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ON THE EQUATION divY = f AND APPLICATION
TO CONTROL OF PHASES

JEAN BOURGAIN AND HAIM BREZIS

1. INTRODUCTION

The purpose of this paper is to present new results concerning the equation
(1.1) divY =f onT¢

i.e., we work on R? with 27-periodic functions in all variables. In what follows we
will always assume that d > 2 and that

(1.2) /Qf—o

where Q = (0, 27)%. The notations LP, W1P etc. refer to LP(T4), WLP(T9), etc. or
to 2m-periodic functions in L? (R?), VVllof (R9), etc. We denote by L%, the space of
functions in LP satisfying (1.2).

Clearly, (1.1) is an underdetermined problem which admits many solutions. A
standard way of tackling (1.1) is to look for a vector field Y satisfying the additional
condition

curl Y =0,
i.e., one looks for a special Y of the form

Y = gradu.
Equation (1.1) then becomes
(1.3) Au=f
and the standard LP-regularity theory yields a solution u € W?2P? when f € Li, 1<
p < oo. Consequently (1.1) has a solution Y € WLP for every f € L;, 1<p<oo.
More precisely, the operator div : WP — L; admits a right inverse which is
a bounded linear operator K : L; — WHP, Strictly speaking, we should write
Y € (WLP)d(= d-fold copy of WLP), div: (WLP)? — LP etc. But we will often

omit the superscript d to alleviate notation.
Three limiting cases are of interest:
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394 JEAN BOURGAIN AND HAIM BREZIS

Case 1: p=1. It is well known that when f € L' equation (1.3) does not necessarily
admit a solution u € W?!. However, one might still hope to have some solution Y’
of (1.1) in W1 or at least in BV. This is not true: for some f’s in L', equation
(1.1) has no solution in BV and not even in L% (@1 see Section 2.1.

Case 2: p = oo. It is well known that when f € L* equation (1.3) does not
necessarily admit a solution v € W2, However, one might hope to find a solution
Y of (1.1) in W%, This is not true: McMullen [I3] has shown that for some f’s
in L> (even continuous f) equation (1.1) has no solution in W, This is proved
using a duality argument and a “non-estimate” of Ornstein [16]; see Section 2.2.

Case 3: p=d. This is the heart of our work. For every f € L%, equation (1.3)
admits a solution u € W% and thus equation (1.1) admits a solution Y = gradu €
Whd, Since W14 is not contained in L (this is a limiting case for the Sobolev
imbedding), we cannot assert that this Y belongs to L>°. In fact, we give in Section
3 (Remark 7) an explicit f € L¢ such that the corresponding Y = grad u does not
belong to L*°. However one might still hope that given any f € Li there is some
Y € L* solving (1.1). This is indeed true:

Proposition 1. Given any f € Li there exists some Y € L solving (1.1) (in the
sense of distributions) with

(1.4) [Yllzoe < C(@)[| |-

Remark 1. A more precise statement established in the course of the proof says
that there exists Y € CY satisfying (1.1) and (1.4).

The proof of Proposition 1 is quite elementary; see Section 3. It relies on the
Sobolev-Nirenberg imbedding W' ¢ L%~ (and even BV < L¥(?=1) com-
bined with duality, i.e., Hahn-Banach. As a consequence, the argument is not
constructive, and Y is not obtained as above via a bounded linear operator acting
on f. In fact, surprisingly, the operator div has no bounded right inverse in this
setting:

Proposition 2. There exists no bounded linear operator K : L‘j# — L such that
divKf=f Vfe L‘jiﬁ (in the sense of distributions).

Remark 2. Another way of formulating Proposition 2 is to say that the subspace
{Y € L*°; divY = 0} admits no complement in the space {Y € L*®; divY €
L%} equipped with its natural norm. Alternatively, the closed subspace {grad u;
u € W11} has no complement in L'; see Section 3.

To summarize: for every f € L%, equation (1.1) admits

a) a solution Y; € Whd,

b) a solution Y3 € L.

A natural question is whether there exists a solution Y of (1.1) in L N W14
This is indeed one of our main results.
Theorem 1. For every f € Li there exists a solution Y € L NWHe of (1.1)
satisfying
(1.5) 1Yz + 1Y l[wr.a < C(d)|fll e

Despite the simplicity of this statement the argument is rather involved and a

simpler proof would be desirable.
We will present two techniques to tackle Theorem 1.
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ON THE EQUATION divY = f AND APPLICATION TO CONTROL OF PHASES 395

First proof of Theorem 1 when d = 2 (see Section 4). It relies on Hahn-
Banach (via duality) and thus it is not constructive. But it is rather elementary;
the main ingredient is the new estimate (1.6) which is established by L2-Fourier
methods.

Lemma 1. On T2 we have
(1.6) lu— fullre < C|lgradullpr g1, Yue€ L?
for some absolute constant C'.
The main difficulty, in proving (1.6), stems from the fact that if we decompose
gradu = hy + ho

with hy € L' and hy € H™!, then hy and hs need not be gradients themselves; it
is only their sum which is a gradient.
The analogue of Lemma 1 for d > 2 is the estimate on T%,

(1.7) ||7.L —fu||Ld/(d—1) < C(d)” graduHLl W—1,d/(d—1) .
+

We have no direct proof of (1.7). But it can be deduced by duality from the
statement of Theorem 1 (and thus from the second proof presented in Section 7).

Second proof of Theorem 1, valid for all d > 2 (see Sections 5 and 6).
We exhibit via a constructive (nonlinear) argument some explicit Y € W4 n L[>
satisfying (1.1) and (1.5). The argument for d = 2 is simpler and we start with this
case for expository reasons.

One should observe a certain analogy with the Fefferman-Stein [I0] decomposi-
tion of BMO-functions and Uchiyama’s [21] constructive proof. Indeed, returning to
equation (1.1) and defining F by |¢|F(€) = f(£), we obtain that F € W4 ¢ BMO
and (1.1) becomes

d
(1.8) F=> R;Y;
j=1

with R; = j'* Riesz transform (Ej\w(f) = 1&({)%), Y =(Y1,...,Yy).
The statement of Theorem 1 is that (1.8) has a solution Y € L>® N W14, Recall

that according to Fefferman-Stein [I0] any F' € BMO has a decomposition of the
form

d
(1.9) F=Yy+ > R;Y; with Yy, Vi,... Y€ L™,
j=1

The proof of this decomposition is again by duality and nonconstructive. The
later constructive approach from Uchiyama [2I] gives a different proof of (1.9). If
we assume moreover that F € W14 Uchiyama’s argument gives that (1.9) has
a solution Yy, Yi,...,Yy € L N WH4. The new result in this paper shows that,
in fact, for F € W4 the Yp-component is unnecessary and (1.8) holds for some
Yi,...,Yg € L®nWwhd,

It should be mentioned that to achieve our decomposition we do use significantly
different methods from Uchiyama. This raises the question what are the function
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396 JEAN BOURGAIN AND HAIM BREZIS

spaces X, W4 ¢ X € BMO, such that every F € X has a decomposition
d
(1.10) F =Y R;Y;
j=1

where Y; € L™ or (assuming the Riesz transforms bounded on X) the stronger
property Y; € L* N X.

Remark 3. Using Theorem 1 we will prove (in Sections 4 and 6) that a slightly
stronger conclusion holds:

Theorem 1'. For every f € Li there exists a solution Y € C° N Wh? of (1.1)
satisfying (1.5).

The original motivation for studying (1.1) comes from the following question
about lifting discussed in Bourgain-Brezis-Mironescu [3], [4], [5]. Consider the
equation 4

g=¢e% onT¢
where ¢ is a smooth real-valued function.
Question. Assuming g is controlled in H/2, what kind of estimate can we deduce
for 7
Here is a first easy consequence of Theorem 1.

Corollary 1. We have

(1.11) e = fellpara-n < CA) A+ Ngla/2)lglme

Proof. Write .
grad g = ie'? grad ¢

and thus

(1.12) grad p = —ig( grad g).

Multiplying by Y gives

(1.13) / pdivY = / igY - gradg.
Q Q

Given f € L we obtain from Theorem 1 some Y satisfying (1.1) (with f replaced
by f—ff) and (1.5). Thus we have

(1.14) | / (6 = JO 1 < gl (1Y [ /2).

But

1GY 172 < Mgl sz 1Y lzoe + gl zoe 1Y Nl a2
(1.15)

(by (1.5)) < C(llgll szl fllpa + 1f12a)

where we have used the obvious fact that [|[Y||g1/2 < C||Y||1.. Combining (1.14)
and (1.15) yields (1.11). O

Remark 4. Estimate (1.11) cannot be improved, replacing the norm || ||za/w-1)
by || |lz»,p > d/(d — 1). This may be seen by choosing g = €% with ¢(x) =
(|z|> + €2)=*/? with o < d — 1, close to (d — 1) and ¢ close to 0 (the same
example has already been used in Bourgain-Brezis-Mironescu [3], Lemma 5). There
is however a better estimate than (1.11), namely
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ON THE EQUATION divY = f AND APPLICATION TO CONTROL OF PHASES 397

Theorem 4. Let ¢ be a smooth real-valued function on T and set g = e*?, then

el gzqmwra < CA)A + [lgllmar2)llgll 172

Theorem 4 has been announced in Bourgain-Brezis-Mironescu ] (Theorem 3)
and is proved in Section 8. QOur proof of Theorem 4 is a direct estimate based
on paraproducts. In view of the preceding argument one may wonder whether
Theorem 4 can be proved by solving a divergence equation. After duality the
required statement would be

(116) ||u —fu||H1/2+W1,1 § CH gradu|\H_1/2+L1

but we do not know whether (1.16) holds.

We now turn to the question of coupling equation (1.1) with the Dirichlet con-
dition
(1.17) Y=0 onodQ.

This question was addressed (in various forms) by a few authors; see e.g. Arnold—
Scott—Vogelius [2], Duvaut-Lions [9] (Theorem 3.2), X. Wang [22], Temam [20]
(Proposition 1.2(ii) and Lemma 2.4) and the references therein to Magenes—
Stampacchia [12] and Necas [14]. Our aim is to establish the analogue of The-
orem 1’ under the Dirichlet condition. We start with the following known fact (see
e.g. Arnold-Scott—Vogelius [2] for d = 2).

Theorem 2. Given f € L%(Q),1 < p < oo, there exists some Y € WoP(Q)
satisfying (1.1) with

(1.18) 1Y llwe < Co)IIflze-
Moreover Y can be chosen, depending linearly on f.

The operator and the estimate do not depend on p assuming we stay away from
the end points.

For the convenience of the reader we include a new proof; our technique is
extremely elementary and can be adapted to establish, for the limiting case p = d,

Theorem 3. Given f € Li(Q) there exists some Y € C°(Q)N Wol’d(Q) satisfying
(1.1) with
1Yz + 1Y l[wra < C[[f| pa-

Theorem 3 is stronger than Theorem 1’. However it will be deduced from Theo-
rem 1’. There are variants of Theorems 2 and 3 when @ is replaced by a Lipschitz
domain in R? (see Section 7.2).

The plan of the paper is the following:

. Introduction.

. The cases f € L? with p=1 and p = co.

. Proofs of Propositions 1 and 2 and related questions.

. Proof of Theorem 1 when d = 2 via duality.

. Proof of Theorem 1 when d = 2 (explicit construction).

. Proof of Theorem 1 when d > 2 (explicit construction).

. The equation div Y = f with Dirichlet condition. Proof of Theorems 2 and 3.
. Estimation of the phase in H*/2 + W1, Proof of Theorem 4.

00 O UL i W N+
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398 JEAN BOURGAIN AND HAIM BREZIS

2. THE CASES f € LP WITH p=1 AND p = o0

We consider here equation (1.1) with f € Ls‘; and ask whether there exists a
solution Y € WP of (1.1) when p = 1 and p = co. As we have already mentioned
in the Introduction the answer is negative. Here is the proof.

2.1. The case p = 1. Assume by contradiction that for every f € L;& there is
some Y € Wh! satisfying (1.1). It follows that the linear operator

Tu= divu from E=W"" into F = L;k

is bounded and surjective. By the open mapping principle there is a constant C'
such that for every f € F there exists a solution Y € E of (1.1) satisfying

Y lwrr < Cllfllzr-

We now use a duality argument which occurs frequently in the rest of the paper.
We will deduce that WhH? ¢ L with continuous injection, and since this is false,
we infer that for some f’s in F there is no Y € W1 satisfying (1.1).

Let u € Wh? and set

(2.1) gradu = h € L%
Given any f € L', let Y € W! be such that

divY=f—ff
and

1Y lwex < ClIf = fflle-
Taking the scalar product of (2.1) with ¥ and integrating yields

/Q(u—fQu)f:—/QhY.

Consequently
(22) | =) < Whlsel¥ oo

By the Sobolev-Nirenberg imbedding we have W1 ¢ L#/(4=1) and thus

(2.3) 1Y [lpas@-n < CllY [lwra < Ol 22

Combining (2.2) and (2.3) we deduce that (u —fQu) € L™ with
lu—fqull= < Cllgradul|a.

Impossible.

Remark 5. The same argument shows that equation (1.1) with f € L;& need not
have a solution Y in the sense of distributions with Y € L4/(¢=1) (Note, however,
that the solution Y given via (1.3) belongs to LP, Vp < d/(d — 1), and even to
weak-L%/ (dfl)). It suffices to follow the above argument with £ = W replaced
by

E={Y e LY divy e L'}

equipped with its natural norm.
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ON THE EQUATION divY = f AND APPLICATION TO CONTROL OF PHASES 399

2.2. The case p = co. This case has been settled negatively by McMullen [13] (the
interest in this kind of problem grew out of the study of the equation det(Vy) = f
with ¢ bi-Lipschitz and also from a question of Gromov [I1] on separated nets; see
Dacorogna-Moser [18], Ye [24], Riviere-Ye [17],[18], Burago-Kleiner [7]).

For the convenience of the reader we sketch a proof when d = 2, which is es-
sentially similar to the one of McMullen [13]. We argue by contradiction as above.
Then, for every f € L™ there is a Y € W™ satisfying

divY=f—ff
and
1Y [lwriee < C|[fllree-
Let ¢ be a smooth function on T? and set g = ¥, ,,. Write

/gxlyl +gzz}6 = - /gf = /wxlxlylxz + wx2x2Y2zl~
Consequently

\ / gf‘ < Oaran 11 + [bpea )| Fllz

and thus
||9HL1 = memHLl < C(walleLl + wagxgHLl)-

This contradicts a celebrated “non-inequality” of Ornstein [16] and completes the
proof.

Remark 6. The same argument shows that equation (1.1) with f € C° and [ f =0
need not have a solution Y € W1,
3. PROOFS OF PROPOSITIONS 1 AND 2 AND RELATED QUESTIONS

Proof of Proposition 1. Recall the Sobolev-Nirenberg imbedding W' ¢ L4/(d=1
and, more generally, BV C L% (4=1) with

(3.1) lu— ful pasa-— < C(d)|| gradul|pm Vu € BV,
where M denotes the space of measures. Set
_ (0 _ 7d
E=C" F=1L%
and consider the unbounded linear operator A = D(A) C E — F, defined by
D(A)={Y € E; divY € LY}, AY = divY,
so that A is densely defined and has closed graph. Clearly we have
x x _ rd/(d-1)
Ef=M, F'=1Ly ,
D(A*)=F*NBV, A*u= gradu.
By (3.1) we have

e < C’(d)HA*u| B+ Yué€ D(A*)
It follows from the closed-range theorem (see e.g. Brezis [6], Section I1.7) that A

is surjective. More precisely, we claim that for any f € F there is some Y € F
satisfying (1.1) and

[l

Y l[pe < 2C(d)]| f| e,
where C(d) is the constant in (3.1). O
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400 JEAN BOURGAIN AND HAIM BREZIS

Indeed, let f € F with || f||z« = 1 and consider the two convex sets
B={Y e E; [[Y|e <2C(d)}
and
L={Y eFE; divY = f}.
We have to prove that BN L # (). Suppose not, and BN L = (. Then, by
Hahn-Banach there exists p € E*, u # 0, and a € R such that

(3.2) (u,Y)<a VY €B
and
(3.3) (u,Y)>a VY €L.

From (3.2) we have ||u|| < o/2C(d) and from (3.3) we deduce, in particular, that
(1, Z) =0 YZ € N(A). It follows that u € N(A)* = R(A*). Hence there exists
some u € F* N BV such that grad u = p. Applying (3.1) we see that

(34) lull pasa- < C(A)||pll < /2.
On the other hand, by (3.3), VY € L,

a<(uY)= (gradu,Y) = —/u divY = —/uf < lu|lgas@-1 < a/2.
This is impossible since o > 0 (because p # 0).

Remark 7. The special solution of (1.1) given by Y = grad u, where u is the solution
of (1.3), belongs to W4 when f € L¢; however, in general, it does not belong to
L*°. Here is an example due to L. Nirenberg. Using (z1,Z2,...,2q) as coordinates
in R consider the function

u = z1|log r|*¢
where ¢ is a smooth cut-off function with support near 0 and 0 < a < (d — 1)/d.
Note that Y = grad u does not belong to L>° while

C
] < logr|*,
so that Au € L4,

We now turn to the proof of Proposition 2, i.e., the non-existence of a bounded
right inverse K : L‘j# — L for the operator div. We present two proofs. The first
is the simplest: after a standard averaging trick we obtain a bounded multiplier
L% — L> and we reach a contradiction by a direct summability consideration. The
second proof is related to Remark 2: the existence of K would yield a factorization
of the identity map I: W' — L4/(d=1) through the Banach space L'; however
no such factorization exists by a general argument from the geometry of Banach
spaces.

First proof of Proposition 2. Assume K : L‘j# — L is a bounded operator satisfy-
ing divK =1 on Li. Then the averaged operator

K= T_ o K1.dx,
Td
where 7, f(y) = f(y + ), still satisfies
(3.5) div K=1 onlL%
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ON THE EQUATION divY = f AND APPLICATION TO CONTROL OF PHASES 401
On the other hand, K is clearly a multiplier
K(e™) = (M(n), Aa(n), ..., Aa(n))e™*

which is bounded from L% into L and hence from L' into L where d’ = d/(d—1).
By (3.5) we have

d
an/\j(n) =1 Vnez?
=1
so that

d
(3.6) A(n)* = Z Ai(m)|* = 1/[nf* V.

Consider the multiplier
I 1 An.m
M(em x) = —¢' , n 7& 0.

nE

Then M is bounded from L% into L2. Hence MK is a bounded multiplier from L*
into L2. Thus

) 2
s P

njd—2
nez?
n#0
Summing over j = 1,2,...,d, and using (3.6) we deduce
> o
n|¢ '
nez?
n#0
A contradiction. 0

Second proof of Proposition 2. Assuming the existence of K : Li — L we obtain

a factorization of the identity map I : Wt — LY as
I =K"o grad

which, in particular, gives a factorization of I through the Banach space L'. We
claim that there in no such factorization, as a consequence of Grothendieck’s the-
orem on absolutely summing operators. Both the result and the method are well
known and we briefly recall them (see Wojtaszczyk [23] for details). First take d = 2.
Then I : Wh! — L? and we consider the operator I o D where D : L? — Wl is
defined by

D(em;c) —_ 1 einw.

V14 |n|?

Thus D is clearly bounded as an operator into H', hence into W', Since I is
assumed to factor through L', so does I o D:
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402 JEAN BOURGAIN AND HAIM BREZIS

R IoD
L L2

Ll
]

Next, recall Grothendieck’s theorem that any bounded operator B : L' — L? is
1-summing, i.e.,

= ! <1<
(B)=sup { Y 1Baili (o) L and xS oo} <1< Ko Bl

where K¢ is Grothendieck’s constant.
From the usual ideal properties, we obtain

1 1/2
( > TW) =|IoD|as =m(IoD) < m(loD)
nez?
=m(BoA) < [A|m(B) < K| Al |B| < oo,
which in an obvious contradiction.
For d > 2, we have I : Wh! — L% and we consider the multiplication operator

M : LY — L2 given by M(e"™®) = (1 4 |n|)*~ 2. Hence, considering now
MoIoD:L?— L? factoring through L', we obtain a contradiction again:

1 1/2
(S s = IMelePlns=ma(eloD) <m(MeloD) <os

Proof of Remark 2. Consider the Banach space
E={Y e€L> divY € L%
equipped with its natural norm ||Y||p~ + || div Y||p«. Then
N={Y € L*; divY =0}
is a closed subspace of E which admits no complement in E. Indeed, set
F=1%

and consider the bounded linear operator T': E — F defined by TY = div Y. By
Proposition 1, T is surjective. If N = N(T') admits a complement in E, then T has
a bounded right inverse, i.e., an operator S : F' — F such that

div (Sf)=f YfeF

(see e.g. Brezis [6], Théoréme I1.10). But this is impossible by Proposition 2.
Similarly, the subspace

R = {gradu; u € W"'}

of L' is closed and admits no complement in L!. Indeed, consider the spaces
E={ue W' [u=0},F = L' and the operator T = grad, a bounded linear
injective operator from E into F. If R = R(T') admits a complement in F, then
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ON THE EQUATION divY = f AND APPLICATION TO CONTROL OF PHASES 403

T has a bounded left inverse S : FF — E (see e.g. Brezis [6], Théoréeme II.11). In

d/(d—1)
L#

particular, S : F — satisfies

S(gradu) =u, YuecWh! with/u =0.

Then S* : Li — L°° satisfies
div (S*f)=f, VfeLy,

and this is again impossible by Proposition 2. [l

4. PROOF OF THEOREM 1 WHEN d = 2 VIA DUALITY

We now return to the periodic setting and we will prove the slightly stronger
form of Theorem 1,

Theorem 1’ (for d = 2). For every f € Li there exists a solution Y € C° N H!
of (1.1) with

(4.1) IV )l + 1Yl < ClIf o
for some absolute constant C'.

Theorem 1’ is proved by duality from
Lemma 2. On T? we have
(4.2) |u—fulle < C| gradul| gy pg—1,Yu € L?
where C' is an absolute constant.

Assuming the lemma we turn to the

Proof of Theorem 1'. First observe that
L'+H'cM+H!

and that

(4.3) I Mprems = -+ llaeers on L'+ H™?

(this may be easily seen using regularization by convolution).

Let E = C'NHLF = Li and consider the bounded operator T : £ — F
defined by TY = divY. Clearly, T* : F* = F — E* = M + H™! is given by
T*u = gradu. By Lemma 2 we have
< CHT*U,| Bx YueF*,

and therefore T' is surjective from E onto F. Estimate (4.1) follows from the open
mapping principle or one could argue directly using (4.2) and Hahn-Banach as in
the proof of Proposition 1. O

[[ul

Proof of Lemma 2. Assume

(4.4) u € L,

(45) &Eu:Fl—i—hl, 8yu:F2+h2

and

(4.6) [Fillpe + 1 F2llr + [[Pallg-1 + (R g1 < 1.
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404 JEAN BOURGAIN AND HAIM BREZIS

We have to prove that
(4.7) lu|lL2 < C.

The main ingredient is

Lemma 3. Under assumptions (4.4)—(4.6) we have

n2n2 R
(4.8) > a ety i)l < Ol + 1)
ni,n €z 1 2

Assuming Lemma 3 we may now complete the proof of Lemma 2. Define

(4.9) u’(x" y/) = u(x’ + y/’ ' — y/) = Z (ny,n2) eil(nitn2)z'+(n1—n2)y']

ni,n2
so that
(4.10) ’l/i\/(nl + N2, N1 —’I’Lg) = ’&(’I’Ll,’ng)
and

Ot (2’ ) = Opu(a’ + o/, 2" —y') + Oyu(z’ + ¢/, 2" — )
=R+ R +y, 2 —y)+ (h + ho)(@ + 9 2" — )
el'+H!

and similarly for 0y/u/'.
From (4.8) and (4.10) we obtain

(4.11)
(nl +n2)2(n1 _n2)2 ﬁ ny,n 2 = M ’l’l,\/ n’ n/ 2
R i A P T

<O/l +1) = C(llull 2 + 1).
Addition of (4.8) and (4.11) implies that

lullF2 = Y Ja(ni,n2)* < C(ull 2 +1)

ni,n2

and the desired estimate (4.7) follows.
We now turn to the

Proof of Lemma 3. We have

= n? +n3 i n? + n3)?
by (4.5) EZ nin3 B ()l — 1 nmni o
T (n? +n3)2 1(n)i(=n) + i Z (n? + n%)th(n)u( ")
= (4.12) + (4.13).
Estimate

a(=n)| < [lhall - l[ullz>-

(4.14) MBMSX)%%%%
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Write
nin A _
(412) =Y m Fy (n)dyu(—n)
n1n2 A nlng o N
=2 WP )+ el mha(-n)

= (4.15) 4 (4.16).

Estimate

@16 =30 UL (o) + s () fia(—)

n+n

n1|n2| ha(n)|  |ha(=n)|
(4.17) _Z la(n)| |ha(— |+Z\/ +n2 NoET

< ||f||L2 thHHf1 + M hall—r [h2llr—-
O

Estimation of (4.15). This is the key point. Since ||Fi|jz: < 1, ||Fs||pr < 1, it
suffices (by convexity) to replace F;(n) by

(4.18) Fi(n) = ™, Fy(n) = e™?

for some a,b € T? (this amounts to replacing Fy, Fy by the Dirac measures d,, o,
respectively).
Thus we obtain

S AR = X et

R L ni +n3)
(4.19) =— Z % sinnq (a1 — by) sinng(az — ba)
1 2

by parity considerations.

Claim. For all 01,05 € T

(4.20) <c.

ning . .
E 55 Sin n1601 sin nobs
(nf + n3)

ni,mn2

From the claim, we conclude that |(4.15)[, [(4.19)| < C and, recalling also (4.14),
(4.17), inequality (4.8) follows.

Proof of the Claim. Splitting Z in dyadic intervals, we obtain

ning . .
(4.21) Z ‘ Z W sinn1 601 sin nabs|.

ny
k1,k2>0 " ny~2F1 ,n2~2’“2

Recall the inequality

(4.22) < AF0| A =

Z sin nf

nel

|9|

if € T and I C [2°71 2*] is an interval (where A denotes min).
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From (4.22), assuming ky > k2, we have

ninz . .
g 555 Sinn10; sinnaby

<
(n3 +n3)? N

n1~2k1 ,n2~2k2

1 1 nin
293) (4410, 0 2 (45216 /\—) H{#}
( )< 611 MO( Ol N g ) N g

where ¢°°(I)@¢>°(J) denotes the usual projective tensor product. Thus the last
factor in (4.23) may be bounded by

Eoo(nlf\/le )®£°° (n2~2k2)

(4.24)
1 2k2
gr __mna < ‘ 1 <o
‘ t (n% + n%)Q £ (ng~2F1 ny~2k2) (n% + n%)Q L1 (ng~2k1 ng~2k2) 8k
Substitution of (4.23), (4.24) in (4.21) gives the bound
1 1
4.20), (4.21) < C gha=k ok 10, | A ——— | 27205 A o——
ammse 3 (21611 g ) (210002 g
1ZR22
2 1
< 2F10,) A —— || < C.
<elT[ 3 (o g )| =
i=1 “k€Zy
This completes the proof of the Claim and of Theorem 1’ for d = 2. (]

5. PROOF OF THEOREM 1 WHEN d = 2 (EXPLICIT CONSTRUCTION)

Our aim is to construct Y € L= N H! such that

(5.1) divY = f € L(T?).
Write
7? = J(AjuA?)
j=0
where
Aj = [2771 < [na| < 273 |no| < 27)
A =[27 <|ng| < 27%; |ng| < 27].
ng
_9J 2J
ny
1
Al Al
Let
A =JAY  (a=12).
J
Decompose

f = f1 + f2 where fa _ PAaf = Z f(n)emx

neAs
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Claim. Let ¢ > 0 be small enough and ||f||2 < §. Then there are Y7, Y3 such that

(5.2) |Vl poormr <1
and
(5.3) 10aYe — fOla <62 (a=1,2).

Thus if || f]|2 = §, then
If =01 = 02Yz]l2 < 62| f2
and iteration of this gives (5.1).
The construction of Y7, Y5> is explicit but nonlinear (see Proposition 2).
Take o = 1 and denote f! by f, A} by A;.
Define
[i = Pa, f,

cj = || fill2,
- 1 in-x
Fj=D.lfi=)" o fim)e .

Hence

1/2
(X2) =i
1

OIS 27 A1l S -

(5:4) 1Pl < >

?’LEAJ'
Fix £ > 0 a small constant and partition
A= U A
r<iti

A

Ajr
in stripes A;, such that
(5.5) |Proj,, Aj,| ~e27.
Define first
I 12 in-x
(5.6) Fitz)=> | Y. — fi(n)e™™|.
r 'n€EAj; 1
Thus
(5.7) ()| < [Fy(@)] S c.
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From Cauchy-Schwarz
(5.8) 1Byl < V2| Fylle S e~ V/22 e
Observe that if Proj, Aj, = [a,, by}, b, —a, ~ €27, then

o <3| S P e

v lnen,, ™
where
notrlce
ni
Therefore
(59) [:Fylle S ellPa,. fllo < 2P, fll = 2%,

(this is the purpose of the construction of Fj).

We also need to make an appropriate localization of the Fourier transform of Fj.
Denote

N —n| |
Kn)= Y M e,
In|<N
the usual Féjer kernel on T. It is easy to see that if
Py = 3 P
In|<N
is a trigonometric polynomial, then

(5.10) |P| < 3(]P| * Kn).

Using this fact in the variables 1, x2, we see that

(5.11) |Fj| < F < G;
denoting
(5.12) G =9F; x (Kn, ® Kn,)

where each A;, is an Ny x N» rectangle, Ny ~ 27, Ny ~ 27.
Thus, by construction

(5.13) supp G C [~ Ny, Ni] x [=Na, No] C [|n| < 27]
and inequalities (5.7), (5.8), (5.9) remain preserved.
Therefore,
5.14) 1Gjlloe <ONE Nl S (0<d<1),
G2 S e™V/?27 ey,

(
(5.15)

(5.16) 101Gz < €'/%¢;,
(5.17) IVGjll2 S e ;.

Assume that {f; | j < K} is a finite sequence (which is no restriction).
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Define
Y1 =Fk + Fx_1(1 - Gk)
+Frx_o(1-Gr-1)(1 —Gg)+---

(5.18) => F[Ja-Gw.
JSK  k>j
Thus from (5.11)
V1| < [Fi|+ (1 = |Fi|)|[Fr—]
+ Q= [Fx)(1 = [Fx-1)|Frx—2| +--- < 1.

One may also rewrite (5.18) as

(5.19) Yi=> F;-)Y G;H;
with
Hj=Fj_1+Fj5(1-Gj-1)
+Fj3(1=Gj—2)(1 = Gj—1) + -
(5.20) => B J] a-Gw).
k<j k<k'<j
Clearly

By construction

(5.21) oY1= fi—) 01(G;H)).

Next, we estimate the second term in (5.21) that will appear as an error term.
Observe that since supp F; C [|n| ~ 27] and (5.13), also

(5.22) supp H; C [|n| < 27).

Denote P, Fourier projection operators on [|n| ~ 2*] such that Id =", Ps.
From the preceding, we may thus ensure that

(5.23) G;H; = Pu(G;Hj).
k<j

Estimate then

SN ||81Pj_s<GjHj>||§)l/2

(5.24) ‘ ‘
2 s>0 N g

> (G Hj)

(since for fixed s, the Pj_, have disjoint ranges).
Returning to the parameter 0 < £ < 1 introduced earlier, write

(5.25) =27 (5, >0)
and estimate (5.24) in the ranges

(5.26) 5> 84

(5.27) 0<s<s,.
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Contribution of (5.26). Since |H;| <1 and (5.15),
101 Pj—s (G Hj)|2 S 27" G Hjll2
(5.28) < 278Gyl < 67 V2275
Substitution in (5.24) gives the contribution
1/2
620) LX) <o sl <
5>54
Contribution of (5.27). Estimate now
101Pj—s (G Hj)ll2 < [00(GiH)) |2 < [|01Gjll2 + (|G 01 Hj 2
(5.30) < e'%¢; + (G501 Hy 2

using (5.16).
Recalling definition (5.20) of H;, one easily verifies that

(5.31) \VH;| < ([VF| + [VGy)).
k<j
Hence
(5.32) IVHj oo <> 2%y,
k<j

and from (5.15)

(533) HGj&lHng S 5_1/26j<22_(j_k)ck>.

k<j
Substitution of (5.30), (5.33) in (5.24) gives the following bound on the contribution
of (5.27):

1/2 211/2
5*51/2(20?) —l—s*e_l/Q[Z (ZZ G- k)ck) }

k<j
L\ 12 LN 1242
(5.34) < |log_)e 12+ log  Je 1£12-
Consequently, from (5.21), (5.29), (5.34),
(5.35) If =iz = Zal(GjHj) < log - ( Y2Ifll2 e RIL13).
J
Under the assumption || f|l2 <6, letting € = § in (5.35), we obtain thus
(5.36) If = onYill2 <627 <63
which is (5.3).
It remains to estimate ||Y1||g1 = ||VY1]2.
By (5.19)

(5.37) [VYifl2 <

ZVF

N
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From the definition of F; and since supp 3 b C Ajl, it follows that

1/2
~ (an%) — fll

Estimate the second term in (5.37) as in (5.24),

(5.38) H Z VE;

1/2

(5.39) |Svem)| <X (S1vn-cmk)

J 2 >0 N
and
(5.40) IVP; (G H))|l2 S 27 %Gy H,ll2 < e /7275,
Thus

1/2
(5.41) (5.39) <e /2y 2—S<Zc§> < e V2| f|2
s>0 7

and
(5.42) [VYil2 <67 Y2| fll2 < 6V

Since || Y1|leo < 1, this establishes (5.2).

This proves the Claim and completes the proof of Theorem 1 for d = 2.

6. PROOF OF THEOREM 1 WHEN d > 2 (EXPLICIT CONSTRUCTION)

Let f € L%& (T4). Our aim is to construct a solution Y of divY = f satisfying

(6.1) 1Y loo < Clifllas
IVYlla < Cl[flla-

We do this by standard modification of the previous L2-argument with the
Littlewood-Paley square function theory as main additional ingredient. Consider
again a partition

7' =Jju---UAY)
j=0

of disjoint d-rectangles A} of side length ~ 27,
We formulate the analogue of the Claim with Y, satisfying bounds (6.1), (6.2).
Letting o = 1, f = f!, define again

(6.3) Fj=D.f;
satisfying
(6.4) 1Fjlloe S @D Ejla = 221D5 filla ~ 1 filla = ¢
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Define Fj and G as in (5.6), (5.12). Thus (5.11), (5.13) hold. Also

d N 1/d
I — / 1 inT
G lloo S N1Fjlloe < e~/ (Z S —filn)e )

r<l ' n€A;

< U < Z <2J’"’Zl(52j)i

r<%
5 6—1/d/+1/d ( Z
r<%

(6.5) Sei Y filla=eile; <ecdle.

Z fj (n)einx

neN; »

d\ 7
d)

(We assume that § is small enough compared with ¢ to ensure, in particular, that
2_

ca li< 1)
Repeat the construction from Section 5. In place of estimate (5.24) we now have

1/2
<y Zwlpjs(GjHj)F)
d

s>0ll d

(6.6) '

> (G, Hj)

and distinguish between the cases (5.26), (5.27).

Contribution of (5.26). Estimate

H(Dva_s(GjHj)P)l/Q d

<|(zememr)”
<§jj4j|GjHj|2>1/2 d
<Z 49 (Fy + Kj)2> v

where K is a product of Féjer kernels

d

g2

(6.7) <o97s

d

KN1®KN2®"'®KN,“ N1N€2j, anng,...,NdNQj.

Again from standard square function inequalities
o 1/2
(Z o)
J

Recalling the definition of F}, estimate

(6.8) (6.7) <2

d

2

12 inx
> —f(n)e
T ™
neA; .

(6.9) (F)P<et Y

r<e—1
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Substituting in (6.8), this gives

24 1/2
671/2275 <Z Z Z n)einz >
J r<e”! neAj, d
(6.10) s
,1/2 29— <Z Z Z f 'an >
J r<e=l''mneAj, d

We use here the fact that [ni] ~ [n| ~ 27 for n € Aj.

Recall also the definition of Aj, obtained by partitioning the n;-variable in
intervals of size £27.

At this stage, we use the following (1-variable) inequality due to Rubio de Francia
[19], which generalizes the Littlewood-Paley inequality to arbitrary intervals.

Proposition 3. Let {I,} be disjoint intervals in Z and

Prf =Y f(n)e™

nel

the corresponding Fourier projection.
Then, for 2 < d < oo, there is the (one-sided) inequality

w (o)

Since {Proj,,A},} are disjoint intervals in Z, application of (6.11) in the ;-
variable implies that

< C[fla-

(6.12) (6:6) S ™2 27| fla-
Summation of (6.12) for s > s, gives then
(6.13) (5.26)-contribution < &'/2| f|4.

Remark 8. We used the general Proposition 3 for convenience; the present case
could in fact be treated by more elementary means.

l(gomr) |

(= |Gj<61Hj>|2)1/2

Contribution of (5.27). Estimate

(Soeiomr)”|

<H(;W)

Estimate (6.14) by

(6.16) H(Z |31Fj|2)

= (6.14) + (6.15).
d

1/2

d
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We have that

1 F5 < >

n—4jr 2 inx
—_— n)e
> —f(n)

1

r<e~! neAj .
2\ 1/2
§51”<:§I Ejfﬂiiﬁﬁﬂnkmm)
r<e~!neAj, m

<e.

>1/2

where ProjnlA}r = [ajr, bjr],bjr — ajr ~ €27, Thus }%
We get therefore

(6.16) < e ¥/2%.¢

Z f zn;c

(%

J or<e”l'neAj, d
(6.17) Se 2l e
To estimate (6.15), use again inequality (5.31), together with (6.4), (6.5). Thus
(6.18) IVH,||loo <871 2%, < 287227 fla.
k<j
Hence

/2
2

(6.15) < ea | flla

(5ea)
(Z(Qjﬁj)z)m

J

2_
<ei Sl

d
(6.19) < et 3||f|3

applying again the (6.8)-bound using Proposition 3.
Thus the (5.27)-contribution is

1 1
(6.20) <¢e'?log g||f||d+e%*%10g ZIIF1E
Collecting estimates (6.13), (6.20), it follows that
I -0l = | Sonem)
d
1/2 1 2_3 1 2
(6.21) < e Plog —[|flla+e77= log || f]la

which is the analogue of (5.35). Assuming || f||4 = J, take ¢ = §'/2 to obtain
(6:22) If =Y ]la < 6% £l

It remains to estimate

[VYlla <

S VE| +
d

| S

‘ = (6.23) + (6.24).
d

We have

/2 1/2

(6.23) H (ZWF |2>

(e

S I lla-
d
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Estimate (6.24) as

(6.25) S e lf Nl

d

> (ZWP]-_S(G]-H]-)P)W

s>0 J

using (6.7)—(6.12).
This completes the argument.

We conclude this section with a

Proof of Theorem 1’ when d > 2. The argument is somewhat bizarre: one uses du-
ality twice! First, from Theorem 1 we easily deduce the estimate on T¢

(6.26) lu — full Lo/ < C(d)| grad ul| 1y -1./a-1), Yu € LY 41,
Next, we argue as in the beginning of Section 4. Observe that
L' w b /@D c p4 g
and that
(6.27) - lpapw—raran = |- | psw-ras@-n on L' 4 W= ha/(@=D

(this may be easily seen using regularization by convolution).

Let E=C'nWhd F = Li and consider the bounded operator T' : E — F
defined by TY = divY. Clearly T* : F* — E* = M + W~—%4/(d=1) i given by
T*u = gradu. By (6.26) and (6.27) we obtain

pe < C|T*ullg- Yu € F*

[l

and therefore T is surjective from E onto F. Applying the open mapping principle
(or use Hahn-Banach as in the proof of Proposition 1), we see that for every f € F
there is some Y € E satisfying TY = f and |Y||g < C| f|F- O

Remark 9. Alternatively, one may approximate f € Li('ﬂ‘d) by trigonometric poly-
nomials. If f is a trigonometric polynomial, we may clearly obtain Y as a trigono-
metric polynomial (after convolution). A standard limit procedure permits then to
complete the argument.

7. THE EQUATION divY = f WITH DIRICHLET CONDITION. PROOF OF
THEOREMS 2 AND 3

So far we have studied problem (1.1) coupled with a periodic condition. We con-
sider here problem (1.1) coupled with a Dirichlet condition. Usually one associates
with (1.1) the “partial” Dirichlet condition

(7.1) Y-n=0 ondQ

(n is normal to Q). It is quite standard that for every f € L;, 1 < p < oo, there
is some Y € WP satisfying (1.1), (7.1) and

Y lwre < Cllfllze-

Indeed, one may look for a special Y of the form Y = grad u and one is led to the
Neumann problem

(7.2) {Au =f in Q,

g—Z:O on 0Q),
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which admits a solution u € W2P? such that
lullwzr < Cllf[lLo-
It is also possible to couple problem (1.1) with the full Dirichlet condition
(7.3) Y=0 on 0Q.

For simplicity we investigate first the case where the domain is a cube and then the
case of a Lipschitz bounded domain.

7.1. The case of a cube. Let Q = (0,1)¢. Here is the first result:

Theorem 2. Given f € L; (Q),1 < p < o0, there exists someY € Wol’p(Q) solving
(1.1) with

[Yllwre < Clp, )| fll e,
where we use the standard notation

Wy?(Q) = {Y € W'P(Q);Y =0 on 9Q}.
Moreover Y can be chosen, depending linearly on f.

We will make use of the following lemma (which is a special case of Theorem 2).

Lemma 4. Given f € WyP(Q),1 < p < oo, with Jf =0, there exists Y €
WyP(Q), such that
divY =f
and
(7.4) 1Y llwrr@) < C@Ifllwrr -

Moreover Y can be chosen, depending linearly on f.

Proof. Following a known construction (see Adams [I], p. 58 and Nirenberg [15]),
we construct Y by induction on the dimension d. The assertion is obvious for d = 1.
Assume that it holds in dimension (d — 1). Let f € Wol’p(Qd), where Qg = (0,1),
with [, f=0.

Set

1
g(l‘,) = / f(x/7t)dt7 where x/ = (xla v ,l‘d_l) S Qd—l-
0
Clearly, g € Wol’p(Qd_l) with
Hg”leP(Qd,l) é C||f||W1’p(Qd)

and also deil g = 0. By the induction assumption there is some Z € Wol’p(Qd_l)
such that

(7.5) divyeZ =g on Qq_1
and

1Zllwir(@u-r) < Cllgllwir@u-r) < Cllfllwrr@a)-
Fix a function ¢ € C§°(0,1) such that

(7.6) /O ()t = 1.

For z = (2/,24) € Qg set
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It is easy to see (using (7.6)) that h € W, *(Qq) and

[Pllwrr@a) < CllFlwrr@a-

Moreover o
S (@) = 1) = C(wa)g(a)
Combining this with (7.5) yields
oh
J(@) = divar (((za) 2 () + 5=

i.e., the conclusion holds with

O
Proof of Theorem 2. For simplicity we assume that d = 2; the argument is similar
for d > 2.
Let

Q={(z,y) €ER? 0<z<1,0<y<l1}
Given f € L%(Q),1 < p < oo, we will construct a solution Y € Wy P(Q) of (1.1);

moreover
(7.7) 1Y [lwrr < Cpll fll e
and Y depends linearly on f. This is done in three steps. O

Step 1. Construct a solution Y € WP(Q) of (1.1) satisfying (7.7) and

(7.8) Y =0 on the edge {(z,0);0 <z < 1}.
Proof. Set
Q={(z,9):;0<zr<1,-2<y<1}

and

3 f in Qa
7.9 = ¥
(7.9) ! {0 in Q\Q.

Let Z € W'P(Q) be the solution of

(7.10) divZ=f inQ

obtained via (7.2) (or via periodic conditions on Q).
The heart of the matter is the following construction. Write Z = (73, Z2) and
define Y = (Y1, Y2) in @, where

Yi(l‘a y) = Zl(l‘, y) + 321(337 _y) - 421(.237 _Zy)v
Y2(xa y) = ZQ(xa y) - 322(1', _y) + 222(1', _2y)

(This type of “reflection” is reminiscent of standard extension techniques in W™P,
m > 2; see e.g. Adams [T]).
It is easy to see using (7.9), (7,10) and (7.11) that

divY=f inQ
while (7.8) is clear from the definition of Y.

(7.11)
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It is important (for the next step) to observe that if we had started with the
additional information

Z =0 on the edge {(0,y); -2 <y <1} of Q,
then we could infer that Y also vanishes on the edge {(0,4);0 <y <1} of Q. O
Step 2. Construct a solution Y € WP(Q) of (1.1) satisfying (7.7) and

7.12
( Y): 0 on the 2 adjacent edges {(z,0); 0 <z < 1} and {(0,y); 0 <y < 1}.
Proof. Set
Q={(z,y);-2<z<1,0<y<1}
and
;) f in@,
f= {0 in Q\Q

From Step 1 applied to f in Q we obtain a solution Z of
divZ=f inQ
such that

Z =0 on the edge {(z,0); =2 < z < 1} of Q.

Starting with Z (instead of Z) we repeat the construction of Step 1 changing the
roles of z and y. We thus obtain a Y € W1P(Q) satisfying (1.1) in Q, (7.7) and
(7.12). O

Step 3. Proof of Theorem 2 completed.

Consider a smooth partition of unity (6;),¢ = 1,2, 3,4, subordinate to the cov-
ering of @ consisting of the 4 discs of radius 1 centered at the 4 vertices. Let
Y; € WLP(Q) be the solution constructed in Step 2 relative to each vertex.

Set A
Z =Y 0:Y.
i=1

It is easy to see from this construction that 6;Y; € Wol’p(Q), Vi and thus Z €
WyP(Q). Moreover
divZ=f+> V6 Y

and 3, V6;-Y; € W, P(Q). By Lemma 4 we may construct X € WP (Q) satisfying
divX =) V6, -,

and Y = Z — X has all the desired properties in Theorem 2.
Next we have a variant of Theorem 1’ for the full Dirichlet condition.

Theorem 3. Given f € Li(Q) there exists some Y € C°(Q)N Wol’d(Q) satisfying
(1.1) with
1Yz + 1Y llwr.a < C[f] La-

Remark 10. Clearly, Theorem 3 implies Theorem 1’ since the function Y extended
by periodicity belongs to C°(T%) N W14(T%) and satisfies (1.1) on T¢. However its
proof relies heavily on Theorem 1’.
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Proof of Theorem 3. Follow the same strategy as in the proof of Theorem 2. The
only difference is that in Step 1 use Theorem 1’ to obtain Z (instead of taking the
special Z in the form of a gradient). Of course the dependence of Y on f is not
linear anymore.

In Step 3 rely on the following variant of Lemma 4 (with an identical proof). O

Lemma 4'. Given f € C°(Q)NW,*(Q),1 < p < oo, with [ f =0, there exists
Y € C%Q) N WyP(Q) such that

divy =f

and
Y[z + [V lwre < C([fllzee + [ fllwre).

7.2. The case of Lipschitz domains. Let ) be a Lipschitz, connected, bounded
domain in R?. Recall that Q is Lipschitz if there is a § > 0 such that for every
point p € 99, 9Q N Bs(p) is the graph of a Lipschitz function (in an appropriate
coordinate system varying with p).

We have the following variants of Theorems 2 and 3.

Theorem 2'. Given any f € L, (Q),1 < p < oo, there evists some Y € WP ()
solving (1.1) with

(7.13) Y lwrr < Clo, DN £l -

Moreover Y can be chosen, depending linearly on f.

Theorem 3'. For every f € L%&(Q) there exists someY € CO(Q)QWOl’d(Q) solving
(1.1) with

(7.14) 1Y [z + 1Y [lwr.a < Cp, Q1| 2a-
The heart of the argument (for both theorems) is the following.
Lemma 5. There is a bounded operator S : LP(Q) — W, P(Q) such that
f—divSfeWw,? VYfelr
and
(7.15) If = divSflwre < CllfLe.
The variant needed for the proof of Theorem 3’ is

Lemma 5. There is a nonlinear map S : L4(Q) — C°(Q) N Wy *(Q) such that

(7.16) [Sfllee + 1S fllwra < C| fllLa
and
(7.17) If = div Sfllwea < CJfla

The proof of Lemma 5 relies on the following construction. Let Q" be a cube of
side ¢ in R~! and set

U={(2y) € Q xR;(a') <y <(a') + 6}
where 1 € Lip (Q').
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Lemma 6. Assume

(7.18) IV Loy < €0(d) sufficiently small (depending only on d).

Then, given any g € LP(U) there is some Z € WYP(U) satisfying

(7.19) divZ=g U,

(7.20) Z =0 on{y=¢); 2’ € Q'} and on the lateral boundary of U,
with

| Zl[wre @y < Clp, d)l|gll o)
Moreover Z can be chosen to depend linearly on g.

Proof. For 2’ € Q' and 0 < y < ¢ set
9@’ y) = g2’y + ("))
Note that
19llze@) = llglle )
where Q = Q' x (0,0). .
By Theorem 2 there exists Z € W1P(Q) such that
divZ=g§ inaQ,
Z=0 on{(2,0); 2/ € Q'}U (0Q" x (0,9))
with
(7.21) 1Zllwr(@) < C@DIFlr@)-

Note that here [ g = 0 is not required since we may consider in Q=0Q x (0,26)
the function

i y) = g(a',y) for/ € @ and 0 < y < 4,
’ —g(a’,y—9) fora’ €@ and § <y < 24,

and then solve (using Theorem 2)
divZ =g in Q,
Z=Q on 8Q,

>

with
1Zllww(ay < C(@DllLe(@)-
The restriction Z of Z to Q' x (0, 9) satisfies the desired properties.

Also, it is clear by scaling that the constant in (7.21) is independent of 4.
Returning to (2/,y) € U, set

2 y) = Z(2',y — p(a));
it is easy to see, using (7.18) and (7.21), that
[div Z = gl o) < Cld)eollgllLr )
and
1Z]lwrr@) < C(d)(1 +e0)llgllLr@)-
Choosing €¢ such that C(d)eg < 1 and iterating this construction yields the lemma.
U

The variant necessary for Theorem 3’ is
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Lemma 6'. Assume (7.18). Then given g € L4(U) there is some Z € C°(U) N
WLP(U) satisfying (7.19), (7.20) and
1 Z]| Loy + 1 Z]lwr.ay < C(@)l|gll Ly -
Next, we remove the smallness condition (7.18) on the Lipschitz constant of ).

Lemma 7. With the same notation as in Lemma 6, assume only that ¢ € Lip (Q’).
Then, given any g € LP(U), there is some Z € WYP(U) satisfying (7.19), (7.20)
and

1 Zllwe@y < Cp,d VY] Lo (@)lgll Loy -

Moreover Z can be chosen to depend linearly on g.

Proof. Consider the dilation 2’ — &' = N2’ (only in 2/, not in the full z-variable).
Set Q' = NQ' and define on @Q’ the function

b(F) = (@ /N).
Fix an integer N sufficiently large so that
~ 1
IVl ooy = NHVQ/JHLx(QI) < eo(d)

where £¢(d) comes from (7.18).

Set
~f~) _ i_,
g(xvy)g(N,y)

Divide the cube Q' (of side N§) into N9~! cubes of side § and apply, in each of
them, Lemma 6 to ¢ and §. By gluing the corresponding solutions (this is possible
because all these solutions vanish on the lateral boundaries of their domains), we
obtain some Z(#',y) € W'P(U) satisfying

dive ,Z =g inU={#,y) €Q xR; h(F) <y <) +},
Z=0 on{y=9(@);¥eqQ'},

and the corresponding W'P-estimate for Z. .
We now return to the variables (2’,y) € U. Write the components of Z as

Z=(Z',Za)
and set
1 -~ .
Z((E,, y) = <NZ/(N:L'/7 y)a Zd(lev y)> .
It is easy to check that Z satisfies all the required properties. O

The variant necessary for Theorem 3’ is

Lemma 7’. With the same notation as in Lemma 6, assume only that ¢ € Lip (Q').
Then, given any g € LY(U), there is some Z € CO(U) N WYP(U) satisfying
(7.19), (7.20) and

1 Z| ooy + 1 Zllwrw @y < Cd, IV oo ()19l ey

We now return to the
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Proof of Lemma 5. Consider a finite covering of 92 by a collection of cubes Q;, i =
1,...,k, of side ¢ such that in each );, 902N Q); admits a Lipschitz parametrization
1;. To this covering we associate functions 6y, 01, ..., 0 such that

k
o+ 0;=1 on €,
i=1

0o € C3°(Q2) and 0; € C°(Q;) for i =1,... k.
Given g € LP(Q) solve, using Lemma 7, for i = 1,2,..., k,
div Zz =g in Ui,
Z; =0 on 00N Q;.

Next solve
divZyp=g in Q,
for example Zy = grad(A)~! where A~! is used with zero Dirichlet condition on

o0.
Note that .
Z =Y 0:Z€W;"
i=0
and
k
divZ =g+ Vb;-Z.
i=0
All the conclusions of Lemma 5 hold with
Sg=Z.

O

Proof of Lemma 5. We make the same construction as above, using Lemma 7’ in
place of Lemma 7 and Theorem 2 to solve div Zy = g in any large cube containing
Q. O

Theorem 2’ is an immediate consequence of Lemma 5 and the following general
functional analysis argument applied with F = VVO1 PR = Ls‘; and T = div. (Note
that T* = grad is injective on F* = L;’%, since (2 is connected.)

Lemma 8. Let E, F be two Banach spaces and let T' be a bounded operator from
E into F. Assume

(7.22) N(T™*) ={0}.
There is a bounded operator S from F into E and
(7.23) a compact operator K from F into itself such that
ToS=I1+K.

Then T admits a right inverse.

Proof. First we note that T is onto. Indeed, in view of (7.22) it suffices to show
that T' (or equivalently 7*) has closed range. This is an obvious consequence of the
inequality

Il < CIT I+ K5 fl Ve F”
(which follows from (7.23)).
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Next, let X be a complementing subspace for N(I + K) in F and set Y =
R(I + K). Since u = (I + K)|x is an isomorphism onto Y, its inverse u~! : ¥ —
X C F satisfies

(7.24) (I+K)ou'=TonY.

Let @ be a projector from F onto Y; since R(I — Q) is finite dimensional, we
may choose a base (eq) of R(I — Q) and write

(7.25) F=Qf+) (e flea VfEF,

for some e},’s in F™*.
Since we showed that T is onto, one has, for each «, some e, € E satisfying

(7.26) Te, = eq Vau.
Consider the operator S; : F' — E defined for every f € F, by

Sif=Sou"oQf+> (i, f)ea.

Using (7.24), (7.25) and (7.26) we see that
ToSif=I+K)ou ' oQf+Y (e f)ea
«
=Qf+) (et lea =1
«
for every f € F. Thus S; is a right inverse for T'. O
Proof of Theorem 3'. Given f € L¢ write, using Lemma 5’,

f=div; + R

with Y1 € CO(Q) N W %(©2) and R € W% () (and the corresponding estimates).
If [f =0, then [R = 0 and we may apply Theorem 2’ in any LP (since
Whd c P, ¥p < o). In particular, if we choose p > d, we obtain Y5 € Wol’p(Q)

such that

R = divYs.
By the Sobolev imbedding, Y> € C%(Q) and Y = Y; + Y; satisfies all the required
properties. O

8. ESTIMATION OF THE PHASE IN H'/2 + W11, PROOF OF THEOREM 4

We return in this last section to the question discussed in the Introduction con-
cerning the control of the phase ¢ in terms of ||e|| g1/2.

Let ¢ be a smooth real-valued function on T? and set g = ¢’¢. The main result
is the estimate

(8.1) el rrepwra < CA) A+ llglleie) gl e

Write g as a Fourier series

g=>_ 4(&)e"".

gezd
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The H'/2-component in the decomposition of ¢ will be obtained as a paraproduct
of g and g,

(5.2) Pzg[gwfsm@e%“ > e,

nglgl |<2k+1

where for each k we let 0 < A\ <1 be a smooth function on R, :

1

o - — —
ES
|
S

2k—1
We claim that
(8.3) 1P/ < Cligllocllgllzrr/2
and
1
(3.9 I = = Plhwes < Cllglpa
Proof of (8.3). This is totally obvious from the construction
2
1P ~ 3 2F {Z M(l@l)g(@)e—“ﬂ { > @(&)e“ﬂ
k &2 2k <[y | <2k +1 2

Son(ehi@e | | 3 o]

€] ~2k

<> 2
k

(8.5) < Clgll3 gl e

Proof of (8.4). We estimate for instance

1
(8.6) 01 — ?81PHL1~
Thus, letting & = (¢,...,¢4) € Z4,
1 ~ e pizre(§1—E2
(8.7) O1p = gﬁ&g = Z §19(61)3(&p) e G178
1,622
and by (8.2)

65 1aP=Y Y (€ - emeDiE)iGer ),

ko 2k<]gr | <2kt &y

(8.9) o — %alp => > mi (€1, £2)§(60)3(E) et 6 =€),

ko2k<|g <2k 6
where by definition of A

& if & < 282

(8.10) mi (&1, &) = & — M(l&)(& — &) = {g% if 65| > 261,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ON THE EQUATION divY = f AND APPLICATION TO CONTROL OF PHASES 425

Estimate

1
(8.11) [|01p — 231P||1 < Z

k1,k2

> M, (£1,62)§(61)G(Ex)e™ (1762

[€1]~2k1 [ &2]~2k2

1

Distinguish the contributions of
Yo+ >+ Y =(812)+(8.13) + (8.14).
ki~ka  ki<ke—4  ki>ka+4

Clearly 27 % my, (&1, &) restricted to [|&1] ~ 2F] x [|&2] ~ 2¥] is a smooth multiplier
satisfying the usual derivative bounds. Therefore

PR

|€1|~2F

(8.15) (812)<C) 2

k

~ gl /e
2

> g()ee

|€2]~2F

If ky < ko — 4, then |&] > 281 and my, (€1, &) = & by (8.10). Therefore

2

(813)= S dge)iE)e )
Fa<ka—a !l g |~2bt o |n2ko !
< 02| Y gl | DD g(E)e
k1<ko—4 |€1|~2k1 2 |€2|~2k2 2
1/2 1/2
s16) <Y 2’“1( T |g<a>|2> < 3 |g<52>|2) < CllglZ e
k1 <ko |&1]<2k1 |§2|~2k2

If k1 > ko + 4, then |&] < 28172 and my, (&1,&) = € and the bound on (8.14) is
similar. O
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