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Abstract. We prove detailed asymptotic estimates for the distribution of the
eigenvalues of linear boundary eigenvalue problems of arbitrary order n with indef-
inite weight function generalizing well known results for the case n = 2.

1. Introduction. We consider eigenvalue problems of the form

() = y™ + 3 ful@y™ = Ar(@)y, = €0,1] (1.1)
v=2
Uu(y) =Uu0(y)+Uu1(y) =0, v=1,---,n, (12)

where 7 : [0,1] — R\{0} is a step function; f, € L[0,1], 2 < v < n, and where the
boundary conditions are normalized; the latter means that

ky,—1

Uo(y) = awy™)(0) + D auuy™(0),
a (1.3)

k,—1

Un(y) = By*™ (1) + Y Buuy® (1),
p=0

|al/|+|,8u|>0 for V=1,'--,n,
n—1>2k >2ky>--->k, >0 with k, >k, o for v=1,---,n—2.

A central role in our paper is played by the assumption that the boundary conditions
(1.2) are regular; cf. Definition 2 and Definition 7, where the definition of Birkhoff-
regularity for definite problems (Naimark [12, p. 56]) is generalized in a natural
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1168 DISTRIBUTION OF THE EIGENVALUES

manner. In section 3, we determine the distribution of the eigenvalues of regular
problems (1.1), (1.2). Corresponding results have been obtained previously only for
special classes of problems. Langer [10] has derived formulas for the case #(y) :=
y"” and r(z) = (z — z0)?, and Mingarelli [11] has shown that (1.1), (1.2) with
£(y) := y" + qy and with separated boundary conditions has two sequences A}, A
of eigenvalues with the asymptotic distribution

A ~ T2/ (fo /r=(t)dt)’, (1.4)

(r+(t) := max{=%r(t),0}). Fleckinger and Lapidus [8] and Faierman [7] have proved
an asymptotic formula for the eigenvalues of the Laplacian with an indefinite weight
function (compare (8] for further references).

2. Preliminaries. Let m € N, 0 = ag < a1 < -+ < am+1 = 1, Iy = [0,0a4],
I, = (ay,ap41], 1 < v < m and let the step function r be defined by r(z) =
r, € R\{0}, 0 < v < m. We assume that kg := k; + --- + k, is minimal with
respect to all equivalent boundary conditions (1.2). By V(zy,--- ,z,) we denote
the Vandermonde determinant of z,--- ,x, € C and by w,1,--- ,wppn, 1 v <m,

we denote the n-th roots of r,,. Further we set A = p™ and we consider a fixed sector
Se {S(), s ,S2n—1} where

(v+1)m

Suz{peclil—ﬂsargps -

}, 0<v<2n—-1.

We enumerate the n-th roots w,; of r, such that for p € S
Re (pwy1) L Re(pwya) < --- < Re(pwyn), 0<v <m.

If n = 2p we have Re(pw,;) < 0 for 1 < j < pand Re(pw,;) > 0 for p+1 <
j<n Forzxzel,, 0<v<mandpe€ S (1.1) has a fundamental system
Yu1(, ), , Yun(:, p) of solutions satisfying (cf. [12], §4.5)

o 6 o a w r—a
yz(,j)(il?,ﬂ) = (%) Yo (T, p) = (pw, )P (=[] (2.1)

for0<a<n-1,0<v<m,1<j<n,(z,p) €1, xS. Here and henceforth we
use the abbreviation

[al]=a+0(1/p), a€C, p— 0.
For fixed z each function y,;(z,-) is holomorphic in S. According to {12, p. 48], the

asymptotic estimates (2.1) remain valid if we replace S by a translated sector c+ §
with ¢ € C.

3. The asymptotic distribution of the eigenvalues. A = p” represents an
eigenvalue of (1.1), (1.2) if and only if there exists a non trivial function y(-, p)

(@ p) =D D i (P)yus(: p)

v=0 j=1
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satisfying

and

(‘a%)a[y(aw,p)—y(au—,p)] =0, 0<a<n-1, 1<v<m.

Therefore, A = p™, p € S, represents an eigenvalue of (1.1), (1.2) if and only if p is
a root of the characteristic determinant A :

Do -+ Dom
A(p) = det : :
DmO e Dmm
where
[ Uro(yo1) -+ Uto(yon) |
Dygo = : : ;
| Uno(yo1) -+ Uno(yon)
[ Ull(yml) e Ull(ymn)
DOm = ‘ 3
_Unl(yml) U Unl(ymn)
[ yyl(a,,+1—,p) T yun(au+1"7p) ]
Du+1,V = ’
- -1
JJ,(JI 1)(au+1‘ap) y,(f:z )(au+1~,P)J
CYor1,1(@ug14,0) 0 Yorrn(Bugi+,0) ]
Du+1,u:+—1 = )
-1 -1
_ZII(,n+1,1)(au+1+ p) e yl(/il,r)b(awﬁ ,P)

D,; = Qyy for all remaining v, 7. From (2.1) we infer

[ [aa](pwor)® -+ [aa](pwon )™

Doo = 5 : ,
| [an](pwor)fr - [am](pwon)Fm
[ [ﬁl](pwml)kl epwnﬂ(l'—am) N [ﬁl](pwmn)kl emen(l—am)

Dom = : : ,
[ [Bn](pwmy)*nepemimam) o [Br)(pwinp )£ efomn (1=am)
- epwul(av-f—l‘au)[l] v e epw.,n(a,,+1-—a,,)[1]

Du+1,u = - ,

L(pwul)n—lepwul(ﬂu+l_au)[l] ... (pwun)"_lep“"""(a"H‘“")(1}

and
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[1] = [1]
Dyjivs1 = :
(pwu+1,1)n_1[1] T (p""v-f-l,n)n_l[l]

For 1 < ¢ < n we introduce the notation

k k k k
alxll ‘e alxa_l 'leal-i—l e ﬂlxnl
0(:1:17"' 1 Lo To41s" " ,.’I,‘n)':det :
k k k k
Cl{’l'l.',l‘-]_" e anxo—" 1811:‘60-7-1}—1 e /ann"
and we set

T, := {T=(t0,"' Jtm) € {0,1}m+1|t,,=l, if sgnr, = —1, OSVSm}

T2 = {T: (th"' ,tm) € {0,1}m+1|tV = 1? lf SgnTy = 1’ OS VS m}

Part I. Let n = 2u. Using the preceding estimates we develop A(p) with respect
to the minors of the first n rows, subsequently we develop the corresponding com-
plementary minors with respect to its first n rows etc.; this procedure yields for

p € S\{0}

n(n-1)

A(p) = pHF™ 7T Ay (p) (3.1)
with
Al(p) = Z (_I)N(T) [9(0)01, ct L, Wo,u—1, (32)
T=(to,"' ,tm)ETIUT2
. .. pE!
Wo,pu+1—tos Wm,p+t, Ym,u+2s " wmn)] e
m—1
X H V(wk,u+tk’ wk,u-{-?a oty WknyWk41,15 00 yWk+1,u—1, wk+1,u+1—tk+1)
k=0
1
= S ()N,
TeTWUT,

where N(7) € N for 7 € T; U T, and where

m

E; = Z(ak+1 - ak)(wk,u+tk + Z?:,Hz Wk,)~

k=0

The analogous result holds for sectors of the form S+c¢, ¢ € C. We note that only the
terms with maximal growth for |p| — oo, p € S, have been included explicitly within
the sum (3.2); all remaining terms are subsummed within the square brackets.

In the next part of the section we assume that S := Sy— this implies that the
enumeration of the numbers wy; and the definition of 6%, V!, E} is determined
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accordingly. Further we assume that n = 4k— in the case n = 4k + 2 we can
proceed similarly.
With 79 := (1,---,1) we obtain

Re (pE})) > Re(pE}) for 7 € (Ty UT)\{ro} and p € g'o.

On the boundaries of Sy the real parts of several terms pE}, 7 € Ty (or 7 € T3) are
equal, since

Re (pwiu) = Re (pwi,u+1) =0 ifargp=0and ry >0

and
Re (pwi,) = Re (pwi,ut1) =0 if argp = % and rx < 0.

Let 7; = (t),t],--+ ,t},) € T}, j = 1,2 be defined by
t}, =0 ifsignr, =1,
tf, =0 ifsignr, = —1,
then we easily infer
Re (pE},) > Re(pE;) for p € Syn—y and 7 € (Ty UT2)\{n1},
Re(pE.) > Re(pE;) for p€ Sy and 7 € (Ty UT,)\ {2},
and with 0 < e < 5- we have

Re (pEl) > Re(pE}) for 7 € Ty, 0 € To\{m0}, —e<argp<e

Re(pB}) < Re(pE}) for T € Ti1\{ro}, 0 € T, = — e <argp < = +e.

Hence, almost all eigenvalues A of (1.1), (1.2) are contained in {A € C | |argA| <
€ or |m —arg \| < €}.

Using the method described in [12, §4] we infer from the preceding estimates that
the n-th roots pg = /\,lc/ " of the eigenvalues are staisfying one of the equations

Z (—1)N(T)61Vrle"Ei[1] =0 if —e<argp<e
T€T
or (3.3)
z (—I)N(T)()iVTle"Ei[l] =0 if r—e<argp<m+e
TET,

(0 < €< F and n = 4kK).
Dividing the sums (3.3) by exp{p >_y_o(ak+1—ak) 27—, ., wk;} We get exponen-
tial sums of the form

eP° Zc}cj)eipaﬁc”ﬂ[l] =0, j=12, ceC, (3.4)
k=0
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where 3 € {e_%,l,e%}, a(()j) < a(lj) <0 <L aS,{Z and c}cj) eCforj=1,2.
For example we have for n =4k and j =1

m
o) —al? = —i(EL —EY) = —i 3 (ake1 — i) (Wi — Wk ps1)
k=0
- T >0 (35)
=—i Y (ar+1 — ar)ry/ "2 = 2R,
k=0
T >0
and for n = 4k and j = 2 we get
o)) - off) = —ie'* (E}, - E},)
) m
= —ie'" Y (aps1 — 0k) (Whpt1 — Whn)
) (3.6)
. . m
= —i€1%2i6_2% Z (ak+1 - ak)r,t/" =2R_.
rk;c=<00

In the case n = 4k + 2 we obtain similar formulas but the role of Ry and R_ has
to be interchanged.

The coefficients c(()j ) , c%i of the relevant exponential terms of (3.4) can be deter-
mined explicitly. On account of (3.2) there are nonvanishing constants k) defined
by products of Vandermonde determinants, such that the following relations hold:

(i) For n = 2u we get

a)Ifro >0, 1 > 0 (3.7)
c(()l) = e(wOIa et vau;wm;H-l, et ,wmn)kgl) = kgl)gl,
c'sriz - 0(0)01, C L, Wou—1, Wou+1s Wmpy Wmp+2, " ’wmn)k;l) = k§1)92’

4D = K0, ) = o,

b)ifrg >0, r, <0

1 1 1 1
C(() ) = k‘(; )91, cS}J = 9(w01,"' yWop—1,Wou+15Wmpu+1," " awmn)ké ) = ké )93
0532) = 9(&)01, T s Wous Wmpy Wmp+2, 70 7wmn)k((;2) =: k((52)04’ ng = c((jl)r

c)ifro<0, 7, >0

eV = kM), V) = k{M0s, P = kP83, ) =<V,

d)ifro<0,7, <0

eV = kg0, V) =k0, P =kD0, 2 =c.
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(ii) For n = 4k + 2 we get
a)ifro>0,r, >0

) = kP61, D) =kM01, o =kV8y, @) =cfY,

m m

b)ifr,, <0< g

o) = k01, D) =k, P = kP05, 2 =Y,

c)ifro <0<y
oD = kD0, D = kDo, D = kP0s, @) — ),
d)ifro <0, 7, <0

cgl) = k%)Bl, 07(72 = k§11)02, cf)z) = kg)ﬁl, cgrllg = cf,l).
Remark 1. The determinants ; in (3.5) are not independent. Compare [12, p. 59]
and [13]. Substituting ¢ = 27"k0 where kg = k1 + -+ + k, we get

(i) For a) B, = +6,€'%, for b) 63 = £0,e*%0, for c) 6, = £hze*% and for d)
6, = +6,e*%. The proofs are analogous to {12, p. 60] or [13, p. 11].

(ii) Let additionally ai,fBi € R, 1 <i < n, then we get for b) 63 = +6; and for
C) 94 = :t01

Definition 2. For n = 2p (1.1), (1.2) is called regular if ror,, > 0 and 6; # 0 or
Torm < 0 and 61 # 0 # 63.

Remark 3. (i) For «;, §; € R, 1 < i < k, the assumption #; # 0 is sufficient for
the regularity of (1.1), (1.2). If the boundary conditions (1.2) are separated and
therefore Birkhoff-regular in the sense of [12, §4], then the determinants 6; in (3.7)
are products of two nonvanishing determinants (cf. [12, p. 96]), and (1.1), (1.2) is
regular.

(ii) Definition 2 is independent of the sectors used in the definition of 6, - , 0.

We define

m 1
Rei= Y (s —adln" = [ /m@as

k=0
T >0
m 1
Ro= 3 (s — el = [ Y/
— 0
rich

and we assume without loss of generality Ry > R_ > 0 (otherwise we substitute
A— =)

The distribution of the zeros of exponential sums is well-known; if we have expo-
nential sums of the special form (3.4) we can use for example the following lemma
which results from [14, pp. 25-28].
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Lemma 4. Letn; <npy <---<npandc, €C, 1 <v <pwithcy #0# cp,. Then
the zeros py, of

P
f:€C—-C, p+— Z[cu]ei"””
v=1
are fulfilling the asymptotic estimates

2km
np —n

Pk =

[1 + O(ﬁlcT)]’ k € 7\{0}.

From (3.6) and the preceding results we infer

Theorem 5. For n = 2u every regular eigenvalue problem (1.1), (1.2) has two
sequences (x\ff))keN, j = 1,2, of eigenvalues satisfying

AL = (pynr2 (7,;1)” [1 + 0(%)}, keN
and ' (3.8)
A2 = _(—1)n/2 (%)n [1 +0(%)}.

We note that in the definite case R = 0 our proof of Theorem 5 has to be
modified only slightly. In this case the sequence (/\ff))keN has to be omitted.

Part II. Let n = 2u — 1, p > 2. For the proof of asymptotic estimates for
A(p), p € S, we use the same procedure as in the case of even order problems. In
addition to the abbreviations 19,71, 72, E}, 01, V! introduced in Part I, we set for
T = (t(),"' ,tm) eTiUT,

m

2 __ n
E; = E (ak+1 - ak){wk,u—l+tlo + Zj:u+1wkj}a
k=0
m—1
2
VT = H |4 (wk,u—l+tk7wk,p+l7 oty Weny We4+1,15 770 awk+l,ﬂ—27wk+l,u—1k+1)
k=0
and
2 .
97 = 9(&101, Tty Wo,u—2,Wo,u—to Wm u—14t, s Ym,u+1,° " ,wmn)-

Expanding A(p) we infer as with (3.2) for p € S\{0}

k0+m-n§2n—1! (—1)

A(p) =p NAL(p), (3.9)

where

2
Alp) =3, D (~DMGIVIe ),

j=17€TUT:

N, Ni(1), No(1) €N, Ny(70) = Na(70) =0,
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Nl(Tl) - Ng(Tl) =m+ 1- Zt;
7=0
and

Ni(r) = No(m) =m +1-) #2.
J=0

In the following we assume for simplicity that n = 4k — 1; in the case n = 4k + 1
we can proceed in an analogous way.

Let 0 < € < 5, §:= Sp and let the n-th roots wy, -+ ,w, and &1, - ,w, of 1
and —1 respectively be enumerated such that for 0 < argp < 7~

Re (pw1) < -+ < Re (pw,) < 0 < Re (pwps1) < - < Re (pwn)
and

Re (p1) < - < Re (p@,-1) < 0 < Re (p,) < - - < Re (pin).

Using the identities w, = —c_Z),L, Wy—1 = —Wyy1, Wysr = —w,_1 We obtain from the
definition of R4+, R_ and E! by subtracting

m n
E = Z Z (@k+1 — QK )Wk
k=0 j=p+2
from E7 :
E; —E=w,1R" +0,1R_, (3.10)
E! —E=w,R* +&,1R_,
E} ~E=w,1RT+0,R_,
E: —E=(wy +wut1)Ry + (0 + Gps1)R- = E}, —E+w,(Ry — R_),
E} —E = (wp1 +wps )Ry + (@p +@ur1)R- = E;, — E+w,_1(Ry — R_),
El —E = (wy+wut1)Ry + (@u-1+&u1)R- =B} —E+wuy1(Ry — RO).
Case I A: Ry > R_ (and n = 4k — 1). In this case we infer from (3.10) that
Re(pE?), j€{1,2}, T€eT1,UT, (and p #0)

is maximal if and only if

(%) EJ :E}0 for 0 <argp < ;—n,
g ; ™ s
(it) El =E? for o <argp < =
] _ 1 ™
(i43) E! =FE; for — 5 <argp <0, (3.11)

, ™ T
) El=E? for ——<argp < ——,
(1) r=Er for —— Bp < —5-

; 3
(v) E! = EZ  for %<argp<%.
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Further we have for j € {1,2} and T € T1 UT>
Re (e’i%Efl) =Re (e‘iﬁEiz) > Re (e‘i%Eﬁ)

for (1,7) € {(71,2), (12, 1)},
(3.12)

for (ij) ¢ {(T071)a (7-0’2)} and
Re (ei%Efo) = Re (ei%E,z.), T € Ts.

If R, < R_ we obtain an analogous result.

Case II B: Ry = R_ (and n = 4k — 1). According to (3.10) and (3.11) we have in
this case

1 2 1 2 1 _ 2
E! =FE%, El =E% and E. =E (3.13)

To? T1?

and Re (pE?), j € {1,2}, 7 € T, U T}, is maximal if and only if

(1) El =E! =E? for 0<argp< %

and (3.14)
(ii) E! =E} =E? for —m<argp<O0.

Further we infer from the definition of E! and E2 that Re E} = Re E2 and
Re (e*"E}) = Re (¢’ E?) for 0 € Ty and 7 € T.

Now we assume again that the coefficients of the dominant exponential terms of
A(p), p € Sp U S2,—1, do not vanish.

Definition 6. a) For n = 4k — 1 problem (1.1), (1.2) is called regular if
(i) 911'07 030’ 0‘11'2? 031 # 0 and R+ # R_
or mo
(i)  OLUL +62U2 #£0#0LUL + (—1)2u=0t"%02 U2 and R, = R_.
b) For n = 4k + 1 problem (1.1), (1.2) is called regular if
(iii)  6L,62,06L,0% #0and Ry # R_
or .
(iv)  OLUL +62U2 #0# 601 UL + (—1)2i="%)02 U2 and R, = R_.
Remark 7. Definition 7 is independent of the sector Sy used for the definition of
the constants 67, U7.

It is possible to derive relations between the nonvanishing constants in Definition
6; we omit details (cf. Remark 1).
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Theorem 8. For n = 2u — 1, p > 2 every regular boundary eigenvalue problem
has a countably infinite set of eigenvalues.

a) If R:= Ry = R_, then there are two sequences (/\,(cj)), j = 1,2 of eigenvalues
satisfying for k € N

km

)‘g) = (=17 (R cos(m/2n) )

"1+ 0(%)}, j=1,2 (3.15)

b) If R # R_ and Ry := min{R4,R_} > 0, then there are four sequences
(/\fg)), 3 < j <6, of eigenvalues satisfying for k € N

. . k
/\;.CJ) _ (_I)J(m) {1+0 %)} j=3,4., (3.16)
/\ij) — i(_l)j(l_é.f%_WR__l) {1+ gkj + O(kz)} j=5,6. (3.17)

The constants €5, &g can be evaluated explicitly and almost all eigenvalues /\(J )
j = 5,6, are simple.

Proof: Using the preceding estimates for A(p) we obtain (3.15) and (3.16) as with
the proof of Theorem 5.

For the proof of (3.17) we discuss exemplarily the case n = 4k — 1, Ry # R_.
In this case we infer from (3.11), (3.12) that (1.1), (1.2) has four sequences (/\,(CJ)),
3 < j <6, of eigenvalues. By (,\f’) we denote the sequence having the positive
N =0y

imaginary axis as asymptote; let where

T (6) T
%—e<argp,c 32—-+6, (k > K).

According to (3.9)-(3.12) p(e) must be the solution of an equation of the form

01
0= 01 Vl pETO [1] +02 V2 pE.,,0 _ 030‘/720 pE1 { To ' To [1] +€p(E2 El )}
Since EEO — E.}O = wy,(R4+ — R_) this equation is equivalent to

epu)u(R+—R_) — exp{ — ie“iz_’rﬁp(R_*_ — R_)} = [A] (318)

with A = —(0} V1) /(62 V2). The solutions of (3.18) with /& —e < pl(’fl) < gp te
satisfy

© et kmi+1ng A + O
p]kl —m 2kmi + g + (lk‘
(3.19)
——iﬁ__?_k?r__ 1+ln0A+O(i)
- TR, _R_ 2k k2
where k € Nfor Ry < R_ and —k € Nfor Ry > R_. (3.19) implies (3.17) for j = 6
with e A
nln
o= £,

21
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In all remaining cases we prove (3.17) similarly.

Remark 9. (i) The method used in this paper can also be applied for the discussion
of boundary eigenvalue problems (1.1), (1.2) with a piecewise continuous weight
function r with |r(z)| > ¢ > 0 for z € [0, 1]. In this more general situation one can
assume without loss of generality that the coefficient of y(*~1) in £(y) is zero (if the
coefficients f, are sufficiently smooth).

(ii) For £ > K the multiplicity of the eigenvalues is bounded by #(T1UT;) — 1
(in formula (3.15)) or by #T7 — 1 or #T» — 1 (in Theorem 5 or formula (3.16)).

If we have for example

—-a <0 for 0<z<x
r(z) =
b>0 for z; <z <1,

then almost all eigenvalues of (1.1), (1.2) are simple and satisfy asymptotic estimates
of the form

1
A=A {1+ 2 +0(5)}

(iii) Just as in the case of definite problems it is possible to weaken the hypoth-
esis of regularity by assuming that the coefficients of the dominant terms in the
expansion of A;(p) have the form

=~ [k 1
Z(-k‘f‘O(—pm)), s € N fixed,

k=0 p

where Y7 |Ak| > 0. Details will be discussed elsewhere.
(iv) In the case n = 1 the asymptotic behaviour of the eigenvalues of regular
problems (1.1), (1.2) can be determined easily. We omit details.
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