PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 123, Number 10, October 1995

ON THE DETERMINANT
OF ELLIPTIC BOUNDARY VALUE PROBLEMS
ON A LINE SEGMENT

D. BURGHELEA, L. FRIEDLANDER, AND T. KAPPELER

(Communicated by Jeffrey B. Rauch)

ABSTRACT. In this paper we present a formula for the determinant of a matrix-
valued elliptic differential operator of even order on a line segment [0, 7] with
boundary conditions.

- 1. INTRODUCTION AND SUMMARY OF THE RESULTS

In this paper we present a formula for the determinant of a matrix-valued el-
liptic differential operator of even order on a line segment [0, T] with boundary
conditions. In order to state our results we introduce the following notation:

(1) Denote by & = 2,2(';0 ai(x)D* a differential operator, D = Dy, = —i j‘; ,
where the coefficients are complex-valued rxr matrices depending smoothly on
x, 0 <x < T. Theleading coefficient a,,(x) is assumed to be nonsingular and
to have @ as a principal angle, i.e. Ry N Specas,(x) = ¢ for 0 < x < T ,where
Rg:={pe® €C|0< p<oo}.

(2) We impose boundary conditions of the form

(1.1) Liu(T)=0d, mju0)=0 (1<j<n)

where u € C>([0, T]; C") and £;, m; are differential operators of the form

a; B
J J d
fj = ijkd),: N m; = chkdf (dx = -&—-x—)
k=0 k=0

such that bj, cj, are constant r x r matrices with bj,; = ¢jp, = Id and such
that the integers a;, B; satisfy

(12) O0<a<ay<---<ap,<2n-1, 05ﬂ1<ﬂ2<-~-<ﬂ,,52n—1.
Example 1. Dirichlet boundary conditions: ap =fp=(0,1,...,n-1)

, {Id if1<j<n,k=j-1,
i, = C ik o=
D,jk = D, jk 0  otherwise.
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Example 2. Neumann boundary conditions: ay = Sy =(n,n+1,...,2n-1)
e ._{ Id ifil<j<n,k=n+j-1,
N.jk="NJET 0 otherwise.

For convenience we write o = (a;, ..., a,), |af = 2;7:1 a; and similarly g
and |B|. Boundary conditions of the above form are usually called separated.
Let B= (Bjx) and C = (Cj), 1 <j<2n, 0<k<2n-1,be 2nx2n
matrices whose entries are the following r x r matrices

B = bjy ifl<j<nand0<k<aj,
k=10 otherwise;

C.n o= L Cimn k ifn+1<j<2nand0<k < Bj_,,
=10 otherwise.

We denote by A4 = Ap ¢ the operator &/ restricted to the space of smooth
functions u : [0, T] — C" satisfying the boundary conditions (1.1).

(3) {-regularized determinant DetyA4. In the case where 4 is not 1-1,
define Detyd = 0. In the case A is 1-1, one proceeds as follows. As
the coefficient a,,(x) has 6 as a principal angle, there exists ¢ > 0 so that
Lig—¢, 6+e)N Specazy(x) =0,0< x < T, where L, gy:={z€C|la<argz<
B}. Then the spectrum of 4, Specd, is discrete, Spec4 = {4;, j € N},
|Aj| = 0o, and SpecA N Lg_, g+¢) for any 0 < & < &'is finite.

If RgN SpecA = ¢, we define {4 ¢(s) = EjZ,Aj" =TrAS where s€C,
Res > 1/2n and where the complex powers are defined with respect to the
angle 6. It is a well-known fact that {4 ¢(s) admits a meromorphic extension
to C with s = 0 being a regular point. According to Ray and Singer [RS]
one defines log DetyA := —3‘1;|S=OCA,9(S). If Rgn SpecA # §, then choose
0’ € (6 —¢, 0+¢) sothat Ry N SpecA = 0, and define DetgA := Detg (A4).
It can be easily checked (cf. [BFK1]) that the definition is independent of the
choise of 0’ in= (0 —¢,0+¢).

(4) The fundamental matrix Y(x) = Y(x, &). Denote by Y (x) = (Vre(x))
(x € R) the fundamental matrix for &/ . Note that Y(x) is a 2n x 2n matrix
whose entries y,(x) (0<k,?¢<2n-—1) are r x r matrices defined by

Yre(X) 1= dfye(x)
where y,(x) denotes the solution of the Cauchy problem & y,(x) = 0, y,(0) =
Oxe Id . Of particular interest is the 2n x 2n matrix Y(T), the evaluation of
the fundamental matrix at x =T .
(5) Introduce the quantities

oL a
1 /| 1 _ .
g""_f(n n+2), h, = det 3 3
wl" wn"
where w;, ..., w, denote the 2nth roots of (—1)"*! with Rew > 0 given

by wy = exp{z"‘z—,':"m‘} . For a r x r matrix a with principal angle 6 and

eigenvalues 4, ..., 4,, denote (deta)§" = [])_,|4,® exp{ig.arg4;} where
0 -2 <argd;<6.
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Example 1. Dirichlet boundary conditions:

8ap = —N/4, hoy = hy = l_l(w,~ - wj).

i>j
Example 2. Neumann boundary conditions:

8oy =N/4, hoy = (—1)"hy.

The main result of this paper is
Theorem.

DetgA = Ky exp {% /T tr(ay,! (x)azn—1(x)) dx} det(BY(T) - C)
0

where Ky = Kg(a, B) is given by
Ko = ((=1)"1(2n)"h k') (det azq(0))§ (det azn(T))ge.
Example 1. Dirichlet boundary conditions:  |ap| = 1(”2;12 ,

Kp = ((-1)*21(2n)"h;2)" (det a24(0)), ¥ (det azn(T)); *.

Example 2. Neumann boundary conditions: |ay| = ﬂl’{—ll ,
Kg = ((=1)22!(2n)"hZ2) (det aza(0))§ (det azn(T))}.

Corollary. DetyA is a complex number independent of 6 up to multiplication
with a 2n th root of unity.

Remark 1. In the formula above all terms except the matrix Y(T) are easily
computable from the coefficients of & , ¢; and m;. The matrix Y(T) requires
the knowledge of the fundamental solutions. The matrix Y (7) and therefore
det(BY(T)—C) can be calculated numerically within arbitrary accuracy by solv-
ing a finite difference equation approximating %/ . So the determinant Det A4
can be calculated numerically within arbitrary accuracy.

Remark 2. Theorem is a companion of the corresponding result on the circle
“instead of the interval [0, 7] which was treated in an earlier paper [BFK1].
Again, the proof of Theorem relies on a deformation argument and explicit
computations for certain special operators and special boundary conditions.

Remark 3. Introduce a spectral parameter A, and denote the fundamental ma-
trix of & +4 by Y(x, A) = Y(x, & +4). One then verifies det(BY (T ; 1)—C)
=0 iff Detg(4+ A1) =0, 1ie. iff -2 is an eigenvalue of 4 = Ap .

Remark 4. First results of the type described in Theorem are due to Dreyfus
and Dym [DD] and to Forman [Fol] (cf. also [Fo2]). Forman proved by
different methods that the quotient Dety4/ Det(BY (T)— C) only depends on
the principal and subprincipal symbols of & , and the principal symbol of the
boundary operators £;, m; (1 < j < n). Our Theorem provides a formula for
this quotient.
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Remark 5. Analogous to results obtained in [BFK2], Theorem can be extended
to the case where & is a pseudodifferential operator. The determinant Det 4
can be written as a product of local invariants with a Fredholm determinant of
a pseudodifferential operator of determinant class, canonically associated to 4.
The Fredholm determinant corresponds to det(BY(7T) — C) in the case when
& 1is a differential operator.

2. AUXILIARY RESULTS

In this section we collect some auxiliary results needed for the proof of The-
orem. First we introduce some additional notation. Denote by EDOy, =
EDO,, , the set of all elliptic differential operators % of order 2n on [0, T
as introduced in Section 1. We identify EDO,, with the open set {(a2,, ... ,do)
€ C>([0, T], EndC")?"+1: det(az,(x)) #0, 0 < x < T} of the Frechet space
C>=([0, T], EndC’)?"+! | Further define EDO,, ¢ :={& € EDO,, : 6 is prin-
cipal angle for ay,}. Clearly ED(O,,.4 is an open connected subset in EDO,, .
Given a = (aj, ..., ap) €2Z" with 0<a;<ay; <---<a, <2n-1, we intro-
duce the space BDO, of operators used to define the boundary conditions:

BDO, :={B = (bjt)o<j k<2n-1: bjx € EndC’, bjo, = 1d,
bix =0if k > a;+ 1}.
Given a, B, we introduce the space
EDOyy .o, :={Ap,c: ¥ € EDOy,, B € BDO,, C € BDOg}

where Ap ¢ is the restriction of & to the subspace of functions u €
C>([0, T]; C") satisfying the boundary conditions defined by B and C. Simi-
larly introduce EDOsy, g.0,8 = {AB,c € EDOsy.o,p: ¥ € EDOy,.9}. Observe
that {Ap c € EDO,y,,9.a;5 : As,c is 1-1} is open.

Further, denote by E/502,, .a,p the open subset of EDO,,., 5 xS! consist-
ing of pairs (4p,c, 0) with Ag ¢ € EDOyy.9.q,p - As in [BFK1] we have the
following

Proposition 2.1. (1) Dety(Ap,c) is a smooth function on E/502,,; a;p and is
locally constant in 6.

(2) Detg(Ap,c) is holomorphic when considered as a function on the open
subset of injective operators in EDOyy. 9.5 .

(3) det(BY(T, &) — C) is holomorphic on EDG,, x BDO, x BDOy .

Observe that a necessary and sufficient condition for 4p ¢ to have zero
as an eigenvalue is that det(BY(T) — C) = 0, which in view of Proposition
2.1 (3) implies that the subsets of EDOs,,9,4,p and EDOy, , g consisting
of injective operators are open (as we already noticed) and connected, and
therefore, E/502,, .a:p is open and connected as well.

Let s : [0, T] - GL(C") be a smooth map. Given & € EDO,, and
boundary operators £;, m; (1 < j < n) introduce & := s(x)"'¥s(x),
£yj := s(T)~'¢s(x) Ix=r, and m,; := s(0)~'m;s(x) [x=o. Denote by (Bjx)
and (C,jx) the matrices introduced in Section 1 corresponding to the boundary
operators (£1j, m;j)i<j<n and write Y;(x) =Y (x, &) for short.

Proposition 2.2. det(B,Y|(T) — C;) = (dets(0)s(T)~!)"det(BY(T) — C).
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Proof. Let L = L(x) be a 2n x 2n matrix with entries L;, which are the
following r x r matrices (0<k,¢<2n-1)

Ly = <Iz)d§"s(x) ifk>0; Ly=0 ifk<t.

Thus we obtain

By = diag(s(T)7!, ..., s(T)"HYBL(T)
where diag(s(T)~!, ..., s(T)"!) is a 2n x 2n diagonal matrix whose entries
on the diagonal are all equal to the r x r matrix s(7)~!. Similarly, one obtains
C, = diag(s(0)™!, ..., s(0)"HCL(0).

Further, by a straightforward computation, Y; is given by
Y (x) = L(x)~'Y(x)L(0).
Thus
B Y((T) - C, = diag(s(T)~", ..., s(T)7", s(0)7}, ..., s(0)™})
-[BY(T) — C]L(0).
Now observe that det L(0) = (dets(0))2" as L(0) is lower triangular with di-
agonal entries all equal to the r x r matrix s(0). This implies that
det(B, Y;(T) — C)) = (dets(0)s(T)~")"det(BY(T) — C).

Next consider for 4 = Ag ¢ in EDOy,.4.q.p and ® € C([0, T], GL,(C))

the generalized ({-function (g 4.9(s) := trd®A4,°. Again this is a function

which is holomorphic in Res > ﬁ and has a meromorphic extension to the

whole complex plane. Moreover s = 0 is a regular point. Recall that we have

introduced g, := %(J%l —n+1), and similarly gz.

Proposition 2.3.
(2.1) (@, 4:6(0) = ggtr®(0) + g, tr®(T)
As an immediate consequence we obtain

Corollary 2.4. {4,(0) = r(g, + gg) = r(28l —n 4 1).

Proof (Proposition 2.3). We first prove that there are numbers £,, g € C
which only depend on a and g respectively such that (2.1) holds. The actual
values of g,, g are computed at the end of section 3 by considering the case
O(x)=K with K > 1, & =D"+ 1, 0 = n. In the course of the proof we
use a number of results due to Seeley [Sel,2]. For the convenience of the reader
we partly keep Seeley’s notation. For simplicity, we write {(s) = (¢, 4.0(5).
According to [Se2], the value {(0) consists of a sum of two terms, {(0) = I+11
where I represents the contribution to {(0) of the resolvent of & — A and I/
represents a correction term due to the boundary conditions. According to
[BFKI1, p. 8],

eif T o0 i0
,_-mgi:]/o dx/o dr tr {®(X)c_an-i (X, 7, re'?))

where ¢_5,_1(x, 7, ) comes from the expansion of the symbol
r(x,t,4) =coan(x, 1, ) +cn1(x, T, 4) + -
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of the parametrix for & — 4 = (a(x)D* — A) + ¥.7"5" a;(x)D/ and is given
by
2n—1 in o ndn—1 d
Coom-1(X,7,4)=~1 C-2n@n-1C—2n — I2N7 C_2nQ2nC_2n a;aZn C_2mn,
where c_2, = c_an(x, T, A) = (agn(x)t?" — )~ L.
As in [BFK1], Proposition 2.8, in view of the fact that ¢_5,_; is odd in 1,
we conclude I = 0. From [Se2], p. 968, it follows that I7 is of the form

IT = tr {A)(0)®(0) + AF(0)D(T)}

where Aj(s) and A%(s) are smooth functions described below. Let us first
consider the scalar case, r = 1. In first approximation the kernel r(x, y, 1) of
(Ap.c —A)7! is given by

+00
_1—/ (azn(x).th - A)—lei(x—y)t dr + rO(x » Vs j') + rT(x » Vs A)
2n J_o
where ry(x,y, A) and rr(x, y, A) are correction terms so that in first approx-
imation r(x, y, A) satisfies the boundary conditionsat x =0 and x = T'. Let
us explain how to obtain ro(x, y, 4); for rr(x, y, 1) one proceeds in a similar
fashion. Consider the boundary value problem

(2.2) (@aD*™ - Du=0
with the boundary condition
(2.3) Jlim wu(x) = 0; DPiu(0) = —(at?® — 1)~ 11hie~v®

where a = a5,(0) and D = }Hd; The solution u(x) = u(x, 1,y,A) of the
boundary value problem (2.2)-(2.3) is given by u(x) = Y"_, u,ex(~4/a)""w,
where w, (1 < v < n) are the 2nth roots of —1 with strictly positive

imaginary part and where (—%)1/2n = (—4)/%" = ({%—})l/z”ei("""m“)/z” with

A =|Ale’® and 0 - 27 < arga < 6. The coefficients u, = u, (7, y, A) are then
determined by (2.3)

n yl Bil2n 8; .
1

v=

Thus .
u, = -y H (—A/a)~PilPnbi(ar? — 2) e
Jj=1
with # defined by
n
(2.4) S Hwl =6,

j=1
The term ry(x, y, A) is then given by
n n
_ ix(—A/a)'/*"w, 1 —Bi/2n
rO(x’y’l) Ze ;%11( A’/a) inen_g

v=1

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




THE DETERMINANT OF ELLIPTIC BOUNDARY VALUE PROBLEMS 3033

where .7 is the sum of residues

n
S = Z Resrk=(—1/a)1/2nmk{fﬂf (at® — A)~le 77}
k=1
of thi(at® — A)~'e~V7 in the lower half plane. One obtains

n

F =Y ((=4/a) @ )Pi=@n=) —— exp{~iy(~2/a)'*"Wy}.

2na
Summarizing one obtains

ro(x, v, 4) = ( Afa)=Cr=0in N 7 it expli(—4/a)! " (xw, —y @)}
v,j,k
Following Seeley, we now define for Res >0
T/2 1

(2.5) Ay(s) := dx=— | dA°ry(x, x,A)
0 27i Jr,

where Iy is the contour that goes from oo to 0 along the lower side of ray
{re’® : r > 0}, goes around the origin and then returns to oo along the upper
side of the ray {re’d : r > 0}. By a standard computation,

1

- -5
7 dAA"re(x, x, A)

s —inps SINTS
=g Se~i"ns

——T(1-2n5) 3 2w (w, ~We)x)™" "
v,j,k

and therefore
, _ 1 Wy
o(0) = 5 2 ‘%’wy—m'

In the case r > 2, we first treat the case where all eigenvalues of a;,(0) are
different which can be easily reduced to scalar case r = 1. By a continuity
argument we then conclude that

(2.6) B=n X ZBTE 0, - w)!

v,j,k

where #,; = #,;(B) are determined by (2.4). Similarly one obtains

N 1 ; o\
=520 ()T (w, ~ )"
vj,k

3. PROOF OF THEOREM 1

For the proof of Theorem we need two deformation results. The first one is
the analogue of Proposition 3.1 in [BFK 1] and proved in a similar way (cf. also
[DD] and [Fol]).
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Proposition 3.1. Suppose &/ = Y 1" ay(x)D¥ and &' = Y2 al(x)D* are
in EDOy,.¢9 with ay, = a5, and ay,_, = a5,_,. Then, for B € BDO, and
Ce BDOp

Dety(Ap,c)det(BY (T, ') — C) = Dety(4} ) det(BY (T, &) - C).

The second result concerns a deformation of the boundary conditions. Con-
sider boundary operators (1< j<n,d,= f;)

aj B,
£j=2bjkd§, mj=ijkd§', bja,-:Cjﬁj: Id

k=0 k=0

and
ti=dy, m= db.
Form the matrices B, C and B’, C’' as in Section 1.
Proposition 3.2. Fix &/ € EDO,,.9. Then
Detg(Ap:,c')det(BY(T) — C) = Detg(Ap,c)det(B'Y(T) — C').

Proof. Without loss of generality we may assume that both Ap ¢ and Ap ¢
are injective. Note that {AE,E : AE, c is1-1, B € BDO,, C e BDQOg} is
arcwise connected in BDO, x BDOg . Define, for 0<t< 1,

a,-—l ﬂj—l
by=dy +t Y bpdt, cy=d¥+1Y cpdk

k=0 k=0
such that, with B, and C, the corresponding matrices in BDO, and BDOy,
(3.1) Ap ¢ is1-1for0<t<1;
3.2) (By, Co)=(B',C"), (B, Cy)=(B,C).
Introduce

4 Det g(A 4 det(B,Y(T) - C,
w(t) == i Detg(A43,,c,) 5(t) = g det(B, Y (T) 1)

" Detg(A4p,, Cr)’ det(B,Y(T)-Cy)
The claimed result follows once we show that w(¢) = d(¢) (0 <t <1). Let
us first consider d(¢). Denote by P, the Poisson operator corresponding to
the boundary value problem defined by (B;, C;). Then P, is given by P, =
Y(x)(B,Y(T) - C,)~! and

8(t) = tr{(BY(T) - C)(BY(T)- C)™"}
(3.3) = tr (4, Mj)i<j<nPr)
when "= 4 and (¢, myj)1<j<n is the operator associating to a section u the
boundary values (¢,;u(T), m;u(0))1<j<n -

Next we consider w(t); with the notation 4, = 4p, ¢,
w(t) = F.p.s=otr (4;47'°)

where F.p.;_o denotes the finite part at s = 0. In order to evaluate A4, lA,' =
—(A4;7") 4, , consider for a fixed section u : [0, T] — C’ the section v, := 4; 'u,
i.e. v, satisfies
M'U[ =u, B['U,(T) = O, C['UI(O) =0.
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Taking derivatives with respect to ¢ we obtain
Hv; =0, Lv(T)=—L;v(T), myv,(0)=-m,v(0) (1<j<n).

Thus v; = —P,(E;jv,(T), m,‘jv,(O))ls j<n where P, again denotes the Poisson

operator. Thus we have proved that (A,")‘ = —P,(l,‘j, m;j)ls anAt_l . Note
that (4;')'4, = —Pi(¢;;, m;)icj<n is a singular Green’s operator of order

< —2 and then of trace class. Thus
’U)(l)‘ = tl‘P,(flzj, m;j)lsjs,,. 0

Proof of Theorem. We have to prove that

. T
fo(Ap.c) = Detg(AB,C)—ngxp{—;—/o tr(az,,(x)"az,._l(x))dx}

-det(BY(T) - C)

vanishes identically on {4p ¢ € EDO,,.9.q;8 : AB,c is 1-1}. First observe
that it suffices to consider the case 6 = n: For & in EDOy,.q, €9 €
EDO,,., wehave log Det (e ™9 Ap ) = log Detg(Ap,c)+{4,0(0)logei®—9)
and log Ky(e'®~99/) = log K (t) +r(gs + &a)i(m — 6) ; thus Corollary 2.4 allows
to conclude the result as soon as we check it for § = n.

To make writing easier, let f=f,, K=K,, 0=m=x.

Deformation 1. Consider the factorization & = a,,(D?*" + #) where # is a
differential operator with ord # < 2n — 1. Consider the 1-parameter family
0<t<1)

=D+ X)), A=A B

when a;(x) = taz,(x)+ (1 -1).

Clearly 6 = = is a principal angle for o, and A4; is 1-1 for 0 < ¢ <
1. Moreover A; = (@, (x) — 1)(taz(x) + (1 — t))~14,. Thus, with w(t) =
log Det , A, and Proposition 2.3

w(t)" = F.p.s=otr ((@zn(x) — 1)(tazn(x) + (1 = 1)) 4(1) )
= gptr[(a2:(0) — 1)(ta2,(0) + (1 — 1)) ']
+ Za tr[(@2n(T) — 1)(tazn(T) + (1 - 1))7"]
= %{gﬁ log det[tay,(0) + (1 — t)]
+ g, logdet[tar,(T) + (1 — 1)]}.
Thus

1
log Det , A, —log Det , 4y = / w(t)'dt = gglogdet(azn(0))+ g, log det(az,(T)).
0

Hence we may and will assume that a,,(x) = Id .
Deformation 2. Define s € C*([0, T]; EndC") by

20 = gt (s(x) O<x<T); 5(0)=1d.
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Observe that det(s(x)) = exp{s J; tr(azm—1(»))dy} #0 for 0 < x < T and
therefore s(x) € GL,(C). Now consider %] := s(x)"'%/s(x) and bound-
ary conditions defined by B,, C; (cf. Proposition 2.2). Then Det,(4;) =
Det ,(A) as the spectrum of A and the operator A, , defined by %] and bound-
ary conditions ( By, C;) do coincide. By Proposition 2.2,
det(B,Y1(T) — Cy) = (dets(T)) " det(BY(T) - C).
As we have noted above, dets(T) = exp{s foT tr (az,—1(y))dy} . Finally note
that & is of the form
2n-2

D2n Z alk(-x Dk

and then we may and will assume that for &, ay(x)=1d and a,-(x)=0

Deformation 3. Applying Proposition 3.1 and Proposition 3.2 we conclude that
it remains to prove that f(4p ¢) =0 for & =D + 1 and B, C given by

G=dy, mj=dl (1<j<n)

where 4 is chosen positive and sufficiently large so that Ap ¢ is 1-1. This
is verified by an explicit computation. To make writing easier we restrict our-
selves to that case r = 1. However, to obtain the explicit formulas for g,
and gz we consider & = pD?" + 1 with p > 1. Denote by Y(x,A) the
fundamental matrix for pD** + 4. For 4 > 0, let u = (3)!/2". Then, with

wy == exp(i%52=lx), Y(x, A) is equal to

euw;x e eﬂwhx 1 e 1 -
ﬂwle”w'x .. 'uwzne/‘whx MWy cee HWrp
(pwl)z”"e‘“"'" . (uwZn)Zn—leuwz,.x (#wl)n—l coo (Hway )2n 1

Further define B = (B;), C = (Cjy) by
B, ={1 ifl<j<nandk=qj,
k=10 otherwise;

c. {1 ifn+1<j<2nandk=p,,
k=10 otherwise.

We have to show that
(3.4) Detn((pD* +A)p,c) = (=1)!1(2n)" (hohp) ™' p%=*8 det(BY (T , 1) — C).
For that purpose we introduce
w(A) := log Det ((pD* + A5 .c),
O(A) :=logdet(BY (T; ) - C).
As n > 1, we know from Proposition 3.1 that adzw(l) = 3"76 (4) . Therefore it
suffices to consider the asymptotics of w(4) and §(4) as A — +oo.

First recall from [Fr] (cf. also [Vo]) that w(4) admits an asymptotic ex-
pansion of the form Y32 | ppA~*/" + o gjA~/logA with the property that
Dpo = 0. To find the asymptotics of J(1) as A — oo, write Y (T, 1) in the form

Y(T;A) = LWE(LW)™!
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where L = diag(1, u, p2, ..., u**1), E := diag(e*™7, ..., e*v»T) and

1 1
1 1
w w
1 2n
W = )
-1 2n—1
wl wZn

Thus 6(A) = log(det W—'L~!) + logdet(BLWE — CLW). Observe that the
(J, k)th coefficient of the matrix BLWE — CLW is of the form e*“T f;, (u)+
8jk(u) where fj(u) and gjc(u) are rational functions of x. We conclude
that, with Q =3"_, w; =37, Rewy,

logdet(BLWE — CLW)

=ﬂQT+1ogdet[BLW<Ig" g>—CLW(8 Ign)]+e(l)

where lim e(4) = 0. The matrix BLW ( ld, 0) -CLW (0 0 ) is of the form

100 00 01d,
(1) ; . . .
(FOl F?”) where F() are n x n matrices given by (1< j, k<n)

1 P01 @ 2 B . B
e, ) = el = )Pl
where we used that w,,, = —wy . Therefore, with |a| =Y [ a;, |B| =] B;

Id, 0 0 0
setww (1 9)-cow (80 ))

= plel det(wy? ) ulPl(—1) 8147 det(w ).
In view of the fact thatdet L~!|;—; = Hf:o"l (5)777n = p*" this implies that
the 0th order coefficient of the asymptotic expansion of d(4) for 4 — oo is of
the form

O4o0 1= det L™;_; + log{det(W ") det(w?)(—1)!81+" det(w/) p=(lal+18D/2n}
=log p™T" — log plleI+IB/2n | 10g((—1)!B1+" det(W ~")hyhg)
where h, = det(w;’), hg = det(w,f’ ).
By a straightforward computation we have det W = (—1)"(2n)" and there-
fore
(3.5) W(A) = 8(A) = S0 = 3(A) + log{(=1)/#1(2n)" 7 by plE—HHi+ -+,
The claim (3.4) then follows from the following.
Lemma 3.3. ga=%(1‘;4—n+%).

Proof. In view of Proposition 2.3 we obtain from (3.5) in the case o =

s Afla] n 1 S WA 1
2g"_2<2n 2+4 or ga_.—z- ~ n+§ . O
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