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1. Introduction

1. Introduction

Characterizations of REG

Many different types of automata characterize the class REG:
m the deterministic finite-state acceptor (DFA)
m the nondeterministic finite-state acceptor (NFA)
m the alternating finite-state acceptor (AFA)
m the two-way finite-state acceptor (2NFA)
m the deterministic ordered restarting automaton (det-ORWW)

m the stateless deterministic ordered restarting automaton
(stl-det-ORWW)
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Many different types of automata characterize the class REG:
m the deterministic finite-state acceptor (DFA)
m the nondeterministic finite-state acceptor (NFA)
m the alternating finite-state acceptor (AFA)
m the two-way finite-state acceptor (2NFA)
m the deterministic ordered restarting automaton (det-ORWW)

m the stateless deterministic ordered restarting automaton
(stl-det-ORWW)

How easy are these automata to explain and to understand?
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1. Introduction

Descriptional Complexity

How succinctly do these automata represent a particular language,
when we take the number of states (or the number of letters) as a
measure for their size?
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Descriptional Complexity

How succinctly do these automata represent a particular language,
when we take the number of states (or the number of letters) as a
measure for their size?
Various trade-offs have been established:

m NFA to DFA: 2"

m AFA to DFA: 22" (Chandra, Kozen, Stockmeyer, 1981)

m stateless det-ORWW to DFA: 22°” (O, 2014)

m stl-det-ORWW to NFA: 2°(" (KO, 2015)
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1. Introduction

Descriptional Complexity

How succinctly do these automata represent a particular language,
when we take the number of states (or the number of letters) as a
measure for their size?

Various trade-offs have been established:
m NFA to DFA: 27
m AFA to DFA: 22" (Chandra, Kozen, Stockmeyer, 1981)
m stateless det-ORWW to DFA: 22°” (0, 2014)
m stl-det-ORWW to NFA: 2°(" (KO, 2015)

Here we are interested in the
nondeterministic ORWW-automaton and its stateless variant!
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2. Ordered Restarting Automata

2. Ordered Restarting Automata

Definition 1

A (nondeterministic) ORWW-automaton (ORWW) is a one-tape
machine that is described by an 8-tuple M = (Q, XL, I, >, <, Qo, 9, >):

m Q is a finite set of states,
m X /s a finite input alphabet,
m [ /s afinite tape alphabet containing ¥,

m the symbols >, <1 ¢ I serve as markers for the left and right
border of the work space, respectively,

B Qo € Q is the initial state,

B Qx((Tu{s}) -T-(Tru{«}))u{e<})— 2(Qx{MVR})Uru{Accept}
is the transition relation, and

m > js a partial ordering onT .
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2. Ordered Restarting Automata

Definition 1 (cont.)

Qo
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2. Ordered Restarting Automata

Definition 1 (cont.)

a1

F. Otto and K. Kwee (Kassel) Ordered Restarting Automata 6/19
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Definition 1 (cont.)
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2. Ordered Restarting Automata

Definition 1 (cont.)

a1
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2. Ordered Restarting Automata

Definition 1 (cont.)

Q2
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2. Ordered Restarting Automata

Definition 1 (cont.)

Accept
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2. Ordered Restarting Automata

Definition 1 (cont.)

An input w € ¥* is accepted by M, if there exists a computation of M
which starts with the initial configuration go> w<i, and which finally
ends with executing an Accept instruction.

L(M) is the language consisting of all words that are accepted by M.
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Definition 1 (cont.)

An input w € ¥* is accepted by M, if there exists a computation of M
which starts with the initial configuration go> w<i, and which finally
ends with executing an Accept instruction.

L(M) is the language consisting of all words that are accepted by M.

The ORWW-automaton M is called stateless if Q = {qo}.
By stl-ORWW we denote the stateless ORWW-automata.
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2. Ordered Restarting Automata

Definition 1 (cont.)

An input w € ¥* is accepted by M, if there exists a computation of M
which starts with the initial configuration go> w<i, and which finally
ends with executing an Accept instruction.

L(M) is the language consisting of all words that are accepted by M.
The ORWW-automaton M is called stateless if Q = {qo}.
By stl-ORWW we denote the stateless ORWW-automata.

As each cycle ends with a rewrite operation, which replaces a symbol
a by a symbol b that is strictly smaller with respect to >, each
computation of M on input w consists of < |w|- (|| — 1) cycles.
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2. Ordered Restarting Automata

Example 1

An ORWW-automaton M on
Y= {a, b’#} and ' = {av a17827b7 b17b27#}

using the linear ordering # > a > b > a; > by > a» > by for

Leopy = { w#u | w,u € {a,b}",|w]|, |u] > 2, u a subsequence of w } :

Qo
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2. Ordered Restarting Automata

Example 1

An ORWW-automaton M on
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using the linear ordering # > a > b > a; > by > a» > by for
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Example 1
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Example 1

An ORWW-automaton M on
Y= {a, b’#} and ' = {av a17827b7 b17b27#}

using the linear ordering # > a > b > a; > by > a» > by for

COpy

> | bo

ao

b

Qo
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Example 1

An ORWW-automaton M on
Y= {a, b’#} and ' = {av a17827b7 b17b27#}

using the linear ordering # > a > b > a; > by > a» > by for

Leopy = { w#u | w,u € {a,b}",|w]|, |u] > 2, u a subsequence of w } :

D> | bo|ax| b2 | bo| #||&|b2| <

Accept
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Theorem 2 (G. Buntrock, F. O. (1998))

GCSL C £(OW-auxPDA(log))

Theorem 3 (C. Lautemann (1988))

Liopy = {w#w | w e {a,b}* } ¢ £L(OW-auxPDA(log))
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Proposition 4

Lbopy ¢ GCSL

Assume Lg,,, € GCSL. Then there is a OW-auxPDA that accepts that
language. We can simply add an extra track to implement a binary

counter to accept Ly - O
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2. Ordered Restarting Automata

Theorem 2 (G. Buntrock, F. O. (1998
GCSL C £(OW-auxPDA(log))

—~
—
~
~

Theorem3 (C. Lautemann (1988))

Copy ={w#w | we {a b} } ¢ L(OW-auxPDA(log))

Proposition 4
Lopy ¢ GCSL

Proof.

Assume Lg,,, € GCSL. Then there is a OW-auxPDA that accepts that
language. We can simply add an extra track to implement a binary

counter to accept Ly - O

Corollary 5
L(ORWW) ¢ GCSL
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2. Ordered Restarting Automata

Theorem 6 (Cut-and-Paste Lemma)

For each ORWW-automaton M, there exists a constant N(M) > 0 such

that each word w € L(M),|w| > N(M), has a factorization w = xyz
satisfying the following conditions

m |yz| < N(M)
m|y >0
m xz € L(M)

Example:

abcdefghijklmn € L(M) — abcdehijklmn € L(M)
— abcdeklmn € L(M)
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10/19



2. Ordered Restarting Automata

Proof of Cut-and-Paste Lemma:

b|blalalala|a]|«

m Assume the automaton accepts at the left sentinel.
m Consider shortest accepting computation.
m Look at sequences of operations at each position.
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2. Ordered Restarting Automata

Proof of Cut-and-Paste Lemma:

X7 | Xe | X5 | Xg4 | X3 | Xo | X1 | <

(g1, a1bicy) — d
(G2, @2b202) — (q',MVR)
(93, asbscz) — ds
(94, @sbscs) — dy

L J

m Introduce a new alphabet 2 in 1-to-1 correspondence to these
operations.
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2. Ordered Restarting Automata

Proof of Cut-and-Paste Lemma:

X7 | Xe | X5 | Xa | X3 | X2 | X1 | <

t;
fi

2
iy
fi

4

| —

m Sequences are finite words.
m Length of words is non-decreasing and limited by |x;| <j-(n—1).
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2. Ordered Restarting Automata

Proof of Cut-and-Paste Lemma:

X7 | Xe | X5 | Xa | X3 | Xo | X1 | <

i \

[ asitibss---z 1331 SgS3~"Z}

m Higman'’s theorem — If a sequence of words is > N(M), there are
i < jsuch that x; is scattered subsequence of x;.

B N(M)=H(2,n+1,QUT)+ 2 (The length function H is a total
recursive function).

m [-letters can only be MVR operations as rewrite operations must
be valid.
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2. Ordered Restarting Automata

Proof of Cut-and-Paste Lemma:

[[olelsl

X3

X2

Jkl

7

\

[ asitibss---z 1831 3233-”2}

m Cut out the factor between these two positions.
m Consider the cycles of the original computation:
m Keep all cycles that do not contribute to x;.
m Keep those cycles that contribute a rewrite operation to x;.
m Splice the initial part of a cycle that contributes a MVR-step s to x;
with the final part of the cycle that contributes the same s to x;.
m Leave out cycles that contribute a MVR-step t to x;.

m We have a valid computation for the shorter word.

F. Otto and K. Kwee (Kassel)
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2. Ordered Restarting Automata

The emptiness problem for ORWW-automata is decidable.
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2. Ordered Restarting Automata
Theorem 7

The emptiness problem for ORWW-automata is decidable.

Let M be an ORWW-automaton and N(M) be the corresponding
constant from the Cut-and-Paste Lemma.

L(M) # 0 iff L(M) contains a word of length < N(M)
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3. Closure Properties

3. Closure Properties

Theorem 8

L(ORWW) is closed under union, intersection, product, Kleene star,
inverse morphisms, and non-erasing morphisms.

F. Otto and K. Kwee (Kassel) Ordered Restarting Automata

13/19



3. Closure Properties

3. Closure Properties

Theorem 8

L(ORWW) is closed under union, intersection, product, Kleene star,
inverse morphisms, and non-erasing morphisms.

As REG = £(det-ORWW) c £L(ORWW), it follows that L(ORWW) is in
particular closed under intersection with regular languages.

F. Otto and K. Kwee (Kassel) Ordered Restarting Automata 13/19
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3. Closure Properties

L(ORWW) is closed under union, intersection, product, Kleene star,
inverse morphisms, and non-erasing morphisms.

As REG = £(det-ORWW) c £L(ORWW), it follows that L(ORWW) is in
particular closed under intersection with regular languages.

Corollary 9
L(ORWW) is an AFL (Abstract Family of Languages).
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3. Closure Properties

Theorem 10

Le={a™"|1<m<n}¢L(ORWW).
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3. Closure Properties

Theorem 10

Le={a™"|1<m<n}¢L(ORWW).

Proof:

m Assume that there exists an ORWW-automaton M such that
L(M) = L<.

m Let N(M) be the constant for M from the Cut-and-Paste Lemma.

m Consider the word aVMpNIM) ¢ [ (M).

m Then aNMpNM)—i ¢ | (M) for some i > 1 — contradiction!

m L< is not accepted by any ORWW-automaton.
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3. Closure Properties

Corollary 11

The language class L(ORWW) is incomparable to the classes DLIN,
LIN, CFL, CRL, and GCSL with respect to inclusion.
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Corollary 11

The language class L(ORWW) is incomparable to the classes DLIN,
LIN, CFL, CRL, and GCSL with respect to inclusion.

Corollary 12

The language class L(ORWW) is neither closed under the operation of
reversal nor under complementation.

mL.={b"a"|m>n>1}ec L(ORWW)
mB=L={a™"|n>m>1}¢L(ORWW)
mLSn(bT-a")={b"a" |n>m=>1} ¢ L(ORWW)
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4. Stateless Ordered Restarting Automata

4. Stateless Ordered Restarting Automata

Theorem 13

From a stl-ORWW-automaton M = (X,T,>, <

an NFA A with
20(I") states can be constructed such that L(

,0,>),
) = L(M).
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Theorem 13

From a stl-ORWW-automaton M = (%, ,<1,0,>), an NFA A with
200" states can be constructed such tha (A) = L(M).

Corollary 14
L(st-ORWW) = REG = £(stl-det-ORWW).
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4. Stateless Ordered Restarting Automata

4. Stateless Ordered Restarting Automata

Theorem 13

From a st-ORWW-automaton M = (X,T, >, <, 4§, >
20(") states can be constructed such that L(A) =

), an NFA A with
L(M).

Corollary 14
L(st-ORWW) = REG = £(stl-det-ORWW).

How succinct are st-ORWW-automata in relation to
stl-det-ORWW-automata?
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4. Stateless Ordered Restarting Automata

Theorem 15

For all n > 2, the language
Con={u#W#. .. #Un|m>2,u,...,une{ab}",Ji<j:u=u}
has the following properties:

m /t is accepted by a st-F-ORWW-automaton A, with a tape alphabet
of size O(n).
m Every stl-det-ORWW-automaton for C, needs at least 2°(") Jetters.
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5. Conclusion
5. Conclusion

m L(ORWW) is an AFL incomparable to DLIN, LIN, CFL, CRL, and
GCSL, and it has decidable emptiness problem.

m L(st-ORWW) = REG, but stl-ORWW-automata describe some
languages exponentially more succinctly than even
stl-det-ORWW-automata.

m Is L(ORWW) closed under arbitrary morphisms?

m |s there an efficient algorithm for deciding the emptiness problem
for ORWW-automata?

m Are finiteness, inclusion, or equivalence decidable for
ORWW-automata?

m Find an efficient transformation from st-ORWW-automata to
stl-det-ORWW-automata!
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Thank you for your attention!
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