧♦❣② ❬✷✶✱✷✷❪✳ ❨❡t✱
✐♥ ♦r❞❡r t♦ r❡❝♦✈❡r t❤❡ ❝♦rr❡❝t ♣✐❝t✉r❡ ♦❢ t❤❡ ❯♥✐✈❡rs❡✱ ❛t ❧❛t❡ t✐♠❡s✱ ♦♥❡ ♥❡❡❞s t♦ ✜♥❞
❛ ♠❡❝❤❛♥✐s♠ t❤❛t ❛❧❧♦✇s ❝♦s♠✐❝ ✐♥✢❛t✐♦♥ t♦ ❧❛st ❧♦♥❣ ❡♥♦✉❣❤ ❛♥❞ t❤❡♥ s♠♦♦t❤❧② r❡❞✉❝❡s
t❤❡ ❡①♣❛♥s✐♦♥ r❛t❡ ♦❢ t❤❡ s♣❛❝❡t✐♠❡✳ ❆ ✇✐❞❡❧② ❛❝❝❡♣t❡❞ ♠♦❞❡❧ t❤❛t s❡r✈❡s t❤✐s ♣✉r♣♦s❡
✐s t❤❡ s♦ ❝❛❧❧❡❞ ❙t❛r♦❜✐♥s❦②✬s ♠♦❞❡❧ ♦❢ ✐♥✢❛t✐♦♥✱ ♦r s✐♠♣❧② ❙t❛r♦❜✐♥s❦② ✐♥✢❛t✐♦♥ ❬✷✸✱ ✷✹❪✳
❙♣❡❝✐✜❝❛❧❧②✱ t❤✐s ♠♦❞❡❧ ♦❢ ❝♦s♠✐❝ ✐♥✢❛t✐♦♥ ✐s ❛♥ f(R) t❤❡♦r② ♦❢ ❣r❛✈✐t② ❣✐✈❡♥ ❜②

S =
1

16 π GN

∫
d4x

√
−❞❡t g f(R) , ✇✐t❤ f(R) = αR + γ ℓ2PR

2 , ✭✺✳✷✶✮

✇❤❡r❡ α, γ ❛r❡ t✇♦ ❞✐♠❡♥s✐♦♥❧❡ss ❝♦♥st❛♥ts✳ ❚❤✐s ❛❝t✐♦♥ ❝❛♥ ❜❡ ❜r♦✉❣❤t t♦ t❤❡ ❊✐♥st❡✐♥
❢r❛♠❡ ❜② ♠❡❛♥s ♦❢ ❛ ❝♦♥❢♦r♠❛❧ tr❛♥s❢♦r♠❛t✐♦♥✱ ♥❛♠❡❧② ḡµν = f ′(R) gµν ✇✐t❤ t❤❡ ♣r✐♠❡
❞❡♥♦t✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛r❣✉♠❡♥t✱ ❛♥❞ r❡❛❞s

S̄ =

∫
d4x

√
−❞❡t ḡ

[
R̄

16 π GN

− 1

2
ḡµν∂µϕ∂νϕ− V (ϕ)

]
, ✭✺✳✷✷✮



✼✷ ✺✳ ❈♦r♣✉s❝✉❧❛r ❝♦s♠♦❧♦❣②

✇❤❡r❡ t❤❡ ♥❡✇ s❝❛❧❛r ✜❡❧❞ ϕ ✐s ❞❡✜♥❡❞ ❜②

ϕ =

√
3

16 π GN

ln f ′(R) =

√
3mP

16 π ℓP
log
(
α + 2 γ ℓ2PR

)
✭✺✳✷✸✮

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦t❡♥t✐❛❧ r❡❛❞s

V (ϕ) =
f ′(R(ϕ))R(ϕ)− f(R(ϕ))

16 π GN f ′(R(ϕ))2
=

mP

64 π ℓ3P γ

[
1− α exp

(
−
√

16 π ℓP
3mP

ϕ

)]2
. ✭✺✳✷✹✮

◆♦✇✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t

lim
α→0

V (ϕ) = lim
ϕ→∞

V (ϕ) =
mP

64 π ℓP γ
, ✭✺✳✷✺✮

♥❛♠❡❧②✱ ✐♥ t❤❡ ❧✐♠✐t α → 0 ✇❡ r❡❝♦✈❡r t❤❡ ❡①♣❡❝t❡❞ ❞❡ ❙✐tt❡r ❜❡❤❛✈✐♦✉r✱ s✐♥❝❡ t❤❡ t❤❡♦r②
r❡❞✉❝❡s t♦ t❤❡ ♣✉r❡ q✉❛❞r❛t✐❝ ❣r❛✈✐t② s❝❡♥❛r✐♦ ✭✺✳✶✻✮✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ α ❣❡ts ❣r❡❛t❡r t❤❛t
③❡r♦ t❤❡ s②st❡♠ ❜❡❝♦♠❡s ✉♥st❛❜❧❡ ❛♥❞ t❡♥❞s t♦ ❞❡♣❛rt ❢r♦♠ t❤❡ ❞❡ ❙✐tt❡r ❯♥✐✈❡rs❡✳ ❋r♦♠
❋✐❣✉r❡ ✺✳✶ ♦♥❡ ❝❛♥ s❡❡ t❤❛t ✐❢ ✇❡ st❛rt ❢r♦♠ ❛ ❞❡ ❙✐tt❡r ❝♦♥✜❣✉r❛t✐♦♥✱ ♥❛♠❡❧② ✇❡ ❛r❡
♦♥ t❤❡ ♣❧❛t❡❛✉ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧✱ ✇❤❡r❡ q✉❛❞r❛t✐❝ ❣r❛✈✐t② ❞♦♠✐♥❛t❡s✱ ♦♥❝❡ ✇❡ t✉r♥ ♦♥ t❤❡
❊✐♥st❡✐♥✲❍✐❧❜❡rt ♣❛rt ♦❢ t❤❡ ❛❝t✐♦♥✱ ♥❛♠❡❧② R✱ ✇❡ s❡❡ t❤❛t t❤❡ s②st❡♠ st❛rts s❧♦✇❧② r♦❧❧✐♥❣
❞♦✇♥ t♦✇❛r❞ t❤❡ ♠✐♥✐♠✉♠✳ ◆♦✇✱ ✐t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t✱ ✇❤❡♥ t❤❡ s②st❡♠ ❧❡❛✈❡s t❤❡
♣❧❛t❡❛✉✱ t❤❡ ❯♥✐✈❡rs❡ ✉♥❞❡r❣♦❡s ❛ ♣❤❛s❡ tr❛♥s✐t✐♦♥✱ ❢r♦♠ ❛ q✉❛❞r❛t✐❝ ❣r❛✈✐t② ♣❤❛s❡ t♦ ❛♥
❊✐♥st❡✐♥✲❍✐❧❜❡rt ♦♥❡✳

V (ϕ)
<latexit sha1_base64="73XM+U86yOK0IndJLW32xbaoQTw=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIphgQ3ZptCTaWGIijwQIuTtcYMLsIzN3SciG1q+w1crO2PofFv6Lu0ih4KlOzrk399zjRUoacpxPK7exubW9k98t7O0fHB7ZxydNE8ZaYEOEKtRtDwwqGWCDJClsRxrB9xS2vMlt5remqI0MgweaRdjzYRTIoRRAqdS37VKJN8vdKehoLC95qdS3i07FWYCvE3dJimyJet/+6g5CEfsYkFBgTMd1IuoloEkKhfNCNzYYgZjACDspDcBH00sWyef8IjZAIY9Qc6n4QsTfGwn4xsx8L530gcZm1cvE/7xOTMPrXiKDKCYMRHaIpMLFISO0TCtBPpAaiSBLjlwGXIAGItSSgxCpGKcdFdI+3NXv10mzWnGdintfLdZuls3k2Rk7Z2XmsitWY3eszhpMsCl7Ys/sxXq0Xq036/1nNGctd07ZH1gf31zalis=</latexit><latexit sha1_base64="73XM+U86yOK0IndJLW32xbaoQTw=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIphgQ3ZptCTaWGIijwQIuTtcYMLsIzN3SciG1q+w1crO2PofFv6Lu0ih4KlOzrk399zjRUoacpxPK7exubW9k98t7O0fHB7ZxydNE8ZaYEOEKtRtDwwqGWCDJClsRxrB9xS2vMlt5remqI0MgweaRdjzYRTIoRRAqdS37VKJN8vdKehoLC95qdS3i07FWYCvE3dJimyJet/+6g5CEfsYkFBgTMd1IuoloEkKhfNCNzYYgZjACDspDcBH00sWyef8IjZAIY9Qc6n4QsTfGwn4xsx8L530gcZm1cvE/7xOTMPrXiKDKCYMRHaIpMLFISO0TCtBPpAaiSBLjlwGXIAGItSSgxCpGKcdFdI+3NXv10mzWnGdintfLdZuls3k2Rk7Z2XmsitWY3eszhpMsCl7Ys/sxXq0Xq036/1nNGctd07ZH1gf31zalis=</latexit><latexit sha1_base64="73XM+U86yOK0IndJLW32xbaoQTw=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIphgQ3ZptCTaWGIijwQIuTtcYMLsIzN3SciG1q+w1crO2PofFv6Lu0ih4KlOzrk399zjRUoacpxPK7exubW9k98t7O0fHB7ZxydNE8ZaYEOEKtRtDwwqGWCDJClsRxrB9xS2vMlt5remqI0MgweaRdjzYRTIoRRAqdS37VKJN8vdKehoLC95qdS3i07FWYCvE3dJimyJet/+6g5CEfsYkFBgTMd1IuoloEkKhfNCNzYYgZjACDspDcBH00sWyef8IjZAIY9Qc6n4QsTfGwn4xsx8L530gcZm1cvE/7xOTMPrXiKDKCYMRHaIpMLFISO0TCtBPpAaiSBLjlwGXIAGItSSgxCpGKcdFdI+3NXv10mzWnGdintfLdZuls3k2Rk7Z2XmsitWY3eszhpMsCl7Ys/sxXq0Xq036/1nNGctd07ZH1gf31zalis=</latexit><latexit sha1_base64="73XM+U86yOK0IndJLW32xbaoQTw=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIphgQ3ZptCTaWGIijwQIuTtcYMLsIzN3SciG1q+w1crO2PofFv6Lu0ih4KlOzrk399zjRUoacpxPK7exubW9k98t7O0fHB7ZxydNE8ZaYEOEKtRtDwwqGWCDJClsRxrB9xS2vMlt5remqI0MgweaRdjzYRTIoRRAqdS37VKJN8vdKehoLC95qdS3i07FWYCvE3dJimyJet/+6g5CEfsYkFBgTMd1IuoloEkKhfNCNzYYgZjACDspDcBH00sWyef8IjZAIY9Qc6n4QsTfGwn4xsx8L530gcZm1cvE/7xOTMPrXiKDKCYMRHaIpMLFISO0TCtBPpAaiSBLjlwGXIAGItSSgxCpGKcdFdI+3NXv10mzWnGdintfLdZuls3k2Rk7Z2XmsitWY3eszhpMsCl7Ys/sxXq0Xq036/1nNGctd07ZH1gf31zalis=</latexit>

ϕ
<latexit sha1_base64="LeTyubKKmutAyeZrXdujb7GNoSI=">AAAB/nicbVA9TwJBEN3DL8Qv1NJmI5hYkTsaLYk2lpjIR8JdyNwywIa9u83uHAkhJP4KW63sjK1/xcL/4oEUCr7q5b2ZzJsXaiUtue6nk9vY3Nreye8W9vYPDo+KxydNm6RGYEMkKjHtECwqGWODJClsa4MQhQpb4eh27rfGaKxM4geaaAwiGMSyLwVQJvnlsj8Go4eSl8vdYsmtuAvwdeItSYktUe8Wv/xeItIIYxIKrO14rqZgCoakUDgr+KlFDWIEA+xkNIYIbTBdZJ7xi9QCJVyj4VLxhYi/N6YQWTuJwmwyAhraVW8u/ud1UupfB1MZ65QwFvNDJBUuDllhZFYG8p40SATz5MhlzAUYIEIjOQiRiWnWTiHrw1v9fp00qxXPrXj31VLtZtlMnp2xc3bJPHbFauyO1VmDCabZE3tmL86j8+q8Oe8/ozlnuXPK/sD5+AYNaZUL</latexit><latexit sha1_base64="LeTyubKKmutAyeZrXdujb7GNoSI=">AAAB/nicbVA9TwJBEN3DL8Qv1NJmI5hYkTsaLYk2lpjIR8JdyNwywIa9u83uHAkhJP4KW63sjK1/xcL/4oEUCr7q5b2ZzJsXaiUtue6nk9vY3Nreye8W9vYPDo+KxydNm6RGYEMkKjHtECwqGWODJClsa4MQhQpb4eh27rfGaKxM4geaaAwiGMSyLwVQJvnlsj8Go4eSl8vdYsmtuAvwdeItSYktUe8Wv/xeItIIYxIKrO14rqZgCoakUDgr+KlFDWIEA+xkNIYIbTBdZJ7xi9QCJVyj4VLxhYi/N6YQWTuJwmwyAhraVW8u/ud1UupfB1MZ65QwFvNDJBUuDllhZFYG8p40SATz5MhlzAUYIEIjOQiRiWnWTiHrw1v9fp00qxXPrXj31VLtZtlMnp2xc3bJPHbFauyO1VmDCabZE3tmL86j8+q8Oe8/ozlnuXPK/sD5+AYNaZUL</latexit><latexit sha1_base64="LeTyubKKmutAyeZrXdujb7GNoSI=">AAAB/nicbVA9TwJBEN3DL8Qv1NJmI5hYkTsaLYk2lpjIR8JdyNwywIa9u83uHAkhJP4KW63sjK1/xcL/4oEUCr7q5b2ZzJsXaiUtue6nk9vY3Nreye8W9vYPDo+KxydNm6RGYEMkKjHtECwqGWODJClsa4MQhQpb4eh27rfGaKxM4geaaAwiGMSyLwVQJvnlsj8Go4eSl8vdYsmtuAvwdeItSYktUe8Wv/xeItIIYxIKrO14rqZgCoakUDgr+KlFDWIEA+xkNIYIbTBdZJ7xi9QCJVyj4VLxhYi/N6YQWTuJwmwyAhraVW8u/ud1UupfB1MZ65QwFvNDJBUuDllhZFYG8p40SATz5MhlzAUYIEIjOQiRiWnWTiHrw1v9fp00qxXPrXj31VLtZtlMnp2xc3bJPHbFauyO1VmDCabZE3tmL86j8+q8Oe8/ozlnuXPK/sD5+AYNaZUL</latexit><latexit sha1_base64="LeTyubKKmutAyeZrXdujb7GNoSI=">AAAB/nicbVA9TwJBEN3DL8Qv1NJmI5hYkTsaLYk2lpjIR8JdyNwywIa9u83uHAkhJP4KW63sjK1/xcL/4oEUCr7q5b2ZzJsXaiUtue6nk9vY3Nreye8W9vYPDo+KxydNm6RGYEMkKjHtECwqGWODJClsa4MQhQpb4eh27rfGaKxM4geaaAwiGMSyLwVQJvnlsj8Go4eSl8vdYsmtuAvwdeItSYktUe8Wv/xeItIIYxIKrO14rqZgCoakUDgr+KlFDWIEA+xkNIYIbTBdZJ7xi9QCJVyj4VLxhYi/N6YQWTuJwmwyAhraVW8u/ud1UupfB1MZ65QwFvNDJBUuDllhZFYG8p40SATz5MhlzAUYIEIjOQiRiWnWTiHrw1v9fp00qxXPrXj31VLtZtlMnp2xc3bJPHbFauyO1VmDCabZE3tmL86j8+q8Oe8/ozlnuXPK/sD5+AYNaZUL</latexit>

Slow-Roll Phase : γ `P R
2
! αR

<latexit sha1_base64="chWhtryUysKlt4nGHVnjccxjSJU="></latexit><latexit sha1_base64="chWhtryUysKlt4nGHVnjccxjSJU="></latexit><latexit sha1_base64="chWhtryUysKlt4nGHVnjccxjSJU="></latexit><latexit sha1_base64="chWhtryUysKlt4nGHVnjccxjSJU="></latexit>

Einstein-Hilbert Phase :
<latexit sha1_base64="lKGoHRcw4kmL1BjA/aVCsE3JxKM=">AAACFnicbVC7TgJBFJ31ifhCLW0mgImNZJdGY0U0JpSYyCMBQmbHK9w4O7uZuWskG3o/wa+w1crO2Npa+C8uSKHgqU7Ouc/jRwotue6ns7C4tLyymlnLrm9sbm3ndnYbNoyNhLoMVWhavrCgUEOdkBS0IgMi8BU0/dvzsd+8A2Mx1Fc0jKAbiL7GG5SCUqmXyxeLncAP75ML1JYA9VEVlQ+GeG2Qjh2dFou9XMEtuRPweeJNSYFNUevlvjrXoYwD0CSVsLbtuRF1E2EIpYJRthNbiIS8FX1op1SLAGw3mfwy4gexFRTyCAxHxSci/O5IRGDtMPDTykDQwM56Y/E/rx3TzUk3QR3FBFqOFxEqmCyy0mAaEvBrNEAkxpcDR82lMIIIDHIhZSrGaWrZNA9v9vt50iiXPLfkXZYLlbNpMhm2z/LskHnsmFVYldVYnUn2wJ7YM3txHp1X5815/yldcKY9e+wPnI9vuK6enQ==</latexit><latexit sha1_base64="lKGoHRcw4kmL1BjA/aVCsE3JxKM=">AAACFnicbVC7TgJBFJ31ifhCLW0mgImNZJdGY0U0JpSYyCMBQmbHK9w4O7uZuWskG3o/wa+w1crO2Npa+C8uSKHgqU7Ouc/jRwotue6ns7C4tLyymlnLrm9sbm3ndnYbNoyNhLoMVWhavrCgUEOdkBS0IgMi8BU0/dvzsd+8A2Mx1Fc0jKAbiL7GG5SCUqmXyxeLncAP75ML1JYA9VEVlQ+GeG2Qjh2dFou9XMEtuRPweeJNSYFNUevlvjrXoYwD0CSVsLbtuRF1E2EIpYJRthNbiIS8FX1op1SLAGw3mfwy4gexFRTyCAxHxSci/O5IRGDtMPDTykDQwM56Y/E/rx3TzUk3QR3FBFqOFxEqmCyy0mAaEvBrNEAkxpcDR82lMIIIDHIhZSrGaWrZNA9v9vt50iiXPLfkXZYLlbNpMhm2z/LskHnsmFVYldVYnUn2wJ7YM3txHp1X5815/yldcKY9e+wPnI9vuK6enQ==</latexit><latexit sha1_base64="lKGoHRcw4kmL1BjA/aVCsE3JxKM=">AAACFnicbVC7TgJBFJ31ifhCLW0mgImNZJdGY0U0JpSYyCMBQmbHK9w4O7uZuWskG3o/wa+w1crO2Npa+C8uSKHgqU7Ouc/jRwotue6ns7C4tLyymlnLrm9sbm3ndnYbNoyNhLoMVWhavrCgUEOdkBS0IgMi8BU0/dvzsd+8A2Mx1Fc0jKAbiL7GG5SCUqmXyxeLncAP75ML1JYA9VEVlQ+GeG2Qjh2dFou9XMEtuRPweeJNSYFNUevlvjrXoYwD0CSVsLbtuRF1E2EIpYJRthNbiIS8FX1op1SLAGw3mfwy4gexFRTyCAxHxSci/O5IRGDtMPDTykDQwM56Y/E/rx3TzUk3QR3FBFqOFxEqmCyy0mAaEvBrNEAkxpcDR82lMIIIDHIhZSrGaWrZNA9v9vt50iiXPLfkXZYLlbNpMhm2z/LskHnsmFVYldVYnUn2wJ7YM3txHp1X5815/yldcKY9e+wPnI9vuK6enQ==</latexit><latexit sha1_base64="lKGoHRcw4kmL1BjA/aVCsE3JxKM=">AAACFnicbVC7TgJBFJ31ifhCLW0mgImNZJdGY0U0JpSYyCMBQmbHK9w4O7uZuWskG3o/wa+w1crO2Npa+C8uSKHgqU7Ouc/jRwotue6ns7C4tLyymlnLrm9sbm3ndnYbNoyNhLoMVWhavrCgUEOdkBS0IgMi8BU0/dvzsd+8A2Mx1Fc0jKAbiL7GG5SCUqmXyxeLncAP75ML1JYA9VEVlQ+GeG2Qjh2dFou9XMEtuRPweeJNSYFNUevlvjrXoYwD0CSVsLbtuRF1E2EIpYJRthNbiIS8FX1op1SLAGw3mfwy4gexFRTyCAxHxSci/O5IRGDtMPDTykDQwM56Y/E/rx3TzUk3QR3FBFqOFxEqmCyy0mAaEvBrNEAkxpcDR82lMIIIDHIhZSrGaWrZNA9v9vt50iiXPLfkXZYLlbNpMhm2z/LskHnsmFVYldVYnUn2wJ7YM3txHp1X5815/yldcKY9e+wPnI9vuK6enQ==</latexit>

γ `P R
2
! αR

<latexit sha1_base64="8LbvxcMwkwsFempJpKMTWf1LVxc="></latexit><latexit sha1_base64="8LbvxcMwkwsFempJpKMTWf1LVxc="></latexit><latexit sha1_base64="8LbvxcMwkwsFempJpKMTWf1LVxc="></latexit><latexit sha1_base64="8LbvxcMwkwsFempJpKMTWf1LVxc="></latexit>

Reheating
<latexit sha1_base64="mNdT/zPslviRJbUouSN9Vpy/Kgs=">AAACGHicbVC7TsNAEDyHVzCvACXNiRiJKrLTQBlBQxkQeUhJFJ0vm+SU89m6WyMiyz/AJ/AVtFDRIVo6Cv4Fx6SAhK1GM7M3e+NHUhh03U+rsLK6tr5R3LS3tnd290r7B00TxppDg4cy1G2fGZBCQQMFSmhHGljgS2j5k8uZ3roDbUSobnEaQS9gIyWGgjPMqH7JcRy7G/jhfZJ089cSDYOU3sAYMocapantOP1S2a24+dBl4M1Bmcyn3i99dQchjwNQyCUzpuO5EfYSplFwCandjQ1EjE/YCDoZVCwA00vy/JSexIZhSCPQVEiak/B7I2GBMdPAz5wBw7FZ1Gbkf1onxuF5LxEqihEUnwWhkJAHGa5FVhPQgdCAyGaXAxWKcqYZImhBGecZGWet2Fkf3uLvl0GzWvHcinddLdcu5s0UyRE5JqfEI2ekRq5InTQIJw/kiTyTF+vRerXerPcfa8Ga7xySP2N9fAOR8p+h</latexit><latexit sha1_base64="mNdT/zPslviRJbUouSN9Vpy/Kgs=">AAACGHicbVC7TsNAEDyHVzCvACXNiRiJKrLTQBlBQxkQeUhJFJ0vm+SU89m6WyMiyz/AJ/AVtFDRIVo6Cv4Fx6SAhK1GM7M3e+NHUhh03U+rsLK6tr5R3LS3tnd290r7B00TxppDg4cy1G2fGZBCQQMFSmhHGljgS2j5k8uZ3roDbUSobnEaQS9gIyWGgjPMqH7JcRy7G/jhfZJ089cSDYOU3sAYMocapantOP1S2a24+dBl4M1Bmcyn3i99dQchjwNQyCUzpuO5EfYSplFwCandjQ1EjE/YCDoZVCwA00vy/JSexIZhSCPQVEiak/B7I2GBMdPAz5wBw7FZ1Gbkf1onxuF5LxEqihEUnwWhkJAHGa5FVhPQgdCAyGaXAxWKcqYZImhBGecZGWet2Fkf3uLvl0GzWvHcinddLdcu5s0UyRE5JqfEI2ekRq5InTQIJw/kiTyTF+vRerXerPcfa8Ga7xySP2N9fAOR8p+h</latexit><latexit sha1_base64="mNdT/zPslviRJbUouSN9Vpy/Kgs=">AAACGHicbVC7TsNAEDyHVzCvACXNiRiJKrLTQBlBQxkQeUhJFJ0vm+SU89m6WyMiyz/AJ/AVtFDRIVo6Cv4Fx6SAhK1GM7M3e+NHUhh03U+rsLK6tr5R3LS3tnd290r7B00TxppDg4cy1G2fGZBCQQMFSmhHGljgS2j5k8uZ3roDbUSobnEaQS9gIyWGgjPMqH7JcRy7G/jhfZJ089cSDYOU3sAYMocapantOP1S2a24+dBl4M1Bmcyn3i99dQchjwNQyCUzpuO5EfYSplFwCandjQ1EjE/YCDoZVCwA00vy/JSexIZhSCPQVEiak/B7I2GBMdPAz5wBw7FZ1Gbkf1onxuF5LxEqihEUnwWhkJAHGa5FVhPQgdCAyGaXAxWKcqYZImhBGecZGWet2Fkf3uLvl0GzWvHcinddLdcu5s0UyRE5JqfEI2ekRq5InTQIJw/kiTyTF+vRerXerPcfa8Ga7xySP2N9fAOR8p+h</latexit><latexit sha1_base64="mNdT/zPslviRJbUouSN9Vpy/Kgs=">AAACGHicbVC7TsNAEDyHVzCvACXNiRiJKrLTQBlBQxkQeUhJFJ0vm+SU89m6WyMiyz/AJ/AVtFDRIVo6Cv4Fx6SAhK1GM7M3e+NHUhh03U+rsLK6tr5R3LS3tnd290r7B00TxppDg4cy1G2fGZBCQQMFSmhHGljgS2j5k8uZ3roDbUSobnEaQS9gIyWGgjPMqH7JcRy7G/jhfZJ089cSDYOU3sAYMocapantOP1S2a24+dBl4M1Bmcyn3i99dQchjwNQyCUzpuO5EfYSplFwCandjQ1EjE/YCDoZVCwA00vy/JSexIZhSCPQVEiak/B7I2GBMdPAz5wBw7FZ1Gbkf1onxuF5LxEqihEUnwWhkJAHGa5FVhPQgdCAyGaXAxWKcqYZImhBGecZGWet2Fkf3uLvl0GzWvHcinddLdcu5s0UyRE5JqfEI2ekRq5InTQIJw/kiTyTF+vRerXerPcfa8Ga7xySP2N9fAOR8p+h</latexit>

❋✐❣✉r❡ ✺✳✶✿ ❙t❛r♦❜✐♥s❦② ✐♥✢❛t✐♦♥❛r② ♣♦t❡♥t✐❛❧✳

❆❧❧ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ❝❛♥ ❜❡ ❡❛s✐❧② ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✱
t❤❛t ❢♦r ✭✺✳✷✶✮ r❡❛❞s

6
α

γ ℓ2P
H2 + 12RH2 = R2 − 12H Ṙ . ✭✺✳✷✻✮



✺✳✷ ❙❧♦✇✲r♦❧❧ ✐♥✢❛t✐♦♥ ❛♥❞ ❞♦♠❡st✐❝ ✐♥✢❛t♦♥ ✼✸

■❢ ✇❡ t❤❡♥ ❝♦♥s✐❞❡r ❛ q✉❛s✐✲❞❡ ❙✐tt❡r ❛♥s❛t③✱ ✐✳❡✳ H(t) ≃ HΛ = 1/LΛ✱ ♦♥❡ ✜♥❞s t❤❛t t❤❡
❍✉❜❜❧❡ ♣❛r❛♠❡t❡r ✐s ✐♥❞❡❡❞ s❧♦✇❧② ❞❡❝r❡❛s✐♥❣ ❛❝❝♦r❞✐♥❣ t♦

Ḣ ≃ − α

γ ℓ2P
, ✭✺✳✷✼✮

✐❢ 0 < α/γ ≪ 1✳ ❘❡❝❛❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✜rst s❧♦✇✲r♦❧❧ ♣❛r❛♠❡t❡r ε✱ ✐✳❡✳

ε := − Ḣ

H2
∼ GN

(
V ′(ϕ)

V (ϕ)

)2

, ✭✺✳✷✽✮

❢r♦♠ t❤❡ q✉❛s✐✲❞❡ ❙✐tt❡r ❛♥s❛t③✱ t♦❣❡t❤❡r ✇✐t❤ ✭✺✳✷✼✮✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ✜♥❞ t❤❛t

ε ≃ αL2
Λ

γ ℓ2P
, ✭✺✳✷✾✮

✇❤✐❝❤ ✐s r❡q✉✐r❡❞ t♦ s❛t✐s❢② ε ≪ 1 ♦♥ t❤❡ ♣❧❛t❡❛✉✳ ❍♦✇❡✈❡r✱ ❛t t❤❡ ❡♥❞ ♦❢ ✐♥✢❛t✐♦♥ ε ∼ 1
✇❤✐❝❤ ✐♠♣❧✐❡s

Ḣ ≃ − 1

LΛ

,
γ

α
≃ L2

Λ

ℓ2P
. ✭✺✳✸✵✮

❆ss✉♠✐♥❣ t❤❛t t❤✐s ✐♥✐t✐❛❧ q✉❛s✐✲❞❡ ❙✐tt❡r ❝♦♥✜❣✉r❛t✐♦♥ ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛ s❡❧❢✲s✉st❛✐♥❡❞
♠❛r❣✐♥❛❧❧② ❜♦✉♥❞ st❛t❡ ♦❢ ❣r❛✈✐t♦♥s ❬✶✺✺❪✱ ✇✐t❤ s❝❛❧✐♥❣ ❧❛✇s ❛s ✐♥ ✭✺✳✶✹✮ ❛♥❞ ✭✺✳✶✺✮✱ ❢r♦♠
✭✺✳✸✵✮ ♦♥❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t✱

γ

α
≃ L2

Λ

ℓ2P
≃ NΛ , ✭✺✳✸✶✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ♦r❞✐♥❛r② ❛♥❞ q✉❛❞r❛t✐❝ ❣r❛✈✐t②✱ ✐♥ ❛ ♥❛✐✈❡ ❝♦r♣✉s❝✉✲
❧❛r ♣❡rs♣❡❝t✐✈❡✱ ✐s ♠❡❛s✉r❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥st✐t✉❡♥t ❣r❛✈✐t♦♥s✳ ❇❡s✐❞❡s✱ s✐♥❝❡ NΛ ≫ 1
✐♥ ♦r❞❡r ❢♦r ❝❧❛ss✐❝❛❧✐③❛t✐♦♥ t♦ ❦✐❝❦ ✐♥✱ ✇❡ ❛❧s♦ r❡❝♦✈❡r t❤❡ ❡①♣❡❝t❡❞ ❝♦♥❞✐t✐♦♥ γ/α ≫ 1✳
❖♥ t♦♣ ♦❢ t❤✐s✱ ✉s✐♥❣ ❈▼❇ ❞❛t❛ ❬✶✼✶❪ ♦♥❡ ❝❛♥ ❡✈❡♥ ♣r♦✈✐❞❡ ❛ ✈❡r② r♦✉❣❤ ❡st✐♠❛t❡ ♦❢ t❤❡
♥✉♠❜❡r ♦❢ ❝♦♥st✐t✉❡♥ts ♦❢ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥❞❡♥s❛t❡✱ ✐✳❡✳ NΛ ≃ γ/α ∼ 108✳

❖✉r ❛✐♠ ✐s ♥♦✇ t♦ r❡❝♦✈❡r t❤❡ s❛♠❡ ❣❡♥❡r❛❧ r❡s✉❧ts ❜② ♠❡❛♥s ♦❢ ❛ ♣✉r❡❧② ❝♦r♣✉s❝✉❧❛r
❛r❣✉♠❡♥t✳ ■♥ ❙❡❝t✐♦♥ ✺✳✶ ✇❡ ❞❡s❝r✐❜❡❞ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ t❤❡ ❞❡ ❙✐tt❡r s♣❛❝❡ ✐♥ q✉❛❞r❛t✐❝
❣r❛✈✐t② ❛s ❛ r❡s✉❧t ♦❢ ❛ ❝♦r♣✉s❝✉❧❛r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t✳ ■❢ ✇❡ ❞♦
t❤❡ s❛♠❡ ❢♦r t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❛❝t✐♦♥ f(R) = αR ✭✐♥ ❋▲❘❲ ❢♦r♠✮ ✇❡ ✜♥❞ t❤❛t t❤❡
✜rst ❋r✐❡❞♠❛♥ ❡q✉❛t✐♦♥ ✐s s✐♠♣❧② H2 = 0✳ ❚❤❡♥✱ t❛❦✐♥❣ ♣r♦✜t ♦❢ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥s ✭✺✳✷✵✮✱
♦♥❡ ❝❛♥ ❡❛s✐❧② ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ❢✉♥❝t✐♦♥ ❢♦r t❤✐s s❝❡♥❛r✐♦ ✐s s✐♠♣❧②
❣✐✈❡♥ ❜②H ∼ UN✱ ♥❛♠❡❧② ✐t ♦♥❧② ❝♦♥t❛✐♥s t❤❡ ◆❡✇t♦♥✐❛♥ ❝♦♥tr✐❜✉t✐♦♥✳ ❲❤❡r❡❛s✱ ✐t ✐s ✇♦rt❤
r❡❝❛❧❧✐♥❣ t❤❛t✱ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✱ ✇❡ ❢♦✉♥❞ t❤❛t ❢♦r f(R) = γ ℓ2PR

2 t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t
❢✉♥❝t✐♦♥ ✇❛s ❣✐✈❡♥ ❜② H ∼ UN + UPN✱ ♦r t♦ ❜❡ ♠♦r❡ s♣❡❝✐✜❝✱ ✐t ❛❧s♦ ❝♦♥t❛✐♥s ❛ ✏♣♦st✲
◆❡✇t♦♥✐❛♥✑ ❝♦♥tr✐❜✉t✐♦♥✳ ◆♦✇✱ ✐❢ ✇❡ st❛rt ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ♣❤❛s❡ ♦❢ ❞❡ ❙✐tt❡r ❡①♣❛♥s✐♦♥✱
t❤❡♥ t❤❡ s②st❡♠ s❤♦✉❧❞ ❛♣♣r♦①✐♠❛t❡❧② s❛t✐s❢② t❤❡ ❡♥❡r❣② ❜❛❧❛♥❝❡ ❝♦♥❞✐t✐♦♥

H(R2) ≃ UN + UPN ≃ 0 ✭✺✳✸✷✮



✼✹ ✺✳ ❈♦r♣✉s❝✉❧❛r ❝♦s♠♦❧♦❣②

❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡✛❡❝t✐✈❡ ♠❡tr✐❝ ❛❝t✐♦♥ ✭✺✳✶✻✮ ♦❢ q✉❛❞r❛t✐❝ ❣r❛✈✐t②✳ ❍♦✇❡✈❡r✱ ✐♥ ♦r❞❡r
t♦ ❛❝❝✉r❛t❡❧② ❞❡s❝r✐❜❡ ♦✉r ❯♥✐✈❡rs❡✱ ✇❡ ❛r❡ r❡q✉✐r❡❞ t♦ ✐♥❝❧✉❞❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ♦r❞✐♥❛r②
✭❊✐♥st❡✐♥✲❍✐❧❜❡rt✮ ❣r❛✈✐t②✱ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ H(R) ≃ UN✳ ❚❤✉s✱ t❤❡ ❢✉❧❧ ❡♥❡r❣② ❜❛❧❛♥❝❡ ❢♦r
♦✉r ❯♥✐✈❡rs❡ ✐s ❣✐✈❡♥ ❜② ❬✶✺✺❪

H ≃ αH(R) + βH(R2) ≃ 0 , ✭✺✳✸✸✮

✇❤❡r❡ α > 0 ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s t❤❡ ❝♦❡✣❝✐❡♥t ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ♣❛rt ♦❢ t❤❡
❛❝t✐♦♥ ✭✺✳✷✶✮ ✇❤✐❧❡ β > 0 ✐s ❛ ❞✐♠❡♥s✐♦♥❧❡ss ♣❛r❛♠❡t❡r✱ ♣r❡s✉♠❛❜❧② ♦❢ ♦r❞❡r ♦♥❡✱ ✉s❡❞ t♦
❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ q✉❛❞r❛t✐❝ ❣r❛✈✐t②✳

■♥ ❛ st❛❣❡ ✇❤❡r❡ t❤❡ ❞❡♣❛rt✉r❡ ❢r♦♠ t❤❡ ❞❡ ❙✐tt❡r s♣❛❝❡ ✐s s♠❛❧❧✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t
t❤❡ ♣♦t❡♥t✐❛❧s t❛❦❡ ♦♥ ❛ s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r❛❧ ❢♦r♠

UN ≃ −L
3H2

GN

✭✺✳✸✹✮

❛♥❞

UPN ≃ L3

GN L2
Λ

, ✭✺✳✸✺✮

✇❤❡r❡ L ≃ LΛ ✐s t❤❡ ♥❡✇ ❍✉❜❜❧❡ r❛❞✐✉s✳ ❙✐♥❝❡ ✭✺✳✸✸✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

αUN + β (UN + UPN) ≃ 0 , ✭✺✳✸✻✮

t❛❦✐♥❣ ♣r♦✜t ♦❢ ✭✺✳✸✹✮ ❛♥❞ ✭✺✳✸✺✮ ♦♥❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t✱

H2 ≃ β

α + β

1

L2
Λ

. ✭✺✳✸✼✮

❇❡s✐❞❡s✱ ✐t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ❡①♣❛♥❞✐♥❣ ❛r♦✉♥❞ t❤❡ ❞❡ ❙✐tt❡r s♦❧✉t✐♦♥✱

H ≃ HΛ + δt Ḣ , ✭✺✳✸✽✮

❛♥❞ r❡❝❛❧❧✐♥❣ t❤❛t δt ≃ λG ≃ LΛ✱ s✐♥❝❡ ❝♦♥st✐t✉❡♥t ❣r❛✈✐t♦♥s ❝❛♥♥♦t ❜❡ s❡♥s✐t✐✈❡ t♦ s❤♦rt❡r
t✐♠❡s✱ ♦♥❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❬✶✺✺❪

Ḣ ≃ − α

α + β

1

L2
Λ

, ✭✺✳✸✾✮

✇❤✐❝❤ ✐s ♣r❡❝✐s❡❧② ✭✺✳✸✵✮✱ ✇✐t❤ t❤❡ r❛t❤❡r ♥❛t✉r❛❧ ❝❤♦✐❝❡ ♦❢ ♣❛r❛♠❡t❡rs α/(α + β) ∼ 1✳
◆♦✇✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ s❡❡ ❤♦✇ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✉s❡ t❤❡ q✉❛♥t✉♠ ❞❡♣❧❡t✐♦♥ ♦❢ t❤❡

❣r❛✈✐t♦♥ ❝♦♥❞❡♥s❛t❡ t♦ ♣r♦✈✐❞❡ s♦♠❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r α ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ♣♦st✲
◆❡✇t♦♥✐❛♥ ❛♥❛❧②s✐s✳ ❋✐rst✱ ❢r♦♠ ✭✺✳✸✼✮ ❛♥❞ ✭✺✳✸✾✮ ✇❡ ❤❛✈❡ t❤❛t

ε = − Ḣ

H2
≃ α

β
, ✭✺✳✹✵✮



✺✳✷ ❙❧♦✇✲r♦❧❧ ✐♥✢❛t✐♦♥ ❛♥❞ ❞♦♠❡st✐❝ ✐♥✢❛t♦♥ ✼✺

✇❤❡r❡✱ ❛❣❛✐♥✱ β = O(1) ♣♦s✐t✐✈❡ ❞✐♠❡♥s✐♦♥❧❡ss ♣❛r❛♠❡t❡r ✉s❡❞ t♦ ❦❡❡♣ tr❛❝❦ ♦❢ H(R2)✳
❚❤✉s✱ ✐♥ t❤✐s ♣✐❝t✉r❡✱ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ✐♥✢❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦♥❞✐t✐♦♥ α ≪ 1✱ ✇❤✐❧❡
t❤❡ ❡♥❞ ♦❢ t❤✐s s❝❡♥❛r✐♦ ✐s ❣✐✈❡♥ ❜② α ∼ β ∼ 1✳ ■❢ ✇❡ t❤❡♥ ✐♥❝❧✉❞❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❞❡♣❧❡t✐♦♥
♦❢ ❣r❛✈✐t♦♥s ♦✉t ♦❢ t❤❡ ❝♦♥❞❡♥s❛t❡ ❬✶✺✹❪✱ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥st✐t✉❡♥t
❣r❛✈✐t♦♥s ✇✐❧❧ ❜❡ ❣♦✈❡r♥❡❞ ❜②

ṄΛ

NΛ

≃ ε

LΛ

(
1− 1

NΛ ε3/2

)
, ✭✺✳✹✶✮

❜② ♠❡❛♥s ♦❢ ✇❤✐❝❤ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t

− Ḣ

H2
≃ ℓP ṄΛ√

NΛ

≃ ε

(
1− 1

NΛ ε3/2

)
. ✭✺✳✹✷✮

❙✐♠✐❧❛r❧② t♦ ✇❤❛t ✇❛s ♦❜s❡r✈❡❞ ✐♥ ❬✶✺✹❪✱ t❤❡ ❝♦♥❞✐t✐♦♥

ε = ε⋆ ≃
1

N
2/3
Λ

≃
(
ℓP
LΛ

)4/3

,

t❡❧❧s ✉s ❛❜♦✉t t❤❡ ❝❧♦s❡r ♦✉r s②st❡♠ ❝❛♥ ❣❡t t❤❡ ❞❡ ❙✐tt❡r s♣❛❝❡t✐♠❡✳ ■♥ ❢❛❝t✱ t❤❡ ❝♦♥❞✐t✐♦♥
ε = ε⋆✱ ✐♥ t❤❡ ❝♦r♣✉s❝✉❧❛r ♣♦st✲◆❡✇t♦♥✐❛♥ ♣✐❝t✉r❡ ♦❢ ✐♥✢❛t✐♦♥✱ ❝♦rr❡s♣♦♥❞s t♦ α ≃ 0✱
♥❛♠❡❧② t❤❛t ♦♥❧② t❤❡ q✉❛❞r❛t✐❝ ❣r❛✈✐t② ❝♦♥str❛✐♥t s✉r✈✐✈❡s ❬✶✺✺❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ ✇❡
✐♥❝❧✉❞❡ t❤❡ ❡✛❡❝ts ♦❢ ❞❡♣❧❡t✐♦♥ ✇❡ ❣❡t s♦♠❡ ♣r❡❝✐s❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ α✱ s♣❡❝✐✜❝❛❧❧②

(ℓP/LΛ)
4/3 . α . 1 . ✭✺✳✹✸✮

❚♦ s✉♠ ✉♣✱ t❤❡ ❦❡② ♠❡ss❛❣❡ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♣♦st✲◆❡✇t♦♥✐❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦r♣✉s✲
❝✉❧❛r ❞❡ ❙✐tt❡r s♣❛❝❡ ✐s t❤❛t t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ❡①♦t✐❝ ♠❛tt❡r t♦ ❞❡s❝r✐❜❡ ❛♥
❡t❡r♥❛❧❧② ✐♥✢❛t✐♥❣ ❯♥✐✈❡rs❡ ❬✶✺✺✱✶✺✻❪✳ ■t ✐s s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r ❛ ❝♦♥❞❡♥s❛t❡ ♦❢ ❣r❛✈✐t♦♥s
t❤❛t ♠✐♠✐❝s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ❡♠❡r❣✐♥❣ ✐♥ q✉❛❞r❛t✐❝ ❣r❛✈✐t②✳ ■♥ t❤✐s ♣✐❝t✉r❡✱ t❤❡
❡①♣♦♥❡♥t✐❛❧ ❡①♣❛♥s✐♦♥ ✐s t❤❡♥ ❣✐✈❡♥ ❜② t❤❡ ❜❛❧❛♥❝❡ ♦❢ t❤❡ ◆❡✇t♦♥✐❛♥ ❛♥❞ ♣♦st✲◆❡✇t♦♥✐❛♥
❡♥❡r❣✐❡s✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ♦✉r ❯♥✐✈❡rs❡ ✐s ♥♦t ❡①♣❛♥❞✐♥❣ ❛t ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛t❡✱ ✇❡ ❤❛✈❡ t♦
✐♥tr♦❞✉❝❡ ❛ ❝♦♥tr✐❜✉t✐♦♥ t❤❛t ❜r❛❦❡s t❤✐s ❜❛❧❛♥❝❡ ✐♥ ❢❛✈♦r ♦❢ ♦r❞✐♥❛r② ❣r❛✈✐t②✳ ■t t✉r♥s ♦✉t
t❤❛t ♦r❞✐♥❛r② ✭❊✐♥st❡✐♥✲❍✐❧❜❡rt✮ ❣r❛✈✐t② ✐ts❡❧❢✱ s❡❡♥ ❛s ❛ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ ♦❢ q✉❛❞r❛t✐❝
❣r❛✈✐t② ❞✉r✐♥❣ ✐♥✢❛t✐♦♥✱ ✐s t❤❡ s✐♠♣❧❡st t❤✐♥❣ t❤❛t ❣❡ts t❤❡ ❥♦❜ ❞♦♥❡ ❛t t❤❡ ❝♦r♣✉s❝✉❧❛r
❧❡✈❡❧✳ ❚❤✉s ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❙t❛r♦❜✐♥s❦② ✐♥✢❛t✐♦♥ ❡♠❡r❣❡s ♥❛t✉r❛❧❧② ❢r♦♠ t❤❡ ❝♦r♣✉s✲
❝✉❧❛r ♠♦❞❡❧ ♦❢ ❣r❛✈✐t②✳ ■♥ t❤✐s r❡s♣❡❝t✱ ♦♥❡ ❝♦✉❧❞ ✇♦♥❞❡r ✇❤② ❛♥ ✐♥tr✐♥s✐❝❛❧❧② q✉❛♥t✉♠
s❝❡♥❛r✐♦✱ ❧✐❦❡ t❤❡ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧✱ ✐s ❛❜❧❡ t♦ ❢❛✐t❤❢✉❧❧② r❡♣r♦❞✉❝❡ t❤❡ s❛♠❡ ❞②♥❛♠✐❝s
♣r❡❞✐❝t❡❞ ❜② ❛ ❝❧❛ss✐❝❛❧ ❛❝t✐♦♥ ❧✐❦❡ t❤❡ ♦♥❡ ✐♥ ✭✺✳✷✶✮✳ ❚♦ ❛❞❞r❡ss t❤✐s ♠❛tt❡r ✇❡ ❥✉st ♥❡❡❞
t♦ r❡❝❛❧❧ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ ✶✾✻✵s ❯t✐②❛♠❛ ❛♥❞ ❉❡❲✐tt ❬✶✼✷❪ ❤❛✈❡
♣r♦✈❡♥ t❤❛t t❤❡ ✭r❡❣✉❧❛r✐③❡❞✮ ♦♥❡✲❧♦♦♣ ❡✛❡❝t✐✈❡ ❛❝t✐♦♥ ❢♦r ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❣r❛✈✐t② ❝♦♥t❛✐♥s
❝♦♥tr✐❜✉t✐♦♥s ♦❢ ❤✐❣❤❡r ♦r❞❡r ❝✉r✈❛t✉r❡ t❡r♠s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛❧❧ ❤✐❣❤❡r ♦r❞❡r ❝✉r✈❛t✉r❡
t❡r♠s ✐♥ ❛♥ f(R)✲t❤❡♦r② s❤♦✉❧❞ ❝❛rr② ❛ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t t❤❛t s❝❛❧❡s ❧✐❦❡ ❛ ♣♦s✐t✐✈❡ ♣♦✇❡r
♦❢ GN ~✳ ❚❤✐s t❡❧❧s ✉s t❤❛t t❤❡ ❙t❛r♦❜✐♥s❦② ❛❝t✐♦♥ ✐s✱ ♣❡r s❡✱ ✐♥tr✐♥s✐❝❛❧❧② q✉❛♥t✉♠ ❛♥❞ ✐ts



✼✻ ✺✳ ❈♦r♣✉s❝✉❧❛r ❝♦s♠♦❧♦❣②

❡✛❡❝ts r❡❞✉❝❡ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❞②♥❛♠✐❝s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t✱ ♥❛♠❡❧② ❢♦r
~ → 0✳ ❚❤❛t ✐s ✇❤② ✐t ✐s ♥♦t s✉r♣r✐s✐♥❣ t❤❛t ❛ ❝♦r♣✉s❝✉❧❛r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥
❝♦♥str❛✐♥t ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❙t❛r♦❜✐♥s❦② ♠♦❞❡❧ ②✐❡❧❞s t❤❡ s❛♠❡ ❡✛❡❝t✐✈❡ ❞②♥❛♠✐❝s✳

▲❡t ✉s t❤❡♥ tr② t♦ ❣♦ ❛ ❜✐t ❜❡②♦♥❞ t❤✐s ✈❡r② s✐♠♣❧❡ ❛r❣✉♠❡♥t✱ ❜❛s❡❞ ♦♥ ❡♥❡r❣② ❜❛❧❛♥❝❡s✱
❜② ❡①♣❛♥❞✐♥❣ t❤❡ ❙t❛r♦❜✐♥s❦② ❛❝t✐♦♥ ♦✈❡r ❛ ❣❡♥❡r✐❝ ❝✉r✈❡❞ ❜❛❝❦❣r♦✉♥❞ ❬✶✺✻❪✳ ❲❡ ❛r❡
♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st❡❞ ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ ✇❤❛t ❤❛♣♣❡♥s t♦ t❤❡ ♥✉♠❜❡r ❛♥❞ ♥❛t✉r❡ ♦❢ t❤❡
♣r♦♣❛❣❛t✐♥❣ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ t❤❡♦r②✳ ❋♦r s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ❧❡t ✉s s❡t α = 1 ❛♥❞
γ ℓ2P = m2

P ℓ
2
P/6M

2 ✐♥ ✭✺✳✷✶✮✱ ✇❤❡r❡ M ✐s ✉s✉❛❧❧② r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♠❛ss ♦❢ t❤❡ ✐♥✢❛t♦♥✳
❚❤❡ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢♦r t❤❡ ❙t❛r♦❜✐♥s❦② ♠♦❞❡❧ ❛r❡ ❣✐✈❡♥ ❜②

Rµν −
1

2
gµνR + γ ℓ2PR

(
2Rµν −

1

2
gµνR

)
+ 2 γ ℓ2P (gµν�−∇µ∇ν)R = 0 , ✭✺✳✹✹✮

✇❤❡r❡ � ≡ gµν∇µ∇ν ✳ ■❢ ✇❡ t❤❡♥ tr② t♦ ❡①♣❛♥❞ ✭✺✳✹✹✮ ❛r♦✉♥❞ ❛ ✜❞✉❝✐❛❧ ❝✉r✈❡❞ ❜❛❝❦❣r♦✉♥❞
ḡµν ✱ ✐✳❡✳ gµν = ḡµν+hµν+O(h2µν) ✇✐t❤ |hµν | ≪ |ḡµν |✱ ✇❡ ❝❛♥ ❢✉rt❤❡r ♠❛❦❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
❢♦r hµν ✱

hµν = h⊥µν + ℓP
(
∇̄µA

⊥
ν + ∇̄νA

⊥
µ

)
+

1

3
ḡµνϕ+

∇̄µ∇̄ν

�̄
χ , ✭✺✳✹✺✮

✇✐t❤ t❤❡ ❜❛r ❞❡♥♦t✐♥❣ t❤❛t t❤❡ ♦♣❡r❛t♦rs ❛r❡ ❝♦♠♣✉t❡❞ ♦✈❡r t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡tr✐❝✱ ✇❤✐❧❡

ḡµνh⊥µν = 0 , ∇̄µh⊥µν = 0 and ∇̄µA⊥
µ = 0 , ✭✺✳✹✻✮

s❡♣❛r❛t❡ t❤❡ tr❛♥s✈❡rs❡ tr❛❝❡❧❡ss ❝♦♠♣♦♥❡♥t h⊥µν ❢r♦♠ t❤❡ s❝❛❧❛r ❛♥❞ ✈❡❝t♦r ♦♥❡s✳ ❇❡s✐❞❡s✱
♦♥❡ ❝❛♥ ❛❧s♦ s❤♦✇ ❬✶✼✸✱✶✼✹❪ t❤❛t✱

h⊥µν = hµν −
∇̄µ

�̄

(
ḡνρ −

∇̄ν∇̄ρ

�̄

)
∇̄σh

ρσ − ∇̄ν

�̄

(
ḡµρ −

∇̄µ∇̄ρ

�̄

)
∇̄σh

ρσ

−1

3

(
ḡµν −

∇̄µ∇̄ν

�̄

)(
ḡρσ −

∇̄ρ∇̄σ

�̄

)
hρσ − ∇̄µ∇̄ν

�̄

∇̄ρ∇̄σ

�̄
hρσ , ✭✺✳✹✼❛✮

A⊥
µ =

1

ℓP�̄

(
ḡµν −

∇̄µ∇̄ν

�̄

)
∇̄ρh

ρν , ✭✺✳✹✼❜✮

ϕ =

(
ḡµν −

∇̄µ∇̄ν

�̄

)
hµν , ✭✺✳✹✼❝✮

χ =
1

3

(
4
∇̄µ∇̄ν

�̄
− ḡµν

)
hµν . ✭✺✳✹✼❞✮

■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ r❡❣✐♠❡ ✐♥ ✇❤✐❝❤ R ≪ γ ℓ2PR
2✱ ♥❛♠❡❧② t❤❡ ♣✉r❡❧② ❞❡ ❙✐tt❡r ✭✐♥✢❛t✐♦♥✲

❛r②✮ ♣❤❛s❡✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ❜❛❝❦❣r♦✉♥❞ s♣❛❝❡t✐♠❡ ✐s ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡
❞❡ ❙✐tt❡r ❧✐♥❡ ❡❧❡♠❡♥t✱

ds2 = ḡµνdx
µdxν

= −
(
1− r2

L2
Λ

)
dt2 +

(
1− r2

L2
Λ

)−1

dr2 + r2dΩ2 . ✭✺✳✹✽✮



✺✳✷ ❙❧♦✇✲r♦❧❧ ✐♥✢❛t✐♦♥ ❛♥❞ ❞♦♠❡st✐❝ ✐♥✢❛t♦♥ ✼✼

❇❡s✐❞❡s✱ ✐♥ t❤✐s r❡❣✐♠❡ ✇❡ ❤❛✈❡ t❤❛t f(R) ≃ γ ℓ2PR
2✱ t❤✉s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉❛t✐♦♥s ♦❢

♠♦t✐♦♥ r❡❞✉❝❡ t♦
(
2Rµν −

1

2
gµνR

)
R + 2(gµν�−∇µ∇ν)R = 0 . ✭✺✳✹✾✮

❊①♣❛♥❞✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ♦✈❡r t❤❡ ❞❡ ❙✐tt❡r ❜❛❝❦❣r♦✉♥❞✱ ❛♥❞ ♠❛❦✐♥❣ ✉s❡ ♦❢
t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✺✳✹✺✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❣❛✉❣❡ ✜①✐♥❣ ∇̄µhµν = (1/4) ∇̄νh✱ ✇❡ ✜♥❞ t❤❛t
t❤❡ ❧❛tt❡r ♣r♦♣❛❣❛t❡ ♦♥❧② ❛ t❡♥s♦r ❛♥❞ ❛ s❝❛❧❛r ♠♦❞❡ ❛❝❝♦r❞✐♥❣ t♦

�̄

(
�̄+

4

L2
Λ

)
ϕ = 0 , ✭✺✳✺✵✮

(
�̄− 2

L2
Λ

)
h⊥µν = 0 . ✭✺✳✺✶✮

❲❤❛t ✇❡ ❣❛✐♥ ❢r♦♠ t❤✐s r❡s✉❧t ✐s t❤❛t t❤❡ t❡♥s♦r ♠♦❞❡ ♣r♦♣❛❣❛t❡s ❢r❡❡❧② ❛♥❞ ✐t ♣♦ss❡ss❡s ❛♥
❡✛❡❝t✐✈❡ ♠❛ss meff =

√
2 ~/LΛ ≃ ǫΛ✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ❝♦r♣✉s❝✉❧❛r

♠♦❞❡❧ ✭✺✳✶✺✮✱ ✇❤❡r❡❛s t❤❡ s❝❛❧❛r ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ s❤♦✇s ❛ t❛❝❤②♦♥✐❝ ❜❡❤❛✈✐♦✉r t❤❛t
r❡✢❡❝ts t❤❡ ✐♥st❛❜✐❧✐t② ♦❢ t❤✐s ♣❤❛s❡✳

◆♦✇✱ ✇❡ ✇✐s❤ t♦ ❣❛t❤❡r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s②st❡♠ ✇❤❡♥
✇❡ ✜♥❞ ♦✉rs❡❧✈❡s ✐♥ ❛ q✉❛s✐✲❞❡ ❙✐tt❡r ♣❤❛s❡✳ ■♥ t❤✐s s❝❡♥❛r✐♦ ✇❡ ✇✐❧❧ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r
♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥s ✭✺✳✹✹✮ ♦✈❡r t❤✐s ✉♥❦♥♦✇♥ q✉❛s✐✲❞❡ ❙✐tt❡r ❜❛❝❦❣r♦✉❞
ḡµν ✳ ❲✐t❤♦✉t ❡♥t❡r✐♥❣ t♦♦ ♠✉❝❤ ✐♥ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✭s❡❡ ❬✶✺✻❪✮✱ ❢r♦♠ t❤❡ tr❛❝❡
♦❢ ✭✺✳✹✹✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✺✳✹✺✮✱ ✇❡ ✜♥❞ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♣r♦♣❛❣❛t✐♥❣
s❝❛❧❛r ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠✱

�̄

[
�̄−

(
M2

ℓ2Pm
2
P

− R̄

3

)]
ϕ− 1

3
∇̄µR̄∇̄µϕ = 0 . ✭✺✳✺✷✮

▼♦r❡♦✈❡r✱ t❛❦✐♥❣ ♣r♦✜t ♦❢ ❛♥ ❛❞ ❤♦❝ ❣❛✉❣❡ ✜①✐♥❣ ❝♦♥❞✐t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✺✻❪

∇̄λhλν −
1

2
∇̄νh =

1

R̄

[
∇̄ν

(
R̄λρhλρ −

1

2
R̄h

)
+ hλν∇̄λR̄

]
, ✭✺✳✺✸✮

❢r♦♠ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✇❡ ❛❧s♦ ✐♥❢❡r t❤❛t✱

�̄h⊥µν +
2γ ℓ2P

1 + 2 γ ℓ2PR
∇̄λh

⊥
µν∇̄λR̄ + R̄λ

µh
⊥
λν

+ R̄λ
νh

⊥
µλ −

R̄
(
2 + 5 γ ℓ2P R̄

)

3(1 + 2 γ ℓ2P R̄)
h⊥µν − C̄ρ

µλνh
⊥λ

ρ = 0 . ✭✺✳✺✹✮

❚❤❡ ♠❛❥♦r r❡s✉❧t ♦❢ t❤✐s s❡❝♦♥❞ ❛♥❛❧②s✐s ✐s t❤❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s❝❛❧❛r ✜❡❧❞ s❤✐❢ts
❢r♦♠ ❛ t❛❝❤②♦♥✐❝ ❜❡❤❛✈✐♦✉r t♦ ❛♥ ♦s❝✐❧❧❛t♦r② ♦♥❡ ❛t t❤❡ t❤r❡s❤♦❧❞ ✏❜❛❝❦❣r♦✉♥❞ ❝✉r✈❛t✉r❡✧
R̄c = 3M2/ℓ2Pm

2
P✳ ❚❤✐s ✐s ✐♥ ♣❡r❢❡❝t ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ✐❞❡❛ t❤❛t t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt

♣❛rt ♦❢ t❤❡ ❛❝t✐♦♥ ✭✺✳✷✶✮ ❜❡❤❛✈❡s ❛s ❛ ♣❡rt✉r❜❛t✐♦♥✱ ✇❤♦s❡ r♦❧❡ ✐s t♦ ❞r✐✈❡ t❤❡ ♠♦❞❡❧



✼✽ ✺✳ ❈♦r♣✉s❝✉❧❛r ❝♦s♠♦❧♦❣②

♦✉t ♦❢ t❤❡ ✐♥✢❛t✐♦♥❛r② ♣❤❛s❡✳ ❇❡s✐❞❡s✱ t❤✐s ♣✐❝t✉r❡ ❢✉rt❤❡r s✉♣♣♦rts ❛ ♠♦r❡ ❞♦♠❡st✐❝
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ✐♥✢❛t♦♥ ✜❡❧❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡ ✐s ♥♦ r❡❛❧ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ❛
♥❡✇ ♣❛rt✐❝❧❡ ❛❞ ❤♦❝ s✐♥❝❡ t❤❡ ✐♥✢❛t✐♦♥❛r② s❝❡♥❛r✐♦ ✐s t❛❦❡♥ ❝❛r❡ ♦❢ ❜② t❤❡ ❞②♥❛♠✐❝s ♦❢
t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥❞❡♥s❛t❡ ♦❢ ❣r❛✈✐t♦♥s ❬✶✺✺✱ ✶✺✻❪✳ ❚❤✐s r❡♣r❡s❡♥ts ❛ ❦❡② ❞✐✛❡r❡♥❝❡ ❢r♦♠
♣r❡✈✐♦✉s ♣r♦♣♦s❛❧s ❬✶✺✹✱✶✼✺❪✱ ✇❤❡r❡ t❤❡ ✐♥✢❛t♦♥ ✜❡❧❞ ✇❛s ✐♥❝❧✉❞❡❞ ❛s ❛ ♥❡❝❡ss❛r② ❡①t❡r♥❛❧
✐♥♣✉t✳

✺✳✸ ❈♦❧❞ ❞❛r❦ ♠❛tt❡r ❛♥❞ ❝♦r♣✉s❝✉❧❛r ❞❛r❦ ❢♦r❝❡

■♥ t❤❡ ❧❛st ❢❡✇ ❞❡❝❛❞❡s✱ ❛♥ ❡♥♦r♠♦✉s ❛♠♦✉♥t ♦❢ ♦❜s❡r✈❛t✐♦♥❛❧ ❡✈✐❞❡♥❝❡s✱ r❛♥❣✐♥❣ ❢r♦♠ t❤❡
st✉❞② ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♠❛tt❡r ❛t ❧❛r❣❡ s❝❛❧❡s t♦ ❣❛❧❛①② r♦t❛t✐♦♥ ❝✉r✈❡s ✭s❡❡ ❡✳❣✳ ❬✶✻✕✷✵❪
❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✱ s❡❡♠ t♦ s✉❣❣❡st t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡①♦t✐❝ ❢♦r♠ ♦❢ ♠❛tt❡r✳ ❚❤✐s
❛❧❧❡❣❡❞ ♥❡✇ ❝♦♠♣♦♥❡♥t ♦❢ ♦✉r ❯♥✐✈❡rs❡ ✐s ✉s✉❛❧❧② r❡❢❡rr❡❞ t♦ ❛s ❞❛r❦ ♠❛tt❡r ❬✷✵❪ ❜❡❝❛✉s❡
♦❢ ✐ts ♣❡❝✉❧✐❛r ❢❡❛t✉r❡ ♦❢ ♥♦t ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥ ❛s ✇❡❧❧ ❛s ❢♦r ✐ts
✭❛❧♠♦st✮ ✐♠♣❡r❝❡♣t✐❜❧❡ ♣r❡ss✉r❡✳ ❇❡s✐❞❡s✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤✐s s♦rt ♦❢ ❞❛r❦ s❡❝t♦r ✇❛s
❛❧s♦ str♦♥❣❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ ❡①♣❡❝t❡❞ ❣r❛✈✐t❛t✐♦♥❛❧ ❡✛❡❝t ❞✉❡ t♦ ♦r❞✐♥❛r②
♠❛tt❡r ✐s ❡①tr❡♠❡❧② ❢❛r ❢r♦♠ ❜❡✐♥❣ s✉✐t❛❜❧❡ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ str✉❝t✉r❡ ❢♦r♠❛t✐♦♥ ✐♥ t❤❡
❡❛r❧② ❯♥✐✈❡rs❡ ❬✶✼✻✱✶✼✼❪✳

■♥ ♣r✐♥❝✐♣❧❡✱ ❜❧❛❝❦ ❤♦❧❡s ❝♦✉❧❞ ❡①♣❧❛✐♥ s♦♠❡ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣② ❞✐s❝✉ss❡❞ ❛❜♦✈❡✳
■♥❞❡❡❞✱ t❤❡② ❞♦ ♥♦t ❡♠✐t ❡❧❡❝tr♦♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥ ✭✐❢ ♥♦t ❢♦r t❤❡ ❍❛✇❦✐♥❣ ❡✛❡❝t ✇❤✐❝❤
✐s✱ ✐♥ ❛♥② ❝❛s❡✱ s✉❜✲❞♦♠✐♥❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦s♠✐❝ ♠✐❝r♦✇❛✈❡ ❜❛❝❦❣r♦✉♥❞✮ ❛♥❞ t❤❡②
❛❧s♦ ✐♥t❡r❛❝t ❣r❛✈✐t❛t✐♦♥❛❧❧② ✇✐t❤ ❜❛r②♦♥✐❝ ♠❛tt❡r✳ ❍♦✇❡✈❡r✱ ✉♥❧❡ss ✇❡ ❝♦♥s✐❞❡r ♣r✐♠♦r❞✐❛❧
❜❧❛❝❦ ❤♦❧❡s ❬✶✼✽✕✶✽✶❪✱ t❤❡ ♦❜s❡r✈❛❜❧❡ ♦♥❡ ❞♦ ♥♦t s❡❡♠ t♦ ❛❞❞ ✉♣ t♦ ♣r♦♣❡r❧② s❡r✈❡ ❛s ❞❛r❦
♠❛tt❡r✳

❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ❝♦♥s✐st ✐♥ ❛ss✉♠✐♥❣ t❤❛t t❤✐s ❞❛r❦ ♠❛tt❡r ♠✐❣❤t ✉❧t✐♠❛t❡❧② ❜❡ ♠❛❞❡
♦❢ ♥❡✇ ♠❛ss✐✈❡ st❛❜❧❡ ♣❛rt✐❝❧❡s ❛❜❧❡ t♦ ✐♥t❡r❛❝t str♦♥❣❧② ❡♥♦✉❣❤ ✇✐t❤ ❣r❛✈✐t② ❛♥❞ ❡①tr❡♠❡❧②
✇❡❛❦❧② ✇✐t❤ t❤❡ r❡st ♦❢ t❤❡ ♣❛rt✐❝❧❡s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❙t❛♥❞❛r❞ ▼♦❞❡❧✳ ❖❢ ❝♦✉rs❡✱ t❤❡r❡ ✐s
❛ ♣❧❡t❤♦r❛ ♦❢ ♣r♦♣♦s❡❞ ♥❡✇ ♣❛rt✐❝❧❡s ✇✐t❤ t❤❡s❡ ❢❡❛t✉r❡✱ s✉❝❤ ❛s ❛①✐♦♥s ❬✶✽✷❪✱ ❑❛❧✉③❛✲❑❧❡✐♥
❡①❝✐t❛t✐♦♥s ❬✶✽✸❪✱ st❡r✐❧❡ ♥❡✉tr✐♥♦s ❬✶✽✹❪ ♦r ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ ♠❛ss✐✈❡ ♣❛rt✐❝❧❡s ✭❛❧s♦ ❦♥♦✇♥
❛s ❲■▼Ps✮ ❬✶✽✺❪✱ ❥✉st t♦ q✉♦t❡ ❛ ❢❡✇ ❡①❛♠♣❧❡s✳

❇❡❝❛✉s❡ ♦❢ t❤❡ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❛r❦ ♠❛tt❡r✱ ❛
❢❡✇ r❡♠❛r❦s ❛r❡ ✐♥ ♦r❞❡r✳ ❆ss✉♠✐♥❣ ❞❛r❦ ♠❛tt❡r t♦ ❜❡ ♥♦♥✲❜❛r②♦♥✐❝✱ t❤❡♥ ✇❡ ❝❛♥ ❛ss❡♠❜❧❡
t❤❡ ✈❛r✐♦✉s ♣r♦♣♦s❛❧s ✐♥t♦ t✇♦ ✭♦r t❤r❡❡✮ ❝❧❛ss❡s ❬✶✼✻❪✱ r❡s♣❡❝t✐✈❡❧②✿ ❝♦❧❞ ❛♥❞ ❤♦t ❞❛r❦
♠❛tt❡r ✭s♦♠❡ ❛✉t❤♦rs ❡✈❡♥ ✐♥❝❧✉❞❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❝❧❛ss✱ ❝❛❧❧❡❞ ✇❛r♠ ❞❛r❦ ♠❛tt❡r✮✳ ❲✐t❤
❤♦t ❞❛r❦ ♠❛tt❡r ✇❡ r❡❢❡r t♦ ❧♦✇✲♠❛ss ♥❡✉tr❛❧ ♣❛rt✐❝❧❡s t❤❛t tr❛✈❡❧ ✇✐t❤ ✉❧tr❛✲r❡❧❛t✐✈✐st✐❝
✈❡❧♦❝✐t✐❡s✱ ✇❤❡r❡❛s ✇✐t❤ ❝♦❧❞ ❞❛r❦ ♠❛tt❡r ✇❡ ♠❡❛♥ ✉♥❝❤❛r❣❡❞ ♠❛ss✐✈❡ ♣❛rt✐❝❧❡s ♠♦✈✐♥❣
✇✐t❤ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ✈❡❧♦❝✐t✐❡s✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ✏❤♦t✑ ❝♦♠♣♦♥❡♥t ✐s r❡♣r❡s❡♥t❡❞ ❜② ♥❡✉tr✐♥♦s✱
✇❤♦s❡ ❡✛❡❝t✐✈❡♥❡ss ✐s st✐❧❧ ❧❛r❣❡❧② ❞❡❜❛t❡❞ ❬✶✼✻❪✱ ✇❤❡r❡❛s ❡①❛♠♣❧❡s ♦❢ t❤❡ ✏❝♦❧❞✑ ❝❧❛ss ❛r❡
❣✐✈❡♥ ❜② ♣r✐♠♦r❞✐❛❧ ❜❧❛❝❦ ❤♦❧❡s ❛♥❞ ❲■▼Ps✳ ❆t t❤✐s ♣♦✐♥t ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♦❜s❡r✈❡
t❤❛t t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✐♥❞✐❝❛t✐♦♥ t❤❛t ❤♦t ✭❛♥❞ ✇❛r♠✮ ❞❛r❦ ♠❛tt❡r ♠✐❣❤t ✉❧t✐♠❛t❡❧② ❜❡
❞✐s❢❛✈♦✉r❡❞ ❬✶✼✻✱✶✽✻❪✱ t❤✉s ❧❡❛✈✐♥❣ t❤❡ r♦❧❡ ♦❢ ❦❡② ✐♥❣r❡❞✐❡♥t ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ♦❢ ❇✐❣
❇❛♥❣ ❝♦s♠♦❧♦❣② ✭Λ❈❉▼ ♠♦❞❡❧✮ t♦ ❝♦❧❞ ❞❛r❦ ♠❛tt❡r ✭❈❉▼✮✳



✺✳✸ ❈♦❧❞ ❞❛r❦ ♠❛tt❡r ❛♥❞ ❝♦r♣✉s❝✉❧❛r ❞❛r❦ ❢♦r❝❡ ✼✾

◆♦✇✱ t❤❡ Λ❈❉▼ ♠♦❞❡❧✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ t❤❡♦r② ♦❢ ❝♦s♠♦❧♦❣✐❝❛❧ ✐♥✢❛t✐♦♥✱ r❡♣r❡s❡♥ts
t❤❡ ❝♦r♥❡rst♦♥❡ ♦❢ ♦✉r ♠♦❞❡r♥ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❯♥✐✈❡rs❡ ❛t ❝♦s♠♦❧♦❣✐❝❛❧ ❛♥❞ ❣❛❧❛❝t✐❝
s❝❛❧❡s✳ ❍♦✇❡✈❡r✱ ✐t ✐s r❛t❤❡r ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤✐s ♣✐❝t✉r❡ ✐s ♥♦t ❝♦♠♣❧❡t❡❧② s❛t✐s❢❛❝t♦r②
❬✶✽✼✕✶✾✵❪ s✐♥❝❡ ✐t ❢❛✐❧s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ♦❜s❡r✈❡❞ ❣❛❧❛①② r♦t❛t✐♦♥ ❝✉r✈❡s ❬✶✾✶✱ ✶✾✷❪ ❛♥❞
t❤❡ ❚✉❧❧②✲❋✐s❤❡r r❡❧❛t✐♦♥ ❬✶✾✸❪✱ ✇❤✐❝❤ ✐s ❛♥ ❡♠♣✐r✐❝❛❧ ❡①♣r❡ss✐♦♥ t❤❛t r❡❧❛t❡s t❤❡ ♠❛ss ♦❢ ❛
s♣✐r❛❧ ❣❛❧❛①② t♦ t❤❡ ✈❡❧♦❝✐t② ♦❢ st❛rs ❢❛r ❛✇❛② ❢r♦♠ t❤❡ ❣❛❧❛❝t✐❝ ❝❡♥t❡r✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢❛❝t
t❤❛t t❤✐s ♠♦❞❡❧ r❡q✉✐r❡s✱ ❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ ❛ss✉♠♣t✐♦♥✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ s♦♠❡ ❡①♦t✐❝
♠❛tt❡r ❝♦♥tr✐❜✉t✐♦♥✱ ✐✳❡✳ ❝♦❧❞ ❞❛r❦ ♠❛tt❡r✱ r❡♣r❡s❡♥ts ❛ s♦rt ♦❢ ♣❤✐❧♦s♦♣❤✐❝❛❧ ✐ss✉❡✳

▼✐❧❣r♦♠✬s ♠♦❞✐✜❡❞ ◆❡✇t♦♥✐❛♥ ❞②♥❛♠✐❝s ✭▼❖◆❉✮ ❬✶✾✹✱✶✾✺❪ ✐s ❛ t❤❡♦r② t❤❛t ❝❤❛❧❧❡♥❣❡s
t❤❡ Λ❈❉▼ ♠♦❞❡❧ ❛t ✐ts ❢♦✉♥❞❛t✐♦♥s ❜② ♣r♦♣♦s✐♥❣ ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ◆❡✇t♦♥✬s ❧❛✇s✱ ❛t
❣❛❧❛❝t✐❝ s❝❛❧❡s✱ t♦ ♣r♦♣❡r❧② ❛❝❝♦✉♥t ❢♦r ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤❡
❚✉❧❧②✲❋✐s❤❡r r❡❧❛t✐♦♥ ✐s ❡①♣❧❛✐♥❡❞ ❜② ❛ss✉♠✐♥❣ t❤❛t✱ ❢♦r r❡❣✐♦♥s ♦❢ ❛ ❣❛❧❛①② ❢❛r ❢r♦♠ ✐ts
❝♦r❡✱ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❛❝❝❡❧❡r❛t✐♦♥ ♣❡r❝❡✐✈❡❞ ❜② ❛ t❡st ♣❛rt✐❝❧❡ ✐s ❣✐✈❡♥ ❜②

aMOND(r) =

√
aB(r)

6LΛ

, ✭✺✳✺✺✮

✇❤❡r❡

aB(r) =
GNmB(r)

r2
✭✺✳✺✻✮

✐s t❤❡ ♠♦❞✉❧✉s ♦❢ t❤❡ ❡①♣❡❝t❡❞ ✭◆❡✇t♦♥✐❛♥✮ r❛❞✐❛❧ ❛❝❝❡❧❡r❛t✐♦♥ t❤❛t ✇♦✉❧❞ ❜❡ ❝❛✉s❡❞ ❜②
t❤❡ ❜❛r②♦♥✐❝ ♠❛ss mB = mB(r) ✐♥s✐❞❡ ❛ s♣❤❡r❡ ♦❢ r❛❞✐✉s r✳

■♥ r❡❝❡♥t ②❡❛rs t❤❡r❡ ❤❛✈❡ ❜❡❡♥ ✈❛r✐♦✉s ❛tt❡♠♣ts t♦ ❡①♣❧❛✐♥ ✭✺✳✺✺✮ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦
♦❢ ❡♠❡r❣✐♥❣ t❤❡♦r✐❡s ♦❢ ❣r❛✈✐t②✳ ❖♥❡ ♦❢ t❤❡ ♠♦st r❡❧❡✈❛♥t ♣r♦♣♦s❛❧s ✐s ❱❡r❧✐♥❞❡✬s ❡♥tr♦♣✐❝
❛♣♣r♦❛❝❤ ❬✶✾✻❪✱ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ t❤❡ ❧❛✇s ♦❢ ❣r❛✈✐t② ❡♠❡r❣✐♥❣ ❢r♦♠ q✉❛♥t✉♠ ❡♥t❛♥❣❧❡✲
♠❡♥t✱ ❛t ❣❛❧❛❝t✐❝ s❝❛❧❡s✱ ❝♦♥t❛✐♥ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❞❛r❦ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡ ✇❤✐❝❤ ♠❛② ❡①♣❧❛✐♥
t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣② ❝♦♠♠♦♥❧② ❛ttr✐❜✉t❡❞ t♦ ❞❛r❦ ♠❛tt❡r✱ t❤✉s r❡♣r♦❞✉❝✐♥❣ t❤❡ ▼❖◆❉ ❛❝✲
❝❡❧❡r❛t✐♦♥✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ♣✐❝t✉r❡ ✐s✱ ✐♥st❡❛❞✱ ♦✛❡r❡❞ ❜② t❤❡ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧ ❬✶✺✼✱ ✶✺✽❪✳
❚❤❡ ❦❡② ✐❞❡❛✱ ❛s ✇❡ s❤❛❧❧ ❞✐s❝✉ss ✐♥ ❞❡t❛✐❧s ❧❛t❡r ♦♥ ✐♥ t❤✐s ❙❡❝t✐♦♥✱ ✐s t❤❛t ❛♥ ❛❞❞✐t✐♦♥❛❧
❞❛r❦ ❢♦r❝❡✱ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤✐s ♣❡❝✉❧✐❛r ♣❤❡♥♦♠❡♥♦❧♦❣②✱ ❝❛♥ ❡♠❡r❣❡ ❛s ❛ r❡❛❝t✐♦♥ ♦❢ t❤❡
❝♦s♠♦❧♦❣✐❝❛❧ ✭❞❛r❦ ❡♥❡r❣②✮ ❝♦♥❞❡♥s❛t❡ ♦❢ ❣r❛✈✐t♦♥s ✭❉❊❈✱ ❢♦r s❤♦rt✮ t♦ t❤❡ ❧♦❝❛❧ ♣r❡s❡♥❝❡
♦❢ ❜❛r②♦♥✐❝ ♠❛tt❡r✳ ❲❤❛t ♠❛❦❡s t❤✐s ♣✐❝t✉r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥tr✐❣✉✐♥❣ ✐s t❤❛t✱ ❛s ❢♦r ❝♦s♠✐❝
✐♥✢❛t✐♦♥✱ ✐t ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛♥② ❡①♦t✐❝ ✐♥❣r❡❞✐❡♥ts t♦ r❡♣r♦❞✉❝❡ ❜♦t❤
t❤❡ ❡✛❡❝ts ❝♦♠♠♦♥❧② ❛s❝r✐❜❡❞ t♦ ❝♦❧❞ ❞❛r❦ ♠❛tt❡r ❛♥❞ t❤❡ ▼❖◆❉ ❜❡❤❛✈✐♦✉rs ❛t ❣❛❧❛❝t✐❝
s❝❛❧❡s✳

❙♦ ❢❛r ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧ s✉❣❣❡sts t❤❛t✱ ❛t ❜♦t❤ ❝♦s♠♦❧♦❣✐❝❛❧ ❛♥❞
◆❡✇t♦♥✐❛♥ s❝❛❧❡s✱ t❤❡ r❡❧❡✈❛♥t ♥✉♠❜❡r ♦❢ ❣r❛✈✐t♦♥s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡
s②st❡♠ s❝❛❧❡s ❤♦❧♦❣r❛♣❤✐❝❛❧❧②✱ t❤❛t ✐s

NG(r) ∼
m2(r)

m2
P

∼ r2

ℓ2P
, for r ≃ LΛ and r ≃ RB , ✭✺✳✺✼✮

✇❤❡r❡ LΛ ❞❡♥♦t❡s t❤❡ ❞❡ ❙✐tt❡r ❤♦r✐③♦♥ ❛♥❞ RB✱ s✉❝❤ t❤❛t RH . RB ≪ LΛ ✇✐t❤ RH =
2GNmB✱ ✐s t❤❡ t②♣✐❝❛❧ s✐③❡ ❛r♦✉♥❞ ✇❤✐❝❤ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✐♥t❡r❛❝t✐♦♥ s♦✉r❝❡❞ ❜② ❛ ❜❛r②♦♥✐❝



✽✵ ✺✳ ❈♦r♣✉s❝✉❧❛r ❝♦s♠♦❧♦❣②

♠❛tt❡r ❞✐str✐❜✉t✐♦♥ ♦❢ ♠❛ss mB(r)✱ ✐♥s✐❞❡ ❛ s♣❤❡r❡ ♦❢ r❛❞✐✉s r✱ ✐s ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❜②
◆❡✇t♦♥✐❛♥ ♣❤②s✐❝s✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❛r❣✉♠❡♥t✱ ❧❡t ✉s ✐♥t❡r♣r❡t NG(LΛ) ❛s t❤❡ t♦t❛❧ ♥✉♠❜❡r
♦❢ ❣r❛✈✐t♦♥s ✐♥s✐❞❡ t❤❡ ✈✐s✐❜❧❡ ❯♥✐✈❡rs❡✳ ❚❤❡♥✱ NG(RB) ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ♥✉♠❜❡r
♦❢ ❣r❛✈✐t♦♥s t❤❛t r❡s♣♦♥❞ ❧♦❝❛❧❧② t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❜❛r②♦♥✐❝ ♠❛tt❡r s♦✉r❝❡s ♦❢ ♠❛ss
mB✳ ❚❤❡s❡ NG(RB) ❣r❛✈✐t♦♥s ✇♦✉❧❞ t❤❡♥ ❝❤❛♥❣❡ t❤❡✐r ❡♥❡r❣② ❢r♦♠ ǫΛ t♦ s♦♠❡ ǫG(RB) ✐♥
♦r❞❡r t♦ ❡♥❢♦r❝❡ t❤❡ ◆❡✇t♦♥✐❛♥ ❞②♥❛♠✐❝s ❛t t❤❡ ❧♦❝❛❧ ❧❡✈❡❧✳ ❚❤✐s ✐s ❡①❛❝t❧② t❤❡ ✉♥❞❡r❧②✐♥❣
✐❞❡❛ t❤❛t ✇✐❧❧ ❧❡❛❞ t♦ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ t❤❡ ❝♦r♣✉s❝✉❧❛r ❞❛r❦ ❢♦r❝❡✳

❉❡s♣✐t❡ ✐ts s✉❝❝❡ss ✐♥ ♠♦❞❡❧❧✐♥❣ s❡❧❢✲❣r❛✈✐t❛t✐♥❣ s②st❡♠s ♦❢ ❛str♦♣❤②s✐❝❛❧ s✐③❡ ❛s ✇❡❧❧ ❛s
r❡❣✐♦♥s ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❤♦r✐③♦♥✱ ✐t ✐s r❛t❤❡r ❝❧❡❛r t❤❛t t❤❡
❤♦❧♦❣r❛♣❤✐❝ r❡❣✐♠❡ ✭✺✳✺✼✮ ❝❛♥♥♦t ❜❡ ❝❛rr✐❡❞ ❛❧♦♥❣ t❤r♦✉❣❤♦✉t t❤❡ ✇❤♦❧❡ r❛♥❣❡ ♦❢ s❝❛❧❡s✳ ❆
✜rst ✐♥❞✐❝❛t✐♦♥ ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ t✇♦ ❤♦❧♦❣r❛♣❤✐❝ r❡❣✐♠❡s ❛t s♠❛❧❧ ❛♥❞ ✈❡r② ❧❛r❣❡
s❝❛❧❡s ❛r❡ ✐♥❞❡❡❞ ❞✐✛❡r❡♥t✱ s✐♥❝❡ t❤❡② ❞❡s❝r✐❜❡ t✇♦ ✈❡r② ❞✐st✐♥❝t ♣❤②s✐❝❛❧ s❝❡♥❛r✐♦s ✭❛ st❛r✲
❧✐❦❡ ♦❜❥❡❝t ❛♥❞ ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② ❡①♣❛♥❞✐♥❣ ❯♥✐✈❡rs❡✱ r❡s♣❡❝t✐✈❡❧②✮✳ ❆ s❡❝♦♥❞ ♠♦t✐✈❛t✐♦♥
❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t✱ ❧♦❝❛❧❧②✱ ✇✐t❤♦✉t t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❜❛r②♦♥✐❝ ♠❛tt❡r✱ t❤❡ ❉❊❈ ✲ r❡✲
s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ t❤❡ ❞❡ ❙✐tt❡r str✉❝t✉r❡ ✲ ❝❛♥♥♦t ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✇❤♦❧❡✱ ❜✉t
❥✉st ❛s ❛ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ✇✐t❤ ❝♦♥st❛♥t ❡♥❡r❣② ❞❡♥s✐t② ρΛ = Λ/8 π GN ∼ mP/ℓP L

2
Λ✳

❚❤✉s✱ t❤❡ t♦t❛❧ ❡♥❡r❣② ✐♥s✐❞❡ ❛ s♣❤❡r✐❝❛❧ r❡❣✐♦♥ ♦❢ r❛❞✐✉s r ✐s ❣✐✈❡♥ ❜②✱

mG(r) ≃
4 π

3
ρΛ r

3 ∼ mP r
3

L2
Λ ℓP

= NG(r) ǫΛ , ✭✺✳✺✽✮

❢r♦♠ ✇❤✐❝❤ ✇❡ ✐♥❢❡r t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❣r❛✈✐t♦♥s ❝♦♥t❛✐♥❡❞ ✐♥ t❤✐s r❡❣✐♦♥ s❤♦✇s ❛♥ ❡①t❡♥s✐✈❡
❜❡❤❛✈✐♦✉r✱

NG(r) ≃
r3

LΛ ℓ2P
, ✭✺✳✺✾✮

✐✳❡✳ ✐t s❝❛❧❡s ❧✐❦❡ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ r❡❣✐♦♥✳ ❚❤✐s s✉❣❣❡sts t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥❡✇ ✐♥❢r❛r❡❞
s❝❛❧❡ RB < r0 < LΛ✱ ✇❤❡r❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❣r❛✈✐t② ❞❡♣❛rts ❢r♦♠ t❤❡ ❤♦❧♦❣r❛♣❤✐❝ r❡❣✐♠❡✳
❚❤✉s✱ ❛t t❤✐s ♣♦✐♥t✱ ✐t ✐s ❢❛✐r❧② r❡❛s♦♥❛❜❧❡ t♦ ❛ss✉♠❡ t❤❛t✱ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ s❝❛❧❡s ♦❢
s✐③❡ r ✇✐t❤ RB ≪ r ≪ LΛ✱ ✐♥ ❛❜s❡♥❝❡ ♦❢ ❜❛r②♦♥✐❝ ♠❛tt❡r✱ t❤❡ ❣r❛✈✐t♦♥ st❛t❡ ❢❡❛t✉r❡s t❤❡
❡①t❡♥s✐✈❡ s❝❛❧✐♥❣ ✭✺✳✺✾✮✳

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r ❛ ❉❊❈ ♦❢ s✐③❡ LΛ ♠❛❞❡ ♦❢ NΛ ❝♦♥st✐t✉❡♥t ❣r❛✈✐t♦♥s✳ ■❢ ✇❡ ♥♦✇ ♣❧❛❝❡
NB ❜❛r②♦♥✐❝ ♣❛rt✐❝❧❡s✱ ❡❛❝❤ ♦♥❡ ♦❢ ♠❛ss µ✱ ♦♥ t♦♣ ♦❢ t❤❡ ❉❊❈ ✐♥ ❛ ✈❡r② ❞✐❧✉t❡❞ ♠❛♥♥❡r✱
t❤❡ ❧❛tt❡r ✇✐❧❧ r❡❛❝t t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❛tt❡r ❜② s❤r✐♥❦✐♥❣ t❤❡ s✐③❡ ♦❢ ✐ts ❤♦r✐③♦♥✳ ■♥❞❡❡❞✱
✐♥ ❣❡♦♠❡tr✐❝ t❡r♠s✱ ✇❡ ❛r❡ ❡✛❡❝t✐✈❡❧② t✉r♥✐♥❣ ♦✉r s♣❛❝❡t✐♠❡ ✐♥t♦ ❛ ❙❝❤✇❛r③s❝❤✐❧❞✲❞❡ ❙✐tt❡r
s♣❛❝❡✱ ✐✳❡✳ ❣✐✈❡♥ t❤❡ ❣❡♥❡r✐❝ st❛t✐❝ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ ❧✐♥❡ ❡❧❡♠❡♥t

ds2 = −f(r) dt2 + dr2

f(r)
+ r2 dΩ2 , ✭✺✳✻✵✮

✇❡ ❛r❡ ✭st❛t✐❝❛❧❧②✮ ❝❤❛♥❣✐♥❣ t❤❡ ♠❡tr✐❝ ❢✉♥❝t✐♦♥ f(r) ❛❝❝♦r❞✐♥❣ t♦

f(r) = 1− r2

L2
Λ

−→ f(r) = 1− r2

L2
Λ

− 2GN µ

r
, ✭✺✳✻✶✮



✺✳✸ ❈♦❧❞ ❞❛r❦ ♠❛tt❡r ❛♥❞ ❝♦r♣✉s❝✉❧❛r ❞❛r❦ ❢♦r❝❡ ✽✶

❢r♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❤♦r✐③♦♥ ♥♦✇ ❜❡❝♦♠❡s LHor ∼ LΛ − GN µ✳
❆❧t❡r♥❛t✐✈❡❧②✱ ✐♥ ❛ ❝♦r♣✉s❝✉❧❛r ♣❡rs♣❡❝t✐✈❡✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ✭✺✳✶✸✮
❣❡ts ♠♦❞✐✜❡❞ ❜② t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ♠❛tt❡r HM ≃ NB µ✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ♥❡✇ ❝♦♥str❛✐♥t

UN + UPN +NB µ ≃ 0 , ✭✺✳✻✷✮

✇✐t❤ UN ≃ N ǫΛ = −N ℓPmP/LΛ ❛♥❞ UPN = N3/2 ℓ2PmP/L
2
Λ✱ ✇❤✐❝❤ ②✐❡❧❞s

LΛ ≃
√
N ℓP +NB ℓP µ/mP + O(N−1) . ✭✺✳✻✸✮

✇❤❡r❡N ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❣r❛✈✐t♦♥s t❤❛t r❡♠❛✐♥ ✐♥ t❤❡ ❉❊❈✳ ❚❤✐s t❡❧❧ ✉s t❤❛t t❤❡ ❝♦♥❞❡♥s❛t❡
♠✉st r❡s♣♦♥❞ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤✐s ❤♦♠♦❣❡♥❡♦✉s ♠❛tt❡r ❜② ❝❤❛♥❣✐♥❣ t❤❡ ❣r❛✈✐t♦♥ ♥✉♠❜❡r
NΛ ✐♥t♦ N ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ t✐♥② s❤r✐♥❦❛❣❡ ♦❢ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❤♦r✐③♦♥✱ ✇❤✐❝❤ ♥♦✇ ✐s ❣✐✈❡♥
❜② LHor =

√
N ℓP✳

■t ✐s t❤❡♥ ✐♥t❡r❡st✐♥❣ t♦ s❡❡ ✇❤❛t ❤❛♣♣❡♥s ✐❢ t❤❡ ❜❛r②♦♥✐❝ ♠❛tt❡r st❛rts t♦ ❝❧✉♠♣✳
❋♦r s✐♠♣❧✐❝✐t②✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡s❡ NB ♣❛rt✐❝❧❡s ❛ss❡♠❜❧❡ t♦❣❡t❤❡r ✐♥t♦ ❛ s♣❤❡r✐❝❛❧❧②
s②♠♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ ♠❛tt❡r ♦❢ ♠❛ss mB(r) = NB(r)µ✳ ◆♦✇ t❤❡ ❉❊❈ ✇✐❧❧ r❡❛❝t t♦
t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❛tt❡r ❝❛✉s✐♥❣✱ ❛s ✇❡ s❤❛❧❧ s❤♦✇ ✐♥ ❞❡t❛✐❧s✱ t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣② ❝♦♠♠♦♥❧②
❛ttr✐❜✉t❡❞ t♦ ❞❛r❦ ♠❛tt❡r t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦rr❡❝t ❢♦r♠ ♦❢ t❤❡ ▼❖◆❉ ❛❝❝❡❧❡r❛t✐♦♥✳ ❲❡
✇✐❧❧ t❤❡♥ ✐♥t❡r♣r❡t t❤✐s r❡❛❝t✐♦♥ ♦❢ t❤❡ ❉❊❈ ❛s ❛♥ ❡♠❡r❣✐♥❣ ❞❛r❦ ❢♦r❝❡✳ ❚❤❡ ❦❡② ❛ss✉♠♣t✐♦♥
t❤❛t ✇❡ ♠❛❦❡ ❤❡r❡ ✐s t❤❛t ♦♥❧② ❛ ✭s♠❛❧❧✮ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❣r❛✈✐t♦♥s ✐♥ t❤❡ ❉❊❈ ✇✐❧❧ ❜❡ ❛✛❡❝t❡❞
❜② t❤❡ ❧♦❝❛❧ ♠❛tt❡r✱ ✇❤✐❝❤ ✐s ❢❛✐r❧② r❡❛s♦♥❛❜❧❡ ❣✐✈❡♥ t❤❡ ♥❡❣❧✐❣✐❜❧❡ ❝♦rr❡❝t✐♦♥s s❤♦✇♥ ✐♥
✭✺✳✻✸✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❉❊❈ ✇✐❧❧ ♥♦t r❡❛❝t ❛t t❤❡ ❢✉❧❧ ❝♦s♠♦❧♦❣✐❝❛❧ s❝❛❧❡ LHor✱ ❜✉t
♦♥❧② ❛t ❛ ❧♦❝❛❧ s❝❛❧❡ r✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ ♠❛tt❡r
❞✐str✐❜✉t✐♦♥✱ t❤❡ ❜❛r②♦♥✐❝ ♠❛tt❡r ♦❢ ♠❛ss mB ✇✐❧❧ ♣✉❧❧ s♦♠❡ ❣r❛✈✐t♦♥s ♦✉t ♦❢ t❤❡ ❉❊❈ ❢r♦♠
✐♥s✐❞❡ t❤❡ s♣❤❡r❡ ♦❢ r❛❞✐✉s r ✇✐t❤ ❛ ❞❛r❦ ❡♥❡r❣② ♠❛ss ❣✐✈❡♥ ❜② M =M(r)✳

❆ ✜rst ✇❛② t♦ ❞❡r✐✈❡ t❤❡ ▼❖◆❉ ❛❝❝❡❧❡r❛t✐♦♥ ✇✐t❤✐♥ t❤❡ ❝♦r♣✉s❝✉❧❛r ♠♦❞❡❧ ✇❛s ♣r♦♣♦s❡❞
✐♥ ❬✶✺✼❪✳ ❚❤❡ ✐❞❡❛ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠♦❞✉❧✉s ♦❢ t❤❡ ◆❡✇t♦♥✐❛♥ ❣r❛✈✐t❛t✐♦♥❛❧
❛❝❝❡❧❡r❛t✐♦♥ ❢❡❧t ❜② ❛ t❡st ♣❛rt✐❝❧❡ ✐s ❣✐✈❡♥ ❜②

a(r) =
GNm

r2
∼ ǫG(r)

2

m2
P ℓP

√
Neff , ✭✺✳✻✹✮

✇❤❡r❡ m ✐s t❤❡ ♠❛ss ♦❢ t❤❡ s❡❧❢✲❣r❛✈✐t❛t✐♥❣ s②st❡♠ ✇❤✐❧❡ Neff ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❣r❛✈✐t♦♥s
✇✐t❤ λG ≃ r ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦❧❧❡❝t✐✈❡ st❛t❡ ❛♥❞ t❤❡ t❡st ♣❛rt✐❝❧❡ ❛t
r✳ ■❢ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡ ❉❊❈✱ ♦❢ t♦t❛❧ ❡♥❡r❣② mΛ✱ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢
❛ ❝❧✉♠♣❡❞ ❜❛r②♦♥✐❝ ♠❛tt❡r s♦✉r❝❡ ♦❢ ♠❛ss mB(r)✱ s✉❝❤ t❤❛t mB ≪ mΛ✱ t❤❡♥ t❤❡ ♥✉♠❜❡r
♦❢ ❣r❛✈✐t♦♥s t❤❛t r❡♠❛✐♥ ✐♥ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥❞❡♥s❛t❡ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❛s

NDE ≃ (mΛ −mB)
2

m2
P

, ✭✺✳✻✺✮

t❤❡s❡ r❡♠❛✐♥✐♥❣ ❣r❛✈✐t♦♥s ❛r❡ t❤❡r❡❢♦r❡ t❤❡ ♦♥❡ t❤❛t ❛❝❝♦✉♥t ❢♦r t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡
❯♥✐✈❡rs❡✱ r❡♣r♦❞✉❝✐♥❣ t❤❡ ❡①♣❡❝t❡❞ ❡✛❡❝ts ❝♦♠♠♦♥❧② ❛ttr✐❜✉t❡❞ t♦ ❞❛r❦ ❡♥❡r❣②✳ ◆♦✇✱ ✐❢
✇❡ ❞❡♥♦t❡ ❜② NN ≃ m2

B/m
2
P t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❣r❛✈✐t♦♥s ♣✉❧❧❡❞ ♦✉t ♦❢ t❤❡ ❉❊❈✱ ✇❤✐❝❤ ✐s ♥♦✇



✽✷ ✺✳ ❈♦r♣✉s❝✉❧❛r ❝♦s♠♦❧♦❣②

r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❧♦❝❛❧ ◆❡✇t♦♥✐❛♥ ❞②♥❛♠✐❝s ✐♥❞✉❝❡❞ ❜② t❤❡ ❜❛r②♦♥✐❝ s♦✉r❝❡✱ t❤❡♥ ✐t ✐s
❡❛s② t♦ s❡❡ t❤❛t

NΛ −NDE ≃ 2mBmΛ

m2
P

−NN ∼ LΛmB

ℓPmP

−NN ✭✺✳✻✻✮

✇❤❡r❡ ✇❡ ✉s❡❞ NΛ ≃ m2
Λ/m

2
P✳ ❚❤❡ ❧❛st ❡①♣r❡ss✐♦♥ t❤❡♥ ❛❧❧♦✇s ✉s t♦ ✐♥t❡r♣r❡t✱

NDF ≃ LΛmB

ℓPmP

, ✭✺✳✻✼✮

❛s t❤❡ ♥✉♠❜❡r ♦❢ ❣r❛✈✐t♦♥s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❜❛r②♦♥✐❝ ♠❛tt❡r
❛♥❞ ✇❤❛t r❡♠❛✐♥s ♦❢ t❤❡ ❉❊❈✳ ❖♥❡ ❝❛♥ t❤❡r❡❢♦r❡ ❣✉❡ss t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲❝♦♥❞❡♥s❡❞ ❝♦♥✲
st✐t✉❡♥ts NDF(r) t❤❛t ♣r♦✈✐❞❡ ❛ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❛ ♣❛rt✐❝❧❡
❛t ❞✐st❛♥❝❡ r ❢r♦♠ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❣❛❧❛①②✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❝❤♦♦s❡✱

NDF(r) ∼
r2mB(r)

ℓPmP LΛ

, ✭✺✳✻✽✮

t❤❡♥✱ ♣❧✉❣❣✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✐♥t♦ ✭✺✳✻✹✮ ❛♥❞ r❡❝❛❧❧✐♥❣ ǫG(r) ≃ ~/r✱ ♦♥❡ ✜♥❞s

aDF(r) ∼
√
GNmB(r)

LΛ r2
∼
√
aB(r)

LΛ

, ✭✺✳✻✾✮

t❤❛t ♠❛t❝❤❡s t❤❡ ▼❖◆❉ ❢♦r♠✉❧❛ ✉♣ t♦ ❛ ❢❛❝t♦r 1/6✳ ❍♦✇❡✈❡r✱ ❛ ♣r♦♣❡r ❥✉st✐✜❝❛t✐♦♥ ❢♦r
✭✺✳✻✽✮ ❝❛♥ ♦♥❧② ❜❡ ❣✐✈❡♥ ❜② ♠❡❛♥s ♦❢ ❛♥ ❛r❣✉♠❡♥t ❜❛s❡❞ ♦♥ ❡♥❡r❣② ❜❛❧❛♥❝❡✳

▲❡t ✉s ♥♦✇ ❞❡r✐✈❡ t❤❡ ▼❖◆❉ ❛❝❝❡❧❡r❛t✐♦♥ ❢r♦♠ ❛ s✐♠♣❧❡ ❡♥❡r❣② ❜❛❧❛♥❝❡ ❛♥❞ ✐ts r❡❧❛t✐♦♥
✇✐t❤ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ♦❢ ❣r❛✈✐t② ❬✶✺✽❪✳ ❖♥❝❡ t❤❡ ♠❛tt❡r st❛rts ❝❧✉♠♣✐♥❣✱ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❡♥❡r❣② ❝❤❛♥❣❡s t♦

HM = mB + EB , ✭✺✳✼✵✮

✇❤❡r❡ EB ❦❡❡♣s tr❛❝❦ ♦❢ t❤❡ t♦t❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ♠❛tt❡r ❛♥❞ ♦❢ ❛❧❧ ❡♥❡r❣② ❝♦♥tr✐❜✉t✐♦♥s
❝♦♠✐♥❣ ❢r♦♠ ♥♦♥✲❣r❛✈✐t❛t✐♦♥❛❧ ✐♥t❡r❛❝t✐♦♥s✳ ❲❤❡r❡❛s✱ s✐♥❝❡ s♦♠❡ ❣r❛✈✐t♦♥s ✇✐❧❧ ❜❡ ♣✉❧❧❡❞
♦✉t ♦❢ t❤❡ ❉❊❈ ✐♥ r❡s♣♦♥s❡ t♦ t❤❡ ❧♦❝❛❧ ♣r❡s❡♥❝❡ ♦❢ ♠❛tt❡r✱ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❍❛♠✐❧t♦♥✐❛♥
❝♦♥str❛✐♥t ❢✉♥❝t✐♦♥ r❡❛❞s

HG = HDEC +HBG +HDF , ✭✺✳✼✶✮

✇❤❡r❡ HDEC ✐s t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ✭♥❡✇✮ ❉❊❈✱ ❛❢t❡r ♣✉❧❧✐♥❣ ♦✉t ❛ s♠❛❧❧ ❢r❛❝t✐♦♥ ♦❢ ✐ts
❝♦♥st✐t✉❡♥ts✱ HBG ✐s t❤❡ ◆❡✇t♦♥✐❛♥ ❣r❛✈✐t❛t✐♦♥❛❧ ✐♥t❡r❛❝t✐♦♥ ❛♠♦♥❣st t❤❡ NB ❜❛r②♦♥s
♠❡❞✐❛t❡❞ ❜② ❣r❛✈✐t♦♥s ✐✳❡✳

HBG = −GNm
2
B

RB

≃ −NN
~

RB

, ✭✺✳✼✷✮



✺✳✸ ❈♦❧❞ ❞❛r❦ ♠❛tt❡r ❛♥❞ ❝♦r♣✉s❝✉❧❛r ❞❛r❦ ❢♦r❝❡ ✽✸

❛♥❞ HDF ❞❡♥♦t❡s t❤❡ ❡♥❡r❣② ❞✉❡ t♦ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❜❛r②♦♥✐❝
s♦✉r❝❡ ❛♥❞ t❤❡ ♣♦rt✐♦♥ ♦❢ t❤❡ ❉❊❈ ❝♦♥t❛✐♥❡❞ ✐♥s✐❞❡ t❤❡ s♣❤❡r❡ ♦❢ r❛❞✐✉s r✱ ♦❢ t♦t❛❧ ♠❛ss
M(r) ✭❞❛r❦ ❡♥❡r❣② ❝♦♥t❛✐♥❡❞ ✐♥s✐❞❡ t❤❡ s♣❤❡r❡✮✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❛t

HDF = −GNmBM(r)

r
. ✭✺✳✼✸✮

■t ✐s ♥♦✇ ✐♠♣♦rt❛♥t t♦ ♦❜s❡r✈❡ t❤❛t ✇❡ ❝❛♥ r❡✇r✐t❡ ✭✺✳✼✸✮ ✐♥ t❡r♠s ♦❢ ❛♥ ❡✛❡❝t✐✈❡ ❞❛r❦
❢♦r❝❡ ♠❛ss mDF✱ ❜② ❛ss✉♠✐♥❣ t❤❛t

GNmBM(r)

r
≃ GNm

2
DF

r
, ✭✺✳✼✹✮

✐✳❡✳ ❞❡♥♦t✐♥❣ mDF ≃ mBM(r)✳ ❇❡s✐❞❡s✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t

NDF(r) ≃
m2

DF

m2
P

≃ mBM(r)

m2
P

, ✭✺✳✼✺✮

❢✉rt❤❡r♠♦r❡ r❡❝❛❧❧✐♥❣ t❤❛t M(r) ≃ N̄G(r) ǫG(r) ✇✐t❤ N̄G(r) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❣r❛✈✐t♦♥s ✐♥
t❤❡ ❡①t❡♥s✐✈❡ r❡❣✐♠❡ ✭✺✳✺✾✮✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝♦♥❝❧✉❞❡ t❤❛t✱

M(r) ≃ r2

GN LΛ

, ✭✺✳✼✻✮

✇❤✐❝❤ ✐♠♣❧✐❡s✱

NDF(r) =
mB r

2

ℓPmP LΛ

, ✭✺✳✼✼✮

✇❤✐❝❤ ♠❛t❝❤❡s ❡①❛❝t❧② t❤❡ ❣✉❡ss❡❞ ✈❛❧✉❡ ✭✺✳✻✽✮✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

aDF(r) ∼
GNmDF

r2
∼
√
aB(r)

LΛ

∼ ǫG(r)
2

m2
P ℓP

√
NDF(r) . ✭✺✳✼✽✮

■t ✐s ✐♠♣♦rt❛♥t t♦ str❡ss t❤❛t t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ t❤✐s ❞❛r❦ ❢♦r❝❡ ❡✛❡❝t✱ ✐♥ t❤❡ ❝♦r♣✉s❝✉❧❛r
♣✐❝t✉r❡✱ ✐s str✐❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❤♦❧♦❣r❛♣❤✐❝ ❛♥❞ ❡①t❡♥s✐✈❡ r❡❣✐♠❡s✳
■♥❞❡❡❞✱ ❛♥ ❤❡✉r✐st✐❝ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ▼❖◆❉ ❛❝❝❡❧❡r❛t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ ✐♥ t❤✐s ❢r❛♠❡✲
✇♦r❦✱ ❜② ❢♦❝✉ss✐♥❣ s♦❧❡❧② ♦♥ t❤✐s ❢❡❛t✉r❡✱ s❡❡ ❬✶✺✽❪ ❢♦r ❞❡t❛✐❧s✳ ❇❡s✐❞❡s✱ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡
t♦ r❡❝♦♥❝✐❧❡ t❤✐s ❝♦r♣✉s❝✉❧❛r ♣✐❝t✉r❡ ✇✐t❤ ❛♥ ❡✛❡❝t✐✈❡ ♠❡tr✐❝ t❤❡♦r②✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐t ✇❛s
s❤♦✇♥ ❬✶✺✼❪ t❤❛t t❤❡s❡ ❡♠❡r❣❡♥t ❧❛✇s ♦❢ ❣r❛✈✐t② ❝❛♥ ❜❡ ❢r❛♠❡❞ ❛s ❛♥ ❡✛❡❝t✐✈❡ ❛♥✐s♦tr♦♣✐❝
✢✉✐❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛♥ ✐♥❢r❛r❡❞✲♠♦❞✐✜❡❞ t❤❡♦r② ♦❢ ❣r❛✈✐t②✳

❚♦ ❝♦♥❝❧✉❞❡✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♦❜s❡r✈❡ t❤❛t t❤❡ ❡♥❡r❣② ❜❛❧❛♥❝❡ ❛r❣✉♠❡♥t✱ s✉♠♠❛r✐③❡❞
❤❡r❡✱ ❛❝t✉❛❧❧② ❛❧❧♦✇s ✉s t♦ ❡st✐♠❛t❡ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❛♣♣❛r❡♥t ❞❛r❦ ♠❛tt❡r ♠❛ss
❞✐str✐❜✉t✐♦♥ ❛♥❞ ❜❛r②♦♥✐❝ ♠❛tt❡r✳ ◆♦✇✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② UDF t❤❡ ❡♥❡r❣② ❝♦♥t❡♥t ❞✉❡ t♦ t❤❡
✏❞❛r❦ ❣r❛✈✐t♦♥s✑✱ ✐t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❣r❛✈✐t♦♥ ♥✉♠❜❡r NDF ❛❝❝♦r❞✐♥❣ t♦

UDF ≃ −NDF ǫG(r) ≃ −NDF
~

r
✭✺✳✼✾✮



✽✹ ✺✳ ❈♦r♣✉s❝✉❧❛r ❝♦s♠♦❧♦❣②

✇✐t❤✐♥ ❛ s♣❤❡r❡ ♦❢ r❛❞✐✉s r✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ Λ❈❉▼ r❡q✉✐r❡s UDF t♦ ❛❝❝♦✉♥t ❢♦r
t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛♥ ❛♣♣❛r❡♥t ❞❛r❦ ♠❛tt❡r ♠❛ss mDM ✇✐t❤ t❤❡ ❜❛r②♦♥✐❝ s♦✉r❝❡ ♦❢ ♠❛ss
mB✱ ❛s ✇❡❧❧ ❛s ❢♦r ✐ts s❡❧❢✲✐♥t❡r❛❝t✐♦♥✳ ▼❛t❤❡♠❛t✐❝❛❧❧② t❤✐s ✐s ❡①♣r❡ss❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥✱

UDF = −GNmDMmB

r
− GNm

2
DM

r
. ✭✺✳✽✵✮

■❢ ✇❡ t❤❡♥ ♣✉t t♦❣❡t❤❡r ✭✺✳✼✾✮ ❛♥❞ ✭✺✳✽✵✮✱ ❛♥❞ ✇❡ r❡❝❛❧❧ t❤❛t NDF ∼ NΛ − NDE✱ ♦♥❡ ❝❛♥
❡❛s✐❧② ❝♦♥❝❧✉❞❡ ✭s❡❡ ❬✶✺✽❪ ❢♦r ❛❧❧ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥✮

mDM

mB

≃ 5.77 , ✭✺✳✽✶✮

t❤❛t✱ ❞❡s♣✐t❡ ❝♦♠✐♥❣ ❢r♦♠ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❝♦♠♣✉t❛t✐♦♥s✱ ✐s ✐♥❝r❡❞✐❜❧② ❝❧♦s❡ t♦ t❤❡
♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ Λ❈❉▼ ♠♦❞❡❧ ❬✶✾✼✕✷✵✶❪✳



❈❤❛♣t❡r ✻

❈♦♥❝❧✉s✐♦♥s ❛♥❞ ♦✉t❧♦♦❦

■t✬s ♥♦t ❜❡❣✐♥♥✐♥❣ t❤❡ st♦r② t❤❛t ■
❢❡❛r✱ ✐t✬s ♥♦t ❦♥♦✇✐♥❣ ❤♦✇ ✐t ✇✐❧❧ ❡♥❞✳

❋r❛♥❝✐s ❯♥❞❡r✇♦♦❞

❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❛ ❝♦♥s✐st❡♥t q✉❛♥t✉♠ t❤❡♦r② ♦❢ ❣r❛✈✐t② r❡♣r❡s❡♥ts ♦♥❡ ♦❢ t❤❡ ♠❛❥♦r
♦♣❡♥ ♣r♦❜❧❡♠s ✐♥ t❤❡♦r❡t✐❝❛❧ ♣❤②s✐❝s✳ ■♥❞❡❡❞✱ ❞❡s♣✐t❡ t❤❡ ♠❛♥② ❡①♣❡r✐♠❡♥t❛❧ ✈❛❧✐❞❛t✐♦♥s ♦❢
❜♦t❤ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r② ❛♥❞ ❣❡♥❡r❛❧ r❡❧❛t✐✈✐t②✱ t❤❡② ❛♣♣❡❛r t♦ ❜❡ ♠✉t✉❛❧❧② ✐♥❝♦♠♣❛t✐❜❧❡
❛t ❛ ❢✉♥❞❛♠❡♥t❛❧ ❧❡✈❡❧✳ ◆♦♥❡t❤❡❧❡ss✱ ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t t❤❡ q✉❡st ❢♦r q✉❛♥t✉♠ ❣r❛✈✐t②
r❡♠❛✐♥s ♦♥❡ ♦❢ t❤❡ ♠♦st ❝♦♠♣❡❧❧✐♥❣ r❡s❡❛r❝❤ ❧✐♥❡s ♦❢ ♦✉r t✐♠❡✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ✇♦♥❞❡r
✇❤❡t❤❡r t❤❡ ✉♥r❛✈❡❧ ♦❢ ✐ts ❢✉♥❞❛♠❡♥t❛❧ str✉❝t✉r❡ ✐s r❡❛❧❧② ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ ❛♣♣r❡❝✐❛t❡
t❤❡ ♦❜s❡r✈❛❜❧❡ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ t❤❛t ♠✐❣❤t ♦❝❝✉r ✐♥ ♦✉r ❯♥✐✈❡rs❡✳ ■♥❞❡❡❞✱ ♦♥❡ ❝♦✉❧❞
❛r❣✉❡ t❤❛t ✐❢ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ ❢♦r♠✉❧❛t❡ ❛♥ ❡✛❡❝t✐✈❡ q✉❛♥t✉♠ t❤❡♦r② ♦❢ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧
✐♥t❡r❛❝t✐♦♥ ✇❤✐❝❤ ✉♥✐✜❡s ❛❧❧ ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡s ✐♥t♦ ❛ s✐♥❣❧❡ ❝♦♥s✐st❡♥t ❢r❛♠❡✇♦r❦✱
t❤❡♥ s✉❝❤ ❛ t❤❡♦r② ✇♦✉❧❞ ❝❛rr② ❛ ✢❛✈♦✉r ♦❢ q✉❛♥t✉♠ ❣r❛✈✐t②✳

■♥ t❤✐s ❚❤❡s✐s ✇❡ ❤❛✈❡ ❛r❣✉❡❞ t❤❛t ❛♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛♥ ❡✛❡❝t✐✈❡ t❤❡♦r② ✐s ♣r♦✈✐❞❡❞ ❜②
t❤❡ ❝♦r♣✉s❝✉❧❛r t❤❡♦r② ♦❢ ❣r❛✈✐t②✳ ❚❤✉s✱ ❧❡t ✉s ♥♦✇ s✉♠♠❛r✐s❡ t❤❡ ♠❛✐♥ ♣♦✐♥ts ❛❞❞r❡ss❡❞
✐♥ t❤✐s ✇♦r❦✳

❋✐rst✱ ✐♥ ❈❤❛♣t❡r ✷ ✇❡ ❤❛✈❡ r❡✈✐❡✇❡❞ t❤❡ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡s ♦♥ ✇❤✐❝❤ ❜♦t❤ t❤❡ s❡♠✐❝❧❛ss✐❝❛❧
❛♥❞ ❊❋❚ ❛♣♣r♦❛❝❤❡s t♦ ❣r❛✈✐t② ❛r❡ ❡r❡❝t❡❞✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛❢t❡r str❡ss✐♥❣ ❤♦✇ ❜❧❛❝❦ ❤♦❧❡
t❤❡r♠♦❞②♥❛♠✐❝s ♥❛t✉r❛❧❧② ❜❡❣s ❢♦r t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❝❡rt❛✐♥ ❞❡❣r❡❡ ♦❢ q✉❛♥t✉♠♥❡ss
✐♥ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ❣r❛✈✐t❛t✐♦♥✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ s♦♠❡ ❛s♣❡❝ts ♦❢ q✉❛♥t✉♠ ✜❡❧❞
t❤❡♦r② ♦♥ ❝✉r✈❡❞ s♣❛❝❡t✐♠❡s✱ ✇✐t❤ ♣❛rt✐❝✉❧❛r r❡❣❛r❞ ❢♦r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❍❛✇❦✐♥❣
❡✛❡❝t✳ ◆❡①t ✇❡ ❤❛✈❡ s❤♦✇♥ ❤♦✇ t❤❡ ❍❛✇❦✐♥❣ ♣r♦❝❡ss ✜①❡s t❤❡ ❛♠❜✐❣✉✐t② ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ ❇❡❦❡♥st❡✐♥✲❍❛✇❦✐♥❣ ❡♥tr♦♣②✱ ✇❤✐❧❡ ✐♠♣❧②✐♥❣ ❛❧s♦ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥
♣❛r❛❞♦①✳ ❆❢t❡r t❤❛t✱ ✇❡ ❤❛✈❡ ✉♥❞❡r❧✐♥❡❞ s❡✈❡r❛❧ ✐ss✉❡s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ q✉❛♥t✐③❛t✐♦♥ ♦❢ t❤❡
✇❡❛❦ ✜❡❧❞ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❛❝t✐♦♥✳ ❖♥ t❤✐s ♠❛tt❡r✱ ✇❡ ❤❛✈❡ ❛❧s♦ r❡❝❛❧❧❡❞
t❤❛t✱ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤❡ ♣r❡❞✐❝t❛❜✐❧✐t② ♦❢ t❤❡ t❤❡♦r② ✐s ✐♥❡✈✐t❛❜❧② ❧♦st ❛t t❤❡ P❧❛♥❝❦
s❝❛❧❡✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡✛❡❝t✐✈❡ t❤❡♦r② ❛t ❤❛♥❞ ✐s ♥♦♥✲r❡♥♦r♠❛❧✐③❛❜❧❡✳

■♥ ❈❤❛♣t❡r ✸✱ ✇❡ ❤❛✈❡ r❡❝❛❧❧❡❞ s♦♠❡ ♦❢ t❤❡ ❦❡② ✐❞❡❛s ❜❡❤✐♥❞ t❤❡ ❊❋❚ ♣❡rs♣❡❝t✐✈❡
♦♥ ♥♦♥✲r❡♥♦r♠❛❧✐③❛❜✐❧✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ str❡ss❡❞ t❤❛t ❛ ♥♦♥✲r❡♥♦r♠❛❧✐③❛❜❧❡ ✜❡❧❞



✽✻ ✻✳ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ♦✉t❧♦♦❦

t❤❡♦r② ❝❛♥ ✐♥❞❡❡❞ s❡r✈❡ ❛s ❛♥ ❛❝❝✉r❛t❡ ❡✛❡❝t✐✈❡ ❧♦✇✲❡♥❡r❣② ♠♦❞❡❧✳ ❆❢t❡r✇❛r❞s✱ ✇❡ ❤❛✈❡
♦❜s❡r✈❡❞ t❤❛t t❤❡ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r❡t✐❝ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❣r❛✈✐t② ✭❡♠❡r❣✐♥❣ ❢♦r♠ ✇❡❛❦
✜❡❧❞ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❛❝t✐♦♥✮ ❝❛♥ st✐❧❧ ♣r♦✈✐❞❡ ❛♥ ❛❝❝✉r❛t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢
s❝❛tt❡r✐♥❣ ♣r♦❝❡ss❡s ✐♥✈♦❧✈✐♥❣ ❛ ❝❡♥t❡r ♦❢ ♠❛ss ❡♥❡r❣② ✇❛② s♠❛❧❧❡r t❤❛♥ t❤❡ P❧❛♥❝❦ ♠❛ss✳
❇❡②♦♥❞ t❤❛t ❧✐♠✐t✱ ❛❧❧ t❡r♠s ✐♥ t❤❡ ♣❡rt✉r❜❛t✐✈❡ ❡①♣❛♥s✐♦♥ ♦❢ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s ❜❡❝♦♠❡
r❡❧❡✈❛♥t ❛♥❞ t❤❡ s②st❡♠ ❡♥t❡rs ❛ str♦♥❣ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡✳ ❆❢t❡r t❤✐s ❣❡♥❡r❛❧ ❞✐s❝✉ss✐♦♥✱ ✇❡
❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❝❧❛ss✐❝❛❧✐③❛t✐♦♥ s❝❤❡♠❡ ❛s ❛ ❝❧❡✈❡r ✇❛② t♦ ❣❡t ❛r♦✉♥❞ t❤✐s ✐ss✉❡✳

■♥ t❤✐s ❈❤❛♣t❡r ✇❡ ❤❛✈❡ ❛❧s♦ ♣r♦✈✐❞❡❞ ❛ q✉✐❝❦ ❛♥❞ ❞✐rt② r❡✈✐❡✇ ♦❢ t❤❡ ❦❡② ❢❡❛t✉r❡s
♦❢ t❤❡ ❤♦r✐③♦♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❢♦r♠❛❧✐s♠✱ ✇✐t❤ ♣❛rt✐❝✉❧❛r r❡❣❛r❞ ❢♦r t❤❡ s♣❤❡r✐❝❛❧❧②
s②♠♠❡tr✐❝ ❛♥❞ ❛①✐s②♠♠❡tr✐❝ ❝❛s❡s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❤❛✈❡ ❛❧s♦ t❛❦❡♥ t❤❡ ♦♣♣♦rt✉♥✐t②
t♦ str❡ss t❤❛t ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❊①❛♠♣❧❡ ✶ ✐s t❤❛t t❤❡ ✏s✐♥❣❧❡ ❝♦♥st✐t✉❡♥t✑
❞❡s❝r✐♣t✐♦♥ ❞♦❡s ♥♦t ✇♦r❦ t❤❛t ✇❡❧❧ ❢♦r ❛str♦♣❤②s✐❝❛❧ ❜❧❛❝❦ ❤♦❧❡s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤✐s r❡♠❛r❦
❤✐♥ts ❛t ❛ ♠♦r❡ str✐❝t r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❍◗▼ ❛♥❞ t❤❡ ❝♦r♣✉s❝✉❧❛r s❝❡♥❛r✐♦✳

■♥ ❈❤❛♣t❡r ✹ ✇❡ ❤❛✈❡ ❧❛✐❞ ❞♦✇♥ t❤❡ ❣r♦✉♥❞✇♦r❦ ❢♦r t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦r♣✉s❝✉❧❛r
♠♦❞❡❧ ♦❢ ❜❧❛❝❦ ❤♦❧❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❛ ❜❧❛❝❦ ❤♦❧❡ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛
s❡❧❢✲s✉st❛✐♥❡❞ q✉❛♥t✉♠ st❛t❡ ❜② ♠❡❛♥s ♦❢ ❛♥ ❡✛❡❝t✐✈❡ s❝❛❧❛r t❤❡♦r② ❢♦r t❤❡ t♦② ❣r❛✈✐t♦♥s✳
❚❤❡♥✱ t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❦❡② r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥ ✹✳✶✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ❝♦r♣✉s❝✉❧❛r
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ❜❛s❡❞ ♦♥ ❛♥ ❡♥❡r❣② ❜❛❧❛♥❝❡ ❛r❣✉♠❡♥t r❡❧❛t❡❞ t♦
t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ♦❢ ❣❡♥❡r❛❧ r❡❧❛t✐✈✐t②✳ ■♥ ❙❡❝t✐♦♥ ✹✳✸✱ ✇❡ ❤❛✈❡ t❤❡♥ ✐♠♣r♦✈❡❞ ♦♥
t❤❡ ❧❛tt❡r ❛♥❛❧②s✐s ❜② ❡st❛❜❧✐s❤✐♥❣ ❛♥ ❡✛❡❝t✐✈❡ t❤❡♦r② ❢♦r t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ♣♦t❡♥t✐❛❧ ♦❢ ❛
st❛t✐❝ s♣❤❡r✐❝❛❧ s②♠♠❡tr✐❝ s②st❡♠ ✉♣ t♦ t❤❡ ✜rst ♣♦st✲◆❡✇t♦♥✐❛♥ ❝♦rr❡❝t✐♦♥✳ ❆❢t❡r t❤❛t✱
✇❡ ❤❛✈❡ ❛❧s♦ ♣r♦✈✐❞❡❞ ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦r ❝❛✉s❛❧ str✉❝t✉r❡s ♦❢ t❤❡
❑❡rr ❛♥❞ ❍❛②✇❛r❞ t②♣❡s t♦ ❜❡ r❡❛❧✐③❡❞ ✐♥ ❝♦r♣✉s❝✉❧❛r ❣r❛✈✐t②✳ ❚♦ ♣❡r❢♦r♠ t❤✐s ❛♥❛❧②s✐s ✇❡
❤❛✈❡ ❡♠♣❧♦②❡❞ t❤❡ q✉❛♥t✉♠ ❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧ ❛s ❛♥ ❡✛❡❝t✐✈❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❜✐♥❞✐♥❣
♣♦t❡♥t✐❛❧ ❢♦r t❤❡ ❝♦♥st✐t✉❡♥t ❣r❛✈✐t♦♥s ❛♥❞ t❤❡♥ ✇❡ ❤❛✈❡ ❛♣♣❧✐❡❞ t❤❡ ❍◗▼ ❢♦r♠❛❧✐s♠✳
❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ ❝♦♥❝❧✉❞❡❞ t❤❡ ❈❤❛♣t❡r ❜② st✉❞②✐♥❣ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❝♦r♣✉s❝✉❧❛r ❜❧❛❝❦
❤♦❧❡s ✐♥ (1 + 1)✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡t✐♠❡s✳

■♥ ❈❤❛♣t❡r ✺ ✇❡ ❤❛✈❡ ♣r♦✈✐❞❡❞ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❜❛❧❛♥❝❡ ❛♥❛❧②s✐s✱ ♦r✐❣✐♥❛❧❧②
✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✹✱ t♦ ❝♦s♠♦❧♦❣②✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ❝♦r♣✉s❝✉❧❛r
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞❡ ❙✐tt❡r s♣❛❝❡✱ ✐♥ r❡❧❛t✐♦♥ ✇✐t❤ ❜♦t❤ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t t❡r♠ ❛♥❞
q✉❛❞r❛t✐❝ ❣r❛✈✐t② s❝❡♥❛r✐♦✳ ❆❣❛✐♥✱ t❤✐s ❞❡s❝r✐♣t✐♦♥ ❤❛s ❜❡❡♥ ❜❛s❡❞ ♦♥ ❛♥ ❡♥❡r❣② ❜❛❧❛♥❝❡
❡♠❡r❣✐♥❣ ❢r♦♠ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥str❛✐♥t ♦❢ ❝♦s♠♦❧♦❣②✱ ♥❛♠❡❧② t❤❡ ♦♥❡ r❡s♣♦♥s✐❜❧❡ ❢♦r
t❤❡ ✜rst ❋r✐❡❞♠❛♥ ❡q✉❛t✐♦♥✳ ❚❤❡♥✱ ❜② ❡①t❡♥❞✐♥❣ t❤✐s ❛r❣✉♠❡♥t t♦ t❤❡ ❙t❛r♦❜✐♥s❦② ♠♦❞❡❧✱
✇❡ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ✐♥t❡r♣r❡t t❤❡ s❧♦✇✲r♦❧❧ s❝❡♥❛r✐♦ ❛s ❛♥ ❡✛❡❝t ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❜❛❧❛♥❝❡
❜❡t✇❡❡♥ t❤❡ ◆❡✇t♦♥✐❛♥ ❛♥❞ ♣♦st✲◆❡✇t♦♥✐❛♥ ❡♥❡r❣② ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ t♦t❛❧ ❍❛♠✐❧t♦♥✐❛♥
❝♦♥str❛✐♥t✳ ❆❢t❡r✇❛r❞s✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t ♦♥❝❡ t❤✐s ❜❛❧❛♥❝❡ ✐s ❜r♦❦❡♥ t❤❡ s②st❡♠ ❧❡❛✈❡s
t❤❡ ✭q✉❛s✐✲✮❞❡ ❙✐tt❡r ♣❤❛s❡✱ ✐✳❡✳ t❤❡ ❯♥✐✈❡rs❡ st♦♣s ✐♥✢❛t✐♥❣ ❛t ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛t❡✳

◆♦t❡ t❤❛t ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤✐s ♠♦❞❡❧ ✐s t❤❛t ✇❡ ❛r❡ ♥♦t ❢♦r❝❡❞ t♦ ❛❞❞
❛♥② ❡①♦t✐❝ ♠❛tt❡r✱ s✉❝❤ ❛s t❤❡ ✐♥✢❛t♦♥✱ t♦ r❡❛❧✐③❡ t❤❡ ✐♥✢❛t✐♦♥❛r② s❝❡♥❛r✐♦✳ ❙❡❝♦♥❞❧②✱ t❤✐s
♠♦❞❡❧ ❤❛s ♦♥❧② ♦♥❡ ❢r❡❡ ♣❛r❛♠❡t❡r✱ ♥❛♠❡❧② t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥st✐t✉❡♥t ❣r❛✈✐t♦♥s ✐♥ t❤❡
❡❛r❧② ❯♥✐✈❡rs❡✱ ✇❤♦s❡ ✈❛❧✉❡ ❝❛♥ ✉❧t✐♠❛t❡❧② ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ❈▼❇ ❞❛t❛✳

❈♦♥t✐♥✉✐♥❣ ♦♥ ✇✐t❤ t❤✐s ❝♦r♣✉s❝✉❧❛r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❞❡ ❙✐tt❡r s♣❛❝❡✱ ✇❡ ❤❛✈❡ ❜❡❡♥
❛❜❧❡ t♦ ♣r♦✈✐❞❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❥✉st✐✜❝❛t✐♦♥ ❢♦r s♦♠❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❡✈✐❞❡♥❝❡s ✇❤✐❝❤



✽✼

❛r❡ ✉s✉❛❧❧② ❛❝❝♦✉♥t❡❞ ❢♦r ✐♥ t❡r♠s ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ ❡✛❡❝ts ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❞❛r❦
♠❛tt❡r✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✐❢ ✇❡ t❤✐♥❦ ♦❢ t❤❡ ❞❛r❦ ❡♥❡r❣②
❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❯♥✐✈❡rs❡ ❛s t❤❡ r❡s✉❧t ♦❢ ❛ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥❞❡♥s❛t❡ ♦❢ ❣r❛✈✐t♦♥s✱ t❤❡♥
t❤❡ t②♣✐❝❛❧ ❞②♥❛♠✐❝s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝♦❧❞ ❞❛r❦ ♠❛tt❡r ❝❛♥ ❜❡ r❡✲✐♥t❡r♣r❡t❡❞
❛s t❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥❞❡♥s❛t❡ t♦ t❤❡ ❧♦❝❛❧✐③❡❞ ♣r❡s❡♥❝❡ ♦❢ ❜❛r②♦♥✐❝ ♠❛tt❡r✳

❚♦ s✉♠ ✉♣✱ t❤❡ ❝♦r♣✉s❝✉❧❛r t❤❡♦r② ♦❢ ❣r❛✈✐t② r❡♣r❡s❡♥ts ❛♥ ✐♥tr✐❣✉✐♥❣ ♥❡✇ ❛♣♣r♦❛❝❤
❝❛♣❛❜❧❡ ♦❢ ✉♥✐❢②✐♥❣ s❡✈❡r❛❧ ♣❤❡♥♦♠❡♥❛✱ ❢r♦♠ t❤❡ q✉❛♥t✉♠ ❜❧❛❝❦ ❤♦❧❡ r❡❣✐♠❡ ✉♣ t♦ ❣❛❧❛❝t✐❝
❛♥❞ ❝♦s♠♦❧♦❣✐❝❛❧ s❝❛❧❡s✱ ✐♥ ❛ s✐♥❣❧❡ ❢r❛♠❡✇♦r❦✳ ❍♦✇❡✈❡r✱ ♠❛♥② q✉❡st✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡
✉♥❞❡r❧②✐♥❣ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤✐s t❤❡♦r② r❡♠❛✐♥ ✉♥❛♥s✇❡r❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ st✐❧❧ ❧❛❝❦ ❛
♣r♦♣❡r r✐❣♦r♦✉s ❞❡s❝r✐♣t✐♦♥ ♦❢ ❜♦✉♥❞ st❛t❡s ✐♥ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r②✱ ✇✐t❤♦✉t ✇❤✐❝❤ ♦♥❡
❝❛♥♥♦t r❡❛❧❧② ❝❤❛rt t❤❡ ❞❡❡♣ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧✐③❛t✐♦♥ s❝❤❡♠❡ ✐♥ t❤❡ ❞②♥❛♠✐❝❛❧
♣r♦❝❡ss ♦❢ ❜❧❛❝❦ ❤♦❧❡ ❢♦r♠❛t✐♦♥✳ ❚❤❡♥✱ ♦✉r ♣♦♦r ❣r❛s♣ ♦❢ t❤✐s ♣♦✐♥t r❡✢❡❝ts ✐♥ ❛ ❧❛❝❦ ♦❢ ❛
♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♠❡tr✐❝ str✉❝t✉r❡ ♦❢ t❤❡ s♣❛❝❡t✐♠❡ ❛s
t❤❡ r❡s✉❧t ♦❢ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ ♠❛♥② s♦❢t q✉❛♥t❛✳



✽✽ ✻✳ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ♦✉t❧♦♦❦



❆♣♣❡♥❞✐① ❆

❆ ♥♦t❡ ♦♥ t❤❡ ❋✐❡r③✲P❛✉❧✐ ❦✐♥❡t✐❝ t❡r♠

❚❤❡ ❋✐❡r③✲P❛✉❧✐ ❦✐♥❡t✐❝ t❡r♠ ❬✷✵✷✱ ✷✵✸❪✱ ♦❢t❡♥ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♠❛ss❧❡ss ❋✐❡r③✲P❛✉❧✐ ❧❛✲
❣r❛♥❣✐❛♥ ✐♥ t❤✐s ✇♦r❦✱ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛s t❤❡ ♠♦st ❣❡♥❡r❛❧ ▲♦r❡♥t③✲✐♥✈❛r✐❛♥t ❛❝t✐♦♥ ❢♦r
❛ ♠❛ss❧❡ss ❙♣✐♥✲2 ✜❡❧❞✱ ✐✳❡✳

LFP,kin = a ∂µhνρ ∂
µhνρ + b ∂µhνρ ∂

νhµρ + c ∂µh ∂ρh
µρ + d ∂µh∂

µh , ✭❆✳✶✮

✇✐t❤ a, b, c, d ∈ R \ {0}✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❛r❡ ❣✐✈❡♥ ❜②

Oαβµνh
µν = a�hαβ + 2 b ∂µ∂(αhβ)µ + c ∂(α∂β)h+ c ηαβ∂

µ∂λhµλ + 2d ηαβ �h = 0 . ✭❆✳✷✮

◆♦✇✱ s✐♥❝❡ ✇❡ ✇❛♥t t♦ r❡♣r♦❞✉❝❡ ❊✐♥st❡✐♥✬s ❣r❛✈✐t②✱ ✇❡ ✇✐s❤ t♦ r❡❝♦✈❡r Oαβµνh
µν ∝ Tαβ✳

❚❤✉s✱ ✐❢ ✇❡ r❡❝❛❧❧ t❤❛t t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❡♥❡r❣② ✐♠♣❧✐❡s ∂αTαβ = 0✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❣❡t
t❤❡ ❣❛✉❣❡ ❝♦♥❞✐t✐♦♥✱

∂α(Oαβµνh
µν) = 0 , ✭❆✳✸✮

✇❤✐❝❤ ❡♥t❛✐❧s

2 a = −b = c = −2 d , ✭❆✳✹✮

❤❡♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❋✐❡r③✲P❛✉❧✐ ❦✐♥❡t✐❝ t❡r♠ ❛r❡ ♥♦t ✉♥✐q✉❡❧② ❞❡✜♥❡❞✳ ▼♦r❡♦✈❡r✱
♦♥❡ ❝❛♥ r❡✇r✐t❡ ✭❆✳✶✮ ❛s

L
(a)
FP,kin = 2 a

(
1

2
∂µhνρ ∂

µhνρ − ∂µhνρ ∂
νhµρ + ∂µh ∂ρh

µρ − 1

2
∂µh∂

µh

)
. ✭❆✳✺✮

◆♦t❡ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ t❤❛t ✇❡ ❤❛✈❡ ❡♠♣❧♦②❡❞ ✐♥ ✭✷✳✷✾✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✇✐t❤
a = −1/2✳ ■t ✐s ❛❧s♦ ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t ❛♥♦t❤❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❋✐❡r③✲P❛✉❧✐
❦✐♥❡t✐❝ t❡r♠✱ ✇❤✐❝❤ ✐s ♦❢t❡♥ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✐s ❣✐✈❡♥ ❜② a = −1/4✳ ❙♣❡❝✐✜❝❛❧❧②✱
❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❛❝t✐♦♥ ✭✷✳✷✽✮✱ t♦❣❡t❤❡r ✇✐t❤ ✐ts ✇❡❛❦ ✜❡❧❞ ❡①♣❛♥s✐♦♥✳
❋r♦♠ ✭❆✳✺✮ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡ t❤❛t

SEH ≃ 1

4χ

∫
d4xL

(−1/2)
FP,kin =

1

2χ

∫
d4xL

(−1/4)
FP,kin . ✭❆✳✻✮



✾✵ ❆✳ ❆ ♥♦t❡ ♦♥ t❤❡ ❋✐❡r③✲P❛✉❧✐ ❦✐♥❡t✐❝ t❡r♠



❆❝❦♥♦✇❧❡❞❣♠❡♥ts

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❛❦❡ t❤✐s ♦♣♣♦rt✉♥✐t② t♦ t❤❛♥❦ t❤❡ ✈❛r✐♦✉s ✐♥❞✐✈✐❞✉❛❧s t♦ ✇❤♦♠ ■ ❛♠
✐♥❞❡❜t❡❞✱ ♥♦t ♦♥❧② ❢♦r t❤❡✐r ❤❡❧♣ ✐♥ ♣r❡♣❛r✐♥❣ t❤✐s t❤❡s✐s✱ ❜✉t ❛❧s♦ ❢♦r t❤❡✐r s✉♣♣♦rt ❛♥❞
❣✉✐❞❛♥❝❡ t❤r♦✉❣❤♦✉t t❤❡ ❧❛st t❤r❡❡ ②❡❛rs✳

❋✐rst ❛♥❞ ❢♦r❡♠♦st✱ ■ ✇✐s❤ t♦ ❡①♣r❡ss ♠② ❞❡❡♣❡st ❣r❛t✐t✉❞❡ t♦ ♠② s✉♣❡r✈✐s♦rs✱ ❘♦❜❡rt♦
❈❛s❛❞✐♦ ❛♥❞ ●✐❛ ❉✈❛❧✐✱ ❢♦r ❡♥❝♦✉r❛❣✐♥❣ ♠❡ t♦ ♣✉rs✉❡ t❤✐s r❡s❡❛r❝❤ ❧✐♥❡ ❛♥❞ ❢♦r ♣r♦✈✐❞✐♥❣
♠❡ ✇✐t❤ ❛ ❢r✐❡♥❞❧② ❛♥❞ ✐♥s✐❣❤t❢✉❧ ❣✉✐❞❛♥❝❡ t❤r♦✉❣❤♦✉t ♠② ❣r❛❞✉❛t❡ st✉❞✐❡s✳

■ ✇✐s❤ t♦ t❤❛♥❦ ❙t❡❢❛♥ ❍♦❢♠❛♥♥ ❛♥❞ ▼❛r✐❛❢❡❧✐❝✐❛ ❉❡ ▲❛✉r❡♥t✐s ❢♦r ❛❣r❡❡✐♥❣ t♦ ❜❡ ♣❛rt
♦❢ ♠② P❤❉ ❝♦♠♠✐tt❡❡✱ ❛s ✇❡❧❧ ❛s ■✈♦ ❙❛❝❤s ❛♥❞ ❆❧❡①❛♥❞r ❨✉✳ ❑❛♠❡♥❝❤t❝❤✐❦ ❢♦r ❛❝❝❡♣t✐♥❣
t♦ s❡r✈❡ ❛s s✉❜st✐t✉t❡ ❡①❛♠✐♥❡rs✳

■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ s❤♦✇ ♠② ❣r❛t✐t✉❞❡ t♦ ♠② ❝♦❧❧❛❜♦r❛t♦rs✿ ❆♥❞r❡❛ ●✐✉❣♥♦✱ ■✈❛♥♦
❈♦❧♦♠❜❛r♦✱ ❋r❛♥❝❡s❝♦ ▼❛✐♥❛r❞✐✱ ▲✉✐❣✐ ❋r✉♥③♦✱ ❖❝t❛✈✐❛♥ ▼✐❝✉✱ ▼✐❝❤❡❧❡ ▲❡♥③✐✱ ▼❛r✐❛♥♦
❈❛❞♦♥✐✱ ▼❛tt❡♦ ❚✉✈❡r✐✱ ❲♦❧❢❣❛♥❣ ▼ü❝❦✱ ❏♦♥❛s ▼✉r❡✐❦❛✱ ❆❧❡①✐s ❍❡❧♦✉✱ ❘❡❤❛♥❛ ❘❛❤✐♠ ❛♥❞
❱✐❝t♦r ❆❧❢♦♥③♦ ❉✐❛③✳ ◆♦♥❡ ♦❢ t❤✐s ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ♣♦ss✐❜❧❡ ✇✐t❤♦✉t t❤❡♠✳

❋✐♥❛❧❧②✱ ■ ✇♦✉❧❞ ❧✐❦❡ ❡①t❡♥❞ ♠② ❣r❛t✐t✉❞❡ t♦ t❤♦s❡ ✇❤♦ ❤❛✈❡ ♥♦t ❞✐r❡❝t❧② ❜❡❡♥ ♣❛rt ♦❢
♠② ❛❝❛❞❡♠✐❝ ❧✐❢❡✱ ❜✉t t❤❛t ❤❛✈❡ ❜❡❡♥✱ ♥♦♥❡t❤❡❧❡ss✱ ♦❢ ❝❡♥tr❛❧ ✐♠♣♦rt❛♥❝❡ ✐♥ ♠② ❧✐❢❡✳ ❋✐rst✱
❛♥❞ ❢♦r❡♠♦st✱ ■ ✇✐s❤ t♦ t❤❛♥❦ ♠② ♣❛r❡♥ts✱ ❆♥t♦♥❡❧❧❛ ❛♥❞ ▼❛✉r✐③✐♦✱ ❢♦r t❤❡✐r ✉♥r❡❧❡♥t✐♥❣
s✉♣♣♦rt ❛♥❞ ❢♦r t❡❛❝❤✐♥❣ ♠❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤✐♥❣s✳ ❇❡s✐❞❡s✱ ❛ s♣❡❝✐❛❧ ✇♦r❞ ♦❢ ❣r❛t✐t✉❞❡ ❣♦❡s
t♦ ♠② s✐st❡rs✱ ●✐✉❧✐❛ ❛♥❞ ●✐♦r❣✐❛✱ ✇❤♦ ❤❛✈❡ ❤❛❞ t♦ ❞❡❛❧ ✇✐t❤ ♠② ✉♥❡♥❞✐♥❣ r❛♥ts ❛♥❞ ♦t❤❡r
♦❞❞✐t✐❡s✳ ■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ s♦♠❡ ♦❢ ♠② ❞❡❛r❡st ❢r✐❡♥❞s✱ ✐♥ ♣❛rt✐❝✉❧❛r ❙✐♠♦♥❡✱
▼❛r❣❤❡r✐t❛✱ ❛♥❞ ▼❛rt✐♥❛✱ ❢♦r t❤❡✐r ❝♦♥st❛♥t ❡♥❝♦✉r❛❣❡♠❡♥t ❛♥❞ ✉♥❧✐♠✐t❡❞ s✉♣♣♦rt✳ ▲❛st
❜✉t ♥♦t ❧❡❛st✱ ■ ✇✐s❤ t♦ ❞❡❞✐❝❛t❡❞ t❤❡ ❧❛st ❢❡✇ ✇♦r❞s ♦❢ t❤✐s t❤❡s✐s t♦ ♠② ❣✐r❧❢r✐❡♥❞ ❈❧❛✉❞✐❛✳ ■
♦✇❡ ❤❡r ♠② ❞❡❡♣❡st ❣r❛t✐t✉❞❡ ❢♦r ❤❡r ♣❡r♣❡t✉❛❧ ✐♥s♣✐r❛t✐♦♥ ❛♥❞ s✉♣♣♦rt✱ ❛♥❞ ❢♦r ♣✉tt✐♥❣ ✉♣
✇✐t❤ ❜♦t❤ t❤❡ ❧♦♥❣ ❞✐st❛♥❝❡ ❛♥❞ ♠② ❡♥❞❧❡ss ✉♥✐♥t❡r❡st✐♥❣ ✉♣❞❛t❡s ♦♥ t❤❡ ❧❛t❡st tr❛✉♠❛t✐❝
t✉r♥ ♦❢ ❡✈❡♥ts✳
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