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The following result is well known in the theory of the distribution of 

zeros of polynomials.

THEOREM A. (Enestrom-Kakeya). If is a polynomial of

degree n such that

(1)

then p(z) does not vanish in |z|> 1. 

We may apply this result to p(z/a) to obtain the following more 

general

THEOREM B. If is a polynomial of degree n such that

for some a > 0

(2)

then p(z) does not vanish in |z| > 1/a. 

This is a very elegant result but it is equallylimited in scope. The 
hypothesis is very restrictive and does not seem useful for applications. Our 
aim is to relax the hypothesis in several ways.In the literature there already 
exist ([1], [2, Theorem 3], [3]) some extensions of the Enestrom-Kakeya 
theorem. In connection with Theorem A or the more general Theorem B the 
following questions appear to be very natural to ask. 

Q.1. Can we drop the restriction that the coefficients are all positive and 
instead assume (2) to hold for the moduli of the coefficients?
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Q.2. Can we allow the polynomial of Theorem B to have gaps if the 
non-vanishing coefficients satisfy (2)?

As an answer to Q.1 we prove the following

THEOREM 1. Let be a polynomial of degree n with

complex coefficients such that for some a > 0

(3)

Then p(z) has all its zeros in where Kl is the greatest

positive root of the trinomial equation

(4)

PROOF. If

Hence for every real ƒÆ

if
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Since
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by hypothesis, we conclude that

if

Replacing aR by K we get the result. 

The example

shows that the result is best possible. 

It is clear that the conclusion of Theorem 1 remains true if the poly-

nomial has gaps and the non vanishing coefficients an, an1, an2,•csatisfy

Next we prove the following generalization of Theorem A.

THEOREM 2. Let be a polynomial of degree n with

complex coefficients such that

for some real ƒÀ, and

(5)

then p(z) has all its zeros on or inside the circle

For ƒ¿ = ƒÀ = 0, this reduces to the Enestrom-Kakeya theorem. 

PROOF OF THEOREM 2. We may plainly assume ƒÀ= 0. By geometrical 

considerations it is very easy to prove that for k =1,2,•c, n

(6)
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To verify it analytically let arg ak = ƒ¿k, arg ak-1=ƒ¿k-1 Then

and (6) follows. 
Now consider

For |z| = 1, we have

Hence also

for | z |=,1. By the maximum . . modulus theorem (7) holds inside the unit

circle as well. If lies inside the unit circle for every

real ƒÆ and from (7) it follows that
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Thus for

if

From this the theorem follows.

If ak = 0 for k = 0,1,•c, m then arg ak is not defined for each of these 

ak. However, it is clear that the theorem holds if | arg ak -ƒÀ|•…ƒ¿•…ƒÎ/2 

for the non-vanishing coefficients and (5) is satisfied.

We may apply Theorem 2 to to get the following

COROLLARY 1. be a polynomial of degree n with

comfilex coefficients such that

for some real ƒÀ, and

then p (z) does not vanish in

We shall briefly indicate haw we can prove the following more general 

result.

THEOREM 3. Let be analytic in

and
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then f(z) does not vanish in

PROOF OF THEOREM 3. It is clear that lira ak = 0. Consider

We wish to show that

Obviously h(0)•‚0. Hence we may suppose that zQ •‚0 and consider

From (6) it follows that

Hence

if

From this the conclusion follows immediately. 

We also prove
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THEOREM 4. Let be a polynomial of degree n. I f Reak

and

(8)

then p(z) does not vanish in

This is clearly a generalization of the Enestrom-Kakeya theorem. 

PROOF OF THEOREM 4. Geometrically it is obvious that

(9)

Hence again, if

then for |z| = 1

and as in the proof of Theorem 2

for |z| =R1•†1. Consequently
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if

and the theorem follows. 

Refinement of Enestrom-Kakeya theorem ; In a recent paper Rubinstein 

[4, Theorem 1] has proved the following interesting result,

THEOREM C. Let the function be analytic in

and then h(z) does not vanish in the disc

whereas it is obvious that h(z) does not vanish near the point eia it is 

not at all clear that h(z)•‚0 in the region indicated in Theorem C. This is 

what makes the above theorem interesting. Although not explicitly mentioned

before it is immediate that h(z) does not vanish in the disc

as well. To see this we consider the function which

satisfies the hypothesis of Theorem C with c =O. Hence

and so

This is equivalent to our assertion.

Rubinstein applied Theorem C to obtain the following [4, Corollary 1] 
refinement of Theorem A.

THEOREM D. Let be a polynomial of degree n. If

then all the zeros of p(z) lie in the complement o f the open disc
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with respect to the unit disc.

If is attained at z=1 then is attained at z =1 and

also at z= -1. We can use this observation to prove that p(z2) does not 
vanish if

From this a certain zero free region for p(z) can be obtained. Then we may 

use the fact that max |p(z3)| is attained at the points e2ƒÎi/3, e4ƒÎi/3,1. This will 

give two other regions in which p(z) does not vanish. This argument can be 
extended in the obvious way. 

Another refinement of the Enestrom-Kakeya theorem which we note is 
the following: 

THEOREM 5. If

then the polynomial

ing the sector

does not vanish in a region contain-

and the two regions D1 and D2 given by

and
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respectively.

PROOF. Since

Re

and so  On the other hand

Hence  Now let

and consider It is clear that

Hence  Re  for  This
certainly holds if  and  This

implies that p(z) does not vanish in the two regions D1, D2 defined by

and

respectively. Thus we have shown that in addition to the exterior of the 
unit circle, p(z) does not vanish in the shaded portion of the unit circle 
indicated in Fig.1. It is clear that the inequalities

hold also if z lies in the half plane

Re z < 1, and  It follows

that if z =reiƒÆ then p(z) does not 

vanish in the regions defined by

Fig,1
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