
On the curvature of the tangent bundle. 

E. T. DAWES (Southampton, Inghilterra) (*) 

Summary.  - The tangent bundle is regarded as an almost product manifold. Connections 
adapted to this structure are introduced. Use is made of the theory of submersions, 

In t roduct ion.  - The relation between a manifold M and i!s tangent bundle 
TM has been the subject of several papers since the appearance of SASAKI'S 
paper [5] on the tangent bundle of a RIE~A~:~IAN manifold. Whereas  SASA~I 
introduced a metric in TM determined natural ly  by the metric in M, other 
studies ([1], [6], [7]) have been concerned with the case in which M has a 
connection V which can be used to determine various structures in Tiff. 

Another point of view which has recently appeared is that of regarding 
the tangent bundle and the frame bundle of a manifold as special cases of 
almost product manifolds. Equations generalizing the classical equations of 
GAUSS and CODAzZI have been used to relate the various sectional curvatures 
of M and TM ([2], [3]). 

The object of this note is to show how certain special connections used 
by WALKER I[8]} in his study of paratlel  distributiot, s lead to some simple 
expressions [or the curvature  tensor of TM. 

2. - A l m o s t  p r o d u c t  s t r u c t u r e s  o n  a m a n i f o l d .  

Let 31 be a C ~ manifold with an almost product structure defined on it 
by a (1,1) tensor V which is a projection, i.e. ['or which V 2-- V. L e t / / = / -  
- V so that H is also a projection and if L ' -  2 V - -  I we shall have L ~ = I. 
Associated with any two (1,1) tensors such as V and H is the well known 
torsion tensor ([4], p. 37), which, for any two vector fields X and Y on M 
has the expression 

(2.1) S , , v (X ,  Y ) = [ H X ,  V Y I + [ V X ,  I t Y ] +  H V [ X ,  Y ] +  VH[X, Y] - -  

- H[X,  V Y ]  - -  H [ V X ,  Y ] -  v [ x ,  H ~  ~] - -  V[H~Y, y ]  

In the part icular  ease in which V +  H : / ,  this can be reduced to a form 
which is par t icular ly  convenient for our purpose: 

(2.2~ S . . . (X ,  Y ) =  -- 2H[ VX, V Y ] - - 2 V [ H X ,  H¥] 

(*} Entrata in Redazione il 23 agosto 1968. 
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We shall use V (or H )  to denote the <<vertical>> (or <<horizontal~ ) distribu- 
tion as well as the (1,1) tensors used to project, so that if X and ]z are arbi- 
trary vector  fields defined on M, then VX, VY and HX, HY are respectively 
their components in the vert ical  and horizontal distr ibutions respectively.  

It is immediately obvious from the form of the torsion tensor given in 
12.2} that if the vertical distribution is integrable, the bracket  [ VX, VY] ties 
in V, and hence the first term on the right hand side will vanish. Similarly 
for the horizontal distr ibution,  its integrabili ty will imply that the second 
term on the right hand side of (2.2) will wn i sh .  The form (2.2} therefore 
stresses the relation of the torsion tensor to the integrabil i ty of ttte almost 
product  structure.  

In recent  papers  GR~¥ [2] and O'NEILL [3] have introduced two <<confi- 
guration tensors ~ defined by 

T,Y = HV x(vY) + 

OxY--HVHx(VY)-[-VVHx(HY) written Axe" in [3] 

If  we write 

(2,3) A(X, Y) = TxY + OxY-  HVx(VY) + VVx(HY} 

this tensor will be related to the configuration tensors by 

(2.4) A(VX, Y)--TxY, A(HX, Y)--OxY 

In terms of this notation we can express certain facts which we shall need. 
The distribution H is parallel  with respect  to the connection V if, for arbi. 
trary vector fields X and Y, the Vx(HY) is in H, or if VVz(HI ~} vanishes, 
where in the last expression the V is a (1,1) tensor used to obtain the com- 
ponent of the vector  field in the distr ibution V. 

We can therefore express these facts in terms of the tensor A by saying 
that H is parallel  with respect  to V if 

(2.5) .4(x, H]Z} VVx(HY  = 0  

and V is parallel with respect  to V if 

(2.6) A(X, VY) (V) ~ VVx(VY) -- O. 

Both H and V are parallel  therefore with respect  to V if 

(2.7) A(X, Y) IV) ----- A(X, HY) (V) -}- A(X, VY) IV) -" 0 
g 

Now let V be any symmetric connection in M (such as the torsion free con- 
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nection determined by a metric g), and define ~? by 

g 

(2.8) V x Y - -  VxTY + D(X, Y) 

where D(X, ]:] is a (1.2) tensor. If  we now form A(X, Y)(~7}, it can be expre- 
g 

ssed in terms of A(X, Y)(V) in the form 

(2.9) 
g 

A(X, Y) (V) -- A(X, Y)(V) + HD(X, YY).-{- VD(X, HY) 

so that if we take 
g 

(2.10) D(X, Y)--  --A(X, :[)(V} 

we immediately conclude that 

(2.11) A(X, ]5) iV) = 0 

Hence  we have proved that given any arbi t rary symmetric  connection, a new 
connection can be constructed from it with respect  to which both distr ibutions 
V and H are parallel. The new connection V will not of course be tors ion-  
free unless the distr ibutions are integrable [8] 

3. - Some special  connect ions .  

In  the paper  referred to, Walker  has proved that for any two eomplemen. 
o 

tary distr ibutions V and H, there exists globally a symmetric connection V 
with respect  to which V and H are (i) relatively parallel  (it) path parallel. 

o 
In  the notation now used relative parallel ism with respect  to a connection ~7 
for V and H can be expressed by 

0 0 

(3.1) (a) VUvx(HY) -- 0 (b) HVnxIVY) -- 0 

o 

and path parallelism with respect  to V can be expressed by 

o o 

(3.2) (at v[v. lxtYl + = o, 
o o 

(b) H[Vvx(VY) + Vvr(gz}] -- 0 
g 

If we assume given an arbi trary symmetric connection 27 on M, a con- 
e 

nection V satisfying the above two conditions is given by Walke r  in the form 

o g g 

(3.3) v j =  % Y +  B(X, Y)(V) 
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where, in the present notation 

(3.4) 2B(X, Y) -- -- 2[A(X, Y ) T A ( Y ,  X)] +[A(HX, t t Y ) + A ( t t Y ,  HX)] + 

• 4- [A(VX, VYI + A(V~, VX}] 
0 

It is easily verifiable that (3.1) and (3.2) are satisfied by the V connection so 
constructed. 

Now let us assume that, in addition to the conditions (3.1) and (3.2} we 
have also the integrabil i ty of the vertical distribution, which, in view of the 

o 

fact that for a torsion-free connection such as V we have 

o o 

V~,Y-- V r X =  [X, Y] 

gives the additional condition 

0 0 

(3.5) H[V~x(VY) - -  V~y(VX~] = 0 

which, combined with (3.2o~ gives 

0 

(3.6) HVvx( V Y) -- 0 

If  we write the above conditions in terms of the A Tensor we have 

o 0 

(3.1'} (a) A(VX, HY)(V) -- 0 (b) A(HX, VY)(V) = 0 

(3.2' I 
o o 

(a) A(HX, HY) iV) -Jr- A(HY, HX) ~V/) _~ 0 
o o 

(b) AtVX, VY)(V~+ A(VY, VX)(Vt= 0 

(3.5'~ 
0 o 

A(VX, vY} (v)  -- A( VY, VX} (Vl = 0 

When  these relations are satisfied, we can write 

(3.7) 
o 0 

2A(X, Y)(V)----2A(HX, HY) ~V) :  V[HX, HY] 

o 

so that the A tensor formed for the V connection is equal, to within a num. 
erical factor, to the torsion tensor of the almost product  s t ructure  and does 

o 

not depend on the connection V at all. 
We  can fur ther  remark that, from t3.1 b) and (3.6) we have 

o o 

(3.8} A(X, V X ) ( V } - - H V x ( V Y ) - - 0  
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which expresses  that  the in tegrable  d i s t r ibu t ion  V is paral le l  with respect  to 
0 

the symmet r ic  connect ion  ~7. 

4. - Case where  M is a t a n g e n t  bund le .  

W e  apply these resul ts  to the case of the t angent  bundle  TM of a mu- 
M 

nifold M in which there  is def ined  a symmet r ic  connect ion  V. The ver t ica l  
d i s t r ibu t ion  V is then given by the f ibres  and  the hor izontal  d i s t r ibu t ion  H 

M 

is the complemen ta ry  d is t r ibut ion  which de te rmines  the connect ion  V. In  this 
context  we quote  a l emma  due to DOM~3ROWSKI [1] used also by other  au thors  
{[2], [7]) which  s ta tes  tha t  if X is a vector  f ield def ined  on M, and  if X h and 
X" denote  respec t ive ly  the hor izonta l  and ver t ical  l i f ts  of X, then  for two 
such vector  f ields X and  Y, 

(4.1) [X  v, Y"] - - 0 ,  

M 

(4.2) [ x  h, y.] = ( v j )  o 

(4.3) I t [X  h, Y~] = IX, Y]~, 

(4.4) 
M M 

v [ x  ~, y~] = - R ( x ,  yl ( v ) - -  R(x, y) 

As a pa r t i cu la r  case of a mani fo ld  in which two complemen ta ry  distrf- 
bu t ions  are de f ined ,  one of wh ich ,  V is in tegrab le ,  we have the re la t ions  

0 

a l ready  proved which,  for this  case. and for the V connect ion,  can be wr i t t en  

0 

(4.5) VVx~ yh =__ 0 

0 

(4.6) H VxT~ Y* = 0 

0 0 

(4.7) V[Vxh Y t~ + Vr,,X h] = O, 

0 

(4.8) H V..P = 0 

(4.1) and (4.8) wil l  be consis tent  if we assume 

0 

(4.9) VVx~.Y ~ ~- 0 

Wri t f ing  (4.4) in tile form 

0 0 M 

(4.10) V[Vx,,Y ~ - -  VrhX hI = - -  RIX, Y) 
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and combining with (4.7} gives 

0 0 M 

14.11) 2VVxh Y~ = - -  2 V V y h X  h = - - R ( X ,  Y)  

Combining (4.2) 
we deduce 

0 0 M 

written in the form V [ V ~ Y ~ - - V ~ X h ] = ( V x Y ~  ~ with (4.5) 

0 M 

(4.12) P = 

Similarly combining (4.2) writ ten for the horizontal component 

0 0 

H [ V x ~ Y  v - -  Vy'X h] ,--- 0 

with {4.6) we deduce 
0 

{4.13) H V y '  X h - - 0  

(4.3) will be satisfied by taking 

0 M 

(4.14) H V . ~ ¥  h - - ( V x  y)h 

M 

Given a symmetric connection V in 3/ therefore, the conditions (i) relative 
parallelism (ii) path parallelism (iii) inlegrability of the fibres, enable us to 

0 

determine a global symmetric  connection V in TM. The only non vanishing 
0 0 0 

components of the connection are HVxh Yh, VVxJ, Yv  and V V 2 ~ Y  h. 

If we now define another  connection (with torsion) V in T M  related to 
0 

V by 
0 

(4.15) % Y =  v x y -  A(X, Y) (V} 

0 

we immediately verify that components of • and of V coincide except for 
0 

VVx~ ]Th which vanishes for V. For the connection V therefore the only non 
vanishing components are 

(4.16) H V J  ~ Y~' and V Ux ~' Y° 

5. - Expressions in local f rames.  

Let U be a coordinate neighbourhood of M and 7:-1(U) the corresponding 
2n-dimensional  neighbourhood of T M  with the 2n coordinates ~(a -~ 1, 2 ..., 2n) 
of a point of T M  satisfying ~-----x ~ (for i - - l ,  2 . . . , n )  with ~ as a system of 
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coordinates in U and {~+~= {~* ---y~ with y~ as the components of a vector at 
h i  M 

the point a~ ~ of U. If we write  ?~=~/?a¢ ~.=~/~y~ with V ~ i = l ' } ~  and 

and F!~ = ~or: y~ we can write, following DOS~B~OWS~I [1], for the horizontal 

and vertical  lifts of the natural  base ~'eetors, the following 

(5.1) (v~)~ ~ e~ = ~ - -  r 7 % , ,  (~)~ = e~, = ?~, 

and, o n  evaluating [e~, eb]-- C£ ~ ed we have, on letting the letter 3/  over R 
M 

indicate the curvature  tensor for V 

(5.2t 

(5.31 

(5.4) 

so that 

(5.5~ 

M 

[e~., e j , ] =  0 

o 

and the other coefficients O all vanish. The coefficients of the connection V, 
obtained in the last section, can therefore be written, on taking X - - ~ ,  Y =  

(5.6) r~  = l~*j~, _- rj~ o,~, 2 = - ~,~ = - R~;2 o~ y'° 

and all the other coefficients vanish. 
The corresponding coefficients of the V connection defined in equation 

(4.15) would coincide with (5.6) except  for I'i 2 which vanishes, and 

M 

(5.7) r i - - r  ~* F! G ~  
j k  ~ j k*  l k  * 

The components of the curvature  tensor of TM (with indices running from 
1 to 2n) are 

(5.s) R;~Av~ = eor~o- ebr~c + r ~ f f ~ o -  r ~ r l c - -  c ; . I U  c 

and of the torsion tensor 

( 5 . 9 )  T L  ° - -  r~b~ - -  r°~b - -  C; ;  
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The only non vanishing components of these tensors are, for the V connection 

M 

(5.10) R)i)'(V ) = ..-'* -- R m 7: %~,, ~V) ...'o 

0 

For the V connection in TM the torsion tensor vanishes, and the curvature 
tensor, in addition to the components which do not vanish for the V connection, 
has the following non-vanishing components:  

(5.12) 
0 ( M 31 M M 

2i%, ( v ) =  v" V~ j, 

0 0 M 

(5.t3) 2R)i,it * (V} = -- 2Rg)7 (V~ = R)~ ~ o~ 

From these two sections we can therefore deduce 

M 

TttEOREM: 1. - If  the manifold M has a, torsion-free connection V, the 
0 

tangent bundle TM has a torsion-free connection V with respect to which 
the fibres are parallel. The horizontal distribution will only be parallel with 

0 M 

respect to V if (M, V~ is flat. The tangent bundle has also a connection V 
with respect to which both the fibres and the complementary horizontal dis- 

M 

tribution are parallel. The connection V is torsion-free if and only if (31, V} 
is flat. 

M 

THEORE/~I 2. - I f  the manifold M with torsion-free connection V has pa- 
M M 

rallel curvature, i.e. V R-----0, the tangent bundle TM will have parallel cur. 
vature with respect to the connection V. It wilt have parallel curvature with 

0 M 

respect to the connection V if and only if (M, V~ is flat. 

6. - The tangent  bundle of  a Riemannian mani fo ld .  

If  the manifold in which two complementary distributions are defined is 
Riemannian,  and if X and Y are arbi trary vector fields tangent  to the ma- 
nifold, we can define a metric with respect to which V and H are orthogonal 
by putt ing 

(6.1~ 

in which case 

< X, Y >  : < HX, H Y >  + < VX, VY > 

(6.2) < HX, VY ~ = 0 
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Having  introduced a Riemannian metric  with respect  to which the distributi- 
g 

ons V and H are orthogonal, the unique Riemannian connection V which is 
tors ion-free  is given by the formula ([4], p. 160) 

(6.3) 
g 

2 < Z ,  V x Y >  = X < T L  Z.> q- t < z ,  X >  - - Z < X ,  Y > - 4 -  

+ < y, [z, x ] >  + <z,[x, y ] >  - -  < x , [y ,  z ] >  

A Riemannian metric together with a torsion tensor T(X~ Y) also determines 
a unique connection V by the formula 

(6.4) 2 < Z ,  V x Y >  = X <  Y, Z >  + Y < Z ,  x >  - - Z < X ,  Y >  + 

+ < y, [z, x]  + T~Z, X) > + <Z, [X, Y] + T(X, Y) > -- 

- -  < x ,  [y, z ] +  TtY, z )>  

1Now let us pass to the consideration of the tangent manifold TM of a 
M 

Riemannian manifold M with its unique Riemannian connection V. If  X h, X ~ 
are again the lifts of vectors from M to TM the metric in TM has been de. 
fined in terms of the metric in 211 by SASAKI and others ([5], [2], [3]) by setting 

(6.5) < X  h, P . >  : < X  ~, Y~.> "- < X ,  Y >  or: 

Applying the general formula (6.3) to a few part icular  cases, we obtain, 
on using the DOM]~TtOWSKI lemma, the following: 

(6.6) 
g 

2 < Z h, Vx~, Y" > = < Y ,  [Z h, Xq > 

(6.7) 
g 

2 <  Z ~, Vx, yh .> = __ < X5 [Y~, Z h ] > 

g 

(6.8} < Z h, Vxo Y~ > = 0 

g 

(6.9) 2 < Z  ~, Vxh yh > ~ < Z o, IX h, yh] > 

g M 

(6.10) < Z ~, Vx~,Y ~ > = < Z, V x Y >  oz: 

g 

(6.11} < Z", Vx~i 'h~ - - 0  

g 

t6.12) ~ Z5 V ~  Y~ ~ = 0 
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If the connection, instead of being the torsion-free Riemannian connection, 
is a connection V with torsion, the general formula (6.4) would give, corres- 
ponding to (6.6) 

~6.13} 2 < z h, V x ~ y  o > = < y ' ,  [ z  ~, x h] + TIZ ~, X h) > 

with corresponding expressions replacing (6.7) and (6.9). If we determine the 
torsion tensor T by 

(6.14) T{X h, Y ~ I - - -  V[X h, yh} 

then the corresponding components of the metric connection V will vanish 
and the only non-vanishing components of the V connection will be < Z  h, 
VxhYl~> and <ZL  L-zx~ Y%>. 

g 

It is to be remarked that the Riemannian (Lorsion-free) connection V' does 
not make the distr ibutions V and H relatively parallel,  since that would de- 

g g 

mand the vanishing of both < Z  ", Vx, y h >  and <Zh, Vx  ~ ' Y ~ .  At torsion- 
o 

free connection V which does satisfy the condition of relative parallel ism and 
g 

path parallelism can be deduced from \v by the formula given in {3.3), but 
g o 

since the ~7 is the uniq~le torsion-free connection which is also metri% the v? 
connection is not metric. 

For these different  connections we can state 

THEOREM 3. - Let there be given (i) a Riem~nnian space M with its uni. 
M 

que tors ion-free connection V, (ii) the tangent bundle T.M with its metric (6.5) 
g 

and tors ion-free connection V, (iii} the metric connection V whose torsion is 
given by (6.14), then (a) the vertical distr ibution V (the fibres) is parallel  with 

g 

respect to both V and V, (b) the distr ibution H i s  parallel with respect  to V, 
g 

to) the paths of V and of V coincide. 

7. - Curva ture  of  the tangent  bundle. 

If we use the above notation for the horizontal and vertical lifts of vector 
fields defined in M, the vat'ious sectional curvatures  of TM will have such 
expressions as .~R(X  h, y~}yv, X h > where R may refer either to the V or to 

the V connection. We now proceed to show that the non-vanishing compo- 
g 

nents of R(V)  and of R(V) can be expressed in terms of the components of 
M 

R ~ R ( V } .  For this purpose we refer to local frames as in (5.1). The components 
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of the metric (6.5) will then be 

(7.1) < e i ,  e~> = < e i . ,  e i ,>  = <~ , ~ >  o n - - g q o n  

and t6.2) takes the form <e~, ej, > = 0, The general  formula corresponding to 
(6.3) is now 

t7.2) 
g 

2r~ = g~J (eog~ + e~g~o - efgob) + C J  - gd/ (g,h C;) ~ + gbh Q)h). 

On proceeding as in (5,2)-(5.6) we now obtain 

g g M 

17.3 } r i _  i*__ 

i7.4) 
g g g 

2~. h - -  2rhj, ~- . . .  : - - g  gJ,~ k, , 

and the others vanish. It is to be noted that in (7.4) the g~,j ,--g~joT: and that 
C)i~* = (R)i~or:)y '~. The general  formula corresponding to (6.4)is obtained by 

replacing C S in (7.2) by C S - { - T  S and the par t icular  choice corresponding 

to (6.14) would be to take all the components of T vanishing except T)i ~* 
which  is taken so that C)i~*~ T.i ~*--'0. With this choice the coefficients 1 ~ of 

the connection V all vanish except 

M 

(7 .5)  r '  '" = ~ o71; jk ~ l jk, 

and the components of the curvature  and torsion are expressed in terms of 
M 

the R(V) tensor as in (5.10) and (5.11). 
g 

For the V connection however the expressions for the different  compo- 
g 

nents of the R(V) tensor are more complicated than the corresponding expres- 
0 

sions for R(V) in (5.12) and 15.13), a consequence of the fact that the comple- 
g 

mentary  disributions are not relatively parallel with respect to the V con- 
nection. 
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