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On the equation of the maximum capillary pressure induced by solid particles
to stabilize emulsions and foams and on the emulsion stability diagrams
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Abstract

The knowledge of the adequate equation for the maximum capillary pressure (Pmax
c ), stabilizing relatively large bubbles and drops by relatively

small, solid particles, is essential to control the stability of foams and emulsions. The idea to introduce this quantity to explain emulsion stability
was published in the break-through paper by professor I.B. Ivanov and his co-workers [N.D. Denkov, I.B. Ivanov, P.A. Kralchevsky, D.T. Wasan,
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possible mechanism of stabilization of emulsions by solid particles, J. Colloid Interface Sci. 150 (1992), 589–593]. A higher positive value of
max
c ensures that a thin liquid film between the droplets (of an emulsion), or between the bubbles (of a foam) can withstand a higher pressing force.

n the present paper, different equations for Pmax
c are reviewed, published since the above cited paper. The exact form of this equation depends on

he arrangement of particles in the liquid film between the drops (in the case of emulsions) or between the bubbles (in the case of foams). In the
resent paper the following general equation is derived for the maximum capillary pressure: Pmax

c = ±2pσ(cos θ ± z)/R, with a ‘+’ sign, referring
o o/w emulsions and foams, and with a ‘−’ sign, referring to w/o emulsions; R, the radius of the spherical solid particle; σ, the interfacial energy
etween the two liquids (in case of emulsions), or between the liquid and gas (in case of foams); θ, the contact angle of the water droplet in the
nvironment of the oil phase on the solid particle (in case of emulsions) or of the liquid in gas phase on the solid particle (in case of foams),
arameters p and z are functions of particle arrangement. Particularly, z = 0 for the single layer of particles, and z = 0.633 (at θ > 90◦) for the closely
acked double layer of particles. The above equation was jointly analyzed with the well-known equation for the energy of removal of the particles
rom the liquid/liquid interface. As a result, emulsion stability diagrams (ESD) have been created with the contact angle and volume fraction of
he water phase on its axes, indicating the stability intervals for o/w and w/o emulsions. The emulsion stability diagram was used to explain the
henomenon of ‘catastrophic phase inversion’ (i) due to solely changing the volume fraction of water, and (ii) due to solely changing the particle
oncentration, in the system of the same composition (water, oil, solid). The emulsion stability diagram was also used to rationalize the transitional
hase inversion due to changing the ratio of hydrophobic to hydrophilic particles as function of water content. Stabilization of emulsions and foams
y a 3D network of solid particles is also discussed.
 2005 Elsevier B.V. All rights reserved.
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. Introduction

On 18 June, 1903 a lecture was read by W. Ramsden at
he Royal Society [1], showing that ‘the persistence of many
mulsions is determined by the presence of solid matter at the
nterfaces of the two liquids, and that the solid matter at the
nterfaces of the above emulsion-pairs occurs because the sur-
ace energy is thereby diminished’. Several years later, Pickering

E-mail addresses: kaptay@hotmail.com, fkmkap@uni-miskolc.hu.

[2] realized, that oil-in-water emulsions form only, if ‘the solids
are wetted more easily by water than by oil, otherwise there is
no emulsification at all’. Five years later, after fully (!) quoting
and critically analyzing Pickering’s paper, Bancroft [3] made
the following conclusion: “a corollary of his hypothesis is that
insoluble particles, which are more readily wetted by oil than
by water, should tend to promote the emulsification of water
in oil”. Based on Bancroft’s hypothesis, and under the supervi-
sion of Briggs, Newman was probably the first, who was able
to stabilize water-in-oil emulsions by solid particles [4]. By the
year of 1921, sufficient experimental evidence was collected

927-7757/$ – see front matter © 2005 Elsevier B.V. All rights reserved.
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to distinguish between the conditions to form oil-in-water and
water-in-oil emulsions, so Briggs was able to write [5]: ‘It is gen-
erally agreed that the liquid which wets the solid emulsifier the
more strongly under the conditions of the experiment, tends to
become the outside phase, the less strongly wetting liquid being
broken up into drops. Just why this is so is difficult to explain
satisfactorily for the moment’. This question was answered in
two papers by Hildebrand et al. by claiming that ‘if there are
enough solid particles to fill the interface the tendency of the
interface to contract will cause it to bend in the direction of the
more poorly wetting liquid, which makes it easy for the latter to
become the enclosed phase’ [6], and later: ‘in forming the emul-
sion droplets having the particles chiefly on the outside of the
interface would be better protected from coalescing than those
having the particles more in the inside’ [7]. In the latter paper,
the first microphotographs of emulsions stabilized by solid par-
ticles for both o/w and w/o emulsions were published. The final
experimental confirmation of this hypothesis was presented by
the series of experiments by Schulmann and Leja [8], who also
tailored the condition further as: (i) o/w emulsions are stabilized
by solid particles, if the contact angle is slightly less than 90◦
(measured through the water phase), and (ii) w/o emulsions are
stabilized by solid particles, if the contact angle is slightly more
than 90◦. The further literature on solid particle stabilized liquid
foams and emulsions is summarized in the number of reviews
during the last decade [9–18].
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Eq. (1) was re-invented independently in the literature several
times. It was derived independently by Koretzki and Kruglyakov
[19], by Scheludko et al. [20], by Tadros and Vincent [21], by
Levine et al. [22], by Clint and Taylor [23] and by Tambe and
Sharma [24]. Among these ‘original’ papers [19,20,24] were
never cited for Eq. (1) in the emulsion literature. On the other
hand, Ref. [21] was cited by Ref. [25], Ref. [22] was cited by
Refs. [16,26–28], Ref. [23] was cited by Refs. [29–32]. Eq. (1)
was further improved to take into account the curvature of the
droplet interface [33,34], and also the line tension and monolayer
curvature (bending) energy [16,35–37]. For similar purposes, the
maximum force, keeping the particle at the liquid/gas interface
(as the first condition to stabilize foams) was described indepen-
dently by the author [38]. History beside, the physical meaning
of Eq. (1) is more important. From this equation one can make
the following conclusions:

(i) the particle will be stable at the liquid/liquid interface only,
if the contact angle is significantly larger than 0◦, but sig-
nificantly lower than 180◦;

(ii) the highest stability of the particle at the liquid/liquid inter-
face will take place when the contact angle equals 90◦;

(iii) many authors stated that once the particles are stabilized
at the liquid/liquid interface, they will inevitably stabilize
emulsions. Therefore, it is essential to underline here that
this conclusion does not follow from Eq. (1).
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One could expect that based on the widely known and
ccepted works of Young and Laplace on wettability and capil-
ary pressure (100 years before the pioneering works of Rams-
en and Pickering) the above statements would be translated
nto mathematical equations relatively soon and be accepted
moothly. However, it was not the case, mostly because two,
artly contradicting each other equations are needed to describe
he stabilization of emulsions by solid particles. From the one
and, the particles must be stable at the interface to stabilize
mulsions (the need for the first equation). On the other hand,
he particles must stabilize the thin liquid film, separating large
ubbles or droplets (the need for the second equation).

The condition of stability of a solid particle at a liquid/liquid
nterface is most often described in the emulsion-literature by
he energy, requested to remove the particle from its equilibrium
osition at the interface to the bulk liquid phases:

Gremove = πR2σ(1 ± cos Θ)2 (1)

here R is the radius of the spherical solid particle; σ, the inter-
acial energy between the two liquids (in case of emulsions), or
etween the liquid and gas (in case of foams); Θ (i) the contact
ngle, measured through the water phase on a solid particle in
he environment of the oil phase (in case of emulsions) or (ii)
he contact angle of the liquid phase (water, oil, liquid metal,
r whatever liquid is foamed) on a solid particle in gas environ-
ent (in case of foams); sign ‘+’ refers to particle removal into

he bulk oil phase (in case of emulsions) or into the gas phase
in case of foams), while sign ‘−’ refers to the removal of the
article into the bulk water phase (in case of emulsions) or into
he liquid phase (in case of foams).
Despite the obvious success of Eq. (1) in the emulsion litera-
ure, it is unable to explain the detailed observations, made first
y Schulmann and Leja [8] (see above), who claimed that for
he highest stabilization of emulsions the contact angle should
e somewhat different from 90◦. This observation was further
onfirmed by the studies [26,39–42] (see also Ref. [76] in [15]).
ost importantly, Eq. (1) does not say anything about the sta-

ility of the thin liquid layer between large droplets (bubbles),
hich are stabilized by the particles. This gap in our under-

tanding (i.e. ‘why particles are stable at liquid/liquid interfaces’
answered by Eq. (1)) and ‘why a thin liquid layer is stable
etween the droplets or bubbles’ (not answered by Eq. (1)))
as first realized by professor I.B. Ivanov and co-workers. As a

esult, the first paper, introducing the ‘maximum capillary pres-
ure’, being responsible for the stability of the thin liquid film
etween the droplets of the emulsion was published by Denkov
t al. [43] with the following equation:

max
c = p∗ 2σ

R
(2)

here p* is a parameter with a positive value, being the function
f interface coverage by particles, particle arrangement in the
hin liquid film and contact angle.

A higher positive value of Pmax
c ensures that a thin liquid film

etween the droplets (of an emulsion), or between the bubbles
of a foam) can withstand a higher pressing force. From Eq. (2)
ne can conclude that the thin liquid film between the droplets
r bubbles will be stronger when the interfacial energy will be
igher and the size of the particles will be lower. However, these
onsequences follow also from Eq. (1), at least, for a unit volume
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of particles. A significantly new information, contained in Eq.
(2) is hidden in parameter p*. Although from numerical values of
parameter p*, given in [43] one can make the conclusion that the
stability of the film will be highest at the contact angle of 0◦, and
it will become zero at the contact angle of 90◦, the dependence of
parameter p* on the contact angle was not written by an explicit
equation in [43]. Probably this is the main reason why Eq. (2)
was not re-written in the majority of independent citing papers
[9,11,16,18,25,27,35,36,44–62], unlike Eq. (1). Thus, Eqs. (1)
and (2) have not been confronted or treated jointly in the litera-
ture, except in the papers of the present author [38,63–65].

A similar equation was later independently derived for a sin-
gle layer of particles in [45] and later in [38]1 (see also [63–66]).
Eq. (2) was developed further [55] for the closely packed double
layer of particles. This and further particle configurations were
considered in [38].

In the present paper all equations, developed so far in the
literature on the maximum capillary pressure, stabilizing thin
liquid films by solid particles will be reviewed and discussed.
The maximum capillary pressure will be expressed as the func-
tion of contact angle in the explicit way and Eqs. (1) and (2) will
be analyzed together.

2. Equations for Pmax
c for a single layer of particles
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Fig. 1. A solid particle, stabilizing a thin liquid film between two large droplets
(illustration for the model of Denkov et al. [43]).

the following integral equation can be written in the dimension-
less form (for notations see Fig. 1):

cos(Θ + φc) =
∫ b∗

sin(Θ+φc)

b∗2 − r∗2

[r∗2p∗−2 − (b∗2 − r∗2)2]
1/2 dr∗

(3a)

where

p∗ = sin(Θ + φc) sinφc

b∗2 − sin2(Θ + φc)
(3b)

with parameter p*, defined as (see also Eq. (2)):

p∗ ≡ RPmax
c

2σ
(3c)

Parameter p* was calculated at some selected values of the
contact angle, and was plotted as function of parameter b* (see
Fig. 3 of [43]). When the expression for p* from Eq. (3b) is sub-
stituted into Eq. (3a), at any fixed values of parameters Θ and
b* the value of φc can be numerically calculated by solving Eq.
(3a). Substituting this value back into Eq. (3b), the requested
value of parameter p* can be obtained. This procedure was per-
formed numerically in the present work for the large number
of parameter combinations Θ and b*. For those parameter com-
binations, calculated also in the original paper [43], reasonable
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A single layer of particles at the liquid/liquid interface is a
ost obvious and simple model for the stabilization of emulsions

y solid particles. The first schematic picture of this type was
iven by Finkle et al. [6] (see also [67], and others). The images
f closely packed single layer of particles at oil/water interface
15,22] and at water/air interface [68] were presented by differ-
nt techniques. The closely packed layer was shown to appear
ue to the attraction between the particles [69]. The hexago-
ally ordered monolayer of particles was observed by confocal
icroscopy at the oil/water interface [70] (see also [46,71]). A

D flocculated single layer of particles (with surface coverage
f f = 0.29) was found to be sufficient to stabilize emulsion [72].

.1. The method and results of Denkov et al. [43]

The first equation to describe the interfacial pressure, separat-
ng two, relatively large drops by relatively small solid spherical
articles of equal size, was published by Denkov et al. [43].
n this model, the solid particles are supposed to form a single
ayer between the two droplets. In fact, only the surrounding of
ne particle is analyzed, without the influence of the neighbor-
ng particles, what is the main simplification of this model. It is
upposed that each particle of radius R is responsible for the sta-
ility of a circular area of radius b of the liquid/liquid interface
see Fig. 1). The running radius, drawn to the liquid/liquid inter-
ace is denoted by r (Fig. 1). By introducing the dimensionless
arameters: b* = b/R and r* = r/R into Eqs. (2.1)–(2.10) of [43]

1 The Author regrets, that having been familiar mostly with the metallurgical
iterature, he missed paper [43] when papers [38,63–65], initiated mainly by the

etallic foam community, were prepared.
greement was obtained between our results and that of [43].
Based on the numerically calculated values, it was empiri-

ally established in this paper that for any fixed value of param-
ter b*, the calculated value of parameter p* appears to be strictly
roportional2 to the cosine of the equilibrium contact angle:

∗ = p cosΘ (3d)

Substituting Eq. (3d) into Eq. (3c), the equation for Pmax
c can

e expressed in the following general form, being valid for the

2 When the accuracy of the numerical solution is increased, the numeri-
ally calculated values become closer and closer to Eq. (3d). However, the
resent author was not able to prove that Eq. (3d) follows analytically from
qs. (3a)–(3c).
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Fig. 2. Dependence of parameter p of Eq. (2a) for a single layer of particles on
the interface coverage by particles (rombs [43], calculated in this paper, circle
[45], triangle [81], straight line [38], curved line: this paper, Eq. (4h).

single layer of particles:

Pmax
c = p

2σ

R
cosΘ (2a)

with parameter p, being a difficult function of parameter b*.
At hexagonal close packing of single layer particles (b* = 1.05
[43]), the numerical solution of Eqs. (3a)–(3c) gives the value:
p = 9.52. When b* increases, parameter p rapidly decreases.

For our purposes parameter b* should be expressed through
the interface coverage by the particles (f), as introduced in [38].
Parameter f is defined as the ratio of the projection areas of
all the particles at the given interface to the total area of that
interface. For the hexagonal close packing of particles f = 0.907.
At this limit the relationship between the two values can be
written simply as: f = 1/b*2 (as 0.907 = 1/1.052). However, it
should be noted that the two approaches cannot be identical,
as a surface cannot be fully covered by circles of equal radii, as
follows from model [43]. Nevertheless, parameter p as func-
tion of the interface coverage by particles was calculated in
the present paper using the relationship f = 1/b*2, and plotted in
Fig. 2.

2.2. The method of [45]

Visschers et al. [45] studied the closely packed single layer of
p
i
p
E
i
b
m

2

g
i
t
p
c

Fig. 3. Schematic of the hexagonally packed single layer of spherical particles,
stabilizing the thin liquid film between two large droplets (view from side).

siderably lower than the above results. This is obviously due to
neglecting the curvature effect.

2.4. Extending the method of [45] to hexagonal packing of
a single layer of particles

Let us extend the method of [45] to the hexagonal (not close)
packing of a single layer of particles in the thin liquid film.
First, the case of o/w emulsions and water-based foams will be
considered.

Let us consider a hexagonally packed single layer of spherical
solid particles at the bubble/liquid/bubble, or drop/liquid/drop
interface. The particles have equal sizes of radii R, and the dis-
tance between their centers is denoted through L (Fig. 3). The
dimensionless distance between the centers of the particles is:
L* = L/R. The unit cell of the system (viewed from the top) is a
triangle, closed within the lines, connecting the centers of the
three neighboring particles. The difference between the pressure
in the large drops (P1) and that in the thin liquid film (P2) is the
capillary pressure (Pc ≡ P1 − P2). When the capillary pressure
is zero, the liquid/liquid interfaces are flat. However, when the
capillary pressure is positive, the liquid/liquid interfaces will be
curved, as shown in Fig. 3.

The shape of the liquid/liquid interfaces can be described by
the Laplace equation, the solution of which is quite difficult for
t
m
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articles. They derived analogous equations to [43], but approx-
mated the shape of the interface between the three neighboring
articles by a segment of the sphere. As a result, they obtained
q. (2a) with p = 6.46 (Fig. 2). One can see that at close pack-

ng the results of (p = 9.52) [43] and (p = 6.46) [45] are different
y almost 50%, due to different simplifications, used in the two
odels (see Fig. 2).

.3. The method of [38]

In the paper [38], the same Eq. (2a) was derived for the sin-
le layer of particles, neglecting the curvature of the liquid/gas
nterface, and taking into account only the sliding process of
he contact line along the spherical particle with an increasing
ressure. In this way p = 2f was obtained (see Fig. 2). Thus, at
lose packing (f = 0.907) the value p = 1.81 follows, what is con-
he configuration of three spherical particles. That is why, in this
odel we will suppose for simplicity that the liquid/liquid inter-

aces can be described as a segment of a sphere of radius r (see
ig. 3) (r* ≡ r/R). The sphere of radius r will touch each of the

hree particles at single points, with an angle Θ (the equilibrium
ontact angle), measured between the radius of the sphere and the
adii of the particles at the points of touching (Fig. 3). The center
f the sphere will be situated at a certain point, above the center
f the triangle, formed by the three particles. The elevation of the
entral point of the sphere above the plane, formed by the cen-
ers of the particles is denoted as h (see Fig. 3) (h* ≡ h/R). From
he described geometry, parameters h* and r* can be derived as:

∗ = cosα +
(

L∗
√

3
− sinα

)
ctg(α − Θ) (4a)

∗ =
(

L∗
√

3
− sinα

)
sin−1(α − Θ) (4b)
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Fig. 4. Dependence of the dimensionless smallest distance between the two,
opposing liquid/liquid interfaces as function of the dimensionless capillary pres-
sure for the single layer of particles at L* = 2.5 and selected values of the contact
angle (see values on the curves). For any different value of L* similar graphs
can be obtained.

Then, the capillary pressure, corresponding to the given value
of the radius of the liquid/liquid interface can be written through
the Laplace equation:

Pc = 2σ

Rr∗ (4c)

Let us define the dimensionless capillary pressure (P∗
c ) as:

P∗
c ≡ PcR

2σ
= 1

r∗ (4d)

The right-hand side of Eq. (4d) follows from the comparison
of Eq. (4c) and the definition of P∗

c .
The smallest distance between the two opposing liquid/liquid

interfaces is denoted by H in Fig. 3 (H* ≡ H/R). From the geom-
etry of Fig. 3: H* = 2(h* − r*). Substituting Eqs. (4b) and (4c)
into this equality, the equation for H* can be obtained:

H∗ = 2 cosα + 2

(
L∗
√

3
− sinα

)
[ctg(α − Θ) − sin−1(α − Θ)]

(4e)

At given values of L* and Θ, the values of H*, r* and P∗
c can

be calculated as function of parameter α, from Eqs. (4b)–(4e).
Thus, from the corresponding values of H* and P∗

c the depen-
dence of the dimensionless smallest distance between the two,
opposing liquid/liquid interfaces can be found as function of
the dimensionless capillary pressure. This relationship is shown
f
c

contact angle is gradually increased (for example at P∗
c = 0

and Θ = 60◦: H* = 1). Similarly to the previous case, the
distance between the two opposing liquid/liquid interfaces
will gradually decrease as the capillary pressure increases,
terminating at a certain maximum value of the capillary
pressure (P∗max

c ), at which the thin liquid film collapses
due to H* = 0. The value of P∗max

c gradually decreases as the
contact angle increases. Nevertheless it means that particles
with 0◦ < Θ < 90◦ will stabilize o/w emulsions or foams
(with a thin water, or liquid film between their cells) at any
destabilizing pressure, not exceeding the value of P∗max

c .
(iii) For the contact angle of Θ = 90◦ in the absence of the capil-

lary pressure H* = 0. In other words the maximum capillary
pressure, what the thin liquid film can withstand with-
out collapsing is zero. Thus, single layered particles with
Θ = 90◦ cannot stabilize o/w emulsions and foams at all.

(iv) At any contact angle Θ > 90◦ even in the absence of the cap-
illary pressure H* has a negative value. It means that such
particles will destabilize the o/w emulsions and foams (at
least if a single layer of particles is present at the interface),
what is a common knowledge in the community [29,73–80].

From the above analysis the algorithm follows to determine
the values of the maximum dimensionless capillary pressure
(P∗ max

c ). From the condition H* = 0 (see Eq. (4e)) the critical
value of parameter α can be found for selected values of L* and
Θ
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or some selected values of L* and Θ in Fig. 4. The following
onclusions can be made from Fig. 4:

(i) For the contact angle of Θ = 0◦ in the absence of the capil-
lary pressure H* = 2. In other words at P∗

c = 0 the particles
are situated in the water phase with their full body, with hor-
izontal liquid/liquid interfaces at their top and bottom. At a
positive capillary pressure the two liquid/liquid interfaces
are gradually pushed towards each other (H* decreases).
At the maximum value of the capillary pressure (P∗max

c )
H* becomes zero and the thin liquid film collapses.

(ii) For the contact angle interval 0◦ < Θ < 90◦ in the absence of
the capillary pressure the liquid/liquid interfaces are planar,
but are situated at a closer distance to each other as the
. The analytical expression for the critical sinus value of α

ollows as:

inαcr = −b + √
b2 − 4ac

2a
, with

= 1 + L∗2

3
+ 2L∗

√
3

sinΘ,

= −2

(
L∗
√

3
+ sinΘ

) (
1 + L∗

√
3

sinΘ

)
,

=
(

L∗
√

3
+ sinΘ

)2

− L∗2

3
cos2Θ

Substituting this critical value of α into Eqs. (4b)–(4d), the
aximum dimensionless capillary pressure is obtained, corre-

ponding to H* = 0, i.e. to the condition of film rupture. Repeat-
ng the same procedure for a large number of L* and Θ values,
he dependence of P∗max

c on these parameters is obtained. From
he analysis of the obtained set of data it was empirically estab-
ished that for any value of L*, P∗max

c is strictly proportional3 to
he cosine of Θ:

∗max
c = p cos Θ (4f)

3 Parameter p of Eq. (4f) holds constant with an uncertainty of less than 10−8%
t Θ < 85◦ (for example, at L* = 2: p = 6.00000000 = const at any Θ < 85◦). As
→ 0 at Θ → 90◦, the accuracy of calculation decreases with approaching
→ 90◦, due to the limitations of the computer (for example, at L* = 2 and
= 89◦: p = 5.99999974, what is different by 4.3 × 10−6% from p = 6). How-

ver, similarly to what was said in connection with Eq. (3d), the present Author
as not able to prove that Eq. (4f) follows analytically from Eqs. (4a)–(4e).
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Taking into account the obvious geometrical relationship
f = 3.628/L*2, parameter p can be approximately written as func-
tion of parameter f as:

p ∼= 2.1424f − 5.1256f 2 + 28.139f 3

− 44.047f 4 + 27.808f 5 (4h)

At hexagonal close packing of single layer of particles
(f = 0.907): p = 6.00. This value is in the middle of the interval,
indicated by two other theoretical solutions for the same prob-
lem: p = 5.66 [81] and p = 6.46 [45]. Eq. (4h) is compared to the
previous solutions in Fig. 2. From Fig. 2 one can conclude that
for all practical purposes Eq. (4h) can serve as the approximated
relationship to be used between parameters p and f in Eq. (2a)
for the maximum capillary pressure, induced by a single layer
of particles in the thin liquid film between bubbles and drops.

The analysis above corresponded to the o/w emulsions (and
foams), in which a thin water (liquid) film separates the droplets
(bubbles). An analogous derivation can be made for the case
of w/o emulsions, in which a thin oil film separates the water
droplets. For this latter case all the above equations will be iden-
tical, except that the capillary pressure will have an opposite
sign. Thus, the most general equation for the maximum capil-
lary pressure for the single layer of particles is written as:

Pmax = ±p
2σ

cosΘ (2b)

w
f

t

(

(
p
(
f
s

imum capillary pressure of 0.123 bar. Compared to the outside
pressure, the effect of gravity, possible vibrations during usage
and transportation, etc. this capillary pressure obviously will not
be sufficient to stabilize o/w emulsions. Indeed, all reports on
particle stabilized o/w or w/o emulsions mention submicron,
or maximum micron-sized particles, which are actually able to
stabilize emulsions (see [15,16] and references thereof). When
the radii of the solid particles are decreased to 10 nm, the max-
imum capillary pressure increases to 123 bar under the same
conditions. Such a high stabilizing pressure ensures a virtually
ever-lasting emulsion under normal conditions, supposing the
liquid phases are not evaporated, or destroyed in other ways.

The second parameter, being able to ensure high stability of
foams or emulsions, is the interfacial energy, as follows from Eq.
(2b). When the interfacial energy is increased 30 times compared
to an example above (0.9 J/m2 is close to the surface tension
of liquid aluminum), the maximum stabilizing pressure, calcu-
lated by Eq. (2b) increases to 3.69 bar even for large particles
R = 10 �m. This maximum capillary pressure is sufficient to sta-
bilize liquid aluminum foams,4 despite the unexpected (for the
o/w community) size of the stabilizing particles. This prediction
of Eq. (2b) is in accordance with experimental observations (see
[14] and references thereof).

2.5. The joint analysis of Eq. (1) with Eq. (2b)
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ith sign ‘+’, corresponding to the case of o/w emulsions and
oams, and sign ‘−’, corresponding to the case of w/o emulsions.

The physical meaning of Eq. (2b) for the single layer of par-
icles in the thin liquid film can be summarized as follows:

(i) emulsions (foams) will be stable only, when the maximum
capillary pressure will have a positive value, and if this
stabilizing pressure will be stronger, than the sum of all
other pressures (due to gravity, or due to centrifugal [82],
electric [83] or magnetic [27] fields, etc.), trying to collapse
the thin liquid films between the droplets (bubbles);

(ii) o/w emulsions (foams) will be stabilized by the single layer
of particles, if the contact angle is lower than 90◦; the maxi-
mum stabilization corresponding to the contact angle of 0◦.
The opposite is also true: o/w emulsions (foams) will be
de-stabilized by particles, having the contact angle larger
than 90◦;

iii) w/o emulsions will be stabilized by the single layer of
particles, if the contact angle is higher than 90◦; the max-
imum stabilization corresponding to the contact angle of
180◦. The opposite is also true: w/o emulsions will be de-
stabilized by particles, having the contact angle lower than
90◦.

Now let us make an order of magnitude calculation with Eq.
2b). Let us suppose the following parameters: f = 0.907 (closely
acked single layer of particles), as a consequence: p = 6 (see Eq.
4h)), Θ = 70◦, σ = 0.03 J/m2 (a characteristic interfacial energy
or oil/water interfaces). Then, a closely packed single layer of
olid spherical particles of radii R = 10 �m will provide the max-
It can be seen that the conclusions, made after Eqs. (1) and
2b), are partly excluding each other. However, both Eqs. (1)
nd (2b) should provide as high (positive) values as possible to
nsure emulsion (foam) stability. An analysis, being similar to
his joint analysis of Eqs. (1) and (2b) was first performed in
38].

Let us denote by εp the probability that under equal other cir-
umstances (same size of particles and same interfacial energy)
he solid particles will be stabilized at the liquid/liquid inter-
ace. As follows from Eq. (1): εp = (1 ± cos Θ)2. The probability
p as function of the contact angle is shown in Fig. 5a. As
ollows from Fig. 5a, the particles will be situated at the liq-
id/liquid or liquid/gas interface with the highest probability at
= 90◦.
Now, let us denote by εw − f1 the probability that under equal

ther circumstances (same size of particles, same interfacial
nergy and same coverage of the interface by particles) the thin
ater (liquid) film between the oil droplets (gas bubbles) will
e stabilized by a single layer of particles. As follows from Eq.
2b): εw − f1 = cos Θ. Similarly, the probability that under equal
ther circumstances the thin oil film between the water droplets
ill be stabilized by a single layer of particles is written as:

o − f1 = −cos Θ. These two probabilities as function of the con-
act angle are shown in Fig. 5b. As follows from Fig. 5b, the thin
ater (liquid) film between the oil droplets (gas bubbles) will be
ost stable at Θ = 0◦, while the thin oil film between the water

roplets will be most stable at Θ = 180◦.

4 It should be mentioned that metallic foams should be stable in liquid state
nly for a short period of time during their production, as they are used in solid
tate, only after their solidification.
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Fig. 5. The probabilities that the particles are stabilized at the liquid/liquid or
liquid/gas interface (a), that the liquid films are stabilized by a single layer of
particles (b), and that the emulsions (foams) are stabilized at φw = 0.5 (c). The
emulsion stability diagram for a single layer of stabilizing particles (d).

Let us denote by ε the probability of the complex event
that both the particles at the interface and the thin liquid films
will be stable under the same conditions. For the equal volume
ratios of water and oil phases this complex probability ε will
be proportional to the probability that a given type of emul-
sion under given circumstances is stable. Thus, the stability of
o/w emulsions (foams) will be proportional to: εo/w = εpεw − f1.
Similarly, the stability of w/o emulsions will be proportional to:

εw/o = εpεo − f1. These two complex probabilities are shown in
Fig. 5c as function of contact angle. As follows from Fig. 5c,
the optimum contact angle for the formation of o/w emulsions
(foams) is about 70◦, while that for the formation of w/o emul-
sions is about 110◦. This is in perfect agreement with experi-
mental observations [8,26,39–42].

Based on Fig. 5c, the ‘emulsion stability diagram’ (ESD) can
be constructed (see Fig. 5d). The ESD shows the regions of stable
emulsion types as function of water volume fraction (φw) and
contact angle. As the contact angle intervals with positive values
of εo/w and εw/o do not overlap in Fig. 5c, the stability regions of
w/o and o/w emulsions will not be functions of the water content
of the emulsion. That is why, a straight vertical line separates the
stability ranges of o/w and w/o emulsions in Fig. 5d. As one can
see from Fig. 5d, o/w emulsions (foams) are stable in the contact
angle interval of 15◦ < Θ < 90◦, while the w/o emulsion is stable
at 90◦ < Θ < 165◦. It should be mentioned that this conclusion is
valid only for the single layer of stabilizing particles in the thin
liquid film between the droplets or bubbles.

As one can see from the ESD of Fig. 5d, an o/w emulsion can
be converted into a w/o emulsion or vice-versa only by changing
the contact angle through the value of 90◦. However, as one can
see from Fig. 5c, at this contact angle of 90◦ both emulsion types
have zero stability. Therefore, catastrophic phase inversion in
emulsions cannot be explained by the single layer of stabilizing
particles.
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. Equations for Pmax
c for a closely packed double layer

f particles

Eq. (2b) and the ESD, presented in Fig. 5d, have only one
rawback: they are not able to explain the experimental obser-
ation that water based [42] or metallic [84] foams can be
omewhat stable even when the contact angle is larger than
0◦. As was already presented [38], these observations can be
xplained only by supposing the presence of a double layer of
losely packed particles, or other, multi-layer configurations.
his is also in accordance with other observations [47] that dou-
le or multiple layers of particles are able to stabilize emulsions
egardless of their contact angle (see also [85]). As will be shown
elow, the hypothesis on the double layer of particles will also
ead to a logical explanation of the catastrophic inversion of
mulsions from o/w type into w/o type (and back) solely by
hanging the volume fraction of the water phase.

If two droplets, both fully covered by particles approach each
ther, the natural consequence of their approach is the forma-
ion of a closely packed double layer of particles in the thin
iquid film between the two large droplets. Such a schematic
icture was first shown in papers of Tambe and Sharma (see
ig. 11 [25] or Fig. 1 in [86]). This idea was converted into

he model for the maximum capillary pressure first by Nush-
ayeva and Kruglyakov [55], and later by the present author
38]. Although this configuration is probably not widely spread
n real emulsions and foams, it is worth to model, as it can be
onsidered as a transition between the single layer of particles
see previous chapter) and the 3D network of particles (see next
hapter). Detailed modeling of the closely packed double layer
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Fig. 6. Schematic of the closely packed double layer of spherical particles,
stabilizing the thin liquid film between two large droplets (Ho = 1.633R).

of particles is important, as the 3D network of particles has a less
definite structure, and thus, cannot be properly modeled. Hence,
the model to be developed in this chapter should be considered
as the pre-requisite to model the 3D network of particles.

3.1. The method and results of Nushtaeva and Kruglyakov
[55]

In their first three papers on the subject, Nushtaeva and
Kruglyakov [55,57,59] derived the equation for the capillary
pressure for the closely packed double layer of particles. Sim-
ilarly to [45], the shape of the liquid/liquid interface between
the particles was described as a part of a sphere of radius r
(Fig. 6). The capillary pressure was described as function of
angle α (Fig. 6) [55,57,59]:

Pc(α) = 2σ

R

cos[Θ + (90 − α)]

1.1547 − cos(90 − α)
(5a)

The maximum capillary pressure was defined at α = 90◦ [55,57]
(see Fig. 6). Substituting this value into Eq. (5a), the following
equation was obtained for the maximum capillary pressure (see
Eq. (5a) and (5) of [57])5:

Pmax
c = 2σ

R

cosΘ

0.1547
(5b)
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derived by the author [38]:

Pmax
c = p

2σ

R
(cosΘ + z) (2c)

where p = 2f (as above for the single layer of particles [38]);
z, a constant, depending on the arrangement of particles in the
thin liquid film. For the single layer of particles z = 0 and Eq.
(2c) reduces to Eq. (2a). For the closely packed double layer of
particles z = 0.633 [38].

Eq. (2c) was successfully applied [38] to explain observations
on stabilization of thin liquid films, even if the contact angle is
larger than 90◦ [42,84].

It should be recognized, however, that Eq. (2c) is in conflict
with Eq. (5b), developed by Nushtayeva and Kruglyakov [55]
for the closely packed double layer of particles (see footnote to
paper [62]). The main reason for this discrepancy is the inad-
equate choice of the boundary condition by [55,57] (see above
and [61]). On the other hand, it should also be recognized that
Eq. (2c) was derived [38] in a simplified way, neglecting the
curvature of the liquid/gas interface. That is why, the formal-
ism, developed in Section 2.4 for the case of the double layer of
closely packed particles will be applied here to check whether
Eq. (2c) is adequate, or not.

3.3. The maximum capillary pressure, acting on the
spherical segment of a liquid/liquid interface in the closely
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ne can see that Eq. (5b) is identical with Eq. (2a), with p = 6.46.
his result is identical with that of [45], what seems to be unex-
ected, as in [45] a single layer, while in [55] a double layer of
losely packed particles were considered. It is quite obvious that
n reality the solutions to these two cases should be different (see
lso [85]). The reason for this unexpected result is that Nush-
aeva and Kruglyakov [55,57,59] used an incorrect boundary
ondition for the film rupture in the case of the double layers of
articles (α = 90◦, see Fig. 6 and [61]). As will be shown below,
his condition provides a correct result only at Θ = 0◦ (see Fig. 8
or comparison).

.2. The method and results [38]

For the closely packed double layer of particles in the thin
iquid film between large bubbles the following expression was

5 Eq. (5b) is rewritten in the latest papers of the authors [62,87] with misprints
88].
acked double layer of spherical particles

Fig. 6 applies to this situation. First, let us consider the case of
/w emulsions and water foams, with a thin water layer between
he droplets and bubbles.

The equations for dimensionless parameters h* and r*,
escribed earlier by Eqs. (4a) and (4b) will remain valid, except
hat they are simplified due to the case of closely packed parti-
les, by taking L* = 2:

∗ = cosα +
(

2√
3

− sinα

)
ctg(α − Θ) (6a)

∗ =
(

2√
3

− sinα

)
sin−1(α − Θ) (6b)

he smallest distance between the opposing liquid/liquid inter-
aces can be calculated in dimensionless coordinates from Fig. 6
s: H* = H∗

o + 2(h* − r*). From the geometry of the closely
acked systems the distance between the two planes, formed
y the centers of neighboring particle planes: H∗

o = 1.633. Sub-
tituting into this equation Eqs. (6a) and (6b), the following
quation is obtained:

∗ = 1.633 + 2 cosα + 2

(
L∗
√

3
− sinα

)

× [ctg(α − Θ) − sin−1(α − Θ)] (6c)

simplest condition for film rupture is: H* = 0. However, as
ollows from the theoretical analysis of penetration of liquids
nto closely packed system of equal spheres [89–91] (see also
92,93]), the capillary pressure curve will go through a maximum
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Fig. 7. The dependence of the smallest dimensionless distance between the
opposing liquid/liquid interfaces as function of dimensionless pressure for the
closely packed double layer of particles at different values of the contact angle
(figures at the curves).

point, when the liquid/liquid interface, penetrating into the pores
between the top layer of the particles reaches the top of the
second layer of particles, situated in the bottom row. From sim-
ple geometry of the three-dimensional double layer of closely
packed particles one can see that it will happen when the penetra-
tion depth equals (8/3)1/2R = 1.633R [89–91]. This means that
the smallest distance between the two opposing liquid/liquid
interfaces must be as low as 2R + 1.633R − 2·1.633R = 0.367R.
Thus, the real condition of film rupture is: H* = 0.367.

The dimensionless distance between the tops of two particle
layers is 3.633. Therefore, let us plot the H* value as function
of the dimensionless capillary pressure (defined by Eqs. (4c)
and (4d)) in the interval between H* = 0 and H* = 3.633 for the
case of the closely packed double layer of particles at different
contact angle values (Fig. 7). The following conclusions can be
made from Fig. 7:

(i) For the contact angle of Θ = 0◦ in the absence of the capil-
lary pressure H* = 3.633. In other words at P∗

c = 0 all the
particles are situated in the water phase with their full body,
with a horizontal liquid/liquid interfaces at the top of the
top layer and at the bottom of the bottom layer of particles.
When the capillary pressure is gradually increased, the two
liquid/liquid interfaces are gradually pushed towards each
other (H* decreases). At a certain value of H* (being above

maximum value, what is the requested P∗max
c . This P∗max

c

value gradually decreases as the contact angle increase from
0◦ to 90◦.

(iii) For the contact angle of Θ = 90◦ at P∗max
c = 0: H* = 1.633.

A certain positive interval of capillary pressures exist, at
which H* > 0.367, and so the double layer of closely packed
particles can stabilize the thin film also at Θ = 90◦, what
makes this case qualitatively different from that of the sin-
gle layer of particles. One can also see from Fig. 7 that the
maximum value of the capillary pressure is reached exactly
at H* = 0.367. Thus, the way to determine the maximum
capillary pressure changes when the contact angle is larger
than 90◦.

(iv) In the contact angle interval 129.3◦ > Θ > 90◦ the thin liquid
film still can be stabilized by the double layer of particles,
as a certain positive interval of capillary pressures exist,
which ensure H* > 0.367. In this case the value of P∗max

c is
found from the interception of the H∗ − P∗

c curve with the
value of H* = 0.367.

(v) For the contact angle of Θ = 129.3◦ at P∗
c = 0: H* = 0.367,

what is the condition for film rupture. It means that for
this contact angle P∗

c = 0. Thus, for the double layer of
closely packed particles Θ = 129.3◦ is the critical con-
tact angle, above which this arrangement of particles is
not able to stabilize the thin liquid film between the
droplets or bubbles. An analogous critical contact angle

(
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0.367) the capillary pressure goes through a maximum
value, meaning that there is no further pressure needed to
push the two opposing liquid/liquid interfaces towards each
other—once this maximum value is reached, the thin liq-
uid film will inevitably collapse. That is why this maximum
value corresponds to the requested value of P∗max

c = 6.46.
This value coincides with the solution of [55] only for
Θ = 0◦.

(ii) For the contact angle interval 0◦ < Θ < 90◦ atP∗
c = 0 the liq-

uid/liquid interfaces are planar, but are situated at a closer
distance to each other as the contact angle is gradually
increased (for example at P∗

c = 0 and Θ = 60◦: H* = 2.633).
Similarly to the previous case, the distance between the two
opposing liquid/liquid interfaces will gradually decrease as
the capillary pressure increases, and at a certain value of H*

(being above 0.367) the capillary pressure goes through a
(50.7◦ = 180◦ − 129.3◦) was found also from the penetra-
tion studies [89–91].

vi) At any contact angle above 129.3◦ the capillary pressure
will be negative for any value H* > 0.367. Consequently
the double layer of particles with this contact angle interval
will be destabilizing o/w emulsions (foams).

Based on the above analysis and Fig. 7, the dimensionless
aximum capillary pressure was determined for different val-

es of the contact angle (see Fig. 8). The plotted values are
easonably close to the experimental values of dimensionless
reak-through pressures, determined in [55,94]. The difference
etween the theoretical and experimental curves is due to the
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Eq.(5.b)

ig. 8. The dependence of the dimensionless maximum capillary pressure on the
osine of the contact angle for the closely packed double layer of particles (bold
olid line: numerical values, calculated in this paper, broken line: theoretical
alues, calculated in [55], thin solid line: theoretical values, calculated in [38],
riangle: experimental point of [94], squares: experimental data of [55]).



396 G. Kaptay / Colloids and Surfaces A: Physicochem. Eng. Aspects  282–283 (2006) 387–401

spherical simplification of the shape of the liquid/liquid inter-
face. One can see that our new solution at Θ = 0◦ coincides with
that of [55], while at 129.3◦ it coincides with our previous, sim-
plified solution [38].

From Fig. 8 one can see that there is a break-point at our
calculated curve at cos Θ = 0 (i.e. Θ = 90◦), what follows from
the two different types of conditions, applied to find the maxi-
mum capillary pressure below and above 90◦ (see above). As a
consequence, the curve in Fig. 8 can be described only in two
different parts by the following semi-empirical equations:

P∗max
c = 4.27(cosΘ + 0.405)

(simplified equation at Θ < 90◦) (6d)

P∗max
c = 3.49(cosΘ + 0.361cos2Θ + 0.486)

(more exact equation at Θ < 90◦) (6e)

P∗max
c = 2.73(cosΘ + 0.633) (valid at Θ ≥ 90◦) (6f)

As one can see from Eqs. (6d) and (6f), they are of the same
form as Eq. (2c) [38], with somewhat different numerical coef-
ficients.

The above analysis is valid for the o/w emulsions (foams),
with a thin water (liquid) film between the droplets (bubbles).
When the stability of w/o emulsions is considered, an analogous
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particle arrangements and contact angle intervals are collected
in Table 1.

3.4. The joint analysis of Eq. (1) with Eq. (2d) for the
double layer of particles

Now let us perform an analysis, being similar to Fig. 5 for
the double layer of particles (see Fig. 9). For the high stability
of solid particles stabilized emulsions and foams, both Eqs. (1)
and (2d) should provide positive, and as high as possible values.

Similarly to Section 2.5, let us denote by εp the probability
that under equal circumstances (same size of particles and same
interfacial energy) the solid particles will be stabilized at the liq-
uid/liquid interface. As follows from Eq. (1): εp = (1 ± cos Θ)2.
Fig. 9a is identical with Fig. 5a.

Now, let us denote by εw − f2 the probability that under equal
other circumstances (same size of particles, same interfacial
energy) the thin water (liquid) film between the oil droplets (gas
bubbles) will be stabilized by a double layer of closely packed
particles. As follows from Eq. (2d): εw − f2 = p(cos Θ + z)/6 (divi-
sion by 6 is for normalization purposes, values of parameters
p and z are collected in Table 1 for different contact angle
intervals). Similarly, the probability that under equal other cir-
cumstances the thin oil film between the water droplets will be
stabilized by a double layer of closely packed particles is written
as: ε = −p(cos Θ − z)/6. These two probabilities as function
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erivation can be presented, but with a mirror reflection of our
urve in Fig. 8 around the value of Θ = 90◦. Thus, Eqs. (6d)–(6f)
re transformed for the case of w/o emulsions as:

∗max
c = −4.27(cosΘ − 0.405)

(simplified equation at Θ > 90◦) (6g)

∗max
c = −3.49(cosΘ − 0.361 cos2Θ − 0.486)

(more exact equation at Θ > 90◦) (6h)

∗max
c = −2.73(cosΘ − 0.633) (valid at Θ ≤ 90◦) (6i)

If only the simplified Eqs. (6d), (6f), (6g) and (6i) are consid-
red, the general equation for the maximum capillary pressure
an be written as:

max
c = ±p

2σ

R
(cosΘ ± z) (2d)

ith a ‘+’ sign, referring to o/w emulsions (foams), and with a
−’ sign referring to w/o emulsions.

One can see that Eq. (2d) is a more general form of Eqs.
2b) and (2c). The values of parameters p and z for different

able 1
he values of parameters p and z of Eq. (2d) for different cases

ituation Single layer cp double layer cp double layer
arameter Θ ≤ 90◦ Θ < 90◦ (o/w) 90◦ ≤ Θ ≤ 129.3◦ (o/w)

Θ > 90◦ (w/o) 50.7◦ ≤ Θ ≤ 90◦ (w/o)

Eq. (4h) 4.27 2.73
0 0.405 0.633
o − f2
f the contact angle are shown in Fig. 9b. As follows from Fig. 9b,
he thin water (liquid) film between the oil droplets (gas bub-
les) will be most stable at Θ = 0◦, while the thin oil film between
he water droplets will be most stable at Θ = 180◦. So far, these
onclusions have been identical to those, drawn from Fig. 5b.
owever, Fig. 9b is essentially different from Fig. 5b. The main
ifference is that the stability intervals of the water and oil thin
lms overlap in Fig. 9b (in the interval of 50.7◦ < Θ < 129.3◦),
hile these two intervals are fully separated in Fig. 5b. As was

hown above, this difference is mainly due to the 3D nature of
he double layer of particles, compared to the 2D nature of the
ingle layer of particles.

Let us denote by ε the probability of the complex event
hat both the particles at the interface and the thin liquid films
ill be stable under the same conditions. For the equal volume

atios of water and oil phases this complex probability ε will
e proportional to the probability that a given type of emul-
ion under given circumstances is stable. Thus, the stability of
/w emulsions (foams) will be proportional to: εo/w = εpεw − f2.
imilarly, the stability of w/o emulsions will be proportional

o: εw/o = εpεo − f2. The particular expressions for the complex
robabilities ε are given in Table 2. These two complex prob-
bilities are shown in Fig. 9c as function of contact angle. As
ollows from Fig. 9c, the optimum contact angle for the forma-
ion of o/w emulsions (foams) is about 86◦, while that for the
ormation of w/o emulsions is about 94◦. This is still in agree-
ent with the experimentally observed optimum contact angle

nterval [8,26,39–42].
As a consequence of the overlapping curves in Fig. 9b, the

urves in Fig. 9c overlap, as well. Thus, both o/w and w/o
mulsions are somewhat stable in the contact angle interval of
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Table 2
Particular expressions for the complex probability ε (see Table 1 and Fig. 9c)

Θ-interval Θ ≤ 90◦ Θ ≥ 90◦

εo/w 4.27(1 − cos Θ)2 × (cos Θ + 0.405) 2.73(1 + cos Θ)2 × (cos Θ + 0.6.33)
εw/o −2.73(1 − cos Θ)2 × (cos Θ − 0.633) −4.27(1 + cos Θ)2 × (cos Θ − 0.405)

Fig. 9. The probabilities that the particles are stabilized at the liquid/liquid or
liquid/gas interface (a), that the liquid films are stabilized by a double layer
of closely packed particles (b), and that the emulsions (foams) are stabilized at
φw = 0.5 (c). The emulsion stability diagram for a double layer of closely packed,
stabilizing particles (d).

50.7◦ < Θ < 129.3◦. As a result, the emulsion stability diagram
for the double layer of closely packed particles (Fig. 9d) will
be more complex than for the single layer of particles (Fig. 5d).
What can be stated for sure is that in the contact angle interval
15◦ < Θ < 50.7◦ the o/w emulsion will be stable, as only the thin
water film is stable in this interval, while the thin oil film is not
stable at all (see Fig. 9b–d). Similarly one can state with con-
fidence that in the contact angle interval 129.3◦ < Θ < 165◦ the
w/o emulsion will be stable, as only the thin oil film is stable
in this interval, while the thin water film is not stable at all (see
Fig. 9b–d).

The most difficult task in constructing the emulsion stability
diagram (Fig. 9d), is to determine the preferential emulsion type
(o/w or w/o) in the contact angle interval of 50.7◦ < Θ < 129.3◦
(as function of water content), where both emulsion types are
somewhat stable. In order to find the proper equation, let us
consider first some obvious boundary conditions:

(i) As the stability probabilities ε of Fig. 9c correspond to
the equal volume fractions of water and oil, the for-
mation probabilities of o/w and w/o emulsions will be
obviously equal, if εw/o = εo/w and if φw = 1 − φw = 0.5.
Also, at φw = 1 − φw = 0.5 the o/w emulsion will be
preferred, if εw/o < εo/w (i.e. at Θ < 90◦) and vice
versa.

◦

(

l

p

p

(ii) At Θ = 50.8 (i.e. just a little above the critical value of
50.7◦), the stability of the water film around oil droplets
is much more stable than that of the oil film around the
water droplets. Such a large difference in thin film stability
cannot be compensated by the water or oil content of the
emulsion. As a consequence, at Θ = 50.8◦ the oil drops,
separated by thin water films will be preferentially stable
at virtually any value of ϕw, i.e. the preferential emulsion
type will be o/w.

iii) At Θ = 129.2◦ (i.e. just a little below the critical value of
129.3◦), the stability of the oil film around water droplets
is much more stable than that of the water film around the
oil droplets. Such a large difference in thin film stability
cannot be compensated by the water or oil content of the
emulsion. As a consequence, at Θ = 129.2◦ the water drops,
separated by thin oil films will be preferentially stable at
virtually any value of ϕw, i.e. the preferential emulsion type
will be w/o.

The above boundary conditions will be satisfied, if the fol-
owing conditions are fulfilled:

referential o/w emulsion, if : (1 − φw)εw/o < φwεo/w (7a)

referential w/o emulsion, if : (1 − φw)εw/o > φwεo/w (7b)
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In accordance with Eqs. (7a) and (7b), the equation of the line,
separating the preferentially o/w emulsion region from the pref-
erentially w/o emulsion region, can be written as:

(1 − φw)εw/o = φwεo/w (7c)

It should be mentioned that in principle there are many other
mathematical equations, which would formally satisfy the above
boundary conditions. However, Eqs. (7a)–(7c) seem to be the
simplest equations among all the possible ones, and therefore,
these equations will be preferred to construct the emulsion sta-
bility diagram for the double layer of closely packed particles,
in the first approximation.

If the equations, presented in Table 2 are substituted into
equality (7c), the critical volume fraction of the water phase can
be expressed as function of contact angle. Then, the following
two equations can be obtained for the curved line in Fig. 9d:

φw,cr =
(

1 + 1.56 · cosΘ + 0.405

0.633 − cosΘ

)−1

(at 50.7◦ < Θ < 90◦) (7d)

φw,cr =
(

1 + 0.639 · cosΘ + 0.633

0.405 − cosΘ

)−1

(at 90◦ < Θ < 129.3◦) (7e)
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A phenomenon of catastrophic phase inversion by chang-
ing the water content of emulsion was found experimentally by
Binks and Lumsdon [50,77,95]. Reviewing the results of these
experiments, Binks [15] and later Aveyard et al. [16] concluded:
‘it remains to understand why both types of emulsion occur
in systems containing the same three components (oil, water,
solid)’. The present author believes that the emulsion stability
diagram, presented in Fig. 10 provides a reasonable explanation.
However, it should be mentioned that contact angle values on
experimentally used nano-particles are not known [50,77,95],
and so the agreement between the experimental results and
Fig. 10 is confirmed only qualitatively. We would like to note that
a different explanation for the same phenomenon was offered
recently by Kralchevsky et al. [37].

Another type of catastrophic phase inversion is predicted in
Fig. 11. Let us first consider an emulsion with φw = 0.1, Θ = 75◦,
and with such a small amount of solid particles, what is able
to cover the thin films only by a monolayer (or less). Then,
Fig. 11a applies, and o/w emulsion will form. Now, let us add
solid particles into the system in an amount, being sufficient
to cover all thin films by a closely packed double layer (or by
a 3D network of particles, see below). Then, Fig. 11b applies,
and the original o/w emulsion is expected to invert into a w/o
emulsion (see LHS arrow between Fig. 11a and b). This process
is expected to be reversible.

Similarly, let us consider the emulsion with φ = 0.9,
Θ

i

F
(a) and for the closely packed double layer of particles (b) in the thin liquid
film between large droplets. Arrows show possible routes of catastrophic phase
inversions due to the increase (or decrease) of the solid particle content in the
emulsion.
.5. On the explanation of the catastrophic phase inversion
n solid particle stabilized emulsions

In Fig. 10, the emulsion stability diagram for emulsions,
tabilized by the double layer of closely packed particles is re-
rawn from Fig. 9d. The arrows in the diagram indicate the
ossible routes of catastrophic phase inversions due to gradu-
lly increasing or decreasing the water content of the emulsion
n the same three-phase (water/oil/solid) system. According to
ig. 10, the catastrophic phase inversion is expected to be a
eversible process. For example, if the contact angle is 100◦, the
/o emulsion will be stable at φw < 0.66, and the o/w emulsion
ill be stable at φw > 0.66. It is interesting to note that at this

ontact angle value both the w/o and o/w emulsions are quite
table (compare with Fig. 9c).

ig. 10. The emulsion stability diagram for emulsions, stabilized by the dou-
le layer of closely packed particles. The arrows indicate possible routes for
atastrophic phase inversions by changing the water content of the emulsion.
w
= 105◦, and with such a small amount of solid particles, what

s able to cover the thin films only by a monolayer (or less).

ig. 11. The stability diagram of emulsions for the single layer of particles
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Fig. 12. The emulsion stability diagram for emulsions, stabilized by the double
layer of closely packed particles. The arrows indicate possible routes for transi-
tional phase inversions by changing the hydrophobic character of the particles.

Then, Fig. 11a applies, and a w/o emulsion will form. Now, let
us add solid particles into the system in an amount, being suf-
ficient to cover all thin films by a closely packed double layer
(or by a 3D network of particles – see below). Then, Fig. 11b
applies, and the original w/o emulsion is expected to invert into
an o/w emulsion (see RHS arrow between Fig. 11a and b). This
process is expected to be reversible, as well.

The results of similar, but different set of experiments were
published recently by Binks et al. [96] with an equal volume of
oil and water phases (φw = 0.5). Unfortunately, the phase inver-
sion at this water content cannot be rationalized by the emulsion
stability diagram of Fig. 11.

3.6. On the explanation of the transitional phase inversion
in solid particle stabilized emulsions

In Fig. 12, the emulsion stability diagram for emulsions,
stabilized by the double layer of closely packed particles is re-
drawn from Fig. 9d. The arrows in the diagram indicate the
possible routes of transitional phase inversions due to gradually
increasing or decreasing the value of the contact angle. It can be
achieved by changing the composition of the liquid phases, or
by changing the ratio of the hydrophobic to hydrophilic particles
[97]. This process is expected to be reversible. As follows from
Fig. 12, the emulsion stability diagram predicts that the critical
r
s
w
n
t
h
l
p
c
i
e

4
l

s

ticles (flocculation) increases the stability of emulsions and
foams [15,30,47–50,60,98–108]. STXM images of 3D networks
between droplets are presented in [109] (see also scanning elec-
tron microscopy images [110]). Most of the authors rightly point
out that the increase of macroscopic viscosity might be one of the
reasons for the enhanced stability of emulsions (on the rheology
of emulsions see [111]). However, it should be reminded that the
microscopic (true) viscosity of the liquid in the pores of the 3D
network of particles remains very low, and so the coalescence
of droplets in principle can take place by the penetration of the
droplets towards each other through those pores. The only pri-
mary reason why it is not taking place is the capillary pressure,
stabilizing the thin liquid film in the pores of the 3D network
of particles. The first model for the maximum capillary pressure
for the 3D network of particles was presented by the author [38].

For the case of the 3D network of particles also Eq. (2d)
will be valid, with the maximum possible value of z = 1, as was
predicted earlier [38]. In reality, there is a distribution of arrange-
ments of particles in the 3D network, what makes exact modeling
very difficult. The distribution of the particle arrangements will
lead to the distribution of the values of both parameters p and z.
Parameter p will have a positive value, and will be a function of
coverage of the two liquid/liquid interfaces by particles. Parame-
ter z mostly will be determined by the position of the second row
of particles next to the one, attached to the liquid/liquid interface.
Thus, the distribution of different values of parameter z between
0
f
a
d
a
o
b
t
m
F
n
h
t
f
c
f

s
s
b

5

atio of hydrophobic to hydrophilic particles, needed for tran-
itional phase inversion from o/w emulsion into w/o emulsion,
ill be higher for higher water content of the emulsion. Unfortu-
ately, no experimental information has been found to check, if
his hypothesis is correct, or not. It should be reminded, that this
ypothesis is valid only, if the emulsion is stabilized by a double
ayer of closely packed particles. In case of a single layer of
articles, the critical ratio of hydrophobic to hydrophilic parti-
les, needed for transitional phase inversion from o/w emulsion
nto w/o emulsion, will not depend on the water content of the
mulsion (see Fig. 5d).

. The case of the 3D network of particles in the thin
iquid film

It has been repeatedly reported in the literature of emul-
ions and foams that the formation of 3D networks of par-
and 1 will take place at different places of the emulsion. As
or the closely packed double layer of particles parameter z is
round 0.5 (see Tables 1 and 2), in the first approximation Fig. 9d,
eveloped for the closely packed double layer of particles, can
lso be considered as the ‘average’ stability diagram for the case
f 3D network of particles. The line, representing the boundary
etween o/w and w/o emulsions in Fig. 9d will obviously cross
he point (90◦ − 0.5) also for the 3D network of particles, but

ight extend more along the contact angle axes, compared to
ig. 9d. In other words, emulsions and foams, stabilized by a 3D
etwork of particles, can be stable even at contact angles, being
igher than 129.3◦ (for o/w emulsions and foams) and at con-
act angles, being lower than 50.7◦ (for w/o emulsions). Thus,
oams and emulsions, stabilized by the 3D network of particles,
an be stable virtually at any contact angle. A similar conclusion
ollows from some experimental papers [47,60,84].

Fig. 9d (and Figs. 10–12) can also be used as an ‘average’
tability diagram for the interpretation of catastrophic and tran-
itional phase inversions of emulsions, if the thin liquid layers
etween the droplets are stabilized by 3D network of particles.

. Conclusions

(i) It has been shown that in addition to the energy of parti-
cle removal from the liquid/liquid interface (Eq. (1)), the
maximum capillary pressure (introduced by Denkov et al.
[43]) should also be taken into account for the analysis of
the emulsions stability by solid particles (Eq. (2)).

(ii) The general Eq. (2d) with Table 1 was derived, to describe
the maximum capillary pressure for different particle
arrangements.
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(iii) Eqs. (1) and (2d) were jointly analyzed for the case of the
single layer of particles (Fig. 5) and for the case of the
closely packed double layer of particles (Fig. 9). The joint
interval of optimum contact angles of stabilization of emul-
sions and foams by a single or a closely packed double layer
of particles appears to be between 70◦ and 86◦ (for the o/w
emulsions and foams), and between 94◦ and 110◦ (for the
w/o emulsions).

(iv) If the emulsion (foam) is stabilized by a single layer of
solid particles, o/w emulsions and foams will be stable
at 15◦ < Θ < 90◦, while the w/o emulsion are stable at
90◦ < Θ < 165◦.

(v) If the emulsion (foam) is stabilized by a double layer of
solid particles, o/w emulsions and foams will be stable at
15◦ < Θ < 129.3◦, while the w/o emulsion will be stable
at 50.7◦ < Θ < 165◦. As these intervals overlap, the line,
separating the o/w emulsion from the w/o emulsion will be
a curve in the coordinates of contact angle–water content
(see Eqs. (7d) and (7e) and Fig. 9d).

(vi) Reversible catastrophic phase inversion by changing solely
the water content of emulsion is explained by the emulsion
stability diagram (Fig. 10).

(vii) Reversible catastrophic phase inversion is predicted by
changing solely the particle concentration for the case of
unequal volume fractions of water and oil (see Fig. 11).

(viii) Transitional phase inversion by changing the ratio of
hydrophobic to hydrophilic particles is explained by the
emulsion stability diagrams. When the thin liquid films are
stabilized by a single layer of particles, the critical ratio
of different particles will not depend on the water content
of emulsion (see Fig. 5d). However, when the thin liquid
films are stabilized by the closely packed double layer of
particles, the critical ratio of hydrophobic to hydrophilic
particles will increase by increasing the water content of
the emulsion (see Fig. 12).

(ix) If the emulsion (foam) is stabilized by a 3D network of
solid particles, Fig. 9d (and Figs. 10–12) can be used as
an ‘average’ emulsion stability diagram. However, in this
case the curved line, separating the o/w emulsion region
from the w/o emulsion region might be somewhat differ-
ent from that, shown in Fig. 9d, and might depend on the
actual structure of the 3D network. This question should be
addressed in more details in the future.
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