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On the Detemnlnatlo* of Crftlcai!- VaLuee for Bsrtletttg Test

1. IHTROffi'CTIS}T

Teetlng homogenelty of verlances Ln nonnal populat{o*s {s frequently

of intereet Ln many ote,t{et{cel ena3.yses. 0fle tffipo?tsnt uee ls teetlng

the velld{ty of tlre asaumptton of etrore wlth eonetant ver{.ance ln a

nultlple regreeef.cn urnde3. oro f,rom en ercperf.vnentaL dealgn pofnt of vie$t

equal ftwlthln grouput uarieneee f-n e sne-factor enclys{* of, varfance model.

Suppose there are k normel popuS*t$"erns ttlth unknoqrn fteans Ul and

varl"afltrcee o? r t- 3., .'., k " Independent random aamp!-eo {Stt} of

eLre oi aretaken, l*1r.r' rk; j-L, r.. rfiL. !'lewlehtoteet

the null hypothesl" H0 , ,2t * ... - o;. agafnet the alternatlve Hl ,

2,2^oi # o| for esme s S t. fhe generall"aed l{iteLi"hqod tetto teet of HO

(the l{eyrnan end PeareoR tr r*test i.931} waa trod{fi.ed by Sartlett (L937) by

replactag the blased rnaxf$u:n lfkellhaod egtimatnrs of ttre vatl"sncee by the

unbLaeed eatLsaatots aad Eubsed.tttti.Eg *i - I fnr

Spec{ff"catr !y, the FartleLt f.r*'-o**a aE ai.'ae et

0 < 1,1* < A, shere
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the re{ghted geomettfc meea of the aample vatrlEncee to the{t re{ghted

ar{thmettc ilear (the $efghte are telatlve degreee sf freedom) " Ttre

cti.tlcal velue A ls detef,etned by FH^(O . Ll* ( A) - $ . The Lr*-teet
'"0

ta s) conef.stent againet all altetnatLves (Brosn 1"939) and b) unblaeed

(Pftrnsn 1939) and {e therefcre ueually prefetred over the Lr-test tshLch

ls bl.aeed except far equaL ranptre eLaes *l - ,,. - nh, ln whlch ceae

the two teste are ldent{.esl. It {e aLee a t*elL establtehed fact (Box

1953, Eox and Anderecn 1955) that the tl*-t""t le rether nonf,obust ({.e.,

eensitlve to departuree fron normallty). It i.e therefore reconmended thet

{t be uaed only wfien preeeded try a prel.lmlnary test (e.g.r the k-eanple

lf-teeto Httr"k end Shapi.ro 196S) rdr{chu besed an the date, doee nof reJect

nof,mslfty. When normal{ty can be relled un, the Lr*c-tu*t ls apparently

more'po*rerfuL than yartraue ofher tests of Ho (Garte{de 1g7z}. rf
populatlon normalfty ta suepeet, there are s m.mber of robuet tegt pro-

eedures whlctr may be used (Keselmen, Ssares, and Clinch l"g7g),

2" BARTT,ETTIg ETSTRT UTION

trn*.tf.etrly e.nd fer e pertod of about f6rty yesr*, the e{ae d Bartlett
,

erLttcaL value $sE approxfnated by A * expt-"Xi-ftr -u)/Vl , where {Cnl
Le the LOOnth percentf.le of, e ehl-rquare dletrtbutLon wfttr n degreee of

freedrffi and e {s a eorf,ecei.oa factor gJ.ven by c - 1+ [U3{k - UttrfrVf-l

* y*t) . The eccuraey of th{.s appr+xlnratj.on te eetnewhat dlfflcult to

66s6sei however, l"n certaf.a sLtuetlons (very nrnall- sampX.e aLzee andlot a

large number of poprrletfoar) lt is trcaoffi to be lnadequete (Blahop and l'lalr

1939, HartJ.ey I"gcrCI) .



Cheo end Glaeer (1978) have

Ll* (herefnsfter tefemed to ag

recently ehosn the exact null denalty

Bartlettts dlsttlbut{on) to be

ol

ep(ultir... rth) - p oY12-1 (*t* u)(k-3) f1t(ur, o { u ( I

where

(2.L,

(2,2,

(2.3)

n 
= t2n){k-1)l2 f

L-1 "r(vr-r) 
lz r (vrlz) i

tk
T| .f/27{ ttt f*1"

E(u) = I^ oo(-{n u)r i
fru

"" 
s {r/rtrtk -L}lz + 11} Iu{rr*rrrt:yuts .,,)l(tlltjlt5t,.,),

r>fl i (2.4)

with Io fnd{catfng er:nrnatloft ovef all dtstfflet se.queflces (t, r t, r t5, .'.)

of ncnaegatLve fntegers eet*-*fyfng l r tl + 3 o t* * 5' t5 n "' ! r !

,,'r*1 'r!c -r "1-and Iri$1)'''[r(r+1]l-rl.l_ *it-rl*u*t ,tZL, and 81 r82,"'
ifol- " J

are tt"re Bernaull"L numbetrs*

Frorn e me.ehematleal- potnt of vLewn gp(u ; nl , , ,. , tk) Ls not welL*

deflned *.n lfs left*Eail* F*r alth*ugh the power ser{es g(u} Ls kncwn

to be eonvergent dlenever exp[-?T fttn{el ! .r. r uk}1 'u 
< 1, I't {a

poselbly dlvergent ctherwtne. The fnterval af k.notsfl eonvetgence {s no

doubt csnservat{ve el-nce exp[*Zn mtn(a', ..- , aO]1 l"s actually an upper

bound cn the Left e*d*po{,at af the true lnterval- of convergence. Fortunatel-y'



from s practLcal pofnt of vietr thls poaslble dtvef,gence ls of lLttle con-

sequ&nce ln detenu!.nLng size fl, Bsrtlett ctl"ttcal Taluec (Chao end Glaeer

1978).

Let bk(s; trl , n.. , \) ba the LOOeth petcentlle of the Bertlettre

dlgtrlbutLon, 1.e.1

r1

l. , "ep(u;tt1 r... rngldu - 1-$ and bk(') > expl-2rnln(a, 1"' r&11 '
Jbh(.)Nr&e,s)

SLnee

tL . r(-fn z) (P+1)

J, 
uo 1-tn u) Q du - (p + t)- q-r 

.|o vQ s:cp (-v) dv

* (p*1)-q-1 f [q+ Lrt-t-uz](p+1)J , p,q > -L, z > 0

shere l(0, x) . f* ,O-t enp(-tldu Le the lncorrplete gau{ua functfon; the
r0

100sth percentftre sf, the Bartleft dlstrfbutton {t?re aize o Bartlett

cri.tLcal veLue) le determlned by the nonl"lnear equation

It(tlz)-(k-xll? i (y/z)-r f{r+ (k-1) 12, t't-n br(c; n1 r ..' , nxlv/z}
r-0

- l"-el .

f.rhe eoLutLon for bk(.) Ln (2.6) may be eaell"y found by a Newton-Bapheon

procedute. l{e reJect the hypothesLe of equal varLancea, H0, at the

(2.6)



level of algntfl-cance

gtven by (1" 1).

{r tf Llu * bk(d i fil , "' . , ok} , whete Ll* la

3. DIgCUS$rol-I

The apec;{.al caee of equaL sample eLzee Le of Fartl.eular Lntereat.

When nL - .,. r nk o fi r T'able l gtvee the 100oth percentLle of the

Esrtlet,tte dr.atrtbutfon, bO(uln);bn(e*;sl * {1 p... r\ - $}, fot

erE.01 ,.05'.LAo,25i k* 2(1)10i n- 3(1")30(10)60(20)L00. An

asterLstd appeefs Ln the table when (?.5) doee not hald, thet ts, the

poe*lble dLvetgene.e of E(u) {g a faetaf. A portLon of Table 1 was

prevJ.ously gf.venby Glaser (1976) ando Ln surne t-netancea, Blnhop and NaLr

(1939), ?hera are, however, severaL worthshile reaeons for presenlLng a

ftof,e e:cteneive versfon.

(1) Very amalX. eample s{ses {n - 3r4} wefe not constrdeted by

Glaeer and were dealt wl.th on1-y *"n a few leolated ee6es by Btahop end Na{r.

$l*ee Eartlettre approxL:*ate eritLc,al valtree for these sennple sizes are

known to be Lne.dequeten the exaet pereenfl.les are given (perhaps mofe fof,

the sake of conpletenese e,f the table then f cr practLcel.fty).

(2) tlhen the hypotheeie of equaL varlenees ls nof rejeeted' the

aaalpte vastsneee are ofteu p*oled to cbtaln e$ eaeltnste of the nupposed

eoflElon varLence" I{,owevero pcctri.ng tli€ *axrple €ar{ances eheno f'n fectt

heteraeeedestlclty {a present {s likely a mote serfous ettatr than not pooJ--

lng w*ren, Ln faet, hotroscedeet*cfty is pteeenf,, To protect ega{nrt a Type

II errorn e level of etgnlflesnce aa large ae ,25 Lg soiletfines used'

For thle f,cason, T*b1e 1 i.neludes tke 25th pereenllIes.



(3) There dre Bevefal aenple slze t'gapett fn the Gi-eeer table. fhe

need far a mote conplete set of percentf"les Ln the equrl aarnple er,nea

cage f"e prompted by rhe f,ather f,enarkabLe fact that they nay be ueed to

obtaln a htghly accurate approxLmatlon to the percefltLles ln the VftequsE"

samptr-e elzee ease. $pec{fl"cal1y,

bk(cr;*l ,..",nk) s {nrl$)un(alnr} +..n * {nOlN}bn(ff,i%} ' 
(3,1)

k
where !{ r .I. n*. Fof, epec$.fted k n where k - 2(1)10, and ang con-

f-L
blnatton of ecnple eLzen fron 5(fi100 r the ebeolute ef,ror of thfe apptox-

lfistton le lees thafi .005 {the percent reletlrre error ls leee than 4 ot

tZ) wtren o - .05, .I0, sr ,25. The l.arger ebsolute ertofs oceut l"n

e$lrene casea such ae when, for epenlfled k, maxtnrr,"' rnn) Le vaty

large, say flsef 50, whlle all temaJ.nf.ng carnple eLaee ere vety anall'r say

near 5 . Mofesver, for vfrtuatr-Iy all" eaeee tn vhlch mln(n, r ',. r nO) > 10 t

the abeelute effor Ls lees than "0005. When o - ,01 , the approxLmatlon

(3.1) tr eltghtly hlgh--the absolute erfer Le arsund .015 {n extreme casss

efld lese than .005 when mtn(nl , . r, r nk) I lfl . tlowevet, when the cor-

reet{cn feetote ln fable 2 ere ueed, the abeelube erfof of the corrected

approxJ"matl"on te ag aman-l- ae fot the other tY, values. The eorrected verelon

sf {3.1} fot u, = .01 and epec{fI'ed k 1s

bk(.01 ;n1 '... rok) ag (ar*/$*rlbh(.01 inu) * "." + (nk't/Il*)bk(.01 ;nn) '

where

("3,2)
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Sor eaeh pceefble cs$btnatfon af eempl"e el"aee froqn esch of the two groups

ae well ee celeeted eernpi,e efsee ftou hoth &roups, the exact percentLle

nee abbsl"ned fron (2"6) ua{ng the eo*espondlng approx*rnntLon ae a 6tsft{fl9

velue. Ia addftLon, the sbeol"ute erf,or of the approxfinatlon ae t+ell sa

exp[-2r mtn(a,, .". , ak]I $se catrcr-!tr"ated. FertuneteXy, lt $as u$necessafy

to constder e11" poselble eample ctzes beceuee of etable and predfetable

ebsoLute error patter$6, Eaged on the sbose co&putetfondr lt eppeare thet

tf bko(a6; nO) ex{.ets, that f"e (2.5} Le eatlsf{ed fot a gl.ven (kO 
' 

aO, nO} ,

then bn^(a' i nl * ".. , n6) exLete for all (nl r .. , ttk) for shlch
*0

mln(nrr...,\) - r0.

(4) The Sraditfanal Z*aauple tee€ for equel vattances ie the F-teet

(Btowalee 1965, pp. 2S5-288)" tkle teat Ls equlvelent to the Nepnan and

Peercsil f,r-teet for lt * 2 end fr, therefore, blaeed when n, I nt. Ott

the other traud, not only !.s the BarcLett Ll*-t*"t unblased for any two

eemple el.aes but also le epparently nmre powerful than the I'-teet (Btshop

and t{ei.r 1939}. 0cneequetrtlyr the ?-sampl"e (equsl- se*ple at"aea') Eartlett

cri.tfeei. valuee are gJ.ven ln ?ebi-e l" frcm whfeh the ctitlcaX. veluee for the

tr*-test when n, # a, may be eaelly determlned usl"ng (3"tr) cr (3.2).

l+. AN UXAMFLE

The deta ln Tebtre 3 are the sesLed btde for eech of f{.ve Texag offehore

ofl and gas leasee selected from llCI X-easee Lesued on Hey 21, 1"968. Using

prohabtn"tty plote* Crewford (1970! **trcluded ttrat the bids for each of these

fLve leaees were lognermaltr"y d{^strtb*led. Imde*d, lognorma}.ley of b{ds for

federal offahnrc oll and gec }-eauee trae often been the rule (Arpe 1965;

Brown lg6gg FeLto L97Li Eoughcrty aud Lohrena 1976)" However, Srueknet and



Johnesn {1978} have shown ttrrat eush a eoncluglcn mfght ba equivoeel sfhen

the number of bf.de fcr s leaee {.s sns5.1.

To teet sLmultaneourl"y for J"ognor*rali"ty of blde {or nsrmalfty of log

b{.de} , we tree the k-eample W*teet {W{l.h end Shapfro 1958). For the {ttt

sanptren 3et Wi{.; nU} he the W-teet etatleffe and tor*(.) ia f"te dls-

trfbstfon fu*st{on:

where t**e:ll f.e the ordeted fth eample and

tebled ln ShapJ.ra and Hl:"k (L965) " uaf*g the

[n, /2j
-' 1'

!r{r ; n*} . { lEn 
*nr-J+r(xr,*i*J +t)

1o./ 6

-xr(J))!'1tf{ ,

ecef f,J.ci.enbe {*J } are

b{de ta ?ebtre 3, we fLnd:

Ehe

log

w([ ; 8]

el(s ; 10)

i{{3 ; 5}

1{(rr ; 12)

!f(5 i 13)

F8 (. 982)

Ftro(.970)

F5 { " 982}

Fl? (. 960)

!'13 ( 
' 
gzs)

,971 ;

,8?5 i

.936 i

,730 i

,32* ,

,982

.970

" 
*82

.96CI

" 
928

l{ote that fsr gath I"eane, lognorma}"tty of bi"els fs fiot rejected et the ,25

l"evel cf elgntffce$ee. To eombJ.ne the reeulee of theee lndependent teete'

sre determf"ned the etsftdard nsrmaS" pereentftr"e, Gi , correspondf*g to

tf{t; aU} , J. o 3-, "** s 5 " I* * nmrneS- preibebl}"f.cy plcer al"i. ef tke Gl'*

are ah*ve the nu3.1 i!"i.ne, thua jolnt1"y fndf*ei.L&g thet !.ognor*ra1d^ty cf bi.ds

ehouJ.d nst be reJected"

!{e now test fcr hr:mogenef,ty af vari,an{:es us{.ng BartlettrF test.

Baeed nw the 3'og bidn *'n ?nble 3, Lx.* * '911+1 ' us{ng ?ab]"e 1"' the 25th



10

pereenttle ls spprox{rnately

b5(.35;8, 10 ,3 | LZ r L3) e! (8i48){.8499} + (1"0/48)(,8825}

+ (5/48) ("74c10) + (L2/48) (.E035) + tl1l48> {.9114} - ,8757

(the exact vaLue tc four dlgtta {s ,8762}i and the hypotheefs of equal

verLencee Le nof reJected at a efgn{.f,fcance Letel of "25 or lswer.

Theee results are coneLetent wlth e feellng afioog data anelyets vho deal

rdth bids for federal sffshcre o1L snd gas leeeee that, trtthln a eale,

rrlarge bide do not tend to be ptoportLonately ftore or leee pteclse then

emall onesn' {Srown 1"969, p. 37}"
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