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ON THE DIVERGENCE OF REARRANGED
TRIGONOMETRIC SERIES

SABURO NAKATA

(Received October 17, 1973)

K. Tandori studied the rearrangement of trigonometric series in [6],
and that of Walsh series in [7]. The result of [6] was sharpened by F.
Mόricz ([1], [2]), then further by the author [3]. That is

THEOREM A. If {p{n)} is a sequence of positive numbers with
ρ(n) = o( fylogri), then there exists a sequence of real numbers {a19

bu •••, an, bni •••} for which

Σ fa* + bl)p\n) < oo

and such that the trigonometric series
oo

( 1) Σ fan cos nx + bn sin nx)
w = l

can be rearranged into an everywhere divergent series.

The result of [7] was also sharpened in [4] and [5]. Writing L^n) =
logn and L8(n) = L^Ls^n)) (s = 2, 3, •), [5] reads as follows.

THEOREM B. For any natural number s, there exists a sequence of
real numbers {au , an, } for which

. . . Ls{n) < oo1)

and such that the Walsh series
oo

Σ anwn(x)

can be rearranged into an almost everywhere divergent series.

In the present paper, we are going to prove the following theorem
by using the methods of [3] and [5].

THEOREM. For any natural number s, there exists a sequence of
real numbers {au bu , an, bn, } for which

1} N is a natural number depending s such that LS(N) > 0.
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Σ (αi + bV)VLln)Lln)Lln)
n=N+l

Ls(n)

and such that the trigonometric series (1) can be rearranged into an
almost everywhere divergent series.

COROLLARY. For any natural number s, there exists a sequence of
real numbers {al9 blf , anf bn, } e l2 such that the trigonometric series
(1) can be rearranged to satisfy

Σ (α»(i, cos n(j)x + bn{j) sin n(j)x)
3 = 1 > 0

almost everywhere.

1. Lemmas. Let us modify the original lemmas in [3] or [1],

LEMMA 1. Let E — \JiJid [ —π/8, π/8] 6e α generalized simple set,
0 < ε < max* IJ* |/2 ami 0 < rj <* 1 reαZ numbers, and n a natural number
such that n ^ (5/4)ττ/ε^ — 1. T%eπ for any natural number N(^ 4n + 3)
wiί/fc N = 3 (mod 4), £/&ere eίcΐsί trigonometric polynomials Qι(x) (I = 1,
2, 3) wi£/& ίfee following properties:

( i ) denote by vx the frequencies occurring in Qt(x) (I = 1, 2, 3), then

v, = 3 (mod 4) , JV - 4w ^ v1 ^ iV + 4^ ,

v2 = 1 (mod 4) , ΛΓ - 4^ - 2 ^ y2 ^ 2SΓ + in + 2 ,

vz = 2 (mod 4) , 2iV - 4^ ^ v3 ^ 2i\Γ + 4^

(ϋ) Σ QιO*O < Cfl if xe [-ττ/8, ττ/8] - E (C, = 4 + 61/ 2)

(iii) Γ Σ QiG») ^ ^ C21 ΐ71 (C2 = 9(25 + 12τ/T)τr4)

(iv) ί/̂ βrβ exists a decomposition E{ε) = E± + E2 + E3 such that

Ό) ̂  1/2 if xeEi (I = 1, 2, 3) .
I

k=i

PROOF. Setting

(ε) = U [«i + 2, A - ε] ,

a = τr/4(w + 1) and 6ft = 2αfc (A; = 0, ± 1 , ± 2 , •)> we determine the inte-
gers Pi and σ̂  (ΐ = 1, , m) such that

bp. — a ^ ε < bp. or 6̂ ,. ^ JPi a

and
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bσ. - a < βt - ε ^ bσ. or bσ. < β,: - ε ^ 6σ. + α

respectively. Then the trigonometric polynomial

P(x) = 2ττα Σ Σ ϋΓ (4(α - 6r))2)

*=1 r= /^

n

= Σ (α4, cos 4ra + 64, sin 4ra)

has the following properties:

P(x) ^ 1 if α? G E{ε)

P(α;) 0 7 if x e [-τr/8, τr/8] - E

Γ P2(x)dx^(9/2)7Γ4|£;| .
J-π

Now set

Q^x) = (cos Nx)P(x) ,

Q2(») = -2]/Y(cos 2x)(cos Nx)P(x) ,

Q3(x) = -(3 + 4VΎ)(COB2NX)P(X)

and

*• - E" n ώ [ ^
ft). i(*c + 1*)] ,

Then we can see that (i)-(iv) hold (cf. [3; Lemma 2]).

LEMMA 2. For every natural number m, there exist generalized
simple sets E(m, i, k)a[ — ττ/8, ττ/8] and mutually disjoint trigonometric
polynomials R(m, i, k; x) (k = 1, , 3*; i = 0, 1, .) with the following
properties:

( i ) E(m, i, k) n E(m, i,k') = 0 (1 ^ Λ < *' ^ 3{);
(ii) JS?(m, i, fc) 3 ULi ̂ (m, i + 1, S(k - 1) + ϊ);
(iii) set

g(nz,i,k)

, i, k) — (J Jy and vt{m) =
i

then

2(n + 1) \ sin x/2 I '
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vQ(m) = 1 and v^m) ^ 5~ιfi{m) {i ^ 1)

where

Urn) = m<(3τ/T)<(<+<73) (C8 = 4)

(iv) se£

^(m, i) = [ -- | , | - ] - U E(m, i, k)U

and

Fm = lim F(m, i) ,
i-*oa

then

m V 16

(v ) denote by v the frequencies occurring in R(m, i, k) x), then

v ^ 0 (mod 4) and v 5j /*(m)

(vi) j^J
k 1

(vπ) 2 J E(m, %, 3\ %) ̂  — if xe E{m, i, k) .

i=i 6

PROOF. We set

. (τr/16m (i = 0 ) ,
(&r/16m3 /*(m) (i ^ 1) ,

(ΐ ^ 1) ,
__ Γ(5/4)ττΊ _ |20m (i = 0)',

L ε ^ J (^CimS^+'/tίm)] (i ^ 1)

and

iV(m, i, k) = S(nt + l)k - 1 (k = 1, . . . , 3'; i = 0, 1, . . . ) .

Set E(m, 0, 1) = [ — ττ/8, ττ/8] and i2(m, 0, 1; α?) = cosx. Supposing
E(m, i, k) and i2(m, i, k x) (k = 1, , 3*) defined, we apply Lemma 1 to
(E(m, i, k), ε^m), ηu n^m) and iV(m, i, A;)) and get the trigonometric
polynomials Qz(x) (Z = 1, 2, 3) and the decomposition E{m9 i, k){H) =
E1 + E2 + E3. Then set R(m, i + 1, 3(Λ — 1) + I; x) = Qι(x) and E(m, i + 1,
3(& - 1) + I) = S, (i = 1, 2, 3; A; = 1, ., 3^. And we can see that (i)-
(vii) hold (cf. [3; Lemma 3]).



DIVERGENCE OF REARRANGED TRIGONOMETRIC SERIES 245

2. Proof of the theorem. Setting Dn = {nLλ{n)L2{n) L8(n)}~\ we
define a sequence of integers {p(n)} such that

Σ f l ^ l (n = N + 1, N+2, . . . ) ,

and {tm} such that

^ s ( ^ - l ) ^ m 2 (m = l, 2, . . . ) •

Arrange the system of trigonometric polynomials

{DiBίm, i, k; x)} (k = 1, . . . , 3*; i = tm, . . . , p(ίw))

into

i = i, . . .,Mm); Λ(w)= Σ 3M

so that

Uj{ifk)(m; x) = DiRim, i, k; x) ,

j(i, k) < j(i + 1, 3k - 2 ) < j(i + 1, 3Λ - 1) < i(ΐ + 1, 3k) < j(i, k + 1)

hold. Then we see by Lemma 2 that

( 2 ) " Σ } tfi(m; a?) ̂  4" ' 1 = **»<& = Λ ( m )
i=i b

for a? e [-ττ/8, π/8] - F m . Since | Fm\ —> 0 (m -> oo), (2) holds almost every-
where in [ — τr/8,7Γ/8] for infinitely many m.

Now let us define the rearranged trigonometric series

(anij) cos n(j)x + bn{j) sin n(j)

by considering the series

Σ *Σ
m = l j = l

It is obvious that these series diverge almost everywhere in [ — π, π] from
the second Borel-Cantelli lemma.

Setting X(n) = VL^^L^n) Ls{ri), we get

Σ (a* + bl)X{n)
n=iV+l

Σ Dfλίβ -'Λίm))! ] Σ i22(m, i, k; Ξ^x) \dx
>=ίM J-IΓ U=l J

Σ A?λ(e4i2)



246 S. NAKATA

^ C6 Σ Σ {iLJi) • L._1(i)}-1{L.(i)}"1 (C. = 4τr-1C5)

^ Cβ Σ {Ls(tm - I)}"1 ^ C6 Σ m-2 < oo .

This completes the proof of the theorem.
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